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Abstract— Truth, belief and knowledge are important aspects the same nature as the truth instances, probability digioibs.
of the overall concept of information. Speculating over the A typical belief instance ig = (y;)ica.
possible connections between these entities, new concepime up The last basic concept we shall worry about is related to
naturally and also, specific relationships among them are desed. - . . . .
In particular, a relatively narrow class of measures of entropy observations of e>_<per|ments from a ;ItuatIOh of interest to th?
and divergence are isolated which have special interpretations Observer. The simplest we can think of is a small collection
related to the world of which we are a part. The classicahannon  of data, say reflecting a moderasample. However, such data
world and the world of a black hole may be conceived as extreme may be a bit ad hoc (e.g. “3 heads, 1 tail”) and hardly allow
examples. any firm insight to be formed. This points to problems of

Emphasis is on the underlying philosophy and the resulting _ .
cognitive paradigm which allows for an interaction betweertruth, a statistical nature, problems we do not want to enter into.

belief and knowledge. The specific concepts which emerge arelnstead, let us appeal to a standard frequential interjataf
basically known and, apart from the central concepts relatd to  probabilities and assume that we are in the ideal regimeavher
Shannon theory, they were introduced by Havrda and Charvat, the law of large numbers has taken over. Therefore, what we
by Daréczy, by Lindhard and Nielsen and by Tsallis. have in mind isnsight gained by extensive experience, and this
we refer to aknowledge. With the interpretations given, we
also find it natural to considerkaowledge instance, z. Though

Let us have arobserver in mind, say a physicist who is this is again taken to be a set of numbers corresponding to the
planning experiments from the world of which he is a part. various basic events: = (z;);ca, We do not assume that these
The phenomena he wants to study are referred sitaations, numbers represent probabilities, though often, this vélithe
following jargon borrowed from philosophy. case. The interpretation ef is theweight or force with which

A particular situation is characterized by a skt the the basic event indexed biywill be presented to the observer.
alphabet of basic events. These events are identified by an The above reference to frequential thinking is not necgssar
index, here typically denoted by. The semiotic assignmentand only serves as motivation. The modelling with belief
of indices may well be quite important in individual casednstances of the same nature as truth instances points more
It should facilitate technical handling and catalyze seiicanin the direction of a Bayesian conception. We see no conflict
awareness. However, we shall not study this process furtheigarding these considerations. For one thing, the observe
but simply assume that the identification as well as the ngmireally operates in two different “modes”, one contempativ
of basic events has been accomplished. Considering the inttbefore observation, planning”, the other “active, achyal
ent restrictions in mans ability, only situations with asiated observing”.
discrete finite alphabets are considered (later matheatatic The beliefs held by the observer could depend on basic
extensions should, however, be sought). knowledge or on insight reflecting previous experience and

Following Shannon we will not express semantic differencélsus vary with time. However, for the present study, we
in our general planning of experiments. On the contrary, vghall not introduce any dynamic elements. Accordingly, our
will seek those aspects which we find are common acras®delling will be static in nature — except for the obsemati

I. THE THOUGHTFUL OBSERVER

semantic differences. that an implicit succession in time is involved from truth to
Our approach will be probabilistic. Though not the onlyelief to knowledge.
possibility, this will enable a quantitative analysis. Here follows the main — speculative — consideration: It is

The focus on what we seekruth, makes us assign aassumed that the world is characterized byirgaraction be-
truth instance, x, to each situation from the world, andtween truth, belief and knowledge, expressed as an interact
our restriction to probabilistic modelling entices us tiea between the three basic instancesy andz. The interaction
probability distributions as truth instances. More spealfy, a is assumed to give as a function ofr andy and, moreover,
truth instanceg, pertaining to a situation with alphah&t is a it is assumed that this function ad@cally in the sense that
probability distribution ovel\, characterized by the associatedhere exists a functiom : [0,1] x [0,1] — R, theinteractor,
point probabilitiesz = (z;);c4. Regarding belief, we assumesuch thatz; = 7(z;, y;) for eachi € A.
that our beliefs are expressedlimtief instances, taken to be of It is easy to imagine a situation where truth is a solid



Table |

SKETCH OF A TYPICAL SITUATION effort, which we may also refer to astal description cost,
is assumed to be the sum of ttecal description efforts
A | Truth ) | Belief (y) | Knowledge ¢) associated with the various basic events.

Without really knowing how the observer can construct suit-
able devices, say measuring instruments, to enable oliseryva
we imagine that, somehow, this can be accomplished and that
the performance of the resulting device is characterized by
a function on|[0, 1], the descriptor . The values(y) for
y € [0,1], is interpreted as the effort associated with a single
constant entity in the sense that what you see (observe)lsservation of a basic event with belief-assignmgntNote
a faithful reflection of truth, i.e. the interactor, denoted is that the observer can only prepare for observations based on
given by his belief-assignments. The total description effort, ated

m(x,y) =x. ® is assumed to be the sum of the local efforts, where,

in calculating these efforts, one must take into account the
world or the Shannon world. weight with which the various basic events are presentelgeto t

But one should be open to other possibilities where yogrg ;ert\r/]eer'bia\./éng Zr(]:to_?]c(:jr:tz(jslaqgtloh n mw_ﬁ] the_r(]:torglldmlmcL_
belief also enters in the final determination of what you exp sic event indexed hbiyis z;x(y;). Thus, i u

rience, of the knowledge you can obtain. An extreme instant¥) ttht? 'l_nteractor f_ln;otr:h[[str]exrirctasls:jon ar_1dt_ accm:crmutlgtmg th
of this is theblack hole characterized by the interactor, denotegon ributions, we hind that the total description eflort 1se

o, defined by B
mo(x,y) =y. O(z,y) = EZAW(%A Yi)k(yi) - (2)

A world where this is the case is referred to as thassical

In such a world no matter what you do, you will only Clearly
experience what you yourself put into the situations in t ’
form of your beliefs. There is no basis for scientific infezen

'E such abworld. \:;)u W|Irl]”n?/\(/e_zrhsee_ ell(refflecuop of anyth_ln escriptor, so is any positive multiple ef Which one to select
that can be termed *truth™. With a risk of over-interpretati essentially amounts to a choice of unit. We therefore agree

you may argue that examples of black holes are providgfl 1, accept descriptors for which the following conditio
in situations where extreme religious fanatism is presant. ¢ - .o ooh L

philosophical question triggered by such a scenario is that
perhaps the world you are a part of is to a great extent (even K'(1)=—1. 3)
entirely!) a construct of your own, rather than a reflectidn
a higher truth which lies outside you.

We can also imagine mixtures of the two extreme worl
identified. By, we denote the interactor given by

asy = 1 expresses certainty,(1) = 0 must hold.
r’\R/e also expect that is a strictly decreasing function @6, 1],
gossibly assuming the valus aty = 0. If k is a feasible

Q/Ve suggest that the units resulting from this normalization
fre callednatural units, “nats”. As we shall see, this will not
conflict with previous usage.

In the observers attempts to diminish total descriptiort cos
q(z,y) =qr + (1 —q)y. (1) he may well argue that the smallest value, fofixed, should
be obtained when there isprfect match between truth and

For0 < ¢ < }.thefse_mtgractors are consistent n thBelief, i.e. wheny = x. This variational principle we shall call
sense that probability distributionsandy lead to probability the perfect match principle. The quantity

distributionsz via the interaction. However, let us be open for
other interactors corresponding to other values;ofthough Zﬂ'(xi’yi)lﬁj(yi) - sz(xi) 4)
they may be hard to accept when we try to explain rationally icA icA

what goes on. Interactors different from any of those giVgRpresents a kind ofrustration, as it compares the actual
by (1) may also be of interest. We should, however, awayscription cost with the smallest possible cost, if onlg th
assume that the intaractorssund, i.e. thatr(z, z) = x holds  ghgerver had known the truth. The perfect match principle

for all z € [0, 1. may, therefore, also be formulated by saying that frustrati
Let us consider what the observer can do. In our basfécthe least, in fact disappears, whgnr- .

line of thought, the observer cannot change the world. ButGiven + minimal description effort is what the observer

he can prepare for the observations he is up to. AS 0Yfsid aim at. We call this quantigntropy and denote it by
second main consideration, we want to give room for humais |etter H:

ingenuity. Speculating about how the observer can influence
the observation process, we focus on the conviction thdt eac H(z) = (lng O(x,y) =Y wir(w) 2 (5)
i Vi i i H Y=VYi)iea .
individual observation requires affort or has acost. Inspired YT ien i€A
by the experience we have wittoding in Shannons world,

y _p h ff lated 9 - Th b 1in order to allow the singular case corresponding to a blasle,hthe
we conceive the effort as related description. The 0bServer jnfimum should be restricted to run over probability disstibns y with a
should attempt to diminish this effort. Thetal description support which contains the support of



The quantity (4) is, following tradition as known fromprinciple does hold whegp > 0, and still with interactor and
the classical case, calledivergence. It may also be called descriptor given by (1) and (7), may be seen by observing that
redundancy, a terminology which is actually closer to our linethe entropy- and divergence measures you arrive at can also
of thought. Indeed, it represents the redundant effort lier tbe derived from a well known approach due to Bregman, cf.
observer when he believeg and prepares for observation14] and [11].
based on this belief, though the truthas The quantity can ~ We shall dwell on another approach to the last part of

also be written as the proof which illuminates the well knowrfundamental
ineguality of information theory D(x,y) > 0 with equality
D(z,y) = ®(x,y) — H(z), (6) if and only if y = z). Let us return to the consideration of

. . . . . any candidates for an interactor and a descriptognd &,
which points to the fundamental relationship between aﬁescrand let®, H andD be the associated functions as introduced

tion effort, entropy and divergence, actually best writethe above. Clearly, the perfect match principle is equivaleithw

folrm (I; :f D: H to avoid problems with infinite entropy. Seethe validity of the fundamental inequality f@ (an exception
also (8) further on. corresponds to singular cases related to black holes)ingrit

Il. QUANTITATIVE REASONING D in the form
In the previous section philosophical contemplation led taD(z, ) = Z ((W(xiayi>”(yi)+yi) - (fCi"&(ﬂfi)Jrﬂfi)) , (8)
certain basic principles. It is a key point that this kind ebft” iCA

analysis is strong enou.gh to imply precise quantitativeltss vv.mte are tempted to introduce the following definition: We say

. L : : MWkt thepointwise version of the fundamental inequality (PFI)
is an implicit assumption that natural technical assunm:moholdS if, for eache € [0, 1], the functiony — (z, y)r(y) +y

as to _contmwty and differentiability of the mteractorda_the_ assumes its minimal value for = = and not for any other
descriptor are understood to hold. Furthermore, the cimmdit . L :

) .~ value. Then, if the pointwise version of the fundamental
of weak consistency means that wheneverandy are probabil- . . S )
o : inequality holds, so does the classical integrated versience
ity distributions, then_, _, z; = 1 with z; = 7(x;,y;). Also, L

. i€ S . Iso the perfect match principle.
to make precise the perfect match principle, it amounts ¢o t oo .
assumption that for any probability distributiarwith all point As regards the situation treated in Theorem 1, we may
P yp y P assume thag > 0. The validity of PFI for¢ = 1 is a standard

probabilitiesz; positive,®(x,y) is minimal fory = = wheny . I
runs over all probability distributions which have only jiog 2Ch Regarding the remaining cases, we note that

point probabilities. Finally, for the convenient formuéat of
the main result, we need thideformed logarithms introduced
by Tsallis, cf. [17]. They are given by the expression

__9 a1, ,4_
=71_ qa:y +y 1—¢
Then, by an application of the geometric-arithmetic mean
Inzif g=1, inequality, PFI also follows in these cases (consider tsega
Ingz = {zl—ql if g £1 g < 1 andq > 1 separately and collect the two positive terms).
I—q 4 ’ In order to be explicit, we write down the formulas for the
with ¢ a real parameter. key quantities associated with the result of Theorem 1. The
rmulas (1) and (7) give us the interactor and the descrip-
r. Regarding the other quantities, we obtain the Shannon-
type quantities:Kerridge inaccuracy, Shannon entropy and

e oo e RSt Wi i . o Klbd i dvegae (ror displayed her) o — I
. ! ¢ descriptor which fuftil tr . and forqg > 0, ¢ # 1 we find the following central quantities:
imposed. These functions are the previously given interact

To(2,y)kq(y)+y—2Kg(T)—20 z9 .

. . . f
Theorem 1. Assume that the interactor is weakly conS|sterE
and that the perfect match principle holds. Thes 7(1,0)

mq from (1) and the descriptot, determined by the formula o, (z,y) =Sien (ﬁfﬂiy?_l byl - %qxz) )
1
Kiq(y) = Ing y () Hy(z) = 1T1q Dieal@ —xi) = ﬁ(ZieA i — 1) (10)

_ q q—1 q 1 .9
Regarding the proof, we give a brief outline: The formulgq(x’y) = Lien (quzy‘ T T‘Ix"') - @b
(1) is readily derived from the assumption of weak consisfen Note that the formula for divergence, written in a way retate
Then, the only possible form for the descriptor is derivegh PFI, allows an extension to the continuous case.
from pretty standard variational arguments involving laatge  |n (9) the linearity inz is evident. This is important as
multipliers. Introducing these multipliers, one is led twet jt |eads to a relatively easy approach to key optimization
differential equation problems. For an indication of this, see [14] and [11]. In)(10
rioN we recognize the family of'sallis entropies, cf. Tsallis [16].
(1= g)n(z) +ar'(z) = =1, Note the special casg = 0 corresponding to a black hole.
and (7) follows as<(1) = 0. Simple examples show that if There, the entropy only depends on the numbef elements
g < 0, the perfect match principle does not hold. That thi& the support ofr, indeed, H(z) =n — 1. In (11) the main



convenience of the formula is due to the fact, made possildpace, partly due to the fact that work is still in progrebss t
by PFI, that the summands are non-negative. is done in an incomplete, somewhat sketchy manner.
The general formulas (2), (5) and (6) indicate that for the

determination of the quantities involved one needs to kno B . - .
the interactorr as well as the descriptar. Two facts should <¥>V(g:,y) = 2 #(@i,y:) With the loca d@crlptlc_)n effo_rt given
by ¢(s,t) = =w(s,t)k(t). For all examples investigated for

be emphagzed; F'rSFly’ through th? perfect match. prIIE'C”mwhich the PMP (perfect match principle) was satisfied, the
the descriptor is uniquely determined from the interactor

L . I stronger property PFIl was also satisfied. We believe thaethe
Therefore, in principle, only the interactor needs to bevmo is something fundamental behind this and, therefore, have

Secor_1d|y, different mter_actors may well de_termme the ez;anaefinedadjusted notions of local as well as total description
descriptor. Thus, knowing only the descriptor, you canno%ort_

know which world you operate in, in particular, you cannot
determine divergence or description effort. But yaaun deter- B(s,t) = (s, t) +t
mine the entropy function. This points to a general thesis, = -
that entropy should never be considered alone. Experience bla,y) = Zé(xi,y,-).
says that even when entropy can be considered by itself in ~ ieh
interesting connections — a key example beingnfegimum The added term¢, in ¢ is interpreted as the contribution
entropy principle — full understanding and easy technicalo the total overhead due to a basic event with believed
handling is always accomplished by introducing also otherobability t. Actually, the total overhead in any situation is
basic quantities in the discussion, typically descriptdfort. > y; = 1. In other words, the normalization (3) corresponds
It is instructive to consider the familyk,)o<4<- Of de- to choosing the overhead cost as the unit to work with. This
scriptors. This is a descending family of decreasing fumsti makes good sense in the Shannon world since, apart from the
on [0,1]. The largest descriptorg(z) = 1 — 1, is associated necessary adjustment from nats to bits, the overhead in that
with a black hole. Fof < ¢ < 1, the descriptors are convexcase corresponds to taking the cost of having access to gybina
and assume the valus for z = 0. For ¢ = 1, we find the memory cell as the basic unit.
descriptorky (z) = 1n% associated with the classical world. Adjusting also the entropy function, one finds that adjusted
Then, for1 < ¢ < 2 the descriptors are convex and finiteentropy is always bounded below by the overhead cost, 1 nat.
valued, also forr = 0. The special descriptofz(z) =1 — =
is affine. For2 < ¢ < oo we find descriptors which are
concave withx; (0) = 0. The zero function is not a descriptor

covered by Theorem 1. It may be conceived as a limiting Ca%gequate handling of MaxEnt, the maximum entropy principle

corresnonding tar — A world corresponding to this value €an be seen (by the way, using intrinsic methods, devoidyf an
of w%uld Iegad@tg :i?[.uations with nopoutsta?\din ssues reference to Lagrange multipliers). Or rather, one findgd tha
q : . : 9 'iftis the inverses to the descriptordeformed exponentials)
world of wisdom paradise or hell according to personal taste). ) . :
that are important. These inverses, extended appropriatel
1. NOTES AND OUTLOOK wheng > 1, have an important interpretation psobability

The essence of our findings is that the family of Tsalli%heCkerS: Indeed, if, in a Tsallis world with parameter you

entropies can be derived based on two principles, the éaken §1|\I/ellaccess t@dnats_snd hask how c_omplex an _e\{‘ent this
principle which allows for an interaction between truthliéfe \év' a _gw youto Tsc.f['h et ebagﬁ_rtoprlalte anslvvernlsﬂ)]/ou ca
and knowledge and then a more innocent and natural vanf%scr' e<anyr(19ven Wi | a probability as low&s (a)” . us,h
tional principle, that optimal performance is obtained wheV €N ¢ = 1, however large your resources tp nats are, there
re events so complex that you cannot describe them, whereas

there is a perfect match between truth and belief. It shoqu 1 n describe anv event if hav At
be emphasized that though these principles may be viewed'a$ = + YOU can describe any eve you have accesAlo

axioms, they are intended as key elements of an inteq::nuatatlna s if only K'is sufficiently large {€ > 7=7).

behind the quantities they lead to, typically entropy, digace  Other ideas may come from MaxEnt, in particular, you
and description cost. can ask which are théeasible preparations (sets of z's).

\We claim that these are the sets for which finitely many
Further research on the fundamental nature of the quar?tl— ; .
. ) ) . . nction valuesd(z, y,) have been fixed (or upper bounded).
ties characterized is much desired. In particular, we need oughly speaking. the view is that you can control desaipti
understand the mechanisms behind interaction and als@ theﬁort in as far as the choice of belief, typically transf[mp

is a need for a more complete interpretation of descriptots : :
. L L .Into an observation strategy is concerned. And you cannot
ideally as clear and convincing as the coding mterpreﬁatl%omml anything else. Considering just one believed distr
of the classical quantities due to Shannon, cf. [12]. In th|§ yrhing : 9]

connection, [18], [2] and references there as well as [13} mau'{Ion (obser\{ye[l)tlon strategy)o, the level sets for @, setg
be relevant. of the form L¥(h) = {z|®(x,yo) = h}, are the basic

feasible preparations. Associated with these prepamisothe
We continue by pointing to more specific issues, intendesponential family, most conveniently defined as a family of
to indicate further possibilities. Partly due to restocs of beliefs (again, best understood as the associated obiservat

First, some comments on description effort. We used

From [14] the importance of the descriptokg for the



strategies), viz. the family of aly for which, to anyh, there The present approach is in line with earlier game theotetica
exists ¢ such thatL¥(h) C L¥(¢). If y* is an element in considerations, cf. [14]. Because of a relation to Bregman
the exponential family and if, withc* = y*, you find that divergences, we also point the reader to [11] and works
x* € LY (h), then z* is the MaxEnt distribution of the referred to there.
Yo

preparation’.”” (5). ACKNOWLEDGMENT
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[9] J. Lindhard. On the Theory of Measurement and its Consecges in
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. E. annon. mathematical theory of communicati St.
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The first appearance in the physical literature is due to-Lind3] H. Suyari. Tsallis entropy as a lower bound of averagecdption

hard and Nielsen [10], where the propertyanimposability — length for theq-generalized code tree. Proceedings IST 2007, pages
o : : 901-905. IEEE, 2007.

the ability to de_termm? the entropy of a combined syste 4] F. Topsge. Exponential Families and MaxEnt Calcutetidor En-
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. . . Nova, 17:468, 1994.
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[9], these papers were largely unnoticed, probably dued th ~ of order o and oftyped. In Trans. Eighth Prague Conf. on Inform.
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casual reference to Lindhard’s work in one of Jaynes’ papers CZech- Acad. Science, Academia Publ. Prague, 1979.
[8].
The success of Tsallis in launching the entropy measures
which now bear his name is due to the direct approach and
the fact that when combined with Jaynksximum Entropy
Principle, cf. [7], main problems of statistical physics lead
to power laws, a class of distributions which was and still
is very popular as the basis for modelling when heavy-tailed
distributions are involved.

The connection (duality) between feasible preparatioms an
the exponential family should fit into geometric ideas
developed by Amari and his school, cf. [3].
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Figure 1. Descriptors

Figure 2. Probability-checkers



