Numerical approximation of SDEs

Monte Carlo transition density and likelihood

approximation

@ Researchers are interested in using differential equations to
modelize the dynamics of physical phenomena.

@ However analytic solutions to general systems of differental
equations are often unavailable
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Consider the one-dimensional 1t6 SDE

aX; = f(Xe, t)at + g(Xi, )dW,  Xo = Xo

where
@ SDEs solutions can be obtained numerically using approximations ® Wis an m-dimensional standard Wiener process
based on stochastic 1t6-Taylor expansion, obtained through @ f:RxRT -Randg:R xRt — R are known functions.
iterated use of 1té’s formula, see Kloeden and Platen (1992).
@ The easiest approximation is the stochastic version of the Euler Consider the 1t6 SDE above on [fy, T]: for a given discretization
method for ODEs, namely the Euler-Maruyama approximation. h<h<---<th<---<ty=Tof[ly, T], the Euler—Maruyama

approximation is a continuous time stochastic process satisfying the
iterative scheme

Yo+t = Yn+ hf(Yn, tn) + 9(¥n, th) AW, Yo=X, n=0,1,...,N—1
where y, = y(t1), h= t, 1 — ty is the stepsize,

AW, = W(th 1) — W(ty) ~ N(0, h) with W(f) =0, and N is the
normal distribution.
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Consider for example, the output you get by running the Matlab

Another approximation method is the Milstein scheme, which is given program in demo_GBM.m, which produces three realizations of the

by Geometric Brownian Motion using the exact, the Euler-Maruyama and
1 the Milstein solutions.

Yns1 = Yot hf(yn) () AWat 5 9(ym)d (Vn) (AWR)*=h), o = x0 et

where the superscript " denotes differentiation with respect to X.
When g is constant the Euler-Maruyama and the Milstein scheme
coincide.
Def: an approximation y of X is said to converge strongly to X with
order p if exists C > 0 (independent of the stepsize h) and 6 > 0 such
that

E(lyn — Xy |) < ChP, h e (0,9).

L L L L L L L L L
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The higher the order the better the approximation. ’ ‘

The Euler-Maruyama scheme has strong order of convergence 0.5

while the Milstein scheme has order 1. Notice that the exact and the Milstein solutions cannot be
distinguished at this scale.
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...and are undistinguishable also at a much smaller scale... Monte Carlo estimation of SDEs: basic setup

True solution (magenta) EM (black) and Milstein (green) approximations of the GBM
T T T T T
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1.006

Consider the following d-dimensional [t6 SDE:

1.004

— dX; = b(X;, t;0)dt + o (X, t, 0)dW,

| X = (X, xINT

W = (W, wim)T
b:RYx Rt x© — RY

o:RYx Rt x @ — RI*M

0.998

where b(-) and o(-) are known functions depending on an unknown
finite-dimensional parameter vector 6 € ©.

We assume that b(-) and o(-) satisfy the usual conditions (Lipschitz,
linear growth) for the existence of a unique t-solution of the SDE.

t Here T denotes transposition.

0.996

0.994
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Suppose that the following observations are available from process X
at discrete time points {fo, t1, ..., tr }:

Since X is Markovian then the loglikelihood of 6 is given by
Xo, Xy, ..., Xn.

n—A1

h(6) = _log p(Xiy1: X;, 0)

i=0
The central inferential problem for diffusion processes is to estimate 6 .
from the available observations. l yie = arg ?68( (0)
S

As for any parametric problem, maximum likelihood is the preferred

method for estimating parameters given a model and a set of data. Under mild regularity conditions ¢ is consistent, asymptotically
normally distributed and asymptotically efficient as n — +oo (Dacunha

The maximum likelihood estimator (MLE) of 6§ can be calculated if the Castelle-Florens Zmirnou (1986)). )

transition densities p(Xi.1; Xj, 0) are known (i = 0,1,...,n—1).
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Monte Carlo based approximation

The problem is that the transition density p(X.1; Xj, #) is often

unknown!
Thus approximations are needed, e.g.: A Monte Carlo approximation to p consists in:

@ simulate many times the numerical solution of the process to @ approximating the SDE solution by numerical techniques
approximate the transition density via Monte Carlo techniques (Euler-Maruyama, Milstein, stochastic Runge-Kutta, etc.), and
(numerically intensive!) @ averaging Monte-Carlo replicas of functionals of such

@ derive a closed-form Hermite expansion to the transition density approximations.

(Ait-Sahalia (2002,2008))(very fast but not always applicable); Merits: often applicable over very general, nonlinear, multidimensional

@ solve numerically the Kolmogorov partial differential equations SDEs;
satisfied by the transition density (Lo (1988)) (numerically Drawbacks: numerically intensive; not always efficient (from a
intensive!); statistical point of view).

Today we consider only (1).
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@ One of the most important MC methods for the estimation of
transition densities has been suggested by Pedersen (1995) and,
indipendently, by Santa-Clara (1995) (published as article in
Brandt and Santa-Clara (2002)).

@ Other important contributions are e.g. Durham-Gallant (2002) and
Nicolau (2002).

@ In the following we consider the contribution by Pedersen and
Brandt & Santa-Clara.

U. Picchini ( Department of Mathematical Sci¢ MC transition density estimation

The Pedersen/Brandt/Santa-Clara Monte Carlo

method

Consider two consecutive observations (X;, X 1) from the
d-dimensional process X recorded at times ({;, tj 1) respectively.
Without loss of generality, assume t;,.1 — t; = 1 and divide this interval
into M subintervals of length h=1/M.

Denote with )A(,,.Hmﬂ)h the Euler-Maruyama (EM, shortly)

approximation of X; attime t; + (m+ 1)h, form=0,1,.... M — 1:

*9

)A(t,-+(m+1)h = )A(I‘,-—&-mh—i_b(),\(t,-—l—mh) tj+mh; (9)h+0'(),\(ti+mh, ti+mh; 9)\/E€t,»+(m+1)

with X, = X;..

By definition, the ¢’s are (independent) ~ A/(0, 1) and thus the EM
scheme produce a Gaussian process which is such that X — X;
weakly as h — 0 under the following assumptions.
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Def: a numerical approximation X(h) of X, corresponding to a given

time-discretization with stepsize h, converges weakly to X at time T if
u?g ‘EXT — EXT(h)| =0.

The following are necessary to assure both the weak convergence of

the EM scheme to the true solution and the applicability of the MC

transition density estimation method.

A1: b(-) (drift) and o(-) (diffusion) infinitely differentiable with

continuous and bounded derivatives of all orders.

A2: (covariance) matrix oo | positive defined.

A3: the parameter space © is compact and contains the true 6g;

A4: the likelihood function L,(6) is twice continously differ. in 6 in a

neighbor. of fy; E([OLn(6)/00][0Ln(0)/067]) has full rank and is

bounded for all 6 € ©

There are a couple of more assumptions which, however, in this

context it is not strictly necessary to mention.
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MC transition density estimation
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Since the EM scheme between two adjacent instants

[t; + mh, t; + (m + 1)h] defines a Gaussian process, we have that the
transition density at )A(ti+(m+1)h = y given )A(Hmh = X is a multivariate
gaussian pdf:

au(y. i + (m+1)hix, ti + mh; 0) =
o(y; x + b(x,t;+ mh; 0) - h,h- V(x, t; + mh;0))
where V = o(-)o(-)".
@ However qy is just an approximation of
p(y,ti+(m+1)h|x, ti + mh; ) but g,y — pas h— 0.
@ Unfortunately the relation above can only give the transition
density between two adjacent points: instead, we are interested in

the density between two non-adjacent points, say between X; _ m,
and X ¢ (mj)n (With j =2,3,..., M — m).

@ remember: our goal is to compute the density between X; and
Xt ,, which correspond to the case m=0and j = M.

Middelfart 3-16 August 2008
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To reach our goal we need to compute the multi-step-ahead transition
density, which can be defined recursively: that is

The idea is to treat the integral as an expectation of the function ¢ w.r.t.
am(y, ti + (m+j)h|x, t + mh; 0) = the random variable z:

/Rd{qm(y, ti+ (m+j)hlz,t + (m+j—1)h; 0) au(y, ti + (m+ j)h|x, t; + mh; 0) =
= /d¢(y;z+b(z,ti+(m+j—1)h;0)-h,h- V(z,ti+(m+j—1)h;0
R

x gu(z,t+(m+j—1)h|x, t+ mh; 6)}dz
x  f(z)dz = Ez(¢())

= / {gb(y;z+b(z,t,-+(m+j—1)h;0)~h,h- Viz,ti+(m+j—1)h;
Rd

where f(z) = gu(z, t; + (m+j — 1)h|x, i + mh; 0).

x qu(z,ti+(m+j—1)h|x, t; + mh; 9)}dz
The expectation can be approximated via Monte Carlo simulations
from the density f.

and the last term in the integrand can be computed in the same
way...in the end we get a convolution of M — 1 integrals which in
general is not solvable neither analytically nor numerically (via
quadrature techniques) when M increases.
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Very interesting...but in practice?!
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415
2
420} A
@ This means that we can generate a large number R of random o
draws z, (r = 1,..., R) using the EM scheme _
@ using the zy, ..., zr we approximate the density qy by averaging all g 405t

the ¢’s evaluated at the different z’s, i.e.

0
400

aum(Xit1, tip1| X, ti; 0) =

am,R(Xit1, ti1| X, 6 0) = B
R ) ) N 00 01 02 03 04 05 06 07 08 09 10
S 3(Xiwt: Zr + b(zp, ti + (M — 1) 0) - b h- V(zo, i + (M — 1)h: ) e
R y Fig. 1. Approximating the transition densities. This figure illustrates the approximation of the transition

densities of a diffusion. The solid line represents the unobserved continuous-time sample path of a
univariate diffusion. The four dashed lines represent incomplete ten-step Euler discretizations.
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In the end we get:

n—1

h(0) ~ Inma(0) = D In(GuA(Xis1, tiy] X, :6))

=0 Let’s consider some computer simulations...

and by denoting with 8, . g = arg maxgeco In.m.r(A) we have

Onm.r — On, M,R— co, R'2/M—0
én—eeo, n— oo

under the stated assumptions.
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MC transition density estimation

U. Picchini ( Department of Mathematical Sci¢

@ Merits: "easy" to implement; applicable with multidimensional Software for SML
SDEs;

@ Drawbacks: numerically intensive (requires large M and R
values); there is no specified criteria to sample from the f(z)
distribution efficiently, i.e. importance sampling techniques are
needed (see the figure below and the improvements by Durham

and Gallant (2002)). @ R package: S.M. lacus’s sde,

http://cran.r-project.org/web/packages/sde/ with
companion monography available from Springer;

© MATLAB package: U. Picchini’'s SDE Toolbox,
http://sdetoolbox.sourceforge.net/

Q 7?77

time
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Modelization of the euglycemic hyperinsulinemic

clamp by SDEs @ A deterministic model of the EHC
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The Physiological Problem: Feedback Loop The Physiological Problem: EHC procedure

Glucose and Insulin The Euglycemic Hyperinsulinemic Clamp (EHC, DeFronzo et.al.
(1979)) is the diabetological gold-standard for the assessment of
insulin sensitivity.

] In this procedure

@ insulin concentrations are rapidly raised to a high value by means

of an insulin bolus injection and maintained at this level during the

s,

g
£

» 4 o experiment (2-5 hrs) by means of a constant insulin infusion
Plasma Dlasma @ glucose concentrations are maintained close to a “target” (basal)
7 level by means of variable rate glucose infusions
L C}::%? © both glycemia and insulinemia are sampled during the experiment
Pancreas

SDEs models of the EHC Middelfart 3-16 August 2008 4/30
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Observed glycemias (#) and external glucose infusion rate (solid line).

Composite graph, subject 10: Glucose, Insulin and Tgx

w ES %Am ~ @ ©
T T T T T T 1

N
T

Glucose [mM], Insulin [pM] 7 300, T_, [mmol/min/kgBW] * 100
T

=)

0 50 160 Timf(?nin) 260 ZéO 360
Notice how the external infusion try to keep the glycemia around the
“‘normal” (basal) value, i.e. around the first observation.
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A ODE model: Picchini et al. (2006) J. Math. Biol.

We firstly hypothesize a system of ODEs explaining glycemia and
insulinemia dynamics:

dG(t)  (Tgx(t —79) + Tgn(1)) G(t)
T = J ‘g/g Z - Txgm - KxglG(t)I(t)
diit) _ (TieG(t) + Ti(1))
T = Vi - KXII(t)
Tgh(t) - 7-ghmax exp(—)\G(t)l(t))
where
G(0) = Gp, 1(0) = I,

Tgh(o) = Tgnb = Tghmax exp(—AGplp),
Tox(s) =0 Vse[-74,0] and  Ti(0) = T

SDEs models of the EHC
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G(t)
Tgx (t-Tg) - ~ Xg 01+G(t)
—_———P >
e G(t)
Ta() 7 v, K, G(HI(®)
4'_._, >
., J B
60 /[
1(t) Kl(t) ‘
Tix (t) g
N Vi
N

stimulation - >
inhibition ~ ------- .

Figure: Schematic representation of the model.
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We considered two different procedure to estimate the model
parameters 6 = (Gp, Ip, Kxgi, Kxis Tghmax, Vg, Vi, 7g, A):
@ estimate the parameters separately for each subjects;
@ perform a population estimation approach.

For the sake of this lecture we will consider the second approach only,
which is more interesting to motivate the use of SDEs in this
experiment.

SDEs models of the EHC Middelfart 3-16 August 2008 8/30




Population estimation Population estimation: notation

We have glycemia and insulinemia data from 15 subjects. Let 6’ be the

. . _ _ individual model parameters for subject / and consider the complete
In this analysis we want to estimate from the daté both: measurement vector for subject i: y' = (v, ... ylG,n’ Vit '__7y;7n;) for
@ the structural model parameters considered in G

the sequence of data for subject i; n’. and n’ are the numbers of
0 = (Gp, Iy, Kxgh Kxi, Tghmax; Vg, Viﬂ'g, A) and 9 | G |

glycemia and insulinemia measurements for subject i/ respectively.

@ the coefficient of variations for the glycemia/insulinemia Then we consider the following error-model:
measurements £ = (CVg, CV)). . o |
The best way to estimate the CV'’s is by the use of repeated y'=f(0"+¢, i=1,..,15

measurements over the subjects, when available.

In this case repeated measurements are not available, and thus we such that gy Py o
pool together the data obtained on all the subjects in order to estimate E(e'0) =0, Cov(e']0") = (0, €)
€. with f1(-) = (fL 4, .., fé o fl4, . f ) representing the numerical
’ c 1 )
solution of the ODE system for subject /; ¢’ has the same dimensions
of y' and f'.
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We used these structures to perform the following GLS (General Least

We assume that the functional form of Q'(-,-) and the intra-individual Squares) algorithm:

covariance parameter ¢ = (CVg, CV)) are the same across individuals. @ in m = 15 separate regressions, obtain preliminary estimates (P
for the parameters of each subject, i =1, ..., m;

Qi £) = Q’G 0 P 15 @ use residuals from these preliminary fits to estimate ¢ by
€)= 0 Q’) T minimizing the pseudolikelihood of £ for the th individual
m m
CVA(fL, 2 0 - 0 Y PL(@PH.) = Y log|Q'(9PH,¢)
i i=1 i—1
G~ . ’ . g ) N ) s
0 o 0 CVE(fGn0 )P + (Y = (P (@) (0P )y - F(P))
and similarly Form estimated weight matrices
_ QWP ¢
CVR(, 2 0 0 078)
Q/I' _ L L Q using the estimated weight matrices from step 2, re-estimate the
0 0 Cvlz(fli )2 0"”s by m separate minimizations: for individual i, minimize in ¢’
>t ~

(v =) @) (v - (68
Treating the resulting estimators as new preliminary estimators,

return to step 2.
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In this way we obtained reasonable fits:

Clamp: Subject 1, plot 1

(a) Subject 1, fitted glycemias  (b) Subject 1, fitted insulinemias

Clamp: Subject 9, plot 1

mmmmmmmmmmmmmmmmmm

(c) Subject 9, fitted glycemias (d) Subject 9, fitted insulinemias

.. but
(O
we found that EVG = 0.071 and EV, = 0.170, which are too high to be
compatible with measurement error, especially if compared with
commonly accepted values, e.g. (CVg, CV;) = (0.015,0.07) in
Bergman et al. (1979).

(0
This finding has prompt us to consider an additional source of noise,
besides measurement error, explaining the variation of the
observations around the predicted curve.

A
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Modeling the EHC by SDEs

A SDE model of the EHC

Why do we model glycemia and insulinemia values by means of
SDEs?

@ We hypothesize that some physiological process (e.g. glucose
tissue absorption) is perturbed by random noise.

@ This noise represents the overall action of many factors (e.g.
sudden changes in physical activity or emotional stresses), each
with a small individual effect, affecting glucose tissue absorption

@ This noise is superimposed to a non-random (drift) term,
representing the most relevant and well-recognized factors
affecting glycemia

@ We will show how to modelize and identify both system noise and
measurement error, where the latter influences the measurement
values but not the course of the underlying process.

@ We let the insulin dependent glucose tissue uptake rate K,y vary
randomly as (Kg — £(t)), where (-) is a gaussian white noise
process;

@ the system noise £(t)dt can be written as cdW/(t) and o is an
intensity factor.

We obtain the following SDE model of glycemia G(t) and insulinemia
I(t) dynamics

dG(t) — :(TQX(t— Tai—i— Tgh(f)) . Txg%lg(t) _ KngG(t)l(t) dt
+oG(D (1) dW (1)
d/(t) _ (TIGG(t)V+ 7-IX(t)) . Kxil(t) dt

Tgh(t) = Tghmax eXp(—)\G(t)/(f))
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Some Complications...

Estimation strategy

...but

Partially Observed System

G(t) is measured every 5 min, whereas /(t) every 20 min; this means
that we deal with a partially observed system = the transition densities
cannot be computed at each observation time-point

Measurement Error

We allow the measurements to be generated with non-negligible
measurement error, e.g. for a generic subject his/her jth observation
(glycemia or insulinemia) is modelized as: y; = X;(0) + ; with

gj ~ N(0,%;(€)), with the ¢’s independent of W(-), thus...

| A

i

Non-Markovianity
... the observations y; are Non-Markovian

\
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How To? (A.R. Pedersen (2001))

Since measurement errors are stochastically independent, and
independent of the diffusion process, we have

/[H(Z)j(}/j;)(j,f)] A(X1, ..., Xn; 0)dXq - - - dXxp
j=0
= Eo [ &5 Xy:€)

j=0

L(9,8) =

where X denotes the joint pdf of Xy, ..., Xi,, Eg denotes expectation
with respect to the distribution of X, ..., X, for the indicated
parameter values, and

o1 :) = e © oo (<3 [y x0)| 7@y - 500
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Error model
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@ Consider all the past history of the observed process
© build the likelihood function of (6, ¢) separately for each subject

n
L(97£) = Hpj|j—1(YjU’07Y1a---a}/j—1797§)
Jj=1

where we use the notation p;;_; to denote the conditional density
function of y; given yo, y1, ..., ¥j—1 and n+ 1 is the total number of
measurements (glycemia and insulenimia) available for the
considered subject

© for each subject, maximize the corresponding likelihood to obtain
the individual MLE estimates of (6, )
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We used the following error-model y; = X;(0) + ¢; with ; ~ N (0, X;(£))
where
@ X;(0) = X(;) = (G, ;) is the (numerical) solution of the SDEs at
sampling time t;;

CVéG/? 0
and ¢ = (CVg, CV)) contains the glucose and insulin coefficient of

variations.
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So, by simulating many (R) trajectories X" of X,

R n
ZH i (y1X{(0),€
r=1j=0

(R — +0)

@ The th can be simulated using a standard algorithm (e.g.
Euler-Maruyama, Milstein)

@ the independent Wiener increments should be simulated, initially,
and kept fixed in all subsequent calculations of the Monte Carlo
approximation of the likelihood function.
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Our Strategy

We optimize only the o parameter in the diffusion part.

We plugged into the SDE the parameter estimates obtained for the
ODE model (corresponding to the SDE’s drift) for different levels of
measurement error;

(CVg, CV) €  {(0.015,0.07),(0.02,0.10), (0.03,0.10), (0.03,0.15),

(0.04,0.15), (0.05,0.15), (0.15, 0.30)}.
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| \

We also used the GLS population estimates of the measurement error
variance;

| G

Then, we fixed both the parameters entering the drift and the
measurement error variances and, conditionally to these, only o was
optimized.

A\
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Difficulties

This simulation-based approach is HIGHLY time consuming since:

@ the number of simulations R should be at least of the order of
thousands (we choose R = 2000)

@ the integration stepsize should be “small” enough (we choose
h=0.1)

© the larger the number of parameters to be optimized the slower
the convergence for the optimization procedure

© the likelihood approximation procedure must be performed for
every infinitesimal variation of (¢, &) during the optimization
procedure

SDEs models of the EHC Middelfart 3-16 August 2008 22/30

Two typical likelihoods of o
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Some Results: plasma glucose (subject 10)

Some Results: plasma glucose (subject 9)
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Estimates of the diffusion coefficient

Monte Carlo Confidence Intervals

Here are the 7 estimates of o corresponding to the 7 hypothesized
increasing levels of measurement error (proportional to (CVg, CV)))

Subjects &M 53@) 50) 54) 5®) 5(6) &)

1 160E-5  1.78E-5  225E5  159E-5  2.10E5  2.25E-5 0 Subjects 51 . 105 5@# . 105

2 NA 1.38E-5 147E5 1.38E5 1.38E-5 1.15E-5  2.88E-7 .

3 239E-5 4.55E-5 571E-5 254E-5  395E-5  2.58E5 0 1 estimates (mean [95% CI]) 1.60 (1.27[0.61, 1.85])  1.59 (1.39 [0.45, 2.63))
4 NA 1.00E-5  1.00E-5 1.00E-5 1.00E-5 0.95E-5  3.68E-8 B

5 1.83E-5 19765 200E-5 193E5 193E5 193E5  0.91E-5 Skewng ss 0.2684 0.6751

6 272E5 26565 268E-5 271E5  272E-5  2.73E-5  5.20E-8 Kurtosis 2.216 4.552

7 0.80E-5  0.80E-5  0.80E-5 0.80E-5  2.35E-8  235E-8  147E7 6 estimates (mean [95% Cl]) 2.72 (2.26 [0.89, 3.01]) 2.71 (2.25[1.15, 3.27])
8 0.72E-5 0.76E-5 0.73E-5 0.72E-5 060E-5 042E-5 2.12E-7 Skewness 0.676 0.273

9 NA 242E-5  265E-5 250E-5 260E-5 2.69E-5  4.77E-7 ! : .

10 3.08E-5 3.04E-5 3.04E-5 3.04E-5 3.00E-5 2.88E-5  4.25E-7 Kurtosis 3.142 2.670

" 0.62E-5  0.59E-5  3.68E-8  3.68E-8  2.35E-8  3.68E-8  4.77E-7 10 estimates (mean [95% CI])  3.08 (1.92[1.10, 3.17]) 3.04 (2.06 [0, 4.08])
12 1.44E-5 098E-5 1.36E5 141E-5 147E-5 1.53E-5  8.47E-7

13 1.28E-5 0.82E-5 0.86E-5 074E-5 0.84E-5 087E5  2.12E-7 Skewness 0.787 0.286

14 1.73E-5  1.65E-5 1.64E-5 162E-5 1.56E-5 0.12E-5  7.21E-8 Kurtosis 3.084 3.961

15 1.87E-5 1.23E-5 144E-5 186E-5 147E-5 150E-5 0.84E-5

In this table we notice that the o estimates are stable when considered

in a reasonable region of the coefficient of variations values, that is

when considered in (CVg, CV)) € [0.02,0.05] x [0.10,0.15] (i.e. from

5@ to 5(9)).
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Conclusions Reference

@ (from the ODE model) the level of error around the predicted
curve is very large, in particular it is much larger than the
(0.015,0.07) commonly accepted levels of measurement error in in
vitro repeated testing of the same laboratory preparation.

© (SDE model) for any reasonable level of observation error, the

estimated diffusion has more or less the same value. For U. Picchini, A. De Gaetano and S. Ditlevsen (2006). Modeling the
“reasonable” it is here meant larger than pure measurement error euglycemic hyperinsulinemic clamp by stochastic differential
and smaller than the total error around the expected trajectory as equations. Journal of Mathematical Biology, 53(5), 771-796.

estimated by GLS. Having excluded these extreme cases, it can
be seen that, in the present situation, the estimation of the
diffusion is very robust to changes in the likely value of the
observation error.

© the diffusion coefficient estimates are generally strictly positive:
this means that the dynamical process which most likely
represents the glycemia time-course (given the estimated ODE) is
a stochastic process with a non-negligible system noise.
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In the first lecture we considered the problem of approximating the
transition density px(Xi.1; Xj, 8) of a Markovian process X. At least
three categories of possible strategies can be considered:

Efficient estimation of a new SDE model of the EHC

@ simulating many times the numerical solution of the process to

Umberto Picchini approximate the transition density via Monte Carlo techniques
www.math.ku.dk/~umberto (numerically intensive!)
_ _ @ deriving a closed-form Hermite expansion to the transition density

e oot Conamrcar Doamare” (Ait-Sahalia (2002,2008), Egorov(2003)) (very fast but not always
applicable);

Middelfart, 3-16 August 2008 @ solving numerically the Kolmogorov partial differential equations
satisfied by the transition density (Lo (1988)) (numerically
intensivel);

Today we consider (2).
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The idea (Ait-Sahalia (2002))

With closed-form approximation we mean that a mathematical
expression for an approximation of px is explicitly given. Thus:

@ consider the one-dimensional time-homogeneous lto SDE:

@ there is no need to perform simulations of process trajectories; dX; = u(X;, 0)dt + o(Xq, 0)dW;
@ the computations needed to obtain an estimator for 6 are o . ' _ .
extremely fast (just like when the exact py is available); @ transform the original SDE into an equivalent SDE with unit
diffusion

@ the approximation of the likelihood obtained with this method is
extremely accurate, especially if compared to Monte Carlo based aYe=py(Yr,0)dt + dW;
methods (see e.g. Durham-Gallant (2002) and Jensen-Poulsen @ "standardize" the new process Y; to obtain another process Z;
(2002)) having a transition density p> close to a Gaussian one;

@ After obtaining an approximation for pz, we can get the
corresponding approximation for py and finally px using the
Jacobian formula.
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Let’s start with the transformation X; — Y;.
@ consider the function

Xt
Yt:’V(ng):/ O'(U,e)

@ using the lto’s formula on our SDE (where ~(-) plays the role of the
function g) we get

=71 (%, 0)

au = X

dYt = /Ly(yt, H)dt + th
as desired, where

w(v1(Y40) 100, _ |
0(’)/1(Y§,0)) - Eaxt(7 1(Yt,9)),

notice that the vector 6 is the same vector of the original SDE;

@ the transition density of Y is much closer to a Gaussian
distribution than that of X (thanks to the unit diffusion), i.e. when
A =t 1 — t; — 0 the magnitude of the tails of py is similar to the
magnitude of the tails of a Gaussian distribution (Prop. 2 in
Ait-Sahalia (2002)).

HY( Yfa 9) =

Efficient Est. of a SDE of the EHC

U. Picchini ( Department of Mathematical Sci¢

Middelfart, 3-16 August 2008

For a Hilbert space L?(P) with measure P, density ¢ and inner product
< -,- > adensity g(w) on the real line can be represented by an
expansion with respect to an orthogonal base {Hy, Ho, ...}, i.e.:

[©.9]

QZZ <g,H; >
J=

+o0
SRt <g.H>= [ awHw)wadw

For any density p(w) on the real line if we expand the ratio p(w)/¢(w)
we get

;fM

| s S O H,
—H.H s 1= Pw) = o) 3 10K,

j=0

where

G _ <PleH> I3 p(w)H(w)dw
<H H> [T Hw)H(w)e(w)dw

Efficient Est. of a SDE of the EHC

U. Picchini ( Department of Mathematical Sci¢
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Notation: we denote with py(w|wp) the transition density of a generic
process W at w conditionally on wy.

With a further transformation Z = A~1/2(Y — y;,) we get a process Z
which is close enough to a A/(0, 1) variable to make it possible to
create a convergent series of expansions for its density pz around a
N(0, 1), see the next slides for details.

By denoting with py(y|yo; ) the conditional density of Y; a|Y:, we
have the following relation
pz(2ly0:0) = AV2py (AY2z + yo|yo: 0)

and now we are going to show how to approximate p_.

Efficient Est. of a SDE of the EHC Middelfart, 3-16 August 2008

Now if we choose P to be the standard normal distribution and
{Hy, H>, ...} as the Hermite base, we have

Il
Hi(w) = ¢(w)™" ddW/ o(w) (Hermite polynomials)

where ¢(w) is the standard normal pdf and we have the following

properties:
Q@ (j+ 1)Hj(w) = (d/aw)H;,1(w)
i, ifj=i

Jroo o !
O Jo Hilw)H(w)o(w)dw = { 0, otherwise
and we can write the transition density for Z as:

277 (Yo: 0

pz(z|yo: 0

where (see the previous relations)

() 1 +o00
nz (Yoi0) = il Pz(zlyO)/'//(Z)dZ

Efficient Est. of a SDE of the EHC Middelfart, 3-16 August 2008



In practice we trunk the expansion to an integer J
Of course the main problem is computing the n(zf)’s: we note that

J
D (2ly0:0) = 6(2) Y 0P (Yo: 0)H(2) ) o
J=0 ny (Yo:0) = 1/]! Hj(z)pz(2|y0,0)0dz
thus obtaining the corresponding approximations for the transition oo 1/2 1/
densities of Y and X, using the Jacobian formula: = 1/j! /Oo Hj(z)A“py(A“z + yolyo, 0)dz
J _ Iy A Y
P (Yo 0) = A12pSN(AV2(y — yo)lyoi 0) _ 1//!/ H(A2(y — )Py (ylyo: 6)dy
pK (x1x0: 6) = o(x:6) ') (v 1yo: ) = /JIEH(AT2(Veea = y0))| Ve = yo]
As usual we may calculate the expectation using, e.g. Monte Carlo
Notice that (Ait-Sahalia (2002), Theorem 1) (J)(xlxo, 0) — px(x|Xo; 0) methods, but in this case we want to find some more elegant and

as J — +oo for every 6 € © and for every (x, xo) in D% (where Dy is efficient solution.
the state space of X).
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Ait-Sahalia (2002) expands the expectation using a Tay|or series of US|ng the Cloeff|C|entS ng ) we can flna”y write an eXp/ICIl‘ closed-form
order K in powers of A and thus, in the end, he gets Taylor approximation for pz:
approximations of n(’) which we denote by n(’ K (J=1,...,J),eq. the J
J,K) ,K )
following are the first 3 coefficients for the case K = 3. ( (z|y0 0) = ¢(2) Z 77(21 )(yo, 0)H;(2)
j=0
(1,3) _ 12 _ [1] [21\ A3/2
A 2 A 4
Nz —hy AT = Qpypy + ) AT/ and using the Jacobian formula we can obtain the corresponding p(;’ 0
1]2 2 1 2] 3 4
— (4y 1P + 43 1+ oul ) + 4y uT+ ul) 4972 /24, and p{",
ny Y = (wd +ubh)A/2+ (63t + 4l + 7, i +2u5) 42 /12 80 2 (UK~ 1
(12 2] (1. 2] (YU’O 0) = A~ / p; (AT / (Y — Yo)I¥0; 0)
+ (28 b 282 b 16l P 163 B+ 88y b
+ 218 32008 164, )+ 30) 47 /96, P (x1x0: ) = o (x:8) 0 (v1y0: 6),
n5? = —(wd +3pypl + uP) 4372 /6 — (1207wl + 28, uli? thus if we have a sample Xo, ..., X;, of observations from the process X
+ 2205 iy 24 W+ 14py 34 3T A2 /48, we get

I (0) = Zlog 0 (X 11 X: 0)
where ;"™ denotes (9% uy (yo; 0)/0yE)™.
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Merits:

@ Accurate approximations of the true transition density (an order of
approximation K = 1 or 2 is often sufficient);

@ Fast computations for the approximated transition density;

© Theory available for multidimensional SDEs (both
time-homogeneous and time-inhomogeneous, see also Egorov et
al. (2003))

Drawbacks:

Let's see some simulations...

@ In practice it may be difficult to apply the method to
multidimensional SDEs, especially when the noise is
non-reducible (Ait-Sahalia (2008));

@ The tails of the true transition density may be estimated
inadequately when A is not "small enough" (Stramer-Yan (2007))

© a symbolic calculus program may be necessary
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In the previous lecture we considered a SDE model of the EHC for Consider the glycemia state variable X;, we simplify the diffusion part
glycemia and insulinemia dynamics (Picchini et al. (2006)) of the SDE in order for it to not contain insulinemias /;, since

[(Tox(t = 74) + Tgn(1)) G(t after 40 min from the start of the EHC, /; should be nearly constant, so
aGg(t) = sl 39 J - Txgﬁéu) — Ky G(1)I(1) | dt we fix Iy = I* and in the sequel we assume t > t, = 40
+oG(1)I(t)dW(t)
- ' _ -
d/(t) — (TIGG(t) + TIX(t)) i KX,I(t) dt dXt :U’(Xta t)dt + U(Xf)dWh t el tO
I Vi where
but we noticed that estimating ALL the 12 parameters (structural + X1 — Tgx(t — 79) + Tghnet X
measurement error-covariance) by simulating thousands of X t) = v, — Txglt At
trajectories to approximate the transition densities was o(X) = olX,
numerically unfeaSIbIel, espec!ally if bootstrap approaches are (A= A1) - (t - z/j)5 ‘
needed to compute confidence intervals. Tox(t) = Z —, t>0, XN=0, j=1,..m,
= vt tey)

Here we simplify the model to a one-dimensional SDE, restricting
attention to glucose dynamics after the steady state of insulin
concentration has been reached and disregarding measurement error.

The function Tg(t), which modelizes the glucose infusion rates {\;};
measured at times {v;};, depends explicitly on t and so the SDE is
time-inhomogeneous.
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The extension of the Ait-Sahalia’s method for time-inhomogeneous
diffusions is given in Egorov et al. (2003): in this case an expansion of

, o : hats Using the Jacobian transformation, given p(Zz) it is straightforward to
order 2 (in powers of A) for the transition density pz of Z is given by:

retrieve pg(z), and then

P2 (z,tlys, s Zﬂ (t, s, S)Hk(2)
L(2 Zlnpx (Xi, ti|Xi—1, ti—1)
i=1

6(2)(1‘7.}/573) = 1 . . . . . . .
is the order 2 Hermite approximation of the likelihood function.

3/2
552)(1‘ ¥s,8) = —AV2y - ﬂ(&bm + 2¢h1g + o) So we estimate ALL parameters entering the SDE
) ) 4

A A? 0 = {Kxal, Topnet, Vg, 0

(6 yes) = F(2 +r0) + o (Buon +60%no o Tgner: Vo 7}
+ 4,¢120 + 4¢11 + 7w,¢}20 + 2¢30) (Tg has been fixed to 1 mln)
via
A3/ 2 2

8t ys,s) = (¥° + 3ib10 + 20) 6% = arg min — LP(0).

A2 which is a consistent estimate of 6.
B ys,s) = Sz (0* + 600 + 3y + Ao +a0)

where the v’s are partial derlvatlves of uy w.rt. y and s.
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Rygr x 10* [min="/pM]  Tgpner [mmol/min/kgBW] Vg [L/kgBW] & x 10° [pM]~ ' [min]—1/2 Improvements and I|m|tat|0nS
2.951 [2.874, 3.028] 0.175 0.463 [0.451, 0.474] 7542 [7.395, 7.688]
5.782 [5.658, 5.906] 0.085 0.117[0.115, 0.120] 12.213 [12.023, 12.402]
5.553 [5.519, 5.587] 0.346 0.211[0.210, 0.213] 5.878 [5.856, 5.900]
3.594 [3.472, 3.714] 1.051 0.99[0.952, 1.028] 13.891[13.588, 14.194]
2.531 [2.455, 2.607] 0.192 0.371[0.359, 0.383] 6.717 [6.585, 6.849]

@ In the previous lecture a two-dimensional SDE model with 12
parameters considering simultaneously the dynamics of glucose
and insulin was analyzed (Picchini et al., JMB 2006) but...

@ parameter estimation proved difficult (several hours for the
estimations of the diffusion coefficient o only).

@ In the present work all the parameters can be estimated in few
seconds (the time required for a single evaluation of the likelihood
function is of the order of milliseconds)...

@ using a single common PC.

Subject 1 Subject 6
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2T e ” P ey @ limitations: we needed to consider a much simpler model in order
to apply the closed-form estimation method; furthermore
Figure: Observed glycemias (o), mean and 95% confidence intervals of 2000 measurement error has not been modelized.

trajectories.
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