Solution. Assignment 1

1. LetD = R x (0,00) and letX : D — R be given by

X(ty) = cosh(t)\/|y? — 1|.

Y

Let D, = (0,00) x (0,00) and letX; be the restriction of to D;.
(a) Give the maximal solution to the initial value problem

% = Xi(y,t), wy(1) =cosh(1).

SOLUTION: Wheny > 0 andy # 1 we can apply the method of separation of
variables. We find

and hence

/\/ﬁ dy = /cosh(t) dt.

We substitute: = y? — 1 and obtain on the left side

1
5 [l du =sign(uful

and on the other side

/cosh(t) dt = sinh(t),

with addition of arbitrary constants. Henge= +(sinh(¢)+c)? andy = y; ory = v
where

y1 = /14 (sinh(t) + ¢)2, yy = /1 — (sinh(t) + ¢)2.

The initial conditiony(1) = cosh(1) > 1 implies that we need the solution with
v/1+ (sinh(1) + ¢)2 = cosh(1), and from the relatiomosh”¢ — sinh*¢t = 1 we
deduce: = 0 and

y1 = cosh(t).

We observe thag; > 1 and hence the steps performed above are valid far:alD.
It follows that ((0,00),4,) is a solution. It satisfies the initial condition and it is
obviously maximal inD; .



(b) Show that
(R,t—1)

o, =)
n(t) t>0

((—arsinm), 00), t { 1 —sinh?(t) ¢ < 0)

are maximal solutions o@ = X(y,t). (Recall that arsinh is the inverse function of
sinh.) Conclude that the initial value problem

dy
dt
does not have a unique solution.

X(t,y), y(0)=1

SOLUTION: All the mentioned functions are defined By so if they solve the equation
they are maximal solutions.

It is clear that the constant function 1 solves the equation.

The functiony; (t) = cosh(t) is a solution toy = X(¢,y) also when its domain of
definition is extended tq0, co), since its right derivative at = 0 is 0 which equals
X (0, cosh(0)). The gluing lemma implies that the second mentioned fundsa solu-
tion.

The functiony,(t) = y/1 — sinh?(¢) is defined for sinh(¢)| < 1. Since

in(t) = = cosh(t) sinh(¢)
1 — sinh?(t)
while () sl
X(t,y,) = CSMOIsinh®)]

1 — sinh?(t)

it solves the equation when in addition< 0. Again the gluing lemma implies that the
third mentioned function is a solution.

As all three solutions satisfy the initial conditigifi0) = 1, there is not a unique maximal
solution.

. LetD = (0,00) x RandletX : D — R be given by

X(ty) =

Y .
h(t
sinh(2t) +sinh(t)

(@) Show that
tanh’(t) 2
tanh(t)  sinh(2t)




(b) Give all maximal solutions of

dy
— = X(y,1).
o = XW.t)
SOLUTION
(a) follows from the facts thatanh'(t) = mg(t) andsinh(2t) = 2sinh(¢) cosh(t).

(b) The equation is linear, and hence we can solve by the farmu

y = e /e‘G(S)b(s) ds

whereG(t) is a primitive ofm. From (a) we find

G(t) = / %dt:ln@amh(m

and hence
y = 6ln(tanh(t)) /e—ln(tanh(s)) Sinh(S) ds

_ tanh(t) / 5;1;};18 ds

— tanh() / cosh(s) ds = tanh(f)(sinh(t) + ¢)

with ¢t € R.



