Solution. Assignment 3

(@) The functionr — |x|*, (x € R), is locally Lipschitz wherv > 1. Hence so isX,, by
Lemma 7.16 (forx > 1 one could also argue by the fact that itGi$). If 0 < o < 1,
then X, (¢, y) is not locally Lipschitz atty, 1) for anyt, € R, since that would imply
the existence oR, L > 0 such that for alk with |t — #,| < R andy with |y — 1| < R

_ cosh(t)|y + 1[*|y — 1/

[ Xa(t,y) — Xal(t, 1)] = ; < Lly —1].

Hence fory # 1
cosh(t)|y + 1] < L]y — 1]'™*.

The right hand side of this inequality tends to Qjas> 1, whereas the left side is 1, a
contradiction.

(b) X, is not Lipschitz for anya > 0. To prove this its suffices to regard, (0, y) for
0<y< % If it were Lipschitz, there would exisk, L > 0 such that for alky, s’ > 0
with |y — y| < R we would have

|Xo<(07 y) - Xoc(ov y,)| < L|y - y,|' (1)

Takey' = 2y. Then

Xa(0,y) — Xa(0,2y) = a _;ﬁ)a _4 _;;yz)a =y ((1 — %) — %(1 — 4y2)"‘)

and

N | —

(1= = 51— 4)" > (L= y)° -

If y is sufficiently small therfl — y*)> > 2 and hence
|-
Xa(0.y) = Xa(0.2y) = 7y

Since we also have
y—y|=ly—2yl=y<R
for y sufficiently small, we then obtain from (1)

1 1
< l
]y — y’

for all suchy, which is a contradiction.

(€) XoisC'onR x ((0,1)U(1,00)), sincey® — 1 # 0 on this domain. Hence it is locally
Lipschitz.



(d) It follows from (c) and Corollary 8.5 that there exists aque maximal solutiort/, y)

in R x ((0,1)U(1, 00)) with y(ty) = yo. Note that(Z, y) is also a solution iR x (0, o)
(but as such it is not necessarily maximal).

(e) Let(I,y) be a solution iR x (0, 00) with g(ty) = yo and with the same intervdl as

(f)

in (d). Assumey # y. Thengy must attain the valué somewhere, sincé/,y) is the
unique(0, 1) U (1, oo)-valued solution to the initial value problem. Say for exdertpat
1 is attained in/ N (o, co) (the other case is similar), and let= inf{t > ¢,|7(¢) = 1}.
By continuity 7(b) = 1. On the other hand, sinagt) # 1 for all ¢ € [ty,b), we have
y(t) = y(t) for ¢t € [to,b) by uniqueness of thé), 1) U (1, co)-valued solutions. By
continuity ofy andy we concludej(b) = y(b) # 1, a contradiction. Hencg = y.

To answer the question we can therefore téke 1.

Exercise 1 corresponds to the present exercise with % The solution denoteg,

in Exercise 1(a) corresponds to the solutipof (d) above. The last two of the three
solutions in Exercise 1(b) both solve the initial value peoby(1) = cosh(1) and they
both agree withy; on I = (0,00). This is in accordance with what we proved in (e)
above.



