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Abstract — The range of the map P ~ (IC(P), H(P))
is determined. Here, P denotes a distribution, /C(P)
its index of coincidence and H(P) its entropy.

Let M}(n) be the set of probability distributions over
an n-letter alphabet. Uniform distributions over k-subsets
are denoted Uy. We consider entropy H(P) and divergence
D(P||Q) as well as the index of coincidence, IC(P) = . p?
(known from cryptoanalysis). The measure of roughness is
MR, (P) = IC(P) — 1/n and the relative measure of rough-

ness is
. MR,,(P) -
MR (P)= =
)= MR o) = 11
Qualitatively, 1 — MRn(P) behaves like a kind of entropy.
We investigate the relationship between D(P||U,) and
MR.(P). As MR.(P) = IC(P) — 1 and D(P||U,) =
Inn — H(P), we have decided to work mainly with the map
G: P~ (IC(P),H(P)). The range of this map, which we
call the IC'/H-diagram, is denoted by A,,.

Fig. 1: The IC/H-diagram A, (n =5, k = 2)

The IC/H-diagram, shown above (for n = 5,k = 2),
contains the points @y corresponding to uniform distribu-
tions.  These points all lie on the smooth curve y =
—Ilnz, 0 < < 1. The arcs joining the points are de-
noted T QnQn-1, -+, @Q2Q1 and then —Q1Q, for the “up-
per arc”. The arc — Qr+1Qr has the parametrization s ~
B((1 = s)Uk41 + sUk), 0<s<1. The curve
In="Qn@Qn-1+ Qn-1Qn-2+--+ T Q2Q1+ " Q1Qn
plays a key role. Main results are:

Theorem 1. Forn > 3, J, is a positively oriented Jordan
curve in the plane, and the bounded region which it determines
(including J,, itself) coincides with the IC/H-diagram A,,.
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A novelty is the proof which involves topological methods.
Theorem 2. For a discrete distribution P and any k > 1,

H(P) > ax — BIC(P)

with ay, and B defined via the constants ex = (1 + kil)k by
ar=In(k+1)+Ine,,Br = (k+1)Iney.

Theorem 3. There exists an increasing sequence (Vn)n>
of constants with v, = (21n 2)71 ~ 0.7213 and limy,— oo Yn =
such that the inequalities

|
H(P)<ln-(1-MR"(P))™ <Inn(1—~MR"(P))

hold for n > 2 and all P € M} (n).
distance this implies that

For divergence and x2-

»inn
D(P||Un) 2 T3 (P, UR).

The inequalities in Theorem 2 have direct applications to
prediction in Bernoulli sources (to be published) and to rate
distortion theory, cf. Gyorgy and Linder, [1].

An equivalent form of Theorem 1 is obtained by replac-
ing IC(P) by the Rényi entropy Ha2(P) of order 2 given by
Hy(P) = —InIC(P). Then one obtains the the Hy/H- dia-
gram (not shown here).

Generalizations include the consideration of other powers
than 2. This leads to diagrams involving general Rényi en-
tropies and, as a limiting case, the error of probability.

Related diagrams were first discovered by Kovalevskij [2],
but later, independently, taken up by several others (Tebbe
and Dwyer, Ben-Bassat, Feder and Merhav) and, very re-
cently, by Gyorgy and Linder, [1].

A full discussion of the above results covers other diagrams,
universality of the constants of Theorem 2, the role of IC(P)
and natural extensions, scope of the topological method, study
of other types of divergences, etc.
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