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1. Introduction

Let p be a prime number and G a finite group of order divisible by p.

The Brown poset S¢. consists of the nonidentity p-subgroups of G; this can be viewed topologically as
the simplicial complex |S&|. Brown showed in Ref. [6] that consideration of the Euler characteristic x(|S&|)
of S¢ leads to a sort of topological Sylow’s Theorem: If |G|, is the maximal power of p dividing |G|, then
X(|8&]) = 1 modulo |G|,. Thus, G gives rise to a combinatorial geometric object — the realization of a
category — whose topology reflects some of the algebraic structure of G.

8¢ is comparatively simple for a category, but there are other constructions we might consider to gain
further understanding of G. Dwyer’s theory of homology decompositions [8] shows that even recalling the
natural G-action on S is enough to determine the p-homology of G, though not conversely. On the other
hand, the centric linking system ESCEC of Ref. [4], whose objects are the p-self-centralzing subgroups of G,
is significantly more complicated than S& but both determines and is determined by the p-completed
classifying space of G.

In each of these examples, the topological data is overdetermined by the category: We could have obtained
the same result with a smaller collections of p-subgroups of G. Quillen showed [18] that the realization of

S¢& has the same homotopy type (and hence the same Euler characteristic) as the full subcategory Sé+eab
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of nontrivial elementary abelian subgroups of G, and Bouc later proved [1] the dual result that the full
subcategory Séﬂad of G-radical p-subgroups is also homotopy equivalent. Dwyer’s notion of an ample
collection of subgroups is precisely the requirement that the p-homology of G can be recovered from the
resulting sub-G-poset; both elementary abelian and G-radical subgroups form such a collection. And finally,
the inclusion of the full subcategory of G-radical subgroups £§C+rad C L was shown to be a homotopy
equivalence in Ref. [3].

In this paper we are interested in exploring the homotopy type of several such p-subgroup categories:
Brown posets S¢, transporter systems 77, linking systems L, orbit systems O¢, and the ambient-group free
abstractions of these: Frobenius categories (or fusion systems) F, exterior quotients of Frobenius categories
F (the fusion-theoretic analogue of an orbit category), and abstract linking systems £. See Section 2 for
definitions. More precisely, we are interested in identifying certain classes of subgroups that control the

homotopy type of each of these p-subgroup categories, in the sense of the main results of Sections 6-10:
Theorem A. The following inclusion functors are homotopy equivalences.

(a) Sg+eab NN SZ" Sngrad N Sé, Séfc+rad N SE:fC
(b) Ték+eab N 7—5, Té<+rad s 7-57 Téfc+rad N TCS;fC
(C) Jr*+cab oy F*
(d) OBt < Og, O™ < 0, OF T — OFfe
(e) f*—l—eab N j_:* fsfc-i—rad N fsfc

’
(f) EE—FCab o Ea’ ﬁsfc+rad N ﬁsfc

Here and for the rest of the paper, a functor of categories a homotopy equivalence if the induced map of
geometric realizations is a homotopy equivalence.

As indicated above, some of these results are well known in the literature, while others are new and
provide new insight into the topological relationships between these categories. For instance, Theorem A,
(c) and (e), together with the equality of categories F*+eab — F*t+eab jmplies the unexpected

Corollary. The quotient functor F* — F*isa homotopy equivalence.

More generally, we find it curious that the combinatorics of the Frobenius category F¢, which is generally
thought of as simply an organizing framework for the p-local data of GG, can identify the elementary abelian
p-subgroups of G. Similarly, the orbit category Og is able to identify the G-radical and the cyclic subgroups,
and the exterior quotient F3f¢ of an abstract Frobenius category F is able to identify the F-radical subgroups.
We take this as evidence of a general theme that p-subgroup categories encode group structure in unexpected
ways.

To understand the manner in which the shapes of our p-subgroup categories determine certain group-
theoretic data, we must discuss our method of proof for Theorem A. Indeed, for us the method is at least
as interesting as the final result. There are two interwoven threads to this story: In one, we make use of
Leinster’s theory of Euler characteristics for a general category [14] to identify a class of subgroups that
is likely to control homotopy of the p-subgroup category; in the other, we make use of a special case of
Quillen’s celebrated Theorem A on homotopy equivalences of categories [17] to prove that our proposed
class of subgroup actually does control the homotopy type. We now summarize these points.

Consider first the special case of an inclusion of posets ¢ : P C Q. Here, Quillen’s Theorem A says that P
is homotopy equivalent to Q if every slice or coslice category of ¢ is contractible. In other words, it suffices
to show that for every ¢ € Q, we have P/q := {p € P | p < q} is contractible; or dually that for every ¢ € Q,
q/P :={p € P | q < p} is contractible. Rephrased slightly: In order for ¢ to be a homotopy equivalence, it
is necessary that every object ¢ € Q whose proper slice category P//q:= {p € P | p < q} is noncontractible
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be an object of P, or that the dual criterion hold. The first case led to Quillen’s result Sg'eab ~ 8¢, and
the second to Bouc’s homotopy equivalence Sg”ad ~ S¢.

When we generalize to our p-subgroup categories, it’s important to note that we are not generalizing very
far: All of the categories C we consider in this paper are finite El-categories, so that every endomorphism of
every object of C is an isomorphism. For us then, the role of proper slice category C//x of x € C is filled by
the category of nonisomorphisms with target x; the slice category is dually the category of nonisomorphisms
with source . See Section 3 for precise definitions. We then have our main technical tool for showing that
a class of subgroups controls homotopy, appearing as Theorem 4.3:

Theorem B. The homotopy type of a finite El-category C is controlled by the set of objects whose proper slice
categories are noncontractible, or dually those objects whose proper coslice categories are noncontractible.

In other words, if all you care about is the homotopy type of C, you might as well throw away all objects
x such that C//x ~ *. This material is covered in Section 4, and the key technical results needed for
implementation of Theorem B is collected in Section 5.

Of course, this is only helpful if we have a proposed class of subgroups that might control homotopy of the
p-subgroup category. In order to direct our search we turn to Leinster’s Euler characteristics for categories.
This is a generalization of the Euler characteristic of a poset or a space, which relies on the notions of
weightings and coweightings for a category C. Roughly speaking, these are functions kg, kS 1 Ob(C) — Q
that serve as right and left “inverses” to the generalized incidence matrix, which records the number of
morphisms between any two object of C. If both a weighting and a coweighting for C exist, as is always the
case for finite El-categories, then the Euler characteristic x(C) of C is the common sum of the values of either
function and the reduced Euler characteristic of C is X(C) := x(C) — 1. The connection with Theorem B
comes from Theorem 3.7, whose key point is the following

Theorem C. Let C be a finite El-category. There is a weighting for C that on an object x takes a value propor-
tional to the reduced Euler characteristic of the proper coslice category of x. Dually, there is a coweighting
whose value on x is proportional to the reduced Euler characteristic of the proper slice category of x. Thus
there are constants k* and k., such that

ke = K" -X(@//C) and K =k, - X(C/ /).

Thus the weighting is concentrated on the objects whose proper coslice categories have nonzero reduced
Euler characteristic, which our intuition suggests must be noncontractible. While it appears to be an open
question whether C contractible implies (C) = 0 in general, we have from [14, Proposition 2.4(a)] that an
adjunction between two categories forces equality of their Euler characteristics. In particular, every category
with an initial or terminal object has trivial reduced Euler characteristic, which turns out to be the relevant
consideration in this paper. This all suggests (but does not prove!) that the classes of subgroups we consider
should be those with nonzero (co)weightings in our p-subgroup categories, which were computed in Ref. [13].
With our Euler characteristic calculations in hand, we conclude by applying Theorem B.

2. p-Subgroup categories

This section contains precise definitions of the p-subgroup categories occurring in this paper. By conven-
tion, maps act on elements from the right, and composition of morphisms is written in diagrammatic order.
Likewise, functors act on categories from the right.

If @ and b are objects in a category C, we write C(a,b) for the set of C-morphisms with domain a and
codomain b, and C(a) is the monoid of C-endomorphisms of a. All categories considered in this paper are
El-categories, so for us C(a) is in fact a group.
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Fix a finite group G. The most fundamental p-subgroup category we consider is the poset Sg of all
p-subgroups of G, ordered by inclusion. In other words, S is the category whose objects are all p-subgroups
of G with one morphism H — K whenever H < K and no morphisms otherwise.

S forms the backbone for all of the p-subgroup categories we consider. With our finite group G still in
mind, we consider the following categories, all of which have as objects the p-subgroups of G:

Te: The transporter category of G; morphisms are elements of G' conjugating one subgroup into another.

Fa: The Frobenius, or p-fusion, category of G' [16,5]; morphisms are group homomorphisms between sub-
groups which are restrictions of G-conjugations.

Lg: The linking category of all p-subgroups G; an intermediary between T and Fg, thought of as killing
the p/-part of the kernel of the natural functor 7 — F¢ [4].]

Og: The p-orbit category of G; morphisms are G-maps between transitive G-sets with p-group isotropy.

Fa: The exterior quotient of the Frobenius category F¢; a fusion-theoretic analogue of Og [16, 1.3, 4.8].

More explicitly, for any p-subgroups H and K of G, the morphisms of the above categories are given by:
TG<H7K):NG(H7K) ‘CG(HaK):OpCG(H)\NG(H?K)
Fe(H,K) =Cg(H)\N¢(H,K) O¢(H,K)= Ng(H,K)/K
Fo(H,K) = Cq(H)\Ng(H, K) /K
where Ng(H, K) is the transporter set {g € G | H9 < K} and OPL denotes the minimal normal p-power

index subgroup of L. Composition in these categories is induced by the group multiplication of G.
If H < G is a p-subgroup, the automorphism groups in these categories of G are given by

Sq(H) =1, Ta(H) = Ng(H), Le(H) = OPCq(H)\Ng(H),
Fo(H) = Co(H)\Ng(H),  Og(H)= Ng(H)/H, Fg(H)=Cq(H)\Ng(H)/H.

The six categories are related by the commutative diagram

SG( TG £G Fa
} f
OG -7?6‘

of one faithful and five full functors.

S contains the identity subgroup as an initial object, so it is contractible. More topologically interesting
is the Brown poset S¢. of all nonidentity subgroups of &, which has long been an object of interest as a sort
of geometry for the finite group G (cf. [6,18]). More generally, decorating one of our p-subgroup categories
with an asterisk will denote the full subcategory of nonidentity subgroups: 75, F&, etc.

Sylow’s Theorem implies that each of our p-subgroup categories (other than Sg) is equivalent to its full
subcategory with objects the subgroups of a fixed Sylow p-subgroup P € Syl,(G). We will prefer to work
with these “pointed” versions, especially as this convention allows us to work with abstract p-subgroup
categories that make no reference to an ambient group G:

Fix a finite nonidentity p-group P. A Frobenius P-category, or (abstract) saturated fusion system over P,
is a category whose objects are the subgroups of P and whose morphisms satisfy a set of axioms [16,5] that

1 Note that in much of the literature, only a full subcategory of Lg is considered, the centric linking system Lz‘;fc. This full
subcategory has much better homotopical properties than the full linking category, and we will concentrate on it once the notion
of F-self-centralizing, or F-centric, subgroup is recalled below.
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distill the properties of the Frobenius categories F coming from a group G. There are examples of abstract
Frobenius P-categories F that are exotic in the sense that there is no finite group G with Fg equal to F.

The ezterior quotient, or orbit category, of F is the category F whose objects are the subgroups of P and
with morphism sets

F(H,K) = F(H,K)/Fk(K)

are F-morphisms modulo inner automorphisms of the codomain. Composition in F induces composition in
its quotient category F.

While the term “orbit category” reflects certain similarities between the exterior quotient F and the
category of p-orbits Og, these are not the same construction; even in the presence of an ambient group G,
the categories Og and .7?6 are distinct.

Finally, we recall the fundamental notions of G- and F-self-centralizing and G- and F-radical subgroups.
As usual, O, K is the largest normal p-subgroup of the finite group K [11, Chp 6.3].

Definition 2.1. (See [16, 4.8.1], [5, Definition A.3], [1, Proposition 4].) The p-subgroup H of G is

o p-self-centralizing in G if the center Z(H) of H is a Sylow p-subgroup of the centralizer Cq(H) of H;
o G-radical if 0,0g(H) =1, or, equivalently, H = O,Ng(H).

Definition 2.2. (See [16, 4.8], [5, Definition A.9].) An object H of F is

o F-self-centralizing if Cp(pH) < @H for every F-morphism ¢ € F(H, P) with domain H;
o F-radical if OpF(H) = 1.

If p | |G|, every p-self-centralizing subgroup of G is nontrivial, as is every JF-self-centralizing subgroup

of P.
Let P be a Sylow p-subgroup of G and F = F¢ the induced Frobenius P-category. For every H < P,

H is F-self-centralizing <= H is p-self-centralizing in G

H is F-self-centralizing and F-radical = H is G-radical

and the second implication cannot be reversed.
According to Quillen [18, Proposition 2.4], we have

Sk is noncontractible = O,K =1 (2.3)

for any finite group K. In the present context, this means that

8oy is noncontractible = H is G-radical (2.4)
S;‘j_( ) is noncontractible = H is F-radical (2.5)
Properties (2.4) and (2.5) will be very important in the proof of our homotopy equivalences. (Quillen

conjectures in [18, Conjecture 2.9] that the reverse implication of (2.3) is true. If Quillen’s conjecture holds,
then the reverse implications of (2.4) and (2.5) are true as well.)
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3. Weightings and coweightings for EI-categories

Let C be a finite category and [C] the set of isomorphism classes of its objects. In this section we show
that we can use coslice categories to define weightings in the sense of Leinster [14]. In particular, we will
relate the Euler characteristic of C to the Euler characteristic of its coslice categories.

Definition 3.1. (See [14, Definitions 1.10, 2.2].) A weighting for C is a function k2: Ob(C) — Q so that

Va € Ob(C): Y |Cla,b)|kb =1,
beOb(C)

and a coweighting for C is a function k$: Ob(C) — Q so that

VbeOb(C): > ki|C(a,b)| =1.
ac0b(C)

If C has both a weighting and a coweighting, then

Sk = Y K =x(©)
)

a€0b(C) beOb(C

is the Fuler characteristic of C. The reduced Euler characteristic of C is X(C) = x(C) — 1.

A general finite category may not admit a weighting or coweighting, or it may have several. If at least one
of each exists, the Euler characteristic is independent of the choice of weighting or coweighting. Moreover, if
there are several (co)weightings, we will normalize by singling out the unique (co)weighting that is constant
on each isomorphism class of our category.

If C is an El-category, its objects can be arranged in such an order so that the matrix [C] is upper
triangular. It follows that any finite El-category has a unique weighting and a unique coweighting that are
constant on isomorphism classes of objects [14, Lemma 1.3, Theorem 1.4, Lemma 1.12].

We will be interested in piecing together global (co)weightings from local data, to be described in terms
of the (co)slice construction.

Definition 3.2 (Coslice and slice categories). Let C be a category with objects x and y, and A a full subcat-
egory of C.

o x/A is the category of C-morphisms from x to an object of A (the coslice of A under z)

o A/y is the category of C-morphisms from an object of A to y (the slice of A over y)

e x//A is the full subcategory of /A with objects all nonisomorphisms from x to an object of A (the
proper coslice of A under x)

o A//y is the full subcategory of A/y with objects all nonisomorphisms from an object of A to y (the
proper slice of A over y)

Thus an object of /A is a C-morphism ¢ € C(x,a;), and an (2/C)-morphism from ¢, to @9 € C(x, as)
is any 1 € C(a1,az) that makes the following triangle commute in C:

X
$1 Y2
O
ai n > a2

The other (co)slice categories are defined similarly.
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The (co)slice constructions define functors ¢/ A : C°? — CAT and A/e : C — CAT via (pre)composition
of morphisms. The proper (co)slice constructions do not in general piece together to form a functor, for
the simple reason that the composite of two nonisomorphisms can be an isomorphism. However, if C is an
EI-category, this obstruction vanishes and we also have functors e//A:C°® — CAT and A//e:C — CAT.
Again, all p-subgroup categories considered in this paper are El-categories.

Definition 3.3. If C is an El-category, we write

supp(e/A) = {x € Ob(C) | z/A is noncontractible }
supp(A/e) = {y € Ob(C) | A/y is noncontractible}
supp(e//A) = {z € Ob(C) | #//A is noncontractible}
supp(A//e) = {y € Ob(C) | A//y is noncontractible}

for the supports of the coslice functors e/ A, e//A:C°? — CAT and slice functors A/e, A//e:C — CAT.
The notation .A//e and e//A is taken from [12, p. 269].

Lemma 3.4. Let C be any finite category admitting a weighting k2: Ob(C) — Q. Let a be any object of C.
The function

° d(e a A
a/C = kéo ( ): Ob(a/C) - Q, ka/%b = kgv
is a weighting for the coslice a/C of C under a.

Proof. The set of objects of a/C, which is the set of C-morphisms with domain a, is partitioned

ba/C) =[] Cla,b) (3.5)

beOb(C)

according to codomains. Also, for any C-morphism ¢ € C(a,b) with codomain b and any C-object ¢, the set
of C-morphisms from b to ¢ is partitioned

c,e)= J[ (a/C)(p, %) (3.6)

PeC(a,c)

into a/C-morphism sets with domain ¢. The computation

S o/l ) K ST ST e/, )[R ST e (eod (), b) KL = 1

$€O0b(a/C) bEOD(C) PHEC(a,b) beOb(C)
shows that the function k(C;Od(') is a weighting on a/C. O

We can simplify the computation of (co)weightings by concentrating on the case where each isomorphism
class contains a single object. For C a finite El-category with an object a, let a® be the set of objects
C-isomorphic to a, [C] some fixed equivalent skeletal subcategory, and [a] the unique object in [C] and a€.
Then C has a weighting k2 if and only if [C] has a weighting k[c]v and we can construct one from the other:

1
Koy =Y k¢ kb= Tk kY. be ob(c), [b] € Ob([c)).
yEbC
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Similarly, C has a coweighting if and only if [C] does. Note that the (co)weightings on C that arise in this
manner are necessarily constant on C-isomorphism classes of objects.

A full subcategory Z of a category C is a left ideal if any C-morphism whose domain is an object of Z is
an Z-morphism. For instance, if C is an El-category and a an object of C then a//C is a left ideal in a/C by
[14, Lemma 1.3].

Theorem 3.7. Let C be a finite El-category, and let ki and kS be the weighting and the coweighting on C
that are constant on isomorphism classes of objects of C. Then

R (1 S (1) R

€~ Tacllc(a)]” b cle)]

and the Euler characteristic of C is

C(a)l IC(b)]

[a]€[C] [blelC]

where the sums run over the set [C] of isomorphism classes of objects of C.

Proof. We shall only prove the statement about the weighting since the statement about the coweighting
is entirely dual. C is a finite El-category, so it is easy to see that the coslice categories a/C and a//C
are also finite El-categories. Thus they admit weightings and coweightings, and have well-defined Euler
characteristics. Since a//C is a left ideal in a/C, the weighting for a/C from Lemma 3.4 restricts to a
weighting for a//C [13, Remark 2.6]. The category a/C has an initial object, so it is contractible and has
Euler characteristic 1. Therefore

1= Y kY= clke+ Y kY = |df||c(a)|ke + x(a//C)
p€O0b(a/C) @€e0b(a//C)

because the weighting kJ is assumed to be constant on the isomorphism class [a] of a. O

The rational functions

o —X(@//C) e _ —X(C//)

4% Tewr 0T Tewy o = 10vE)

are the weighting and the coweighting for [C], respectively.
In the case S is a poset, we sometimes write <S8, 4<S, S<p, S<p for /S, a//S, S/b, S/ /b, respectively.
Using this notation, the last part of Theorem 3.7 takes the following form.

Corollary 3.8. The Euler characteristic of a finite poset S is the sum

Y XS =x(8) = D, —X(S<)

a€0b(S) bEO(S)

of the negatives of the local reduced Euler characteristics.

This reproduces a well-known result from the combinatorial theory of posets.
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4. Homotopy equivalences between categories

The famous Quillen’s Theorem A provides a sufficiency criterion for a functor between two categories to
be a homotopy equivalence. We quote this theorem here not in its full generality, but only for the special
case that is of interest to us.

Theorem 4.1 (Quillen’s Theorem A for inclusions of categories). (See [17, Theorem A].) Let C be a category
and A a full subcategory. The inclusion A — C is a homotopy equivalence if either supp(e/A) or supp(A/e)
s empty.

We also quote a perhaps less well-known result of Bouc providing a sufficient condition for an inclusion
of posets to be a homotopy equivalence.

Theorem 4.2 (Bouc’s theorem for posets). (See [1].) Let S be a finite poset and A a subposet. The inclusion
A = S is a homotopy equivalence if either supp(e//S) or supp(S//e) is contained in Ob(A).

In this section we generalize Bouc’s theorem for poset inclusions to finite El-category inclusions. This
boils down to a repurposing of Quillen’s Theorem A in terms of our notion of support, and should be thought
of as a statement about what sort of objects control the homotopy type of a finite El-category.

Theorem 4.3 (Bouc’s theorem for finite El-categories). Let C be a finite El-category and A a full subcategory
that is closed under isomorphisms. The inclusion of A — C is a homotopy equivalence if either supp(e//C)
or supp(C//e) is contained in Ob(A).

Proof. Assume that Ob(A) contains the support supp(e//C) of the functor e//C. The claim is that the
inclusion functor t: A — C is a homotopy equivalence. It suffices to show that the coslice /A4 of A is
contractible for every object z of C (Theorem 4.1).

For any object x of C define the height of x, ht(x), to be the maximal length of any path

rg—>T1 —> " > ThpL =21

of nonisomorphisms in C terminating at x. The height of x is finite since there are no circuits in paths of
nonisomorphisms [14, Lemma 1.3]. If there is a nonisomorphism from z( to 21, then ht(zg) < ht(x;). Define
ht(C) to be the maximal height of any object of C.

Suppose that z is an object of C of maximal height, ht(C). Then z//C is the empty category because
there is no nonisomorphism from x to any object of C. The empty category is not contractible, so x €
supp(e//C) C Ob(A) is an object of A. Then z/A is contractible with the identity of x as an initial object.

Let now z be any object of C such that the coslice y/A of A is contractible for all objects y of height
greater than ht(z). Then the functor

xz/jvx//A—z/]/C

is a homotopy equivalence by Theorem 4.1 because the category

(= —=y)/(z//1) =y/A

is contractible for every object x — y of x//C. In the case z is an object of A, x/A is contractible as before.
In the case z is not an object of A, /A = x//A because there can be no isomorphism from x to an object
of A as A is closed under isomorphisms. We now have
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wfA=al[A=z]/C

and z//C is contractible since = ¢ supp(e//C). Thus 2/ A is also contractible.
By finite downward induction on ht(x) we see that x/A is contractible for all objects z of C. O

Remark 4.4. Theorem 4.3 is the main technical tool of this paper, but it should also be thought of as
a descriptive statement about control of homotopy type of finite El-categories. We will use the following
reinterpretation: If C is a finite El-category, then either (a) those objects whose proper slice categories
are contractible do not, as a whole, contribute to the overall homotopy type of C, or (b) the same holds
for those objects with contractible proper coslice categories. (Note that the union of these two classes
cannot be discarded without affecting the homotopy type, as the example of the poset x < y shows.) In our
search for homotopy equivalences between p-subgroup categories, we will therefore concentrate on identifying
those objects with contractible proper (co)slices. Morally speaking, the reduced Euler characteristic of a
contractible category should vanish, although this remains an open question as of this writing. Nevertheless,
our intuition and the combinatorics developed in the previous section will guide our search in what follows,
ultimately leading to success.

5. Subgroup categories for p-groups

In this section we collect several technical examples that will allow us to apply Theorem 4.3 more generally.

For any small category C and any set D C Ob(C) of objects of C, we let C” denote the full subcategory of
C generated by the objects in the set D. For instance, if H < K are p-subgroups of G, then ng’K) denotes
the full subcategory of F¢ with objects the set of all subgroups L of G for which H < L < K.

In the following lemma we consider

SS’P): the poset of nonidentity proper subgroups of P
OE’P): the full subcategory of Op with objects all proper subgroups of P
F 1(31,P): the full subcategory of Fp with objects all nonidentity proper subgroups of P

for P a nonidentity p-group. We write u for the Mobius function of the poset Sp [20, §3.7], and we abbreviate
(1, K) to u(K) for any subgroup K of P.

Lemma 5.1. Let P be a nonidentity p-subgroup. Then

~/o(l,P

@« XS =pp)

« X(Fp ) =X(Fp- ):m

. X(OE)’P)) _ {p1 P is cyclic

1 else

(b) SI(DI’P) is noncontractible <= P is elementary abelian.
(c) (’)g’P) is homotopy equivalent to Og’v), where V.= P/®(P) is the Frattini quotient of P.
(d) .7-"1(31’P) s noncontractible <= P is elementary abelian.

Proof. (a) It is well known that Z(SS’P)) = X(1, P) = p(P) ([20, 3.8.5, 3.8.6, [13, 2.3]). The formulas for
X( 1(31’P)) and X((’)%P)) follow from [13, Remark 2.6, Example 3.7, Theorem 7.7, Theorem 4.1]: If kJ is a

coweighting for F }(pl’P] then

L= (ET) = x(FT) 4+ KE = x (P +
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because F 1(31’P] is contractible, with P as a terminal object, containing the right ideal F I(Dl’P). Similarly, if
kS is a coweighting for Op then

1—1 Piscyclic
= X(0p) = x (OB} 4 kZ = x (O { ’ ‘
X(0p) =x(0p"") +kp =x(0p"") + 0 P is not cyclic

and the expression for the Euler characteristic of OE},’P) follows.

(b) If P is elementary abelian, SI(}’P) is well known to be a bouquet of spheres [18, §10], and is therefore
not contractible. If P is not elementary abelian, the Frattini subgroup @(P) is nontrivial [11, Chp 5,
Theorem 1.3]. There are adjoint functors

4 r
Sg’P)HSE(PLP)HSE’P)
r 14

where Q¢ = QP(P) and Qr = Q for @ < P. Observe that Q S P = Q®(P) < P because the Frattini

subgroup is the group of nongenerators of P. The poset on the right, SI[DI’P)

, is contractible with the trivial
group as an initial object. The poset on the left, Sl(gl’P), is therefore also contractible. Alternatively, the
natural transformations @ < Q®(P) > $(P), 1 < Q S P, define a homotopy from the identity of Sl(;.l’P)

a constant map.

(¢) There are functors

14 ~
1,P &(P),P) = 1,P/®(P
o )?0}( WP = ol pine)

where 7 and ¢ are adjoint functors and w is an isomorphism. The functors r and £ are given by Q¢ = Q®(P)
and Qr = @ for () < P. The category in the middle, Op [(P),P) , is isomorphic to the category C’)E/géigp)).
To see thls observe that all supergroups of the Frattini subgroup @(P) are normal, so that Op(Q1,Q2) =
P/Qy = Q2/¢(P = Op;a(p)(Q1/P(P),Q2/P(P)) when Q1 and Q2 both contain &(P).

(d) If P is elementary abelian, then Fp =Sp and fg’P) = SS’P)7 is noncontractible by (b). If P is not
elementary abelian, the Frattini subgroup ¢(P) is a nontrivial normal subgroup and so is its intersection
with the center Z(P) of P [19, 5.2.1]. There are adjoint equivalences of categories

~ |2 o
FOP) s FEPINZP)LP) L L)
r 4

where Q¢ = Q®(P) and Qr = Q for Q S P. The category to the e right, Fp Fil-P) , is contractible because it has
.P) , 1s therefore also contractible. 0O

the trivial group as an initial object. The category to the left, .7-'
One might be led by Lemma 5.1(a) to suspect that, for any nonidentity p-group P,
[1,P) . . . .
Op ’ is noncontractible = P is cyclic
or, equivalently, for any nonidentity elementary abelian p-group V,

Og,v) is noncontractible = rank(V) =1

To see that these two statements are equivalent, recall that the Frattini quotient of P is cyclic precisely
when P itself is cyclic [11, Chp 5, Corollary 1.2] and use Lemma 5.1(c). However, Example 5.2 demonstrates
that these statements are false.
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Example 5.2. Let V = () be the elementary abelian p-group of rank r > 1. The objects of the category
05,\/) are the proper subgroups of V, and the set of morphisms from H SV to K SV is

V/IK ifH<K

OLY)(H,K) = {
v ) ] otherwise

with composition in this category induced from composition in the abelian group V.
If the rank r = 1, then the category Og’v) = Oé,l} is the cyclic group V, which is not contractible.

Let us now explore the category Og,v) in the case where the rank r > 1. There is an obvious functor
. lLY) [1,V)
Oy = Sy

to the poset of proper subgroups of V. For any proper subgroup K of V, the m-slice over K is 7/ K = Og’K].
There is an adjunction

4 lr,

¢
Og’K] — O{{/K}, rd = ].o\{/K}, log,K]
where H¢ = K and Kr = K. The functor r includes the full subcategory of Oy with K as its only object into
the full subcategory of all subgroups of K. The functor ¢ is the projection Oy (Hy, Hy) =V/Hy — V/K =
Ov(K,K), Hi < Hy < K. Thus the category (’)g’K] is homotopy equivalent to the category OéK} which is
the group V/K. The composite functor spectral sequence ([10, pp. 155-157], [9, Proof of Proposition 2.3])

E% = H (S Hy(V/e:Fy) =  Hy(O0Y)F)) (5.3)

associated to the functor 7 provides information about the homology groups of the category Og,v). Here,
we write Hg (S‘[/l’v); H(V/e)) for the sth left derived of the functor colim H;(V/e). In concrete terms, these
groups are the homology groups of the normalized chain complex [15, Theorem VIIL.6.1] of the simplicial
abelian group [, Hy(V/e) [2, XIL.5.5],

o o) Os Os+1
0 P H(V/L) <~ @  Hi(V/Lo) <> - <= D Hy(V/Ly) €2 ...
0<Lo<V 0<Lo<L1<V 0<Lo<Ly--<Ls<V

with boundary homomorphism 0, is defined by deleting single entries of the s-flag Lo < L; < --- < Lg and
applying Hy(V/Lo) — H¢(V/L1) in the case of deletion of the first entry. This chain complex is trivial in

degrees > r — 1 so that the spectral sequence (5.3) is concentrated in the vertical band 0 < s <r — 1.

)

Take r = 2 and p = 2 and consider the category (’)E’V where V is the Klein 4-group. The objects of

Og,\/) are the identity subgroup, {0}, and three subgroups, L1, L, and L3, of order 2. The category (95"/)
is
V/L, V/La V/Ls
4 2 2 2
Yy Y () 02 0 0 . )
I Lo Ls =10 0 2 0 kS = (1/4,1/4,1/4,1/4)  x(0y") =1
\ TVV 000 2
V/Ly V/Ls

{0}
)

\4
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with composition induced from addition in the abelian group V. Here ( is the generalized incidence matrix
that records the number of morphisms between objects. The first quadrant spectral sequence (5.3) is con-
centrated on the two vertical lines s = 0 and s = 1 so that all differentials are trivial. The groups E3, = EgY
and E?, = E? are the homology groups of the normalized simplicial replacement chain complex

s =0 Hy(V/0)® H(V/Ly) ® H(V/L2) ® H(V/L3) + Hy(V/0) ® He(V/0) @ H (V/0) < 0 =<

concentrated in degrees 0 and 1. Since H;(V/0) has dimension ¢t + 1, H¢(V/L;), i = 1,2, 3, is 1-dimensional,
the term ET5 has dimension at least 2t — 1, and consequently dimp, Ht+1((’)€’v); F3) > 2t —1 for all degrees
t>1.

The above argument is easily seen to work for any prime p and we conclude that dimg, Hyy1 (Og’v); F,) >

pt — 1 for all degrees t > 1 when the rank r = 2. Thus Og,\/) is noncontractible when V' has rank r = 2.

Here are few remarks about the spectral sequence (5.3) for arbitrary prime p and rank r > 2. When
t=0, B2 = HS(S‘[}’V); F,), so that E3) = F,, and E%, =0 for s > 0, as S‘[/l’v) is contractible. When ¢ > 0,
we conjecture, based on computer calculations, that E%, = 0 except for s = 7 — 1. We have not been able to
prove this conjecture.

6. Brown posets and transporter categories

We now begin the process of proving the results summarized in Theorem A, which will take up the
remainder of the paper.

Let G be a finite group of order divisible by p and Sg the poset of p-subgroups of G. The Brown poset
for G is the subposet S;; = S((;1 Gl of nonidentity p-subgroups of G. We show that the homotopy type of Sf
is determined by either the elementary abelian p-subgroups of G, or the G-radical subgroups of G, as well
as showing that the full subcategory of p-self-centralizing subgroups of G has its homotopy determined by
the G-radical, p-self-centralizing subgroups. The results of this section are not new, but they provide the
template of our argument, which we outline now:

For each claim of Theorem 6.1, we break the proof into two separate parts: The computation of the
Euler characteristic of the general (co)slice of the larger category, and actual proof of homotopy equivalence
through an application of Bouc’s Theorem 4.3. These parts are labelled [EC] and [HE], respectively. The
truth of the result is shown in the second part, whereas the Euler characteristics calculation is not, strictly
speaking, necessary for the proof of the theorem. Instead, it is offered as a moral argument as to why we
should expect the result to be true, following Remark 4.4.

In fact, the work of the [HE] sections lies in establishing an adjunction between the (co)slice categories
of interest and other categories with whose contractibility is well understood. As adjunctions preserve Euler
characteristic [14, Proposition 2.4(a)], we could reinterpret [HE] as an alternate derivation of certain Euler
characteristic computations from Ref. [13].

Let us consider as a toy example Part (a) of Theorem 6.1, which is Quillen’s result [18] that the homotopy
type of S is determined by the subposet Sngeab of elementary abelian p-subgroups. By Theorem 4.3, we
must find those objects K of S¢, whose proper slice categories S //K are not contractible. We will ultimately
find that these are precisely the elementary abelian p-subgroups of G (the “second part” of the proof), but
first we pretend not to know this and ask what sort of subgroups we should consider. A good first guess
would be those objects whose proper slice categories have nonzero reduced Euler characteristic, as those
proper slice categories should be (and, in fact, are) noncontractible. This does not guarantee that all other
objects have contractible proper slice categories, but with a little more work, this turns out to be the case.
This basic chain of reasoning will be repeated for all of the similar results that follow.
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Theorem 6.1. (See [1,18].) The following inclusions are homotopy equivalences:

(@) SFtess  (b) SPMe Sy (o) SEteo s

Proof. We now flesh out the details of the above paragraph:

(a)

[EC] The coweighting for Sf can be expressed in two different ways by [13, Theorem 1.1.(1)] and
Theorem 3.7,

“X(Si ™) = K = —X(85//K),

so that the categories S&//K and SS’K) have identical Euler characteristics. By Lemma 5.1(b),
)Z(SS’K)) = 0 unless K is elementary abelian. This suggests that the class of subgroups with non-
contractible proper slice categories is precisely the elementary abelian p-subgroups of G.

[HE] Indeed, the categories St //K and SE’K) not only have the same Euler characteristics, they are
themselves identical! Lemma 5.1(b) then gives us more information:

supp (S5 //e) = {k € Ob(SE) | K is elementary abelian} = Ob(Sge*")

*+eab
SG

and Bouc’s Theorem 4.3 shows that the inclusion of into S¢ is a homotopy equivalence.

(b) [EC] The weighting for S}, can be expressed in two different ways by [13, Theorem 1.3.(1)] and Theo-

(¢)

rem 3.7:
~X(So(m)) = k& = —X(H//SE).

In particular, the categories H//S¢. and SE‘QG( H) have identical Euler characteristics. By property (2.4),
if S(*Oa( H) is not contractible, then H must be G-radical. Therefore the class of subgroups whose proper
coslice category has nonzero Euler characteristic is contained in the class of G-radical subgroups.

[HE] We show that this equality of reduced Euler characteristics reflects a homotopy equivalence
H//S¢ ~ 85 (z)- For any nonidentity p-subgroup H of G, there are functors

TH TH
HIS¢——Soc(my:  H//S6—Sbqm)
TH 1H

given by Kry = Ny (H)/H for all p-supergroups K of H and Kiy = K when K = K/H and
H < K < Ng(H) [18, Lemma 6.1]. The composite functor ig7g is the identity of Sp sy and there is
a natural transformation from rgig : K — Ng(H) to the identity functor of H/Sf. This shows that
these functors are homotopy equivalences of categories. By property (2.4),

supp(e//S&) = {H € Ob(S) | So (ary is noncontractible}
C {H € Ob(Sg) | H is G-radical} = Ob(Sg)
and Bouc’s Theorem 4.3 shows that the inclusion of Sg'rad into 8¢ is a homotopy equivalence.

Since any p-supergroup of a p-self-centralizing G-subgroup is itself p-self-centralizing, H// Sgc =H//S¢
for any p-self-centralizing subgroup H of G. The result then follows from Part (b). O

Example 6.2. If G = C5 x X3 and p = 2, then Sgc is a discrete poset consisting of the 3 Sylow 2-subgroups,

sfc

while Sf is contractible since O>G = (5 is nontrivial. Thus the inclusion S&°¢ — S¢ is not a homotopy

equivalence.
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The following proposition points out that the largest normal p-subgroup is the smallest G-radical
p-subgroup. It implies that the poset Sg'rad has a smallest element in the case O,G is nontrivial. In light of
Theorem 6.1(b), this could be thought of as the essential ingredient that goes into Quillen’s property (2.3).
(We thank Andy Chermak for the proof.)

Proposition 6.3. Any G-radical p-subgroup of G contains the G-radical p-subgroup O,G.
Proof. It is clear that O,G is a normal G-radical p-subgroup. Let H be a p-subgroup of G not containing
O,G. The normalizer of H in the p-subgroup (O,G)H is normal in Ng(H) for any element of G normalizing

H normalizes (O,G)H. Since No,q)r(H) is a normal p-subgroup of Ng(H) strictly larger than H, the
p-subgroup H is not G-radical. 0O

We close this section by moving from p-subgroup posets to more general El-categories. Let 7¢ be the
transporter category of p-subgroups of G.

Theorem 6.4. The following inclusions are homotopy equivalences:

(a) T5+cab o Ték (b) TG*Jrrad SN Ték (C) Téfc+rad N Téfc
Proof. Every morphism of 73 is both epi and mono, so it follows that the (co)slice categories of objects
should be identifiable with the Brown posets of certain groups relating those objects to G. With this in

mind, the argument follows that of Theorem 6.1 closely.

(a) [EC] The coweighting on [75] is computed in [13, Theorem 1.1.(2)]. Theorem 3.7 gives an alternate
calculation of the coweighting in terms of Euler characteristics of proper slice categories:

XS _m _ =XTE//K)
76 (K)| (K] TE(E)]

Lemma 5.1(a) then implies that X(77%//K) is nonzero iff K is elementary abelian.

[HE] In fact, Lemma 5.1 says more: SE’K) is noncontractible iff K is elementary abelian. Our goal is then
to show that the equality of reduced Euler characteristics %(SS’K)) = x(75//K) reflects a homotopy
equivalence SE’K) =75 //K; once this has been accomplished, Theorem 4.3 will complete the result.

There are functors

LK K LK) X,
SeM T8/, SPN T/ /K,
1K 1K

given by Hryx = (H 5 K) and (H N K)ix = HY. Clearly these are equivalences of categories, so we
have our desired homotopy equivalence SS’K) =T //K and the result is proved.

(b) [EC] The weighting of [75] was computed in [13, Theorem 1.3.(2)]. Comparing this to the alternate
calculation of the weighting Theorem 3.7, we have

X Soen) _ i _ —X(H//TE)
T (H)] 7 Ta(H)|

Property (2.4) implies that X(H//7T5) # 0 implies that H is G-radical.
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[HE] If we can show that there is a homotopy equivalence S(*DG( m H//Tg&, the full strength of
property (2.4) will yield supp(e//75) is contained in the class of G-radical subgroup, so Theorem 4.3
will give the result. There are functors

TH TH
H/TC?-%‘SOG(H% H//TC;:-% (*DG(H)
TH TH

given by (H % K)ry = NK(Hg)g_l/H and Kig = (H EN K) where K = K/H and we have H <
K < Ng(H). Clearly igry = ids:

e and we have a natural transformation 1 : rgig = idg/ 7
induced by the inclusion Ny (HY )971 < N¢(H). Thus the two categories are homotopy equivalent, and
the result is proved.

(c) Follows from Part (b) and the observation that supergroups of p-self-centralizing subgroups of G are

themselves p-self-centralizing. O

Suppose that C is a small category and X,Y:C — CAT are functors with values in the category CAT
of small categories. If there is a natural transformation from X to Y with components X(c) — Y(c),
¢ € Ob(C), that are all homotopy equivalences, then the induced functor fc X = fc Y of Grothendieck
constructions is a homotopy equivalence. This follows from Thomason’s homotopy colimit theorem [21] and
homotopy invariance of the homotopy colimit [2, Ch. XII, §4, Homotopy Lemma 4.2]. As the inclusions of
Theorem 6.1 are G-equivariant inclusions of G-categories and 775 is the Grothendieck construction of the
G-action on S¢, etc., we obtain an alternative proof of Proposition 6.4. Similarly, if O,G is nontrivial, there
is a homotopy equivalence G < T5+rad induced by the G-equivariant homotopy equivalence % < S&";Jrrad of
Proposition 6.3.

7. Frobenius categories

Let P be a finite p-group and F a Frobenius P-category. In this section we show that the homotopy type
of F* is determined by the elementary abelian subgroups of P.
We will need the following facts:

e All morphisms in F are monomorphisms, which implies
e For any K < P, the categories F*/K and F*//K are thin, i.e., there is at most one morphism between
any two objects
o The coweighting for F* vanishes off the elementary abelian subgroups [13, Theorem 7.5]
Theorem 7.1. The inclusion F*T°** — F* is a homotopy equivalence.

Proof.

[EC] We compute the coweighting on [F*] using both [13, Theorem 7.5 and Theorem 3.7:

XS _ i _ —X(F/K)
FEl T T EE)]

Therefore SE’K) and F*//K have identical Euler characteristics. By Lemma 5.1(b), X(F*//K) # 0
implies K is elementary abelian.
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[HE] Indeed, there are functors

TK TK
F* /K%SQK] . FY) /K%SE’K)
1K 1K

The functor rx takes ¢ € F*(H,K) to its image H? in K. The functor ix takes H < K to the
inclusion H — K of H into K. Obviously, i g7k is the identity functor of 8271(], and there is a natural
transformation from the identity functor to the endofunctor rxig : (H % K) — (H? — K) of F*/K.
This shows that 7k and ix are homotopy equivalences between F*/K and SS’K]. Their restrictions
are homotopy equivalences between F*//K and SS’K). By the full strength of Lemma 5.1(b),

supp(F//+) = Ob(F"+)
and Bouc’s Theorem 4.3 shows that the inclusion of F**°*P into F* is a homotopy equivalence. O

In the course of the proof of Theorem 7.1 we saw that the homotopy type of the category F*//K of
F*-nonisomorphisms to K depends only on K, not on F. This reflects the curious fact that the shape of
the Frobenius P-category is able to detect some algebraic information of the underlying p-group.

We know of no formula for the weighting of a general Frobenius category F. There is an explicit formula
in [13, Theorem 1.3.(3)] for the weighting of the Frobenius category F¢ associated to a finite group G, but
we have not been able to determine the support of this weighting or describe the categories H//F¢.

8. Orbit categories

Let G be a finite group of order divisible by p and Og the orbit category of p-subgroups of G.
We will need the following facts:

o The trivial subgroup is not initial in Og

e All morphisms in Qg are epimorphisms, therefore

o The categories H/Of and H//O}, are thin

o The weighting for Og vanishes off the G-radical p-subgroups of G [13, Proposition 3.14]
e The coweighting for O vanishes off the cyclic p-subgroups [13, Theorem 4.1]

Theorem 8.1. The following inclusions are homotopy equivalences:
(a) 0g?—=0q (b) O5™ =0y (c) OF™™ < 0
Proof. The setup for each claim is identical.

[EC] The two expressions for the weighting for [Og] from [13, Eq. (3.15)] and Theorem 3.7 yield

“X(Sogqmn) _ i _ —X(H//Oc)
Oc(H)] ~ Moel ~ Tog(H)]

so that 8p, ) and H//O¢ have identical Euler characteristics. Since )A{(Sgg(H)) # 0 implies H is
G-radical (property (2.4)), each claim is at least plausible.
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[HE] We show that the equality of reduced Euler characteristics reflects a homotopy equivalence o () ™
H//Og; the result will then follow from the contractibility of Soe by property (2.4) and Theo-
rem 4.3. For any nonidentity p-subgroup H of G, there are functors

ra:H/Og = Sog (i) rH:H//OG_)SE‘?G(H)'

The functor rgy takes gK € Og(H,K) = Ng(H,K)/K to the subgroup Nex(H)/H of Og(H) =
Ng(H)/H. Let L be a p-subgroup such that H < L < Ng(H) and let L = L/H be the image of
L in Ng(H)/H = Og(H). The category L/rg is the full subcategory of Og/H generated by all
morphisms gK € Og(H, K) such that L < Ny (H). The inclusion of H into L is an object of L/ry
as L = Np(H). Note that the morphism gK: H — K extends to a morphism gK:L — K because
L9 < Nog(H)Y = Ng(HY) < K. There is thus a morphism

L,

in L/rg. This shows that the inclusion H < L is an initial object of L/rz. By Quillen’s The-
orem A (Theorem 4.1), the functor rg is a homotopy equivalence from H/Og to So.m). The

same argument shows that rpy restricts to a homotopy equivalence from H//Og to S6¢ () Thus
supp(e//O0g) C Ob(0%4) and Part (a) is proved.

Since OF, and O are left ideals in O, H/ /0% = H//Og and H/ /O = H/ /O for any nonidentity,
respectively, p-self-centralizing subgroup H of G. By property (2.4),

oD (o//05) C OB(OF™),  supp(e/ /OFF) € Ob(0FE)
proving (b) and (c). O

It seems that there should be a dual result to Theorem 8.1 involving certain “small” subgroups in place of
the “large” G-radical class. More precisely, there should be a theorem whose proof uses slices in place of the
coslices of the previous argument. The relevant class of subgroups to consider would then be those contained
in supp(O¢//e). However, we cannot identify this class of subgroups at this point, and indeed experimental
evidence leads us to conjecture that all p-subgroups will necessarily be contained in the support. If this
conjecture holds, the dual theorem would reduce to the tautology Og ~ O¢, which would not be particularly
enlightening.

9. Exterior quotients of Frobenius categories

Let P be a nonidentity finite p-group, F a Frobenius P—c:autegory7 and F the exterior quotient of F [16
1.3, 2.6, 4.8]. In this section we examine the homotopy types of F* and Fsfe,

We begin with F * searching for a class of “small” subgroups that control the homotopy type. For our
Euler characteristic intuition-building, the essential fact here is that the coweighting for [j-: *] vanishes off of
the elementary abelian subgroups by [13, Theorem 7.7].

Theorem 9.1. The inclusion F*+eab < F* js homotopy equivalence.



3048 M. Gelvin, J.M. Mpller / Journal of Pure and Applied Algebra 219 (2015) 3030-3052

Proof.

[EC] Comparing the reduced Euler characteristic expression for the coweighting of [}N' *] from Theorem 3.7
to [13, Theorem 7.7] yields

~ =(1,K _ ~ T
“XF™) _ o _ —XE/K)
= =k = —= .
Pyl )
Therefore JEI(;K) and F* //K have identical Euler characteristics for any object K of F*. By
Lemma 5.1(a) and (d), X(F*//K) can only be nonzero if K is elementary abelian.
[HE] In fact, there are equivalences of categories

iKZfI(<17K]—>.%*/K, ZK.%I((LK)—)]?*//K

On an object H < K, we have Hix = [1f] € F*(H, K) is the class of the inclusion /2L € F*(H, K) of
H into K. Observe that there is an obvious identification of morphism sets

Fie(Hy, Ho) = (F*/K)(Hyige, Hyig),

which defines the effect of ¢x on morphism sets. Thus ix is full and faithful. It is also easily seen to
be essentially surjective on objects, hence an equivalence of categories.
Combining the homotopy equivalence }'%K) ~ F*//K with Lemma 5.1(d), we have

supp(F*/ /o) = Ob(F+<)
and Bouc’s Theorem 4.3 shows that the inclusion of F*TaP into F* is a homotopy equivalence. 0O

We now turn to the question of finding a “large” collection of subgroups that controls the homotopy type
of the exterior quotient, in some sense dual to the elementary abelian subgroups of Theorem 9.1. There is
a new technical difficult we must take into consideration here: We lack a good understanding of the full
exterior quotient of a Frobenius P-category. Much more is known about the F-self-centralizing subcategory
foC, where we can make use of the following facts:

e All morphisms in Fsfe are epimorphisms [16, Corollary 4.9], therefore
 The categories H/F5 are thin
e The weighting for fgc vanishes off the Fg-radical subgroups [13, Corollary 8.6]

We will also need the following technical result, which is a reformulation of [7, Proposition 2.4]:

Lemma 9.2. Let H, N, and K be objects of F such that H is F-self-centralizing and H < N < Np(H). An
F-morphism @: H — K extends to an F-morphism : N — K if and only if Fn(H)¥ < Fx(H?).

Proof. We prove the “if” implication, as the converse is clear. Since H is F-self-centralizing, the same is true
of H¥ and thus H? is fully centralized in F [16, 4.8]. By the Extension Axiom for Frobenius P-categories
and our assumption, ¢: H — K extends to a morphism p: N — P [16, 2.10.1]. We claim that (z)p € K
for all z € N. By assumption, there is some y € K such that conjugation with (z)p and with y has the
same effect on H¥. This means that (z)py~! € Cp(H¥) < Z(H¥) < H¥ < K, and thus (z)p € K. The
corestriction ) = K|p: N — K of : N — P extends ¢: H - K. O
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Consequently,

F(N,K) = F(H,K)"~UD

under the assumptions of Lemma 9.2.

We are now ready to prove:

Theorem 9.3. The inclusion Fsfetrad <y Fsfe g ¢ homotopy equivalence.

Proof. Fix an F-sclf-centralizing subgroup H < P, and let G := F(H) be the automorphism group of H

in the exterior quotient category.

[EC]

[HE]

Consider the special case that Ffe = fg;fc for some finite group G inducing the exterior quotient cat-
egory F. The weighting for }"gfc was computed in [13, Proposition 8.5]; comparison with Theorem 3.7

yields
_stfsc“(H)) _m _ —X(H/JFE)
| F&e (H)) TR )
Thus the proper coslice category H// fgfc and the poset S}m (H) have identical Euler characteristics
G

for any object H of Fte,

We believe that an abstract version of [13, Proposition 8.5] that does not reference an ambient finite
group is true as well. Such a result would imply that H// Fsfe and S}sfc (H) should in general have
identical reduced Euler characteristics. (In fact, this result will follow from the homotopy equivalence of
the next paragraph.) As the Euler characteristic computation serves primarily to direct our attention
toward the class of subgroups that control the homotopy type, this special case is already enough to
suggest that we should consider the F-radical subgroups. That is where we will focus our attention.

We claim there is a homotopy equivalence H/ /f ~ 8% . There are functors

F(H)

ruiH/F = Sz, ruiHJJF — 8% (9.4)

(H)
There is no loss of generality in assuming that H is fully normalized in F , so that the order of the
P-normalizer of H is maximal in its F-isomorphism class. The functor ry is defined by [¢]ry =
¢ Fr(H?), where [p] = oFx(K) € F(H,K) = F(H,K)/Fk(K) is an object of H/F. Note that this
is well-defined even though ¢ is only defined up to conjugacy in K. The group

Fr(H?) = Cx (H?)\Nx (H?)/H? = Z(H?)\Nxg (H?)/H? = Ny (H?)/H¥*

and the isomorphic group rp(pFx (K)) = ¢ Fx (H¥) are related by the commutative diagram

H —~ H¢

¢ Fr(H?) lfK(H“")=NK(H“")/H‘°
A

A

H—>H

It is clear that T (H?) is a p-subgroup of F(H) and that rg(¢1) < rg(p2) whenever there is an
JF-morphism
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H

Lp1.7:K1(1y X}-KQ(KZ)

K, Ky

under H. Thus ry is a functor. We now want to use Quillen’s Theorem A to show that rgy is an
equivalence of categories.

Let L be a p-subgroup of F(H) = F(H)/Fy(H). We may assume that L is contained in the Sylow
p-subgroup Fp(H) = Np(H)/H of F(H) (which is known to be Sylow by the assumption that H
is fully normalized in F). There is a unique p-subgroup L € [P, Np(H)] such that L = L/H. The
category L/ry is the full subcategory of H/f generated by all objects o Fx (K) € F(H, K) such that
L¥ < Fx(H®) = Ng(H?)/H?, or, equivalently, L < Ny (H?). Here is an attempt to visualize this
relationship:

H—"» H¢
L/Hl lNK(Hﬂ/HV’
H—> H?

The inclusion 1#': H < L of H into L represents both a morphism in F(H, L) and an object of L/ry
because L is contained in (¢} Fp,(L))ry = N (H)/H = L/H = L. By Lemma 9.2 there is an extension

in]?ofgp:H—>K
H
H
N
L > K

to a morphism L — K. We have now shown that (Z F; (L) is an initial object of L/ry for any
object L of S}z( ) According to Quillen’s Theorem A (Theorem 4.1), rg is a homotopy equivalence
of categories.

Since the functor ry takes nonisomorphisms ¢Fx(K) € F(H,K) C Ob(H/F) to nonidentity

p-subgroups of F(H), it restricts to a functor ry: H//F — S;(H) of H//F into the Brown poset
of the automorphism group of H. But since L/ry is contractible for any nonidentity p-subgroup L
of F(H), we already know that the restricted functor rg is a homotopy equivalence of categories. By

property (2.5),
supp (.//jfsfc) C Ob (fschrrad)

and Bouc’s Theorem 4.3 shows that the inclusion of Fsfe+rad jnto Fsfe ig o homotopy equivalence. 0O

10. Linking categories

Let £5 be the centric linking system associated to a Frobenius P-category F [5, Definition 1.7]. We will

prove that the homotopy type of £ is controlled by the F-radical subgroups. This result is part of [3,

Theorem BJ, the full strength of which would be accessible by our methods if we were to consider the more

general notion of a quasicentric linking system.
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We will need the following facts:

« All morphisms in £5 are monomorphisms and epimorphisms [16, Proposition 24.2]
« The weighting for £ vanishes off the F-radical subgroups [13, Proposition 8.5]

Theorem 10.1. The inclusion functor £5°F2d — £ s o homotopy equivalence.

Proof. Let H be an F-self-centralizing object of F. The functor 7: £5f¢ — Fsfe ig bijective on objects and
| |-to-1 for on morphism sets £5(H, K) — F*'(H, K) with codomain K € Ob(F*). K = L (K) < L(K)
acts freely from the right on £(H, K) with quotient £5€(H, K)/K = foC(H, K) [5, Lemma 1.10]. This
implies that if p; € L(H, K1), 2 € L(H, K3), and the commutative F-diagram to the right has a solution

H H
V@Y (WIV@\@Q)W
K > Ky Ky > K>
then the commutative £-diagram to the left has a unique solution [5, Lemma 1.10]. Consider the functor

H/# H/L¥ — H/F*

induced by the functor 7: £5f¢ — F*_ The above considerations mean that any ¢ € £(H, K) C Ob(H/L) is
initial in the category (¢)7/H /7. By Quillen’s Theorem A (Theorem 4.1), H/7 is a homotopy equivalence.

Restricting to the nonisomorphisms we get a homotopy equivalence H//m: H//L — H/ /j-: . Compose
these homotopy equivalences with the homotopy equivalences of (9.4) to get homotopy equivalences

H/L — Sx

Fary  H//LT = Sk (10.2)

F(H)

By property (2.5),
Supp('//,CSfC) c Ob (csfc-i-rad)
and Bouc’s Theorem 4.3 shows that the inclusion of £5%*72d into £5% is a homotopy equivalence. O

It is worth noting that the main connection between the theory of Frobenius P-categories and topology
comes from the classifying space of £, which should be thought of as a generalization of the p-completion
of the classifying space of a finite group. What is interesting in the preceding proof is that we are able
to show that control of homotopy for the linking system actually comes from the seemingly less natural
question about control of homotopy in the exterior quotient category Ffe,

Finally, we close with the dual statement, where the homotopy type is controlled by the “small” non-
identity elementary abelian groups subgroups of P. As there is currently no clear definition for an abstract
linking system which has all nonidentity subgroups of P as objects, we will restrict our attention to the case
where an actual finite group induces L.

Proposition 10.3. The inclusion Eg"eab — L%, is a homotopy equivalence.

Proof. The two expressions, from [13, Theorem 1.1.(2)], and Lemma 5.1(a) and Theorem 3.7, for the
coweighting for [LF]

XS _en) _ XL/ /K)
LK)~ T LR
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show that S};’K) and Lg,//K have identical Euler characteristics for any object K of Lf,. In fact they are
homotopy equivalent as we see in much the same way as in the proof of Theorem 7.1. The proof now follows
from Bouc’s Theorem 4.3 because supp(Ly//K) C Ob(L5™*P) by Lemma 5.1(b). O
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