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Discretely observed diffusion

dXt = b(Xt, G)dt + O'(Xt,e)th 0 € © Q IRp

X, band W d-dimensional, o d x d-matrix

State space: D C R?

Ford=1, D=(r), —c0o<{l<r <0

Data: Xto,"‘,th, Ai =1t —t;_1

Often t; = Al

.—p2/124

Estimating functions

n

Gn(0) = g(Ai, X4, X, ,50)

g p-dimensional

G,—estimator(s): Gn(0,) =0
To obtain consistent estimators, we assume that

Ee(g(Aia Xti7Xti—1; 9)) =0
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Martingale estimating functions

Gn(e) = Zg(Aiv th Xti—1;9)7

=1

N
g Ay, 0) = > ai(z, A0)[f(y) — 75 fi(x)]

=1
T 7

p-dimensional real valued

Transition operator: 15 f(z) = Eo(f(Xa) | Xo = 2)

G,(0) is a Py-martingale:

Ee(aj(Xti—l7Ai; 0)[f](Xt7) - 7-‘-eAifj (Xti—l)] | Xt17 B Xti,—l) =0
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Martingale estimating functions

Gn(0) = g(Ai, X, X1,_,50),

=1

gDy, 2:0) = a;(x, A 0)[f;(y) — 75 f(@)]

j=1

e Easy asymptotics
e Simple expression for optimal estimating function

e The score function is a Py-martingale
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Quadratic martingale estimating function

GH(Q) = Z {al(Xti—17Ai; 9)(qu - F(Aiv Xti—l; 9))
=1

+ a2(Xti—1 ) Ai; 9) [(Xt7 - F(A“ th’,—l; 9))2 - Q)(Ala Xti—l ) 0)] }

F(A,z;0) = Eg(Xa|Xo=2) and ®(A,z;0) = Vary(Xa|Xo = z)
Bibby and Sgrensen (1995,1996)

A good simple choice of the weights

ay(x, A;0) = Ogb(x;0) /0> (3 0) as(x, A;0) = Ogv(x;0) /o (; 0)
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Simulation of conditional moments

78 f(x) = Eo(f(Xa)|Xo =) is usually not explicitly known

Fix 6

Simulate numerically M independent trajectories of {X; : t € [0, A]} with
XO =x

M
my f(x Z

Kloeden and Platen (1992)

Beskos, Papaspiliopoulos and Roberts (2006, 2007)

Variance reduction methods
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Linear drift

t
w)ds +/ 0(Xs;0)dWs

Xy = Xo—/ﬂ

() = Bo(X: | Xo=2) =2 — 8 / (f(s) — w)ds

provided fo o(Xs;0)dWy is a proper martingale.
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Explicit martingale estimating functions

Kessler and Sgrensen (1999)
dX; = b(Xy; 0)dt + o(Xy; 0)dWy

Generator: 2

. d d
Ly = 502(%9)@ + b(x; 9)%,

o eigenfunction for Ly:
Lop = Aoy

Under weak regularity conditions

5 p(z) = Bo(0(Xa)|Xo = z) = e ¥ 2 ()
i.e. ¢ is an eigenfunction for 75
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Explicit martingale estimating functions

Y, = eMlp(Xy)

By Ito’s formula

t t
y, — y0+/ e’\gs[ngp(Xs)Jr)\ggp(Xs)]der/ A9 (X ) (X 0)dWV s
0 0

t
Yy + / e (X )o (X 0)dW,
0

Thus Y; is a Py-martingale when fot ers ! (Xs)o(Xs; 0)dWy is a proper
martingale

By(eM'p(Xy) | Xo = 2) = ¢(2)

Y is a martingale if for all ¢ > 0

/0 E (¢'(Xs)?0%(X,)) ds < o0
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Explicit martingale estimating functions

Three sets of sufficient conditions ensuring that 75 o (z) = e~ **2p(z):

(i) X ergodic with invariant measure x, and [ ¢'(z)?0?(z)u(dz) < oo
(i) o and ¢’ bounded

(iii) b and o of linear growth, ¢’ of polynomial growth
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Example

dXt =0 tan(Xt)dt + th ,9 > 0.

For 6 > 1/2: ergodic diffusion on the interval (—w/2,7/2)

The density of the invariant measure proportional to cos(z)2’

Lysin(z) = —(6 + 1/2) sin(x)

Gn(0) = Zsin Xi,1) [Sin(Xti) — e~ (OF1/2)4 Sin(Xti—l):|

=1

Z?:l Sil’l2 (Xt1'71 )

provided that 3", sin(X,, ,)sin(X;,) >0

6, = —A""log (

i sin(Xe, ) sin(Xt») 1
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Pearson diffusions

Wong (1964), Forman & Sgrensen (2008)

dX, = —B(X, — p)dt + /26(aX? +bX, + AW, f>0, d=1

Ly = Blaz® + bz + )¢ + Bz — p)¢’

If p is a polynomial of order k, then so is Ly

Thus we can find eigenfunctions that are explicit polynomials

The class of possible stationary marginal distributions is equal to
Pearson’s system of distributions

Y; = aX; + bis also a Pearson diffusion

Up to location-scale transformations the following is a complete list
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Pearson diffusions

e Normal distribution:
Ornstein-Uhlenbeck process:

dXt = —ﬁ(Xt - M)dt + 2/86 th, c>0

Xy~ N(/j,’ C)
State space: the real line
Eigenfunctions: Hermite polynomials

e Gamma-distribution:
Square root process:

dXt = 7B(Xt — /.,L)dt + \/ ZﬂbXt th, b > 0

X; gamma-distributed with mean p and scale parameter b
State space: the positive real axis
Eigenfunctions: Laguerre polynomials
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Pearson diffusions

e Beta-distribution:
Jacobi diffusions:

dXt = —ﬂ(Xt — M)dt -+ 2,8(1Xt(1 — Xt) th, a>0

X, beta-distributed with p(x) oc 2#/¢=1(1 — )1 -#/a)=1
State space: the interval (0, 1)
Eigenfunctions: Jacobi polynomials

e Inverse gamma distribution:

dXt = —ﬁ(Xt - ,U,)dt + ZﬁaXt th, a>0
Density of X;:  p(z) oc (@ +2) exp(— L)

T az
State space: the positive real axis
Eigenfunctions: Bessel polynomials
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Pearson diffusions

e ['-distribution:

dX; = —B(X; — p)dt + /24X, (X, + 1) dW;, a>0

(1+ a)p~1 X, F-distributed with 2.6~ and 2a~! + 2 degrees of freedom
State space: the positive real axis

e t-distribution with 1 + 1/a degrees of freedom:
dX; = —B(X; — p)dt + 1/28a(X2 +1) dW;, a>0

X is t-distribution with 1 + 1/a degrees of freedom and mean p
State space: the real line
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Pearson diffusions

e Pearson’s type IV distribution, a skew ¢-distribution

07, = —BZydt +\J28(v — 1)=1 {2} + 200 2, + (1 + p2)u}dW,, v > 1

p(z) o< {(z/Vv +p)? + 13T Zexp {p(v + 1) tan ™ (/v +p) }

An expression for the normalizing constant when v € IN can be found in
Nagahara (1996)

p = 0: t-distribution with v degrees of freedom
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Pearson’s type IV distribution

Densities of skew ¢-distributions (Pearson’s type IV distributions) with zero
mean for p = 0, 0.5, 1, and 2 respectively
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Pearson diffusions: moments

n n
E(X]"|Xo=1z) = qun,w ce M b
k=0 (=0

dn,k,n = Pnky Qnn,t = 0 for ¢ <n-—1,

n—1
An,kb = — Z D95,k for k,(=0,...,n—1
j=kVve

A¢ and p,, ; eigenvalues and coefficients of eigenfunction polynomials

E(XP) = ay {bn - B(X]7Y) + ¢ B(XP77)}
with E(XP) =1, and E(X;) = u

anp = A =n{l — (n—1)a}B, b, =n{a+ (n—1)b}g,
cn=n(n—1ecf for n=0,1,2,...
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Transformations of Pearson diffusions

Xy o(z) eigenfunction with eigenvalue A
T an injection

Y, =T(X;): (T~ (y)) eigenfunction with eigenvalue A

e Find the stochastic differential equation for T'(X}) by Ito’s formula.

o Lyy(y) =
BT W) (=T () +T"(T () (0T (y)* + 6T (y) +¢)] ¥' ()
+ BT (T~ (y)*[aT ™ (y)* + 4T~ (y) + " (y)

e Check that v (y) = (T ~*(y)) is an eigenfunction for L
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Transformations of Pearson diffusions

Jacobi diffusion  state space (—-1,1), (3,0 >0,v € (-1,1)

dXt = _B[Xt —’7]dt+0’\/ 1 —XthWt

Eigenfunctions: P07 "~ 180+ =1) ()

pie?) (x) denotes the Jacobi polynomial of order n

Y; = sin™*(X)

Eigenfunctions:
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Transformations of Pearson diffusions

Jacobi diffusion  state space (0,1), 5,0 >0, u € (0,1)
dXt = —ﬂ(Xt — /L)dt + 2601Xt(1 - Xt) th

Eigenfunctions:  Jacobi polynomials P,,(x) on (0, 1)

Y; =log(X,;/(1 — X;)) state space (IR,
av, = —pB{l1-2u+(1—p)e" —pe ' - 8acosh4(Xt/2)} dt

+2/— h(X,/2)dW,,
Eigenfunctions: P, (e®/(1 + €%)) af3 cosh(X;/2)dW,

Invariant probability distribution:

KR1T
el

= R
p(x) (1 4 ez)“1+"‘2B(I€1, ,@2)’ T e,

Generalized logistic distribution, Barndorff-Nielsen, Kent and Sgrensen
(1982).
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Ergodic 1-dimensional diffusions

dX; = b(Xy; 0)dt + o(Xy; 0)dW, v(x;0) = o*(x;0)

state space: ({,r) —oco </ <r <oo

Assume that
#

/; s(x;0)dx = /; s(z;0)dr =00  and /ZT fg(x)dx = A(9) < o,

#

where 27 is an arbitrary pointin (¢, r)

o(2:0) = exp (—2 / b(j;—z;dy) and  fig(x) = [s(: 0)u(: 6)] !

Scale-measure Speed-measure

Then X is ergodic with stationary distribution wo(x) = fig(z)/A(0)
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Ergodic 1-dimensional diffusions

Xtimu@ast%oo

If Xy ~ pe, then X is stationary and X; ~ pg forallt >0

Q5 (2,y) = po(x)p(A, z,y; 0)
y — p(A, z,y;0) is the transition density, i.e. the probability density

function of the conditional distribution of X;, A given that X; = x under Py

If Xo ~ g, then (X;, Xyin) ~ Q5 forallt >0
f:r)2—R

QB (f) = / P, y)p(A, 2, y; 0)uo (@) dyde

(er)?
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Limit theorems

Law of large numbers: Suppose X is ergodic, and let f be a mapping
(I,7)? — IR satisfying that Q5 (f?) < oc. Then

—ZfX(z Has Xia) B Q8 (f)
asn — oo

Martingale central limit theorem: Suppose further that

/e F(ey)p(A, 2, y; 0)dy = 0

forall z € (I,r). Then

% > F(X-pas Xia) 2N (0,Q(f)
i=1

under Py as n — oo. Billingsley (1961)
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Uniform law of large numbers

Suppose that X is ergodic under P, so that there exists a probability
measure Q> on (I,7)? such that for any function f : (I,7)? — IR

_ZfX(z 1A zA) QA(f)

Let the function f : (1,7)? x © — IR be a continuous function of § and
locally dominated square integrable with respect to Q*. Then
6 — Q*(f(0)) is continuous, and for any compact subset M C ©

sup Zf Xa-1yas Xia:0) — QA(£(6))| L0

0eM
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Low frequency asymptotics

Data: Xy, XA, Xoa, .-, XnA
n — 0o A fixed (and suppressed in p(z,y;6) and g(z,y; 0))

fo: true parameter value e CIRP

Martingale estimating functions:
Gn(0) = ZQ(X(i—l)AinA§ 0)
=1
g is p-dimensional

/ g(z,y;0)p(z,y;0)dy =0 forall z€ D and 6§ €O
D
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Low frequency asymptotics

CONDITION LFA1:
Ao € int © and there exits a neighbourhood N of y in ©, such that:

(1) The function ¢() : (z,y) — g(z,y; 0) is integrable with respect to Q,
given for all 8 € N, and g(6y) is square integrable with respect to Qy,

(2) The function § — g(x,y;0) is continuously differentiable on N for all
(v,y) € D?

(3) The functions (z,y) + 0y, 9i(z,y;0), i,j =1,...,p, are dominated
for all & € N by a function which is integrable with respect to Qg,

(4) The p x p matrix
W = Qo, (997 9(60))

is invertible
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Low frequency asymptotics

CONDITION LFA2:

The functions (x,y) — g(z,y; ) are locally dominated integrable with
respect to Qy, and Qg,(g(0)) # 0 forall 6§ # 6,

THEOREM:

Suppose Condition LFAL holds. Then a sequence ( ) of weakly
consistent G,,—estimators exists, and

Vil — 60) = N, (0, W V(W)=

under Py,, where

V = Qo, (Q(QO)Q(QO)T) :

If, moreover, Condition LFA2 holds, then the sequence of estimators (6,,)
is eventually unique on any bounded subset of © containing 6,
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Low frequency asymptotics

THEOREM:
Under Conditions LFAL (2) — (4)

A P
ZaeTg (i— 1)Aa zA;en)ﬁ)VVv

and the probability that W, is invertible tends to one as n — oc.

If it is, moreover, assumed that the functions (z,y) — g;(x,y;8),
i=1,...,p, are dominated for all # € N by a function which is square
integrable with respect to Qy,, then

Po,

Zg (1) Xiai0n)g(Xi—1ya, Xin: 0,)7 = V.
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LF-Asymptotics: likelihood inference

Zaelogp (i-1)a, Xia; 0),

Vi, — 8p) 2> Ny (0,Z(60) ")

Fisher information

Z(0) = —Qq (97 log p(9))

Condition for eventual uniqueness:

Q@o (89 Ing(xv Y, 0)) = *69[((97 00) 7£ 0 forall 6 7£ bo
K(ev 90) = /D K(97 00; ‘73) Ho, (dﬂ?),

K(6,60:2) = /D loglp(z, y: 60) /p(z, ; 0)]p(z, y; 60) dy

is the Kullback-Leibler divergence between the two transition distributions
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LF-Asymptotics: misspecified models

Suppose that X is ergodic under P, so that there exists a probability
measure @ on D? such that

%Z‘g(X(i—l)A)XiA;H) 5 Q(g(0))
i=1

2N, (0, Wty (w Ty

V=@ (9(9)g(d)") or more complicated
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Optimal estimating functions

Statistical model: (2, F,{Py,0 € ©}), © C IR?
Data: X, Xo,..., X,

Estimating function (p-dimensional): G, (0) = G, (0; X1, Xs, ..., X,)
Unbiased: Fy(G,(0)) =0 forall§ € ©

Class of unbiased, square integrable estimating functions: G
How do we choose a good G,, € G?

Godambe (1960), Durbin (1960), Godambe (1985), Godambe and Heyde
(1987), Heyde (1997)

Score-function: U, (8) = 9y log L, (0)
Likelihood function: L,(0) = f(Xy,...,X,;0)

flz1,...,z,;6) > 0 density of (X1,...,X,) under Py w.r.t. a dominating
measure
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Godambe optimality

p=1
Sensitivity: S, (8) = Eg(99Gr(6)) = —Covg(G,,(6),U,(6))
Godambe information: K¢, (6) = Sg,, (0)?/Vare(G,.(0))

G* € G is Godambe-optimal in G if K¢ (0) > K¢, (0) for all ¢ € © and for
alG, g

p=1
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Godambe optimality

Standardized version of G,,(6):

GL(0) = =56, (0)" B (Ga(0)Ga(0)") " Gu(0)
Second Bartlett-identity:  Ejy (GS)(G)GS)(G)T) = —Ey(8yrGL(9))

Ey ((GL(0) = Un(0)T(G(0) = Un(6))) 2

Eq ((G2)(0) = U(0))7 (G2 (0) — Un(6)))
THEOREM: G, is Godambe-optimal in G if
6., (0) " Eg (Gn(0)G(0)") = Sa:, (0) ™" Eg (G (0)G7(6)")
forall# € ®andforall G,, € G
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Heyde optimality

G,(0) is a Py-martingale w.r.t. {F,,} forevery 6 € ©, F, = o(X1, Xs,..., X,)

Eo(Hy(0) | Fi_1) = 0

n

> By (0pr Hi(0)|Fi—1) ~ compensator of dyr G, (6)

=1

(G(0),G(0)),, = Z Ey <H,»(9)I§[,»(9)T|]-"i,1) quadratic co-characteristic
=1

Under usual regularity conditions:
(G(0))n > Gn(0)(0n — B0) = N(0, 1)

Heyde information: Ig, (0) = G,.(0)T(G(0)),; G (0)
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Heyde optimality

Ig, (0) = Gn(0)(G(0));" Gn(0)

G* € G is Heyde-optimal in G if Ig- (0) > I, () forall @ € ©, all n € IN,
andall G e g

Ey (Gn(0)) = S, (6) and Eo((G(6))n) = Eo (Gn(0)Gn(9)")

THEOREM: G* is Heyde-optimal in G if
Gn(0)7HG(0),G*(0))n = G1(0) "G (0))n

foralld e ©®,allneIN,andall G € G

If G (0)~1(G*()),, is non-random, then G* is also Godambe-optimal in G
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Optimal estimating functions for SDEs

Gn(0) = g(Ai, X, X1,_,50),

=1

N
g(Avyvx; 6) = Za’j(xvA;e)hj(AvXtiaXti—1;9)

j=1
T 1

p-dimensional real valued
Gn(0) =Y A(Xy,_,, Ai; 0)h(Ai, Xy, Xo,_,30)
=1
h = (hlv"'ahN)T
Az, A;0) p x N-matrix of weights

Jp WA, 2, y;0)p(A, z,y;0)dy =0 forall ze D, A>0 and 6 € ©
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Optimal estimating functions for SDEs

Gn(0) = A(Xy,_,, A 0)h(Ai, Xy, Xi,_,6)

i=1

Z A(Xti—l ) Ai; H)Eg(aOTh(Ala Xti ) Xti—l; 0) ‘ Xti—l)

=1

<G(9)a G*(0)>n = Z A(Xti—l WAVE H)Vh(Xti—l BAVE e)A*(Xti—l AVE H)T

=1
Vi(2,A;0) = Eg (h(A, XA, 2;0)h(A, Xa,2;0)" | Xo = )

Bh(:v,A; 9) = E9 (69Th(A,XA,$;9) |X0 = :v)

Bp(x,A;0) = Vi (2, A;0) A% (z, A; 0)T
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Optimal estimating functions for SDEs

A*(z, A;0) = By (2, 5;0) Vi (z, A; )7

Heyde-optimal and Godambe-optimal estimating function:

n

GZ(G) = Z A” (Xti—l ) Ai; Q)h‘(AZv Xti ) Xti—l ) 9) = Z g* (Aiv Xti y Xtifl ) 9)

=1 =1
Score function:
Un(0) = 9plogp(Ai, X1, Xi,_,50)
=1

Kessler (1996): ¢! (A,y,z;0) is the projection of dy, log p(A, y, z; ) on the
subspace spanned by the functions y — h(A, y,z;0) in La(p(A, y, z; 0)dy),
(A, z, 0) fixed
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Optimal estimating functions for SDEs

THEOREM:
Assume that g*(z,y,0) = A*(z;0)h(y, x; 0) satisfies Condition LFAL.

Then a sequence (6,,) of G} —estimators has the asymptotic distribution

V(0 —00) = N, (0,V71)

V = gy (Bu(60)Vi(60) "B (60)")

U, is the invariant distribution
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Optimal linear estimating functions

Kin(0) =Y AN, Xo,_;0)[Xe,—~F(Ai, Xi,_30)], A isa pxd—matrix
i=1

F(A,z;0) = Eg(Xa|Xo=2) P(A,x;0) = Varg(XalXo =)
B(z,A;0) = OgF(A,z;0)  Vi(z,A;0)=D(A,x;0)

Kin(e) = Z89F(A’L'7Xt71—1;9)®(Ai>Xti_1;9)_1[Xti - F(AiﬂXti—l;e)]

i=1
Approximately optimal linear estimating function

F(A,z;0) = 2+b(z;0)A+0(A?)  O(A,z;0) = o(x;0)0(x;0)T A+0(A?)

Kin(0) =3 00(Xe,_,30) (0(Xe,_1:0)0(Xe,150)T) " [Xe,—F(As, Xe,_,;0)]
=1
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Optimal quadratic estimating functions

d=1

Gn(a) = Z {al(XtifwAi; 0>(Xt1 - F(Ai7Xt'i—l; 9))
=1

+ G’Q(XtifwAi; 9) [(th - F(A'“Xti—l; 9))2 - q)(Al? Xti—l;e)]}

The optimal quadratic estimating function, K3 ,, is given by:
Op®(x; 0)n(x; 0) — OpF (w; 0) W (x; )
®(z;0)V(x;0) — n(x;0)?

O F (w; 0)n(a; 0) — Op®(; )P (;6)
D (a; 0) W (x;6) — n(x;0)?

ay (z;0)

as(; 0)

The A’s have been omitted

Eo([Xa — F(x;0)]*| X0 = )
Eo([Xa — F(x;0)]Y X0 = x) — ®(x;6)2
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Optimal quadratic estimating functions

Gaussian approximation: n(z;0)=0 W (x;0)=2®(x;0)?

Result: Approximate Gaussian score function
A further approximation:

OpF (A, 1;0) = Ogb(x;0)A (A, x;0) = o*(x;0)A

Approximately optimal quadratic estimating function

. " (0 10
Kon(0) = Z{%[Xti—ﬂ&axt“;@)]

i=1

69U(Xt.7 ,0 )
U (X, — F(AL X 130))? — (A, X,y
2v2(Xti71;9)Ai[( L= F(A, Xy, ,30)) (A, t”,e)]}

v(z;0) = 0%(z;0)
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The square root process

dX, = (a4 BX})dt + o/ X, dW,;, Xo =20 > 0.

K3, explicitly, but K3, (a, 3,0) = 0 must be solved numerically

f(gm gives the explicit estimators (provided first expression positive):

6’5"A . n Z?:l Xti/Xti—l - (Z?:l Xti)(zzl:l Xf:_ll)
— (i X ) X 1)

Banefn® =520 X, /th )
]' _eﬁn Zz 1 tz 1

S X (X — (@ + Ba)z)eP A — &,/ B2
Z?:l Xz;_ll ¢#(A7 Xti_1 ) dna Bn)

)

¢* (A w10, 8) = 3[(a+2B2)e*® — 2(a+ fr)e’ + 0] 377

Bibby and Sgrensen (1995,1996)
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The square root process

Simulation study in Bibby and Sgrensen (1995): Empirical mean of 500
estimates of /3 in the square root process (« = 10, 8 = —1,and o = 1)

A | #obs. | mean K* mean K | SE. K* SE.K
0.5 200 -1.048 -1.049 0.207 0.207
500 -1.030 -1.030 0.120 0.120
1000 -1.010 -1.011 0.083 0.083
200 -1.059 -1.059 0.213 0.213
500 -1.031 -1.031 0.119 0.120
1000 -1.005 -1.005 0.082 0.082
200 -1.030 -1.035 0.240 0.250
500 -1.045 -1.046 0.200 0.204
1000 -1.022 -1.022 0.134 0.139
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Approximately optimal estimating functions

k

Ey(7(Xiva) | X0) = 32 SC15706) + O(aF)
i=0

under weak conditions on f and the diffusion model,
see e.g. Kessler (1997)

2
+ b(x; 9)i

d
L= 1o 2(2;0)— e

2 dx?

Eg(Xal|Xo =) = x+Ab(; 9)+%A2 {b(a:; 0)0,b(x;0) + %v(x; 0)02b(x; 9)}+O(A3)

Varyg(XalXo=z) =
Av(z;0) + A? [%b(m; 0)0,v(x;0) 4+ v(z;0) {&Ub(:r; ) + i@iv(m; H)H +0(A%)

v(z;0) = o%(x;0)

.- p4TIL24

Example

dXt = —0 tan(Xt)dt + th ,9 >0

Eigenfunctions:
’ pix;0) = CY(sin()).
where C? is a Gegenbauer polynomial of order i

Eigenvalues:
i(0+i/2),i=0,1,...

91+m) (0Him)cos[(2m_i)(”/2_x)]

m T—m

A*(z, A; 9) can be found explicitly
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Example

dXt = -0 tan(Xt)dt + th ,9 >0
Optimal estimating function based on sin(x):

Z sin(Xy, ) [sin(Xy,) — (9+%)Asin(XtFl)]
T~ 19/0 D) = (&~ (%)

When A is small we can use the approximately optimal estimating function

zn: Sin(Xti—l)[Sin(Xti) - 67(9+%)A Sin(Xti—l)}

G(0) = cos?(Xy,_,) ’

=1

é _ —A_l log <Z;L_1 tan(Xti—l) Sin(Xti)/COS(Xti—J) _
" Z?:l taHQ(Xtifl)

provided Y7 | tan(X;, ,)sin(Xy,)/ cos(Xy, ,) >0

1
27
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Explicit optimal estimating functions

Consider
hi(A, z,y;0) = @i(y; 0) — e D %(2;60),  i=1,...,N,
where ¢;(y; 6) is an eigenfunction of the generator with eigenvalue \;(9),
for which 75, (2;0) = e (D20, (2;6)
Suppose
@i(x;0) = I (k(x); 0),

where k is a real function independent of 6, and II; is a polynomial of
degree i:

0)=> ai;(0)y
j=0

.- p50/124

Explicit optimal estimating functions

Optimal weight matrix:

By(z, A;0); 289 aj,k( / k() (A, 2, y; 0)dy — Do, [e D2 p; (2 0)]

i=1,...,p, j=1,...,N

Vi(A, z;0);; ZZ@H )aj s / k(y) (A, z,y;0)dy
¢

r=0 s=0
— e EOFNEIR o (2:0)p; (w3 0)

.- p51/124

Explicit optimal estimating functions

Thus to find the optimal estimating function based on the first N
eigenfunctions, we need to find the moments

/H(y)ip(A#Evy;@)dy for 1<i<2N
4

If we integrate both sides of

Pi(y;0) = a;;(0) K(y)’

Jj=0

with respect to p(A, z,y;0) fori = 1,...,2N, we obtain a system of linear
equations

e~ Ni(0)A Za” / Ip(Az,y;0)dy, i=1,...,2N
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Optimal estimating functions

Go(0) = > A" (X(-1)ai0n)h(X(i-1)a, Xia:0)
=1

where 0, is a weakly \/n-consistent estimator of 6y

6,, e.g. obtained from
Gn(0) = A°(X(i-1)a:0)h(X(-1)a, Xia:0)
=1

for some simple choice of A°(z;6)
Under regularity conditions:

Vi — o) =5 N, (0,V7Y),

where V' = g, (Bp(60)Vi(60) " Br(60)")

.- p53/124

Jump diffusions

dXt = adt + O'th + dZt

Ny
2=,
j=0
N is a Poisson process with intensity A

Y;,j=1,2,..., are ii.d. normal with mean p and variance 72

W, N and the Y;s are independent

T T T T T
100 200 00 00 500

a=0.0001,0 =0.1,A=0.01,x =1, and 7 = 0.1.

Jump diffusions

A=1

n

Gn(0) =Y A(Xi_1,0)h(X;, Xi_1;0)

=1

y— F(z;0)
hz,y;0) = | (y— F(x;6))* — &(x;0)

e¥ — k(x;0)

Eo(Xi|Xic1=2)=z+a+ Ay
Val’g(Xi|Xi,1 = 33) = 0'2 + /\(M2 + T2)

1,
k(z; ) Eo(e™i|X; 1 =) = exp <:c +a+ %02 + (27— 1))

Explicit expression for the optimal weight matrix A(z, 6)

.- p55/124

Jump diffusions

Parameter True value Mean  Standard error
0.0001 -0.0009 0.0070
0.1 0.0945 0.0180
0.01 0.0155 0.0209
1 0.9604 0.5126
0.1 0.2217 0.3156

500 observations (500 simulated estimates)
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A dangerous approximation

9(A,y,;0) = a;(x, A;0)[f;(y) — 75 f;(@)]

Jj=1

Simplify by 72 f(z) ~ f(z) + [b(:c; 0)f'(x) + So(z;0) f”(a:)] A?

Consider
dX; = —B (X, — a) dt +(Xy; p)dWy,

and estimate $ and « by solving

n

Za(Xti—l;g)[Xti = (Xe,oy + b(Xti—l;e))A] =0.
i=1

Then &, —ay and (3, — 3, where

_ 1 —e A
I="ar

.- p5T7/124

A dangerous approximation

.- p58/124

A dangerous approximation
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A dangerous approximation

A | #obs. | mean 3, | SE 8, A | #obs. | mean 3, | SE 8,
0.5 200 0.81 0.12 15 200 0.52 0.05
0.5 500 0.80 0.07 15 500 0.52 0.03
0.5 1000 0.79 0.05 15 1000 0.52 0.02
1.0 200 0.65 0.07 2.0 200 0.43 0.03
1.0 500 0.64 0.04 2.0 500 0.43 0.02
1.0 1000 0.63 0.03 2.0 1000 0.43 0.02

Square root process with 5 =1,y =10and o =1 500 simulations

Simulation study in Bibby & Sgrensen (1995)
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CKLS model - diffusion parameters

dXt = *6 (Xt — Oé) dt + O'Xt’yth
Assume further that 7o = 0.5 (i.e. data are from the square root process)

This implies that
X; ~T(2008005 2, 26005 %)
provided that
Ao = 20405000_2 > 1

5’2(7) —_ (%) B %}\02)7) [Ug(e_BOA — 6_250A)()\0 - 2,}/)/50

+ ozo(e_woA — 2e P& 4 1)]

.- p6U124

CKLS model - diffusion parameters

2/9 _
D020 A 10 ((ﬁoA)z)]
0

1-2
52(7) = o2 (2‘750) T T+ (1-27)) 14

I'(Ao) aoBo —

If we restrict the model by assuming that v = 0.5, we find that

o 0(2) |:€ﬁoA o aa e~2B0A _ 9po—=BoA | 1}
ABy 2 — 03 /(a0fo)

= o2 (1 + mﬁoA +0 (60A)2)>

.—p62/124

CKLS model - diffusion parameters

7, two solutions:

v = i [Ao(l +q) = \/A%(l +40)? = 4(Xo —1)

where \g = 2a06p0, % > 1 and

e~ 2PA _2e=FoA 11

do = D(ePoh — o 200A) > 0.

g — 0

.- p.63/124

Jacobi diffusion

dX; = —B[Xy — (m +v2)]dt + Umdwt

Asymptotic information at (3, v, o2) = (0.02,0,0.01):

Eigenfunction no. 1 2 1&2
Inf. for 3 A7.4 448 492
Inf. for 62 0 759 5016

For optimal estimating functions based on more than two eigenfunctions,
the information is not increased by more than 1 - 3 per cent

Larsen & Sgrensen (2007)
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High frequency asymptotics

Scalar diffusion process

0= (a,3) € © CR? 6o is the true parameter value

State space: (¢, )
Ergodic with invariant measure iy

v(z; B) = o*(z; B)
Data: th, . ,Xt%

M =iN,,i=0,....,n

High frequency asymptotic scenario:

A, —0

.- p.65/124

Condition HFAL: the process

o [, s(x;0)dx = ff# s(z;0)dz =00 and [, ¥ fig(z)dr < oo
for all k € IN, where z# is an arbitrary point in (¢,7),

s(2;0) = exp (=2 [7, Xdy)  and  fig(w) = [s(x;0)o(w; B)] !
e sup, Ey(|X:|*) < o forall k € N

o boecChai((lr)x0O)

.- p.66/124

Technical definitions

Ch.kr ke ks (R x (£,7)% x ©) is the class of real functions f(t,y, z; 0)
satisfying that

e f(t,y,x;0)is k; times continuously differentiable with respect ¢, ks
times continuously differentiable with respect y, and k3 times continuously
differentiable with respect o and with respect to g

e fand all partial derivatives 8;" 9i> 9% 03 f, i; = 1,...kj, j = 1,2,
i3 + 14 < k3, are of polynomial growth in z and y uniformly for 8 in a
compact set (for fixed t)

Choer ko (€,7) x ©) for f(y:0) and  Cp,y 1, ((£,7) x ©) for f(y, z;0)

are defined similarly

[R(A,y,x;0)| < F(y,;0)
Fis of polynomial growth in y and x uniformly for 6 in a compact set

.- p.67/124

Condition HFAZ2: the estimating function

Gn(0) = g(An, Xen, Xen_50) 2 — dimensional

=1

e Forsomek >2

Eg(g(An, Xt;’th;"_l; 9) | thn_ ) = AZR(ATL, Xt?_l;e) for all 0 €0

e The function g(A,y, z;0) has an expansion in powers of A
g(A,y,230) = g(0,,2;0) + AgD(y, ;0) + $A%9D (y, 2:0) + O(A®)

e The function R(A,y, z;0) in the expansion of g is differentiable with
respect to 4, and

9(A,y,x;0)
g (y, z;0)
9@ (y, z;0)
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HF-asymptotics: Theorem 1

Suppose
e Conditions HFA1 and HFA2

e The identifiability condition that

+(6,0) = /g b, a0) — b, 010,900, 2, ; 0) 15, ()

+ %/ﬁ [v(x, Bo) — v(x, B)]029(0, 2, x5 0) g, (x)dx # 0

for all 8 # 69

e The matrix S = [, Ag, (x)pg, (z)dx is invertible, where

Dab(z; )0y g1 (0, 2, 73 0) %651)(33; B)9291(0, ,;6)
Ap(x) =
Dab(w; 0)Dyga(0,z,2;60)  505v(x; B)9242(0, x, 3 6)

.- p.69/124

HF-asymptotics: Theorem 1

Then a consistent estimator §,, = (&, [in) that solves the estimating
equation G,,(#) = 0 exists and is unique in any compact subset of ©
containing 6y with a probability that goes to one as n — oo.

For a martingale estimating function or more generally if nA2%~! — 0,

Vi, (6, — 00) 2 Ny (0,574 (57) ™)

under Py,, where

VO = / U(xv ﬁO)ayg(Oa &€, T3 90)8yg(0, &€, T; QO)TMQO (x)d:r
¢

.- p.70/124

HF-asymptotics: Optimal rate

Gobet (2002):

A discretely sampled diffusion is LAN in the high frequency asymptotics
considered here, and the optimal rate of convergence is

For parameters in the drift coefficient: \/nA,

For parameters in the diffusion coefficient: \/n

Jacobsen’s condition:
0yg2(0,2,2;0) =0

forallz € (¢,r)and § € ©

Jacobsen (2001): small A-optimality

- p7124

HF-asymptotics: Theorem 2

Suppose
e Conditions HFA1 and HFA2

¢ The identifiability condition that

/Zr[b(x, ap) — b(x,a)|0yg1(0, z, z;0) g, (z)dx  # 0  when o # «ag
/Zr[v(:z:,ﬁo) - v(m,ﬁ)]@igg(O,m,x; g, (x)dx # 0  when g # f

.Sn;’éoandSQQ#o

© 0yg2(0,2,2;60) =0
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HF-asymptotics: Theorem 2

Then a consistent estimator én = (G, Bn) that solves the estimating
equation G,,(0) = 0 exists and is unique in any compact subset of ©
containing Ay with a probability that goes to one as n — oo

If, moreover,
Goﬁjgg(O, x,x;6) =0,

then for a martingale estimating function or more generally if
nA2(+=1) 0,

\/nAn(oln *Oé()) 2} N2 0 W1/S%1 0
Vi(Bn — Bo) o)’ 0 W/S%

where

Wy = / o3 50) [0y 91 (0, 7, ; 60) gy () da
and L

Wy = /Z v(w; B0)?[05.92(0, x, x5 00)]” g, () dw

.- p.73/124

HF-asymptotics: Efficiency

Gobet (2002):

A discretely sampled diffusion is LAN in the high frequency asymptotics
considered here, and the Fisher information is

[ g o
0 [ [2e2] )
Condition for efficiency:
0y91(0,2,230) = Bub(a; ) fu(w; B)  02ga(0,x,2;60) = Dav(z; ) [u(x: B)?

forallz € (¢,r)and 6 € ©
Jacobsen (2001): small A-optimality
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HF-asymptotics: Quadratic estimating functions

ar(Xer | A50)(Xer — F(A, Xyr 56))

T\ (X A0) [(Xt? — F(A, X 50))* = ¢(A,Xt?71;9)}

E@(XA|X0 = Z‘) =+ O(A)
Val’e(XA|XO = 33) = O(A)

0,2(11, O; 9)(?] - LE)2

9(0,y,x;0) = (

ax (2, 0:6)(y — ) )

0yg2(0,y,2;0) = 2as(x,A;0)(y—x) Jacobsen’s condition satisfied
0yg1(0,z,2;0) = ai(z,0;0) = 0ub(x; ) /v(z; 5) Approximately
8592(0, x,x;0) 2a5(w, 0;0) = dgv(x; B)/v(x; B)? optimal

.- p.75/124

HF-asymptotics: Estimating functions

n

Gn(0) =Y A(Xep |, An; O)[f(Xpn) — 7 F(Xn )]

=1

f@W) = (1), fny)”

Az, A;0) a2 x N-matrix of weights

75 f(z) = Eo(f(Xa)| Xo = z) is the transition operator
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HF-asymptotics: Theorem 3

Suppose Condition HFAL1 is satisfied and that the functions f; are six
times continuously differentiable

Jacobsen (2002):

A sufficient condition that it is possible to find a specification of the weight
matrix A(z, A; 6) such that the estimating function G,,(¢) gives estimators
that are rate optimal and efficient is that

e N2>2

e and that the matrix
filz)  f(x)
D(x)

fala)  f3(x)

is invertible for ug-almost all x

For a d-dimensional diffusion: N > d(d + 3)/2

.- p.77I124

HF-asymptotics: Theorem 3

For N = 2, the estimators are rate optimal and efficient when

Dab(z; ) fv(z; B) c(w;0)
A(z,0;0) = D(x)~

dpv(x; B)/v(x; B)?

for any function c(x; 0)

.- p.78/124

Godambe-Heyde optimality

Gn(0) =D A" (Xpn |, Dp; 0)[f(Xyn) — 75 f( X )]
=1

is Godambe-Heyde optimal if

A (2, A50)Eg ([f(Xa) — w5 f(@))[f (Xa) = 75 f ()] | Xo = @) = pmy [T (@)

for pg-almost all x

- p.79/124

HF-asymptotics: Theorem 4

Suppose Condition HFAL1 is satisfied, that the functions f; are six times
continuously differentiable, that V> 2 and that D(z) is invertible for
ne-almost all =

Then

9" (A,y,x;0) =

satisfies that

0y95(0, 2, 2;0) = 0
and

9yg; (0,2, 2;0) = dub(x; o) [v(; B) 8295(0, 2, x;0) = dgv(x; B)/v(x; B)°

forallz € (¢,r)and 6 € ©
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HF-asymptotics: Kessler

a Ai7X/'—1;0
o7 ( ti . ) (X, — re(Ai, X, _,50)]

i

i (%Fk—«—l(Ai, Xti_1 ) 9)

2Fk+1(A‘ X, 9)2 [(th - Tk(Ai7Xti—l; 9))2 - Fk-l-l(Aiv Xt 4 9)]

=1

L), where f(z) ==z

For fixed =,y and 6 the function (y — (A, z;0))? is a polynomial of order
2k in A. Define gJ 4(y), j=0,1,---,k by
k
(y =D, 230))° =Y Algl 4(y) + O(AF)

J=0

F=dAr
! ZO Wngi,e(x)
r=

k
Tr(A z;0) = Z A
j=0
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HF-asymptotics: Kessler

THEOREM:
Under regularity conditions

~ P9
Okn — 0o as A, — 0 and nA,, — o

If, moreover, nA2+1 — 0, then

VnAa(@n=eo) ) o v 1)),
VI(Bn — Bo)

where I(0) is the Fisher information matrix

/[ (aavb((f;;ﬂol;(;)) Mo, (x)dl’ 0

T 2
dpv(x;
0 é/[ |: g(;;ﬁf;])] Mgo(l')dx
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HF-asymptotics, fixed interval

dX; = b(Xy; )dt + o(Xy; B)dWy X d-dimensional

DATA: X/, i=1,...,n
« cannot be consistently estimated when n — oo

Genon-Catalot and Jacod (1993) proposed an approximate Gaussian
log-likelihood function for 3

Under regularity conditions, the estimator 3, is consistent and

\/E(Bn - BO) 2’ Z7

where the distribution of Z is a normal variance mixture
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Small diffusion - high frequency asymptotics

Sgrensen and Uchida (2003), Gloter and Sgrensen (2005)

dX; = b( Xy, a)dt + eo(Xy, B)dW,,  Xo=xzo X d-dimensional

e>0 0= (a,B) €01 x Oy 0y is the true parameter value

0; C IR open, convex, bounded 0y € ©1 x Oy

Data:  Xo, X1/, Xo/m -, X1

Asymptotic scenario:

en — 0 liminf ,n” >0 for some p > 0

n—oo
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Small diffusion - high frequency asymptotics

Define & (z, o) by

8t§t(x,a) = b(gt(m,a),a), 50(*737 a) =,

577,(‘7:7 CY) = gl/n(‘rv a)

Approximate Gaussian log-likelihood:

n

Uen(0) = =Y {logdet Vi_1(83) + £ *nPi(a)" Vi1 (8) ™ Pi(a) }
k=1

Pk(a) = Xk/n - 6n(X(k—1)/n7a) Vk(ﬁ) = U(Xk/naﬁ)U(Xk/naﬁ)T

.- p.85/124

Small diffusion - high frequency asymptotics

Approximations:

6. (z, o) an approximations to 4, (z, a) such that for any compact subset K
of R?
sup  |on(z, ) — Sn(x, o) < c(K)sn_B/2
mEK,oz€§1

Similar bounds hold for the first two derivatives of ,, and &,, with respect
to « plus further regularity conditions

Approximate Gaussian log-likelihood:

Uen(0) = = {logdet Vi_1(8) + £ *nPi(a) Vi1 (8) "' Pe(a) },
k=1

Pe(@) = Xiyn — 60 (Xmymr @) Vi(B) = 0(Xpjns B)0(Xijm, B)"

.—p.86/124

Small diffusion - high frequency asymptotics

d

La(H)@) = bi(2,0)0, f(x)

i=1

i

k
On(a,a) =Y (La) 7" (b( ) ()

j=1

§F satisfies the regularity conditions when k —1/2 > p

5t (z,0) = n7b(z, @) Sgrensen and Uchida (2003)

d
2 -1 1 92
d:(z, ) =n""b(z, o) + 3N Z bi(z, )0y, b(x, &)

=1
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Small diffusion - high frequency asymptotics

Suppose ég,n = (Gen, Bg,n) maximize the approximate Gaussian
log-likelihood U. ,,(9)

Under regularity conditions
L —1
<6 (Ofa,n — ao)> S| I, (6o) 0
V(B — Bo) 0 I,(6)

/0 (0,b(X2, 00)) (00T (XP, o) (B, b(XP, a0)) ds

3 [ 0 1(0s100™) 0017 (03, l00" ) oo™} (X0, ) ds

.- p.88/124



Asymptotic scenarios - 1

DATA: Xo, XA, Xoa, ..., XnA

Possibly time-series from several individuals

LARGE SAMPLE ASYMPTOTICS:
n—oo or

number of individuals — oo (Pedersen, 2000)

HIGH FREQUENCY ASYMPTOTICS:
A —0andn — oo

nA — oo: Prakasa-Rao (1983), Yoshida (1992), Kessler (1997),
Sgrensen (2005)

nA constant: Dohnal (1987), Jacod and Genon-Catalot (1993)
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Asymptotic scenarios - 2

SMALL DIFFUSION ASYMPTOTICS:
o(X;0) =c¢€g(z,0) e—0 Sgrensen (2000)

SMALL DIFFUSION/HIGH FREQUENCY ASYMPTOTICS:
o(X;0) =eg(z,0) e—0,A—0 and n— o

Genon-Catalot (1990), Sgrensen and Uchida (2003), Gloter and Sgrensen
(2006)

SMALL VOLATILITY OF VOLATILITY ASYMPTOTICS
Sarensen and Yoshida (2000)

.~ p.o0/124

German mark — US dollar; 5-minute returns

Empirical and fitted autocovariance functions (z-axis days)
Barndorff-Nielsen & Shephard (2001)

[ Empancal _—— Fmed

L.

(a} - (b} -

p(t) = ¢1exp(—PF1t) + ... + ¢gexp(—Lat)
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Sums of diffusions

Y, = X+ 4+ Xug
dX;: = _ﬂi(Xi,t - ,ui) + O'i(Xi,t)dwi,t, i1=1,...,M,

Autocorrelation function of Y
p(t) = 1 exp(—01t) + ... + dar exp(—Fut)

B Var(X; ;)
CoVar(Xyy) + -+ Var(Xasg)

i

Sums of diffusions with linear drift and prescribed marginal distribution
were studied in Bibby, Skovgaard and Sgrensen (2005)

Sums of Pearson diffusions were considered in Forman and Sgrensen
(2008)
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Integrated diffusions

dXt = b(Xt, Q)dt + O'(Xt; G)th, X(] ~ g d=1

/(i—l)A

For instance ice-core data, Ditlevsen, Ditlevsen and Andersen (2002)

Bollersev and Wooldridge (1992)

Gloter (2000, 2006)

Ditlevsen and Sgrensen (2004)

Comte, Genon-Catalot and Rozenholc (2008)
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Partially observed diffusions

X, b D-dimensional, W m-dimensional, ¢ D x m-matrix

Data:
Yi=k(Xe,)+Z; i=1,...,n

k:RP —R? (d< D)
{Z;} i.i.d. sequence with mean zero independent of X
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Hypoelliptic diffusions

dX: = b(Xy; 0)dt + o(Xy; 0)dW, o(x;0) =

Integrated diffusions:

dX1: = b(Xy0)dt + (X 0)dW,
dXo;, = Xi.dt

}/Z' - X2,t,- - X2,t¢71

Harmonic oscillator, molecular dynamics

dX1 —(B1 X1, + B2 Xo ¢ )dt + vdW;
dXQ,t = X17tdt
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Feedback in a rat nephron

Ditlevsen, Yip, Marsh and Holstein-Rathlou (2007)

Regular and chaotic oscillations in tubular pressure

Normotensive rat

Pressure, mmlg

= —B(Z(t) — ag)dt + cdW (t)
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Feedback in a rat nephron

[Fiit(Pe.7) = Freab — Fhen(P)] C~'dt
dr vdt
dv [w™ (Pav(P;, r) — Peq(r, X34, Z)) — yv] dt
dX1, 3 [Fhen(Pe) — X1.4) T~ 'dt
dXoy = 3(Xi4— Xoy)T 'dt
dXs 3(Xoy — X34)Ttdt

Peq (r, X34, Zt) =

4.7

22404 160 1)+ 90600, 20) (1

+72(r + 0.9)>

Ymax — ‘I’min
1+ exp {Zy(X31/Fheno — 5)}

V(X34 Z) = Ymax —

.~ po7/124

Estimation?

Yi,...,Y, is a non-Markovian process
Martingale estimating functions?

n

> a(Yioi;6) [V — By (YP|Yiea)] ?
i=1

a(Yici,...,Y0;0) [Y? — Ep (Y?Yi1,...,Y0)] ?
=1

.- p.98/124

Another look at martingale estimating functions

Assume that Ey(f(Y;)?) < .

n

Gn(0) = a(Yio1,Yi o, ;0)[f(Yi) = BEo (f(Y)) | Yica,..., V)]

i=1

€Pi—1 €EPi—1

P;—1 = set of all functions ¢g(Y;_1, ..., Y1) such that
Ea(g(n—la BERR) YI)Q) <00

This is a set of predictors of f(Y;) given Yy, ...,Y;_; in which
Ey (f(YZ) | Yio1,... 7Y1)
is the minimum mean square error predictor of f(Y;)

= the L2-projection of f(Y;) onto P;_;

.- p.99/124

Prediction-based estimating functions

Sgrensen (2000)
We still assume that Ey(f(Y;)?) < oo

Gn(0) = Zmﬂ(yzeh L YY) — T (Yier, ..., Y13 0)],

€Pi—1 €Pi—1

P;—1 = linear space of square integrable predictors of f(Y;) given
Yi,....Yi

Ti—1(6) minimum mean square error predictor of f(Y;) in P;_;
L?-projection of f(Y;) onto P;_;

Normal equations for 7;_1:

FEy (Tl'i_l[f(Y;) - 771'1'_1(9)]) =0 forall m_q, € P;_1

Thus Eg(Gy(6)) = 0
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An example

f)=2> 0cR FEyY) < 0.
i1 =ap+ a1 Y2+ + anf_q

The minimum mean square error predictor of f(Y;) is given by

Tic1(0) = ao(0) + a1(0)Y2, + -+ aq(0)Y?2,
where

cq—1(0)

cq-1(0) cq—2(0)

and
ap(0) = Eg (Y?)[1—a1(6) —---

with ¢;(f) = Covg (Y, Y2,;), i=0,1,....q
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Optimal estimating function

D a0+ eV + -+ a2 )[YE —ao(0) —ar(0)Y2, — - — ag(0)Y;
i=q+1

Optimal choice of ag, ai, ..., a,?

Suppose that Ey(Y}?) < oc.

We want weights ag(0), ai(0), . .., a; () such that the estimating function

n

Gi0) = > (ap(0) +ai(@)Y2E, + - +al(O)Y2,)
i=q+1
x [Y2 —ao(0) — ar ()Y, —---

satisfies
—Eg(06Gn(0)) = Eo(Gn(0)G%(6))

for all G,, in our class of estimating functions

.- p.102/124

Optimal estimating function

Y2y [V —a0(0) — an(0)Yiy — - —ag(0)Y:2,],

T

Y2~ ag(0) — (Y2, — - — a,(O)Y2,
HY = (B§)©),.... H(©))

Gn(0) = a(0)" Y H(H),
i=q+1
so that

Eo(Gn(0)G,(0)) = a(0)" My (6)a™ (6)

with a(0)T = (ag(0),a1(0), . ..,a,(0)) and a*(0) = (a}(0),at(9),...
and

n

M, (0) = the covariance matrix of » " H"(0)
1=q+1
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Optimal estimating function

Ma(6) = (0~ q)Eo (HDO)HD(0)7) +

n

—q—ln_ _ (9) (g+k) (p\T (g+k) (@) (p\T
kz::( a—K) [Bo (HO@OHH0)7) + By (e 0) D (0)7 )]

Usually advisable to use the optimal weights calculated at a preliminary
consistent estimator 0

(a5(6), a3 (0), - .

0 e.g. the estimator given by

n

polts
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Optimal estimating function

n

Z (E)eao(ﬂ) +0pa1 ()Y, + -+ 30%(9)}/;2_(1)
i=q+1
X [Y;Q _ 60(9) — @1(9))/;-2_1 — .= aq(Q)YEQ_q]

— Z ((ZO(G) +a1(9)lfi_l+...+aq(9)yi2_q)
i=q+1

x [paao(0) + Dpar ()Y | + - + Dag(0)Y ]
—E¢(06Gn(0)) = (n — q) a(0)"C(0)dpa(0)

C(0) = Eq (227) LY? ... VP

) q

.~ p.105/124

Optimal estimating function

—Ep(99Gn(0)) (n — q) a(6)" C(0)dpa(0)
a(0)" My (0)a™(8) = Eo(Gn(0)G;,(0))

for all a(¢) when

.~ p.106/124

More general prediction-based estimating functions

n

N
Ga(0) = > SV ) [0 -7V 0)]

i=s+1j=1

’/le

(=1 gy _
= (g) =

()

p.J

0O CIRP

Gn(0) = A(6) zn: H® ()

i=s+1
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A useful estimating function

Often a reasonable estimating function is given by
S A0 - a0 + 700 [ -0 0)]}

=1

ng_l) oo+ oY1+ oY

i—1 2 2
Wé ) oo+ a1+ FansYisFan 1Y+ oY

To calculate the minimum mean square error predictors, we need

Eo(YFY]), 0<k<j<2 k=1,...,s.
To calculate the optimal estimating function, we need
k k k k

tlStzStg§t4andk1+k‘2+k‘3+k4S&WherekiENO
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Measurement errors

dX; = b(Xy; 0)dt + o(Xy; 0)dW,
Data: Y, =X, +Zi, i=1,....n,

Z; are independent and identically distributed and independent of X

Eg(Y{"Yy?) = Bo (Xe, + Z21)" (Xe, + Z2)")

k1 ko
k 4 2 —11 0—1i2
= 23 () (8 mxximaa - mg

i1:0 i2:0

Eo(X[! X{?) = Bo(X, Eg(X{? | Xy, )

For Pearson diffusions

Eo(X['Eg(X{2|Xy,)) =

.~ p.109/124

Sums of Pearson diffusions

Explicit optimal prediction-based estimating functions
Forman & Sgrensen (2006)

Sum of 2 skew t-diffusions

dXi,t = —ﬂiXi’tdt + \/261‘(111' — 1)_1{Xi2,t + 2p\/V>¢X¢’t + (1 + pQ)Vi}dWi,t

Yi=X1+ X0

Assume (31, B2 and ¢; = V1<l/1 — 2)_1/{1/1 (Vl — 2)_1 + l/2<l/2 — 2)_1} known

A=1

fx)=2* m_1=a+a1Yiy

.- p.110/124

Sum of skew ¢-diffusions

2 :O

n Y2062 —kY, 4
Vi1 (Y — 0% = kYi1)

=2

0,2_(1+p2){ 1%} + 1] }’ /‘i_4p{ﬂ¢le_elA+V—

V1—2 V2—2 V1—3

i L Vi ¥ - G X Yin) Gl
ﬁ Z?:z Y?—l - (— Zi:g 1/;71)
i—1

1
n—1
_ 1 n 2 A1 n
= Zi:Q Y7+ & _1 Zi:2 Y-

n—1

.—p.111/124

Integrated diffusions

Ditlevsen & Sgrensen (2004)

A reasonable prediction based estimating function:

' ) [vi-7TV0)| + 00 2 -A00)] )

a0+ a1 1Y+ o, Yies,
2 2
agotas Y1+t Yios, t 2,1V ae2s, Y
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Integrated square root process

dXt = —/G(Xt — M)dt + o/ Xt th

i—1
7T§ ) = a0+ a11Y; g

ﬁii_l)(}/i_l; 9) 12 (1 — @11(6)) + a211(6)3/72—1
ﬁ_él—l)(e) _ /»142 + u02ﬁ_3A_2(6_ﬁA -1 +5A)

~ o (I—ePA)?
a11(/3) - 2(6A B 1+€_5A)

.- p.113/124

Integrated square root process

a11(B)Y, — Y1

(n—1)(1 - a11(B))

(1 — a1 (B)) Z Vo1 +aii(B) ZYiz—l
1=2 =2

BA% YL, (V7 — i)
(n— Dji(e P2 =1+ BA)

.- p.114/124

A Pearson Stochastic Volatility Model

dX, = (a + BV,)dt + /V,dW,

Volatility process:
Vi=Viet+ -+ Vi

Vie = —Bi(Vi = i)t + \[20(a:VZ, + biVis + ci)dBi
W, By, ..., B, are independent standard Wiener processes
DATA:  Xo, XA, Xon, ..., Xpna
Vi = Xia — X(i—1a = @A + 3S; + VS A;

iA
S; :/ V,dt A; ~N(0,1), iid.
(i—1)A

Explicit optimal prediction based estimating functions:
Forman & Sgrensen (2006)
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Example: Generalized Heston Model

v = =0, (V¥ = pido) db + /200, B

A>0,0>0,¢;>0and g1+ + @, =1

V; gamma distributed with shape parameter A and scale parameter o
Autocorrelation function of V:

p(u) = @1 exp(—biu) + - - + @ exp(—0Omu)

Bibby and Sgrensen (2004)

Generalization of Heston (1993) (m = 1).
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Diffusion compartment models

dX; = (B(0)X; — b(0))dt + o(Xy; 0)dW;

X, b(#) and W D-dimensional
B(#) and o(x;0) D x D-matrices

B(#) flow between compartments
b(#) input/output

DATA: eg. Y, =Xy, + 2Z;

.- p.117/124

A Gaussian diffusion compartment models

dXi 4 _ -5 B2 Xy it 1 0 AW 4
dXo Br —(B2+ Bs) Xoy 0 m dWs 4

/Blaﬁ%ﬂ3v7-la7_2 >0
Data: ¥; = X1 ja,2=1,...,n

Likelihood inference: Bibby (1995)

Explicit optimal prediction-based estimating function: During (2002)

n

Z {wgiﬂ)(g) [Yz _ ﬁgpl)(e)} i ngq)(e) [Yf B

i=1
(i—1) \ \
) oo taritig+ - tarsYios

(i—1) 2 2
Ty aggtag 1Y, 1+ tagYi st ag 1Y+ F oY
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A non-Gaussian diffusion compartment model

Joint work with Maria During
dXy ¢ _ o —B B2
dXs, Qo 1 —(B2+B3)

011,012,/81,[32,&3,7'1,7'2 >0

Condition for existence of a unique, strictly positive solution:
o > 302, i=1,2

Data:Y;':XLiA,Z':].,...,TL

.—p.119/124

A non-Gaussian diffusion compartment model

A reasonable prediction based estimating function:

n

> {0 [y -7 V0] +x 0 0) [2 -0 0)] )

i=1
(i—1) \ \
m oo tarptig+ - tarsYios

(i—1) 2 2
Ty ago+tag 1Y, 1+ dayYi st a1 YT+ F oY

The predictors can by found explicitly, e.g. by the Durbin-Levinson
algorithm, see e.g. Brockwell and Davis (1991)

The moments needed for the optimal estimating function must be found
numerically

By methods in Down, Meyn and Tweedie (1995) the process can be
shown to be geometrically a-mixing
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Stochastic delay differential equations

0
dX; = Xiysap(ds)dt + odWy

ag is a measure on [—r, 0]

N
dX; = Xy dt + odW;
k=1

0
dXt =-b XHSeasds dt+0th

b s

Joint work with Uwe Kiichler (Humboldt-University of Berlin):

Pseudo-likelihood, prediction-based estimating functions
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Non-martingale central limit theorem

ZQ(XZA, Xi—1)a, -+ X@i—ra)
Suppose i=r

e X is stationary and geometrically a-mixing
o E(9(Xyn,...,X0))=0
e E((9;(Xra,...,X0))*™) <ocoforad>0, j=1,...,p
Then (see e.g. Doukhan, 1994)
M =FE (9(Xra, ..., X0)9(Xra,...,X0)")

+ Z [E(9(Xra,- ., X0)g(X(rimyns - Xia)T)
k=1

+ Eo (9(X(rsmas - Xpa)g(Xra, -, Xo)T)]

converges, and if the limit M is strictly positive definite, then

1 < D
\/ﬁzg(XZA77X(z—r)A)4)Np(07M) as n— oo
=7

.- p.122/124

Geometric «a-mixing

Fi=0{Xs|s <t} Ft=0c{Xs|s >t}

A stochastic process X is called a-mixing, if

sup [Py, (A) Py, (B) = FPao (AN B)| < a(u)
AeF,,BeFttu

forall £ > 0 and » > 0, where

afu) —0 as u — oo.

X is called geometrically a-mixing is there exist ¢, co > 0 such that
a(u) < cre” 24, for all u > 0.

.—p.123/124

Geometrically «-mixing one-dimensional diffusions

Conditions for geometric a-mixing

(i) The function b is continuously differentiable with respect to x and o is
twice continuously differentiable respect to z, o(x;6) > 0 for all x € (¢, ),
and there exists a constant Ky > 0 such that |b(x; 0)| < Ky(1 + |x|) and
o%(x;0) < Ko(1+22) forall x € (¢,7)

(i) o(x;0)up(z) 0asz | fand x T r

(iii) 1/~v(x; 0) has a finite limit as = | ¢ and z T r, where
v(x;0) = Opo(x;0) — 2b(x;0) /o (x;0)

Genon-Catalot, Jeantheau & Larédo (2000)

uo(z) density of invariant measure

.—p.124/124
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