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Abstract

We discuss a probability distribution I, depending on a parameter 0 <
g < 1 and determined by its moments n!/(q; q),. The treatment is purely
analytical. The distribution has been discussed recently by Bertoin, Biane
and Yor in connection with a study of exponential functionals of Lévy
processes.
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1 Introduction

In [13] Bertoin et al. studied the distribution I, of the exponential functional

7,- / o dt, 1)

where 0 < ¢ < 1 is fixed and (N, t > 0) is a standard Poisson process. They
found the density i,(z),z > 0 and its Laplace and Mellin transforms. They also
showed that a simple construction from I, leads to the density
B 1

log(1/9)(q, =2, —q/%; @)oo’

Ag() (2)
found by Askey, cf. [2], and having log-normal moments. The notation in (2) is
the standard notation from [21], see below.

The distribution [, has also appeared in recent work of Cowan and Chiu [19],
Dumas et al. [20] and Pakes [24].

The proofs in [13] rely on earlier work on exponential functionals which use
quite involved notions from the theory of stochastic processes, see [17],[18].



The purpose of this note is to give a self-contained analytic treatment of the
distribution I, and its properties.

In Section 2 we define a convolution semigroup (I,):~o of probabilities sup-
ported by [0, co[, and it is given in terms of the corresponding Bernstein function
f(s) =log(—s; q)s with Lévy measure v on |0, co[ having the density

dv 1 .
dr = . ZGXP(_SUQ ). (3)
n=0

The function 1/log(—s; q) is a Stieltjes transform of a positive measure which is
given explicitly, and this permits us to determine the potential kernel of (1,);~o.

The measure I, := I,; is a generalized Gamma convolution in the sense of
Thorin, cf. [27], [28]. The moment sequence of I, is shown to be n!/(¢; )., and
the n’th moment of I ; is a polynomial of degree n in t. We give a recursion
formula for the coefficients of these polynomials. We establish that I, has the

density
_1)nqn(n—1)/2
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A treatment of the theory of generalized Gamma convolutions can be found
in Bondesson’s monograph [16]. The recent paper [15] contains several examples
of generalized Gamma convolutions which are also distributions of exponential
functionals of Lévy processes.

We shall use the notation and terminology from the theory of basic hyperge-
ometric functions for which we refer the reader to the monograph by Gasper and
Rahman [21]. We recall the g-shifted factorials

n—1

(z;q)n:H(l—zqk),ze(C,O<q<1,n:1,2,... , 00
k=0

and (z;q)o = 1. Note that (z;¢) is an entire function of z.
For finitely many complex numbers z1, 29, ... , 2, we use the abbreviation

(Zlu 22y 5 Rp; Q)n = (ZIE Q)n<z2§ Q>n . (Zp§ Q>n-
The g-shifted factorial is defined for arbitrary complex index A by

I )
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and this is related to Jackson’s function I'; defined by
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In Section 3 we introduce the entire function h(z) = I'(2)(¢*; ¢) and use
it to express the Mellin transform of /,. We finally show that the density A,
given in (2) can be written as the product convolution of I, and another related
distribution, see Theorem 3.2 below. The Mellin transform of the density A, can
be evaluated as a special case of the Askey-Roy beta-integral given in [4] and in
particular we have, see also [3]:

> te dt . T(T(1-c¢)
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The value of (5) is an entire function of ¢ and equals h(c)h(1 — ¢)/(q; @) oo-
The following formulas about the g-exponential functions, cf. [21], are impor-
tant in the following:

)= =<y, (6)

= (0)n (20

2 The analytic method

We recall that a function ¢ : |0, 00[ — [0, 00| is called completely monotonic, if it
is C*° and (—1)*¢®(s) > 0 for s > 0,k = 0,1,.... By the Theorem of Bernstein
completely monotonic functions have the form

ols) = / " e da), ®)

where « a non-negative measure on [0,00[. Clearly ¢(0+) = «([0,00[). The
equation (8) expresses that ¢ is the Laplace transform of the measure a.

To establish that a probability n on [0, 00[ is infinitely divisible, one shall
prove that its Laplace transform can be written

| e anta) = exp(-s(s). =0,
0
where the non-negative function f has a completely monotonic derivative. If n

is infinitely divisible, there exists a convolution semigroup (7;);~0 of probabilities
on [0, 00[ such that 7; = n and it is uniquely determined by

/ e dm(z) = e 5> 0,
0
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cf. [11],[12]. The function f is called the Laplace exzponent or Bernstein function
of the semigroup. It has the integral representation

F(s) = as + / T - e du(a), (9)

where a > 0 and the Lévy measure v on |0, oo[ satisfies the integrability condition
Jx/(1+x)dv(x) < co. If f is not identically zero the convolution semigroup is
transient with potential kernel kK = fooo 1 dt, and the Laplace transform of x is
1/f since

/Oooesgﬁd“(x) :/Ow(/oooesxdm(fv))dtz/om e 0 dt = ﬁ (10)

The generalized Gamma convolutions n are characterized among the infinitely
divisible distributions by the following property of the corresponding Bernstein
function f, namely by f’ being a Stieltjes transform, i.e. of the form

f’(s):ot—l—/ooO du(z) s> 0,

s+z’

where a > 0 and p is a non-negative measure on [0, 0o[. The relation between u
and v is that p L e
v
— = — “du(y).
T = o /0 e ™ du(y)
This result was used in [6] to simplify the proof of a theorem of Thorin ([27]),
stating that the Pareto distribution is a generalized Gamma convolution.

Theorem 2.1 Let 0 < g < 1 be fized. The function
f(s) =log(—s: @)oo = » _log(1+5q"), 5>0 (11)
n=0

is a Bernstein function. The corresponding convolution semigroup ((1y+)i0) con-
sists of generalized Gamma convolutions and we have

o0 1
e Al () =T = —— _ s>0. 12
|t = 2

The potential kernel kg = fooo I,+dt has the following completely monotonic den-
sity

() =1— g+ / e o(y) dy, (13)

where @ is the continuous function

(z) = n (log?|(w; q)oc +0272) " if ¢V <z <g m=12,...
7 0 if x=q ", n=0,1,....

(14)



Proof. The function f defined by (11) has the derivative

6 =3

n=0
showing that f’ is a Stieltjes transform with a = 0, and p is the discrete measure
with mass 1 in each of the points ¢7",n > 0. In particular f is a Bernstein
function with ¢ = 0 and Lévy measure given by (3).

Since
log(1 + s) /OO 1 dzx
1

s - r+s o
we get ([z] denoting the integer part of x)

fls) _ /°° logz/log(1/q)] +1

s (x+9s)z

showing that f(s)/s is a Stieltjes transform. It follows by the Reuter-I1t6 Theo-
rem, cf.[22],[25],[5], that 1/f(s) is a Stieltjes transform. Since f is an increasing
function mapping | — 1, oo[ onto the real line with f(0) = 0 and f'(0) = 1/(1 —q)

we get
1 1-— < d
B q+/ u(@)
1 T+S

f(s) s

where

—1 1
du(x) = lim — Im{

y—0t+ T f(—=z +1iy) bdu

in the vague topology.
For x € }q_(”_l),q_”[, n=12... we find

n—1 00 -1
1
lm ——— = E log|1 — ¢*x| + inm + E log(1 — ¢z
y—0t f(—z +iy) (k:(} | | P ( )

= (log (2 q)oc| +inm) "

These expressions define in fact a continuous function on [1, 0o, vanishing at the
points ¢~",n > 0, so the measure p has the density ¢ given by (14). Using that
the Stieltjes transformation is the second iteration of the Laplace transformation,
the assertion about the potential kernel x, follows. [J

Denoting by &,,a > 0 the exponential distribution with density a exp(—ax)
on the positive half-line, we have

/ 5% dga(iC) — eflog(1+s/a), s> 0,
0

so we can write I, := I, ; as the infinite convolution

_ ,00
I, =02 Epn.
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If we let I', ; denote the Gamma distribution with density

at

t—1_—ax
rT— —x e x>0,
I'(t)
then we similarly have
lop = *u20 g

Specializing (12) to t = 1 we have

o 1

e dl(x) = ———, s>0, (15)
jg ! C_S;Q%m

and since the right-hand side of (15) is meromorphic in C with poles at s =

—q~",n > 0 and in particular holomorphic for |s| < 1, we know that I, has

moments of any order with

1

sn(ly) = (—1)”D”{m}8:07 n

=0,1,...,

cf. [23, p.136]. Here and in the following we denote by s, (1) the n’th moment of
the measure p. However by (6) we have

1 = ()
Codn = 2= (16)

“— (¢;q)n

hence

n!
snlla) = (¢ 0)n )

Since I, has an analytic characteristic function, the corresponding Hamburger
moment problem is determinate. By Stirling’s formula we have

> 1
S ——
; 2\n/ 32n(Iq)

so also Carleman’s criterion shows the determinacy, cf. [1]. By [7, Cor. 3.3]
follows that I,; is determinate for all ¢ > 0 and by [9] the n’th moment s,(/,¢)
is a polynomial of degree n in t given by

n

sull)) = cost®, n>1, (18)
k=1

where the coefficients ¢, satisfy the recurrence equation

n
n
Cn+1,l+41 = E Ck,l L Op—k-

k=l
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Here o, = (—1)"f"*1(0), where f is given by (11), cf. [9, Prop. 2.4], so o, is
easily calculated to be

n!

On:m,nzo.

It follows also by [9] that

eon=00=01—-q)7", cp1=0n1=m—-1/(1—-4q").

Defining d,, . = (1 — q)*c, 1 we have

n k
t
S (Iq,t) = Z dn,k (H) , n 2 1, (19)
k=1

and

n d n—k -1
dnt141 = n' k_ ( q’) ,1=0,1,... ,n. (20)
=1

Jj=0

In particular

6) SR
dpp = 1) dypp—1 = = ) dnpy = —1)! I .
; n—1 1+q )1 (n ) ( q )

We give the first coefficients

i =1
1
dyy = 1, doyy = ——
2,2 ) 2,1 1+q
3 2
dsg = 1, dgg = ——, dg; = ———.
33 S DA R Gy

It follows by induction using (20) that d, x as a function of ¢ has a finite limit
forqg — 1.

The image measures p; = 7_4(I,;) under 7_,(z) = (1 — ¢) form a convolu-
tion semigroup (p¢)¢~o with

o 1
/ e du(z) = = , §>0,
0

1—q);q)k

and

3



It follows that s, (p;) — t" for ¢ — 17, so lim,_,;- 1z = &, weakly by the method
of moments. This is also in accordance with
1 —st

lim =e 7,
g—1- (=s(1 = q);q)&

because the g-exponential function E, given in (7) converges to the exponential
function in the following sense

lim E,(z(1 —q)) = exp(z),

q—>17
cf. [21].

Remark 2.2 Consider a non-zero Bernstein function f. In [17], [18] it was
proved by probabilistic methods that the sequence

n!
fQ@Q)-...- f(n)

is a determinate Stieltjes moment sequence, meaning that it is the moment se-
quence of a unique probability on [0,00[ . The special case f(s) = 1 — ¢° gives
the moment sequence (17). In [10] the above result of [17], [18] is obtained as a
special case of the following result:

Let (ay,) be a non-vanishing Hausdorff moment sequence. Then (s,) defined
by so =1 and s, = 1/(ay - ... a,) for n > 1 is a normalized Stieltjes moment
sequence.

In order to find an expression for I, we consider the discrete signed measure

> (_1)kzqk(k+1)/2

=3

(21)

-~ 5 ~ k
— (g )r(@ D)
with moments
B R (_1)kzanqk(k+1)/2 B (an;Q)oo B 1
Sn(luq) - Z ( . . - . - . )
—~ (¢ 0)(¢ 9o (6D (G Dn

where we have used (7). In particular, the signed measure p, has mass 1.

For measures v, 7 on |0, 00[ we define the product convolution v ¢ 7 as the
image of the product measure v ® 7 under z,y — xy. The product convolution is
the ordinary convolution of measures on the locally compact abelian group |0, oo
with multiplication as group operation. In particular we have

/fdu<>7://f(:z:y)du(x)dT(y).
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From this equation we get the moment equation

sp(voT) = s,(V)sn(7),

hence s, (1,0 &1) = n!/(q; q)n, which shows that u, ¢ & has the same moments as
I,. Since the first measure is not known to be non-negative, we cannot conclude
right-away that the two measures are equal, although I, is Stieltjes determinate.
We shall show that 1, ¢ £ has a density ¢,(x), which is non-negative. Since
0q 0 & = &1q for a > 0, it is easy to see that

Z exp(—zq "

but it is not obvious that i,(x) > 0.

( 1)ngnin=1/2
(q (¢ @)oo

(22)

Proposition 2.3 The function i,(x) given by (22) is non-negative for x > 0.
Therefore Iy = p1q ¢ &1 = ig(x) 10 0of(x) d.

Proof. The Laplace transform of the function i, is

nz: s+q

which is the partial fractlon expanswn of 1/(—$;q)w0, since the residue of this
function at the pole s = ¢™"

n n(n 1)/2

NG Dn (¢ @)oo (23)

(_1)nqn(n—1)/2
(4 0)n(¢5 @)oo

We claim that
i n n(n 1)/2

n=0

, s#q ",n=0,1,..., 24
s+q 145 0)n (g @)oo (24)

which shows that I, and 7, have the same Laplace transform, so 7, is the density
of I, and hence non-negative.

To see the equation (24) we note that the left-hand side minus the right-hand
side of the equation is an entire function ¢, and by (16) we get

o"(0) _ (=D)" (D" 5 q(%l)k(—l)’“q’“(’“*””
n! (G (D)= (4: )

n+1.

but by (7) the sum above equals (¢"*';¢)s, and we get ¢ (0)/n! = 0, which

shows that ¢ is identically zero.



We call the attention to the fact that the identity (24) was also used in the
work [20] of Dumas et al., but it is in fact a special case of Jackson’s transforma-
tions, see (IIT 4) in [21] withb=1,a = —s,2 =¢. O

Let R, denote the following positive discrete measure

Ry=(¢:0) Y (q?’q>k5qk (25)
with moments
L & (qn+1)k L
sn(Rq) = (q; q)oo]; T (4 @), (26)

by (6). We claim that p, given by (21) and R, are the inverse of each other under
the product convolution, i.e.

01 = pg o Ry. (27)
This amounts to proving that
n (_1)qu(k+1)/2qn—kz

2

— (k@ D

:67107 nZO,

but this follows by Cauchy multiplication of the power series (6), (7). Combining
Proposition 2.3 with (27) we get:

Corollary 2.4 The following factorization hold
81 = Iq <o Rq,
which corresponds to the factorization of the moments of & as

n!

nl= "
(¢;9)n

(¢ On-

Remark 2.5 The factorization of Corollary 2.4 is a special case of a general
factorization in [14]:

n!
Ei=10oRs, nl= (f(1)-...- f(n)),
1 = Iy o Ry o) (f(1) (n))
where f is a non-zero Bernstein function (9), and If, Ry are determined by their
moiments

n!

Q). f(n)’

sully) = SulBy) = F(1) ...~ ().
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3 The entire function h(z) :=I'(2)(¢*; ¢)x

Since the Gamma function has simple poles at z = —n, n = 0,1,..., where
(¢%; ) has simple zeros, it is clear that the product h(z) := I'(2)(¢* ¢)so is
entire. We have

z

7(0) = Hm T'(2)(¢%; @)oo = I T'(z + 1)(¢75 ¢)oc 1 _Zq = (¢:9)o log(1/9),

z—0

and from this it is easy to see that

(=n) = LD 012 ) og(1/). (28)

Proposition 3.1 For z € C we have
o h 1
/ ¥ dl,(v) = M (29)
0 (4 ¢)oc
Proof: For Rz > —1 the following calculation holds by (22) and (7):

/ T (r) = i A / e dr = (g ) 2T( + D@ )
0 ! (¢ D)n(G: D)oo Jo e U

n=0

Since the right-hand side is entire and I, is a positive measure, we get by a
classical result (going back to Landau for Dirichlet series, see [29, p.58]) that the
integral in (29) must converge for all z € C, and therefore the equation holds for
all z€ C. O

When discussing measures on |0, oo[ it is useful to consider this set as a lo-
cally compact group under multiplication. The Haar measure is then dm(z) =
(1/x) dx, and it is useful to consider the density of a measure with respect to the
Haar measure m. The Mellin transformation is the Fourier tranformation of the
locally compact abelian group (]0, 0ol, -), and when the dual group is realized as
the additive group R, the Mellin transformation of a finite measure p on |0, oof
is defined as

MG(©) = [ o duta). ¢ <R
We get from (29) that

B i€)
M()(&) = ———=. 30
From Proposition 3.1 it follows that I, has negative moments of any order,

and from (28) we get in particular that
1

Jg = mdlq(x) (31)
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is a probability. )
The image of J, under the reflection x +— 1/x is denoted J,,.

Theorem 3.2 The product convolution L, := I, ¢ jq has the density (2)

1
- log(1/¢)(¢, —x, —q/%;¢)

Ag(2)

with respect to Lebesgue measure on the half-line.

Proof: For z € C we clearly have

/O 2t dLy(z) = /0 "t dl,(x) /0 Tt dd, (),

and by (29) we get N M+ Dh(—2)
[ = log(1/a)(¢; 0%

By (5) it follows that for z € C

/ mZqu(x):/ x* () dz,
0 0

Remark 3.3 In [13] the authors prove Theorem 3.2 by showing that

so L, = A\(z)dz. O

o0

- z _ 1 Oomz (_1)nqn(n+1)/2 ZL‘
/0 vl = (q;q)iolog(l/Q)/o (Z T+ g ) !

n=—oo

for —1 < Rz < 0, and then they prove the partial fraction expansion of the
meromorphic density A,(z)

I S VG
e g 2 e

(¢;9)% log =
Remark 3.4 The moments of jq are given by
7 Q; q n —(n n
sy = EDn s, (32)

ol

SO

= 1
> =<
n=0 % Sn(Jq)
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Therefore Carleman’s criterion gives no information about determinacy of jq. By
the Krein criterion, cf. [8],[26], we can conclude that

o Va(l+z)

because I, is determinate. The substitution # = 1/y in this integral leads to

> logig(1/y) dy = —oo, (33)

o Vy(l+y)
but since ‘
P iq(1/y) dy
* ylog(1/q)’
we see that (33) gives no information about indeterminacy of .J,. We do not

know if Jq is determinate or indeterminate, and as a factor of an indeterminate
distribution L, none of these possibilities can be excluded.
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