Assignment 6
Due Wednesday March 20.

Consider Bessel's equation with= 0,
2"+t +t?Px =0 (t>0).

We have seen that the equation has a power series solutiba fdrm

[e.o]

J()(t) = Z aktk
k=0
given by the recursion formula

k,‘QCLk +ap_o=0 (k‘ > 2).

and witha, = 0 for odd k.

Since it is a second order linear equation, the solutionesp@éwvo dimensional.

purpose of this exercise is to find a solution independent of

(a) Show that withuyy = 1 we have

(="

Aon = 22n(nl)2”

(b) LetB denote the differential operator

d? d
B=t"— +t— +t°.
dt? + dt +
Show that
B(In(¢)z) = In(t) Bx + 2t2’

(1)

(2)

The

for every two times differentiable function= z(¢). Conclude that if: solves the Bessel
equationBx = 0 andy is a solution to the inhomogeneous equatibn = —2tz’, then

In(t)z + y also solves the Bessel equation.

(c) Letz(t) = Jo(t) = > pe, axt” and consider the Ansatz

y(t) = Z bit", By = —2tz'.
k=1

Show that if termwise differentiation is allowed in the gsrfory, then
k2bk + by_o = —2kay (/{ > 2)

andb; = 0.



(d) Conclude that, = 0 whenk is odd, and show that
L
(n!)?

forn = 1,2,3,.... Conclude thay exists, thaty solves the inhomogeneous equation
By = —2t2’, and finally thain(¢)J, + y solves the Bessel equation wjth= 0.

‘b2n’ S

(e) Determine the behaviour bf(t) Jy(t) +y(t) for ¢ — 0, and show that as a function of
it is linearly independent of,. Determine the complete solution of the Bessel equation
for p = 00on (0, c0).

(f) Determine also the complete solution GAco, 0). (Hint: apply the transformation—
—t).



