
Solution. Assignment 2

We consider

(1 + s2)
d2u

ds2
+ s

du

ds
− u =

1√
1 + s2

(1)

onR×R.

(a) Lets = sinh t then
ds

dt
= cosh t

and
d

ds
=

1

cosh t

d

dt
.

Hence with
u(s) = u(sinh t) = x(t)

we find
du

ds
=

1

cosh t

dx

dt

and
d2u

ds2
= =

1

cosh t

d

dt

(

1

cosh t

dx

dt

)

=
1

cosh t

(

1

cosh t

d2x

dt2
− sinh t

cosh2 t

dx

dt

)

=
1

cosh2 t

d2x

dt2
− sinh t

cosh3 t

dx

dt

By insertion in (1) we obtain

(1 + sinh2 t)

(

1

cosh2 t

d2x

dt2
− sinh t

cosh3 t

dx

dt

)

+ sinh t
1

cosh t

dx

dt
− x =

1
√

1 + sinh2 t
.

Simplifying with cosh2 t− sinh2 t = 1 we finally obtain

d2x

dt2
− x =

1

cosh t
(2)

as stated.

(b) Lety(t) = (y1(t), y2(t)) = (x(t), ẋ(t)), then

ẏ = Ay + b (3)

with

A =

(

0 1
1 0

)

, b(t) =

(

0
1

cosh t

)

.



(c) Eigenvectors forA are(1, 1) with eigenvalue1 and(1,−1) with eigenvalue−1. Hence
A = CDC−1 where

C =

(

1 1
1 −1

)

, D =

(

1 0
0 −1

)

.

This impliesetA = CetDC−1 from which it follows that

etA = C

(

et 0
0 e−t

)

C−1 =

(

cosh t sinh t
sinh t cosh t

)

.

(d) It follows from Theorem 6.28 that

y0(t) = etA
∫

t

0

e−sAb(s) ds

=

(

cosh t sinh t
sinh t cosh t

)
∫

t

0

(

cosh s − sinh s
− sinh s cosh s

)(

0
1

cosh t

)

ds

=

(

cosh t sinh t
sinh t cosh t

)
∫

t

0

(

− tanh s
1

)

ds

=

(

cosh t sinh t
sinh t cosh t

)(

− ln(cosh t)
t

)

=

(

− ln(cosh t) cosh t+ t sinh t
− ln(cosh t) sinh t+ t cosh t

)

(e) The set of maximal solutions of (3) is{y0 + etAη | η ∈ R
2}, that is,

{

y =

(

− ln(cosh t) cosh t+ t sinh t+ η1 cosh t+ η2 sinh t
− ln(cosh t) sinh t+ t cosh t+ η1 sinh t+ η2 cosh t

)

∣

∣

∣
η1, η2 ∈ R

}

.

(f) The maximal solutionsx(t) of (2) are obtained as the first coordinates ofy(t), and the
set of maximal solutions of (1) is then

{x = − ln(
√
1 + s2)

√
1 + s2 + ts+ η1

√
1 + s2 + η2s | η1, η2 ∈ R}.


