Example: the Ornstein-Uhlenbeck process

where 8 > 0,a € R,0 > 0 and X = xp.
Solution:

t
X: = a+(xg— cy)e*ﬂ25 + a/ e PU=s)qw,
0

Note that this is a sum of deterministic terms and an integral of a
deterministic function with respect to a Wiener process with

normally distributed increments. The distribution is thus normal.

Parameter interpretation in the OU-process
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3 how “strongly” the syst ts to perturbati
(the "decay-rate” or "growth-rate”)

o :  the variation or the size of the noise.

a : the asymptotic mean

The conditional expectation is

t
E[Xt‘XO = Io] = F |:Oé + (1‘0 — oz)e_ﬁt + O'/ E_ﬁ(t_s)dws]
0

= a+ (xg—a)e P

E {(a /Ot e—f’(t—@dws)?}

The conditional variance is

Var[Xt|X0 = ‘To}

Use Ito’s isometry to obtain

Var[Xt|X0 = 1‘0] = 0-2E |: _25(75 s)d :| _ —Qﬂt)
Thus (X:|Xo = ) ~ N(a + (0 — a)e ", 22 ( e201).
Asymptotically X; ~ N(«, 2,6) (or always if Xy ~ N(« ‘7—;))

Example: population growth model

Also called the geometric Brownian motion

dNt = G/Nfdt-F O'Ntth

The Ito6 solution:

1
N, = Noexp{(a—202)t+aWt}

The Stratonovich solution:

Ny, = Noexp{at+ocW;}



Qualitative behavior of the It6 solution

1
N, = Noexp{(a—202)t+0Wt}

e Ifa> 102 then Ny — co when t — oo, a.s.
e Ifa< 102 then Ny — 0 when t — oo, a.s.
o Ifa= %02 then N; will fluctuate between arbitrary large

and arbitrary small values as t — oo, a.s.

Note though:
If W, is independent of N; we would expect that

E[N;] = E[Nyle™
i.e. the same as when there is no noise in a;. Let us check:

Let

}/t _ eaWt
and apply Ito’s formula
1
dy, = §a2e”Wtdt + e aw,
i.e.
1 t t
Y, = YE)—|—502/ e”Wsds#—a/ e"Ws W,
0 0
7

Whereas for the Stratonovich solution we have

Ny = Noexp{at+oW;}

e Ifa>0then Ny — oo when t — o0, a.s.

e Ifa<0then Ny — 0 when t — oo, a.s.

... just like in the deterministic case.

Apparently it makes a huge difference which interpretation we choose.
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Thus
1 t t
ElY, = E[YO]+702/ E[e”Ws]dHaEU e“WdeS}
N—— 2 0 N=—— 0
=1 =B[Y.]

=0
We obtain the differential equation for E[Y;]:

9Ey) = o2

;o ElYy =1
dt 2 ) [0]

so that

EYi] = Ele”™] = ot



Finally

E[N,] = E{Noexp{(aéoz)tJrUWt}]

—  E[No]exp {(a - ;oz)t} Elexp {oW1}]
= E[No]exp {(a - ;02)15} exp {;0275}
— B[Nl

exactly as we expected! However, for the Stratonovich solution, the

same calculations give
E[Nt] — E[No]e(&+a2/2)t

where @ is seen to be a different parameter from a.

Examples from ODEs

The equation

% = :cf , xog=1
does not satisfy the linear growth condition. It has the unique
solution
Ty = L ; 0<t<1
1—t

but no global solution (defined for all ¢).

The linear growth condition ensures that the solution X; does not

explode, i.e. | X¢| does not tend to co in finite time.
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An existence and uniqueness result

Linear growth and local Lipschitz conditions:
For each NV € IN there exists a constant K such that
b(z, t)| +|o(z,t)] < Kn(1+|z])
and
|b($7t) 7b(y7t)| + |O'(:E,t) 70-(y7t)| < KN(xfy)
for all ¢ € [0,IN] and for all x, where |o|? = tr oo™
Then
dX: = b(Xp)dt + 0(X)dWy, Xo=U, UL{W;}>o0

has a unique t-continuous solution Xj;.
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Examples from ODEs

The equation

dz
d—ttzi’)xf/s , 20=0

does not satisfy the Lipschitz condition at = 0. It has more than

one solution:
0 for t<a
(t—a)® for t>a

for any a > 0.

The Lipschitz condition ensures that a solution X; is unique: If Xt(l)

and Xt(Q) are two t-continuous processes satisfying the conditions then

Xt(l) = Xt@) forall t<T, as.

12



The solution X; where drift and diffusion coefficients fulfill the
growth and Lipschitz conditions is a strong solution:

e the version of W; is given in advance
e The solution X; is F-adapted

FV is the filtration generated by the initial U and W, s < t.

If only b(-) and o(+) are given, and we ask for a pair of processes
(X¢, W;) then the solution is called a weak solution.

Strong uniqueness means pathwise uniqueness, weak uniqueness
means that any two solutions are identical in law, i.e. have the same

finite dimensional distributions.
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A strong solution is also a weak solution.

There are SDEs with no strong solution, but still a unique weak

solution.

Remark: Note that the above conditions are sufficient conditions, not

necessary conditions.
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Sufficient condition for the
existence of a unique weak solution

dXt = b(Xt)dt + O'(Xt)th, X() =U
a(x) = o(x)o(z)"
e a continuous
e a(x) strictly positive definite for all
e There exists a constant K such that
laij()] < K(1+|z[?)
bi(z)] < K(1+|z|)

A

forall 4,5 =1,--- ,d and x.

The solution is a strong Markov process.

14

Transition densities:

dXt = b(Xt)dt + O'(Xt)th.
y— p(t z,y)
Conditional density of X; given Xy = x;

also conditional density of X;¢ given X, = x.

Data: th,"'7th, t1<<tn
Likelihood function:

L(e) = Hp(tl - ti—17Xt1—17Xti;0)
1=1

16



e Chapman-Kolmogorov equation:

p(t+s,2,y) = /p(t,zvy)p(s,Jf,Z)dz Examples:
e Kolmogorov’s backward equation: e Ornstein-Uhlenbeck
1, 9% dp _Op
57 (z 72 T b(fﬁ)% = o dX; = —B(X; — a)dt + odW;

with the initial condition
Remember that

p(t,z,y) =6, ast—0. (X4| X0 = x0) ~ N(a+ (x — a)e P o%(1 — e=20t) /20).
0, is the Dirac measure at x.
e Kolmogorov’s forward equation: 1 (y —a— (z — a)eBt)?
p(t, @, y) = - exp |~ —yn
1 92 5 0 ) Op Vra?(1—e28t) /3 o2(1—e )/
537/2[0(21) pl— 87;[ (y)p] = ot

(Fokker-Planck equation)
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e Cox-Ingersoll-Ross

dX, = —0(X, — a)dt + U\/Zth e Radial Ornstein-Uhlenbeck

—1
0>0,aa>0,0>0. dX; = (0X, " — Xy)dt + dW,,

(t.2.9) Bly/x)2” exp(36vt — By) ¢>0.
P, y) =
F(Ba)(1 — exp(~7)) ptony) — W VTR + 0+ 1))
T N sinh(¢
coxp | 2@V ]| (BT Q
exp(0t) — 1 sinh(360¢t) )’ (@2 +y?) -
X exp | ———" Ie_% h
where 3 = 200~2 and v = fa — 1. exp(2t) — 1 sinh(t)
I, is a modified Bessel function with index v. I, is a modified Bessel function with index v.

The transition density is a non-central x2-distribution.
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Taylor expansions

Review of deterministic expansions:

Consider
d

—xy = a(xy)

dt

with initial value x¢, for ¢ € [to,T], and a(-) is sufficiently smooth.

We can write

T
Ty = mt0+/ a(xs)ds

to

21

If f(z) = a(z) then La = ad’ and
a(zs) = alxy,) —I—/S La(z,)dz
to

Apply this to the equation for z;

o= s [ (oo [ tatoes) o

to
t t s
= Ty +a($t0)/ ds—l—/ / La(x,)dz ds
to to Jto

= Ty + a‘(zto)(t - tO) + Ry

which is the simplest non-trivial expansion for z;.
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Let f: IR — IR be a continuously differentiable function. By the
chain rule

d ,
%f(xt) = a(w) (@)

Define the operator
Lf = af

where ’ denotes differentiation with respect to x. Express the above
equation for f(x) in integral form

f(a) :fum+ﬂmew

Note that if f(z) = x then Lf = a, L?>f = La and

t
Ty = xto—i—/ a(zs)ds
to
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Apply again to the function f = La to obtain

t t s
Ty = Ty, +a(xy,) ds—l—/ / La(x,)dzds
to to

to

t t s
Tty + a(T,) ) ds + La(zy,) /t / dzds + Ry
0 0

to

1
= @y talzy)(t —to) + La(xto)g(t —t0)> + Ry

where

t 5 z
Ry = / / / L?a(zy)dudz ds
to Jto Jto
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For a general r + 1 times continuously differentiable function f we

obtain the classical Taylor formula in integral form

- (t — tO)l l ’ o r+1
= + L + cee L s.)dsy ...
J(xt) f(wgy) ;:1 T f(24,) /to /to f(xs,)ds1
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For f twice continuously differentiable, Ito’s formula yields

10 = )+ [ (MEDFE0) + gt (r () ) ds

to

+/ (X)) f'(Xs)dW's

to

t t
- f(Xto)Jr/ Lof(Xs)der/t L'f(Xs)dWs

to

Note that for f(x) =z we have L°f = b and L'f = o, and the
original equation for X; is obtained

t t
X, = Xto—i—/ b(Xs)ds—l—/ o(Xs)dWs

to to
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The Ito-Taylor expansion

Iterated application of Ito’s formula!

Consider
t t
Xy = Xy +/ b(Xs)ds +/ o(Xs)dWs
to to
We introduce the operators
1
LOf‘ — bf/ + 5O_Qf'll
Llf _ U'f/
26

Like in the deterministic expansions, we apply Ito’s formula to the

functions f = b and f = o and obtain

Xy

t s s
X+ [ (o) + [ eovccias+ [ pveciaws)a
to

to to

t s s
+ / (o(Xt0)+ / L0(X.)dz + / Lla’(Xz)sz> dW's
to to to
t

t
= Xtu + b(th) ds + U(Xt()) / dWs+ R

to to

= Xy + (X))t —to) + 0(Xeo ) (Wi = Wiy ) + R

This is the simplest non-trivial Ito-Taylor expansion of X; involving
single integrals with respect to both time and the Wiener process.

The remainder contains multiple integrals with respect to both.
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The next Ito-Taylor expansion becomes

In the previous expansion we had t s _
X = X+ b(XtO)/ ds + o(Xy,) dWs + L'o(Xy,) / / dW,dWs+ R
t t
//LO dzds+/ L*B(X,)dW, ds ’ ’ )
to Jto to Jto = Xy + (X)) At 4 0( Xy ) AW, + a(Xto)a’(Xto)i(AWf —At)+ R
/ / L0 2)dz dWs + / / LIU(Xz)sz AWy with remainder
to Jto to
Note that dz ds, dW, ds and dz dW “scales like 0”7, whereas dW, dW R = / / L°(X.,)dzds + / / L'D(X.)dW. ds
scales like dt, comparable to the terms in the simplest expansion with to “to
two single integrals. / / LO )dzdW, + / / / LOLl W) du dW, dW,
. . . to Jto to Jto Jto

We therefore continue the expansion by applying the Ito formula to

f=L'. ///LL1 W) AW, AW dW,
to Jto Jto
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Consider the Ito stochastic differential equation

. . dXt = b(Xt) dt+O'(Xt) th
Numeric solutions

and a time discretization
When no explicit solution is available we can approximate different

characteristics of the process by simulation. (Realizations, moments, O=to<ty < <tj< - <ty=T

qualitative behavior etc). We use the approximations from the

Ito-Taylor expansions. Put

Aj =t —t
e Different schemes (Euler, Milstein, higher order schemes...) AW = Wiy, =Wy,
e Rate of convergence (Weak and strong) Then

AW, ~ N(0,A;)
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The Euler-Maruyama scheme

We approximate the process X, given by

at the discrete time-points ¢t;,1 < j < N by

Yiin Yi, + b(Ytj)Aj + U(Ytj)AWj i Yy, = o

where AW; = /A - Z;, with Z; ~ N(0,1) for all j.
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The Euler-Maruyama scheme

Sometimes we do not need a close pathwise approximation, but only
some function of the value at a given final time T (e.g. E(X7),
E(X2) or generally E(g(X7))):

There exist constants K > 0 and §p > 0 such that for any polynomial
g

|E(g(XT) - E(9(Yiy)) < Ko

for any time discretization with maximum step size 6 € (0, do).

We say that the approximating process Y converges in the weak sense
with order 1.
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The Euler-Maruyama scheme

Let us consider the expectation of the absolute error at the final time
instant 7'

There exist constants K > 0 and d§p > 0 such that
E(|Xr = Yiy|) < K&

for any time discretization with maximum step size 6 € (0, do).

We say that the approximating process Y converges in the strong

sense with order 0.5.

(Compare with the Euler scheme for an ODE which has order 1).
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The Milstein scheme

We can even do better!

We approximate X; by

Yi Yi, + b<Yt]’)AJ’ + G(YISJ‘)AWJ

J+1

+%U(Ytj)a/(ng){(AWj)2 —Aj} (now Milstein...)

where the prime ’ denotes the derivative.
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The Milstein scheme

The Milstein scheme converges in the strong sense with order 1:

E(|Xr —Yl) < Ko

We could regard the Milstein scheme as the proper generalization of

the deterministic Euler-scheme.

If b(X;) does not depend on X; the Euler-Maruyama and the
Milstein scheme coincide.
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Multi-dimensional diffusions:
Euler scheme: Similar.

Milstein scheme: Involves multiple Wiener integrals.

(n+1)8 s
/ / dwVaw
nd nd

Simulation schemes are based on stochastic Ito-Taylor expansions

that are formally obtained by iterated use of Ito’s formula.

Kloeden and Platen (1992)
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