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(where d(z) = dist(z,092)). The interior regularity of w is
lifted when f is more smooth.
© 2018 Elsevier Inc. All rights reserved.

0. Introduction
There is currently a great interest for evolution problems (heat equations)
Pu(z,t) + Owu(z,t) = f(z,t) on Q@ x I, Q open C R", I =]0,T7, (0.1)

where P is a nonlocal operator, as for example the fractional Laplacian (—A)* (0 <
a < 1) or other pseudodifferential operators (1do’s) or singular integral operators. For
differential operators P, there are classical treatises such as Ladyzhenskaya, Solonnikov
and Uraltseva [30] with L,-methods, Lions and Magenes [33] with Ls-methods, Fried-
man [11] with Ly semigroup methods, and numerous more recent studies. Motivated
by the linearized Navier—Stokes problem, which can be reduced to the form (0.1) with
nonlocal ingredients, the author jointly with Solonnikov treated such problems in [24]
(for Lo-spaces) and [17] (for Ly-spaces). In those papers, the operator P fits into the
Boutet de Monvel calculus [5,15,16,19], and is necessarily of integer order.

This does not cover fractional order operators, and the present paper aims to find
techniques to handle (0.1) in fractional cases. Firstly, we treat ©¥do’s without boundary
conditions in Sections 2 and 3, where we introduce a systematic calculus that allows
showing regularity results globally in R"*! and locally in arbitrary open subset ¥ C
R™*!, in terms of anisotropic function spaces described in detail in Appendix A:

Theorem 0.1. Let P be a classical strongly elliptic do P = OP(p(z,£)) on R™ of or-
derd € Ry. Let s € R, 1 < p < oco. Then P + 0, maps H,S”d’s/d“)(Ran) —
HS /DR xR).

1° Let u € Hz(,r’r/d) (R™ xR) for some large negative r (this holds in particular if
u € E'(R™) or e.g. Ly(R;E'(R™))). Then

(P +0n)u € Hi®¥/D(R"xR) = u € HF /4D (R xR). (0.2)
2° Let 3 be an open subset of R"1 and let u € HI(,S’S/d) (R™xR). Then

(P+0)uls € HSY/D(S) = uwe g4/ (%), (0.3)

p,loc p,loc

B}()s,s/d)

The analogous result holds in Besov-spaces , and there is also a result in

anisotropic Holder spaces that can be derived from (0.3) by letting p — oc.
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A celebrated example to which the above theorem applies is the fractional Laplacian

(—A)%u = Op(|€[**)u = FH(|€]**a(€)), also defined by

(0.4)

At — e py [ @)~ u)
(-a)u(x) MPVR[ e .

which has interesting applications in probability, finance, mathematical physics and dif-
ferential geometry. Along with (0.4), one considers more general translation-invariant
singular integral operators

Pu(x) — PV/ (U(ZIJ) — ul(zjntgl»k(y”y) dy, (05)

with k(y) even and positive on S"~! (cf. e.g. the survey of Ros-Oton [37]); they are
infinitesimal generators of stable Lévy processes. Further generalizations with nonho-
mogeneous or nonsmooth kernels are also studied. When k € C°, the operator (0.5) is
a tdo of order 2a with positive homogeneous symbol p(§) even in &, and Theorem 0.1
applies with d = 2a.

We underline that the above regularity results apply not only to such operators,
but also to x-dependent do’s, and to wdo’s with complex symbol, without special
symmetries and with a different behavior at boundaries (no “transmission property”).
(An example is the square-root Laplacian with drift (—A)2 + b(z) - V.)

For (0.5), regularity questions for solutions of (0.1) have been treated recently by
Leonori, Peral, Primo and Soria [32] in L,(I; L,(f2))-spaces, by Fernandez-Real and
Ros-Oton [10] in anisotropic Holder spaces, and by Biccari, Warma and Zuazua [3] for
(—A)® in Ly-spaces valued in local Sobolev spaces over . Earlier results are shown e.g.
in Felsinger and Kassmann [9] and Chang-Lara and Davila [7] (Holder properties), and
Jin and Xiong [28] (Schauder estimates); the references in the mentioned works give
further information, also on related heat kernel estimates.

The second aim of our paper is to obtain a global result in L, Sobolev spaces for
the heat equation (0.1) for (—A)® or (0.5), with Dirichlet boundary condition on a
bounded smooth domain €2, giving a detailed description of the solution. By combining
the characterization of the Dirichlet domain obtained in [21] with a semigroup theorem
of Lamberton [31] put forward in [3], we show in Section 4:

Theorem 0.2. Let 1 < p < oo. When P = (—=A)®, or is an operator as in (0.5) with
ke C%, and Q2 C R"™ is bounded smooth, then the evolution problem

Pu+du=f on Qx 1,
u=0on (R"\Q)xI, (0.6)
u=0 fort=20,
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has for any f € L,(Q x I) a unique solution u(z,t) € C°(I; L,()), that satisfies:
w € Ly(I; HX® (Q)) N H (I; Ly(Q)). (0.7)

Here Ha(za)(ﬂ) is the domain of the Dirichlet L,-realization Ppi.p, of P and equals
Hg’a(ﬂ)+v where V.= 0 if a < 1/p, V C H2a Q) ifa=1/p, V C d°H, »(Q) if
a > 1/p (here d(x) = dist(x, 00)).

For the time-dependent problem, this precision is new.
An application of Theorem 0.1 2° gives moreover:

Corollary 0.3. Let u be as in Theorem 0.2, and let r =2a if a < 1/p, r=a+1/p—¢ if
a>1/p (for some small e > 0). Then for 0 < s <r,

Fe N QxT) = we HGEZCO(Qx 1), (0.8)
For larger s, the local regularity (0.8) can be obtained via Theorem 0.1 2° if one knows
on beforehand that u € H,SS’S/@“))(IR{" x I).

Plan of the paper Section 1 gives some definitions and prerequisites. The definitions
and properties of anisotropic Sobolev spaces (of Bessel-potential and Besov type) are
collected in Appendix A. In Section 2 we show how an anisotropic symbol calculus can be
introduced, that covers the operators P+ 0; with a pseudodifferential P of order d € R
Section 3 gives the proofs of the global and local regularity stated in Theorem 0.1. In
Section 4 we start by introducing some further prerequisites needed for the global results
on a bounded smooth subset, and then give the proof of Theorem 0.2.

1. Preliminaries

We shall use the notation set up in [21], also used in [20,22], and will just list some
important points here.
The function (€) equals (|€|2 4+ 1)2. The Fourier transform F is defined by @(¢) =
fR e~ Sy(z) dr; it maps the Schwartz space S(R™) of rapidly decreasing
C°° functlons into 1tse1f, and extends by duality to the temperate distributions S’(R™).
A pseudodifferential operator (ydo) P on R™ is defined from a symbol p(z,£) on
R™ x R™ by

Pu=OP(p(a, )= (20) " [ & pla ads = L, e OFu(©). (1)
using the Fourier transform F. We refer to textbooks such as Hormander [26], Taylor [45],

Grubb [19] for the rules of calculus (in particular the definition by oscillatory integrals
n [26]). The symbols p of order m € R we shall use are generally taken to lie in the
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symbol space ST%(R"™ x R™), consisting of C'*°-functions p(z,£) such that 858?]9(3@,5)
is O((¢)™~1el) for all a, B, for some m € R, with global estimates for 2 € R" (as in
26| start of Sect. 18.1, and [18]). P (of order m) then maps H,(R™) continuously into
Hy=™(R") for all s € R (cf. (1.4)). P is said to be classical when p moreover has an
asymptotic expansion p(z,§) ~ > oy, pj (2, §) with p; homogeneous in £ of degree m — j
for |£] > 1, all j, and

p(z, &) — Zj<Jpj(m,§) € Sy (R™ x R™), for all J. (1.2)

P is then said to be (uniformly) elliptic when |po(z,&)| > c|&|™ for |£] > 1, with ¢ > 0.

To these operators one can add the smoothing operators (mapping any H;(]R”) into

N, Hj(R™)), regarded as operators of order —oo. S7%(R"™ x R™) will also be written
o (R*™) for short.

Formula (1.1) will also be used in some cases of more general functions p for which
the definition can be given a sense, for example in case of the symbol ((¢) + i&,)*
(4.2), the anisotropic symbols in Definition 2.1, the symbol [¢]|* in Example 2.10.

Recall the composition rule: When PQ = R, then R has a symbol r(z,&) with the
following asymptotic expansion, called the Leibniz product:

r(x,&) ~ p(x, O #q(x,8) = > Dgplw, )05 q(x,€)/al. (1.3)

aeNy

We shall also define ¥do’s on R™*! with variables denoted (z,t), the dual variables
denoted (&, 7). The symbols h(z,t, &, 7) may satisfy other types of estimates with respect
to (£,7) than the S estimates mentioned above. To distinguish between operators on
R™ and R" ™! we may write OP,(p(z,&)) resp. OP, (h(x,t,&,7)).

The standard Sobolev spaces W*P(R"), 1 < p < oo and s > 0, have a different
character according to whether s is integer or not. Namely, for s integer, they consist of
L,-functions with derivatives in L, up to order s, hence coincide with the Bessel-potential
spaces H,(R"), defined for s € R by

Hy(R") = {u € S'(R") | F7'((&)*a) € Ly(R")}. (1.4)

For noninteger s, the W*P-gpaces coincide with the Besov spaces, defined e.g. as follows:
For 0 < s < 2,

[ €B(R") <= ||pr / L h |z +y2|£4(r(pf 9/ dxdy < oo; (1.5)

and B5HHR") = (1 — A)~/2B3(R"™) for all t € R. The Bessel-potential spaces are
important because they are most directly related to L,(R™); the Besov spaces have other
convenient properties, and are needed for boundary value problems in an H,-context,
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because they are the correct range spaces for trace maps (both from Hp and B;—spaces);
see e.g. the overview in the introduction to [16]. For p = 2, the two scales are identical,
but for p # 2 they are related by strict inclusions:

H, C B) when p>2, H, > B, when p <2. (1.6)

When working with operators of possibly noninteger order, it is much preferable to
use the different notations for the two scales, rather than formulating results in the
W#:P-scale, where the definition changes when s changes between integer and noninteger
values, so that mapping properties risk not being optimal.

For any open subset 2 of R™, one can define the local variants:

oloc() = {u € D'(Q) | Yu € Hy(R") for all ¥ € C5°(Q)},
H () = {u € Hy(R") | suppu compact C Q},

p,comp

(1.7)

and similar spaces with B.

In Appendix A we list anisotropic variants of the Bessel-potential and Besov scales
with weights (d, 1), and explain their relation to Sobolev scales; this can also be read as
a supplementing information on the isotropic case where d = 1.

Further notation from [21] is recalled in the start of Section 4 below where it is needed.

2. Anisotropic symbols

When P is a pseudodifferential operator on R™ of order d € R, it is a well-known fact
that if P is elliptic, the solutions u to the equation Pu(x) = g(x) on an open subset )
are d values more regular than g, e.g., g € H;’,IOC(Q) implies u € H;jo‘i(ﬂ) for s € R.
(Cf. e.g. Seeley [42], Kohn and Nirenberg [29], Hormander [25,26] and the exposition in
Taylor [45]). It was one of the purposes of setting up the rules of symbol calculus to have
easy access to such regularity results.

For the parabolic (heat operator) problem Pu(x,t) + O;u(x,t) = f(x,t) on R* T it is
not quite as well-known what there holds of regularity. In the differential operator case,
when P is strongly elliptic, then P + 0; and its solution operator belong to a natural
class of anisotropic 1do’s on R™*! where there are straightforward results. But if P is
truly pseudodifferential, the symbol of P + J; does not satisfy all the estimates required
in a standard tdo calculus on R™*!, but something weaker (see the discussion in [15,18]
in Remark 1.5.1ff and at the end of Section 4.1, with references). The operators were
analyzed briefly in an Lo-framework in [15,18], Sect. 4.2 (which focused on kernel esti-
mates). The mapping properties were extended to L,-based spaces HZ(,S’S/ 9 and BZ(,S’S/ d)
in [17] (cf. Th. 3.1(1) there), for operators P of integer order d, in connection with a
study of boundary value problems in the Boutet de Monvel framework. This depended
on a symbol calculus carried over from the calculus developed in the book [15,18], and

relied on L,-boundedness theorems of Lizorkin [35] and Yamazaki [47].
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In the present paper we are interested in heat problems with operators P of primarily
noninteger order (such as (—A)®), not covered by [17]. There is the question of mapping
properties of P+ 9y, and of the existence of (approximate) solution operators under suit-
able parabolicity hypotheses, that allow showing regularity of solutions. In addition there
is the question of local reqularity, often shown by use of commutations with cut-off func-
tions. All this can be handled by setting up a systematic calculus, including composition
rules. Let us now present the appropriate symbols and estimates.

In the following, d € Ry is fixed. The basic anisotropic invertible symbol in the
calculus is {&, 7}, with definition

{67} = (& + 73D, (2.1)

leading to the “order-reducing” operators

O%u = OP({f, T}s)u = ‘F(_g}r)e(w,t)({g’ T}S}-(z,t)ﬁ(gﬁ)’u,), (2.2)
for all s € R. Then the anisotropic Bessel-potential spaces can be defined by
HS /DR xR) = © L, (R™H); (2.3)

Bz()s,s/d

see more about such spaces and the related Besov family ) below in Appendix A.

Definition 2.1. Let m and v € R. The space S%V(RQ"H) of d-anisotropic (or
just anisotropic) symbols of order m and with regularity number » consists of the
C*°-functions h(z,&,7) on R™ x R x R satisfying the estimates

1070203 h(x, €, 7)| < Cap (€)1 + {&, Ty 1D {g, rym ==Y, (2.4)

for all indices o, B € Nij, j € Np.
In particular, in case m = 0 and v > 0, the symbols satisfy

10708 01h(2,€,7)] < Cap,i(€) 1 HE T}V < Caypy (€)1 7) . (2.5)

These symbol classes are very similar to those introduced in [15,18], Section 2.1. The
difference is that (£, u) there has been replaced by the anisotropic {£, 7} here, and that
the rule for differentiation in 7 is that it lowers the order by dj instead of j (still without
changing the regularity number). Therefore the symbols allow a very similar calculus.

Let us first show that some symbols of interest lie in these classes.

Lemma 2.2. 1° For s € R, the estimates (2./) are satisfied by {&, 7}° withv = 2d, m = s.
2° Let p(x,€) be a ¢do symbol in ST'\(R*™) for some m € R. Then, considered as a
symbol on R***1, constant in 7, it belongs to S{'s™ (R**+1).
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3° Let p(x,€) be apdo symbol in ST o(R®*™). Then h(z, &, 7) = p(x,§) +ir satisfies the
estimates (2.4) with v =d, m = d, i.e., belongs to Si’g(RQ"H).

Moreover, if |p(z,€) +it| > c({£)? + |7|) with ¢ > 0, then (p(z,&) +iT)~ ! satisfies the
estimates with v =d, m = —d.

Proof. 1°. Denote for short
& =0, {&Th=r, (2.6)
and observe that

kmled if v >0,

2.7
ovlelgm=rif v <. &7

(O_V7|o¢\ +HV7|OC|)I£m7V ~ {

For {&,7} = ((€)%% 4 72)1/24 itself, we have that

0e, (€)1 + 7)1/ =
aq_(<§>2d =+ 7_2)1/2cl _

(€)% + 72) 120124 () 2719, (&) = K210 1 0 (€),

(<§>2d _"_7_2)(1/2(1)—127_ _ Clil_QdT,

g~ Bl

which satisfy the estimates with m = 1 and v = 2d (note that O, (£) is bounded and
(t) < k). Further differentiations give linear combinations of such expressions, where
¢ produces a factor 024~/ in at least one of the terms, whereas 07 only gives factors
comparable with powers of k. The weakest term in each expression is the one with the
lowest power of o; for 9¢ 7k the power is 2d — |a, so (2.4) holds with m = 1, v = 2d.

For k* we use that its derivatives are linear combinations of products of x*~* (k € Ny)
with expressions as above.

2°. We have for all a:

9ep| < C(e)m1l < o™l 4 pmlelypmm, (2.8)

showing the asserted estimates.

3°. For p(x, &) + it we have that clearly |p+it| < Ck?. Moreover, O¢' (p+ i) satisfies
the estimates (2.8) with m = d for |o| > 0, and 0-(p + i7) = 4, the higher derivatives
being 0. This shows the first assertion.

For the second assertion, the given hypothesis shows that |(p(z,&) 4+ i7) "} < Ck™9;
then since the derivatives produce negative integer powers (p(z,&) +i7)~* times deriva-
tives of p(z, &) + i7, the assertion is seen using the first estimates. O

We have as in [15,18], Prop. 2.1.5:

Lemma 2.3. The product of two symbols of order and regularity m, v resp. m',v' is of
order m" = m +m’ and regularity v = min{v,v',v + v'}.
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Likewise, when h(z,&,7) € S¢"(R*"*1) and h/(x,&,7) € ST(;’V/(RQ”H), then the
Leibniz product

W@, &)~ Y LDEh(x, & )OS (x,€,7) (2.9)

aeng o
belongs to S”f?(;/’”” (R2n+1),
Proof. The first assertion is seen by use of the elementary fact that
((0/8)" +1)((0/K)" +1) < 3(c/w)"" +1. (2.10)

(Details in the proof of [15,18], Prop. 2.1.6.) The second assertion now follows by appli-
cation of the first assertion to each term in the asymptotic series. O

Here the Leibniz product represents the symbol of the composition of OP(h) and
OP(h'), as in [15,18], (2.1.56). Note that since the symbols are constant in ¢, there are
only terms with z, {-derivatives.

Remark 2.4. The proofs in [18] are formulated in the framework of globally estimated
1do’s of Hormander [26], Sect. 18.1 (estimates in « € R™), whereas the proofs in [15] are
based on a more pedestrian local ¥do calculus. The global calculus has the advantage
that remainders of order —oo are treated in a simpler way, and the Leibniz product has
a precise meaning. We will take advantage of this fact in the following, and refer to [26]
and [23,18] for more detailed explanations.

Remark 2.5. A classical ¥»do P of order d > 0 is said to be strongly elliptic, when the
principal symbol po(z,§) takes values in a sector Vs = {z € C | |argz| < § — 4} for
€] > 1, some 0 < § < F; equivalently, Re po(z, &) > col€|? for €] > 1, with ¢o > 0. (Recall
that we take pp to be homogeneous in & for |[£| > 1, and C*°.) It is not hard to choose
the extension of the homogeneous function into |£] < 1 to keep satisfying po(x, &) € Vs,
with minj¢j<; Repo(z, &) > 0. Then po(x,§) + iT satisfies |po(z, &) + it| = c((€) + |7])
with ¢ > 0. The operators P + 0; and symbols p + i7 are called parabolic in this case.
See also the discussion in [15,18], Definition 1.5.3 ff.

In the parabolic case there is a parametrix symbol (symbol of an approximate inverse):

Lemma 2.6. Let h(z,&,7) = p(x,&) +i7, where p(x,§) is a classical strongly elliptic v do
symbol of order d € Ry on R™. Then there is a parametriz symbol k(z,&,7) such that
(p +iT)#tk(z, &, 7) — 1 and k(x, &, 7)#(p +i1) — 1 are in (e, S’;g’d_k(Rg”“) (i.e.,
they are 0 modulo regularity d).

Proof. As noted in Remark 2.5, p has a principal symbol pg that is nonvanishing and

takes values in a closed subsector of {Re z > 0}, whereby pg+i7 and its inverse (po+i7) !
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are as in Lemma 2.2 3°. Here kg = (po + i7)~! is the principal term in a parametrix
symbol k for h. The construction of the remaining terms in a full parametrix symbol is
a standard construction similar to the proof of [15,18], Th. 2.1.22. O

Now we shall account for the mapping properties of such operators between anisotropic
Bessel-potential spaces (2.3). For isotropic standard do’s this relies on Mihlin’s multi-
plier theorem, but for the present operators we need instead a Lizorkin-type multiplier
theorem allowing separate estimates in different groups of coordinates; here we shall use
the criterion of Yamazaki [47] (see the account of the various criteria in [23], Sect. 1.3):

Lemma 2.7 (//7]). Let n' € N. When a(y,n) on R" x R" satisfies
0 05ialy,n)| < Cpyy j=1,...,n/, ay <n'+1, 8] <1, (2.11)
then OP(a) is bounded in L,(R™) for 1 < p < cc.
It is a space-dependent variant of Lizorkin’s criterion. It will be used with n’ = n+ 1.

Theorem 2.8. Let h(x,&,7) € S7¢"(R*" ') with v > 0. Then H = OP(h(x,,7)) is
continuous:

OP(h(z,&,7)): H{™*/D(R"xR) — H=m =™/ (R xR), foralls € R.  (2.12)
Proof. By Lemma 2.3,
{6y gth(e, & m)#{E, Ty € S R, (2.13)
In view of (2.5), it satisfies (2.11) with n’ =n+ 1, y = (z,t) and n = (&, 7), hence
H =0°"""THO™*

is bounded in L,(R"*!). By the definition of the spaces in (2.3), it follows that (2.12)
holds. O

The proof is of course simpler for z-independent operators, where (2.13) is just a
product.
As a corollary, we have:

Corollary 2.9. Under the hypotheses in Theorem 2.8, H also maps
OP(h(z,&,7)): BY*/D(R™ xR) — B~ ™™/ D (R XR), for all s € R, (2.14)

Proof. This follows from (2.12) by use of real interpolation as in the third line of
(A7). O
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Example 2.10. Consider the operator Hy = (—A)® + 9; = OP(|¢|** + i7). Introducing
the smooth positive modification [£] of |£]:

[€] is C*° and > 1/2 on R", [¢] = [¢] for [§] > 1, (2.15)
and setting r(&) = |£]2* — [€]** (supported for |¢| < 1) we can write Hy as
Ho = H\,+ R, H)=O0P([¢]* +it), R = OP(r(€)). (2.16)

Here H{ satisfies 3° of Lemma 2.2 with d = 2a, and R is smoothing in R™, since its
symbol is O((¢)~Y) for all N. Then

Hp: H#9/CO)(R? xR) — H~205/C0)=D(R" xR), for all s € R, (2.17)

by Theorem 2.8. For R, we note that

e, Ty 72 (©)a(e, 7 < CHE Ty alg, ),

since 2a > 0, so R also has the continuity in (2.17) for all s. It follows that
Ho: H{®¥/CO)/(R? xR) — H~2%%/C0)=D(R" xR), for all s € R. (2.18)

There is the parametrix K} = OP(([¢]** + i7)7!); it clearly maps continuously in the
opposite direction of (2.18).
The mapping properties also hold with H-spaces replaced by B-spaces throughout.
A similar proof works for symbols p(£) that are positive for £ # 0 and homogeneous
of degree 2a.

Example 2.11. Here are some other simple examples, to which the theory applies: P =
(=A +b(z) - V + ¢(x))* of order 2a (fractional powers of a perturbed Laplacian), and
P = (=A)z +b(z)-V of order 1 (the square-root Laplacian with drift). The coefficients

b(x) = (bi(x),...,bn(z)) and c¢(z) are taken smooth, real and bounded with bounded
derivatives. The symbol |€]+ib(x)-€ is complex, with real part |£], hence strongly elliptic,
and |[€] +ib(z) - € 47| > ¢((€) + |7|) with ¢ > 0. Another example is P = —A + (—A)z;
here d = 2.

Remark 2.12. There is an important work of Yamazaki [48] dealing with quasi-homogene-
ous 1do’s (and para-differential generalizations), acting in associated quasi-homogeneous
variants of the Triebel-Lizorkin spaces I}, , and Besov spaces B, , with 0 < p,q < oo;
the spaces are defined by refined techniques involving dyadic decompositions in £-space
(see also Triebel [46] for accounts of function spaces, and Schmeisser and Triebel [41]
for anisotropic variants). However, it seems that the t¢do’s in [48] do not include our
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cases, since the symbol spaces require that high derivatives of the symbols are domi-
nated by ((¢, 7))~ where any N is reached, in contrast to our estimates (2.4). (Cf. [48],
Definition, pp. 157-158.)

Much of what is said above could also be carried through in cases where P is allowed
to depend moreover on t (allowing a treatment of t-dependent heat equations); in par-
ticular, Lemma 2.6 could easily be generalized. We have kept P t-independent here in
order to draw directly on the proofs in [18], and leave the ¢-dependent case for future

investigations.
3. Parabolic regularity

Now we can show regularity and local regularity of solutions to parabolic heat equa-
tions.

Theorem 3.1. Consider a classical strongly elliptic 1pdo P = OP(p(x,&)) of order d € R
on R™. Let s € R.
1° Ifu e H;,(,S’S/d) (R™xR) satisfies

(P + 0p)u = f with f € H{**/D(R"xR), (3.1)
then
ue HEH /T (R xR). (3.2)

2° The implication from (3.1) to (3.2) also holds if u merely satisfies u € H,S””/d) (R™x
R) for some large negative r (this holds in particular if u € E'(R"™) or e.g. u €

Ly(R; E'(R™))).

Similar statements hold with H, replaced by B, throughout.

Proof. Let k(x,&,7) be a parametrix symbol according to Lemma 2.6. Then H = P+ 0;
and K = OP(k(x,&, 7)) satisfy

KH =1+ Ry, where Ry = OP(ry), i (x,£,7) ﬂ Sro (R,
With the notation (2.6), we have that ri(x, ¢, 7) satisfies the estimates

‘8?617”” < C(O,d—k—|oz\ + Iid—k—|o¢|)ﬁ—k—(d—k)—dj — C(Ud_k_‘allﬁ_d_dj + K—k—|o¢\—d—dj)

< Olodk-lolg—d=dj < o g=lal=d=dj when | > 4.

Hence 71 € Sy &0 (R27+1) (the lowest order we can assign with a nonnegative regularity
number).
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Now if w and f are given as in 1°, then
KHu=u+ Ryu,

where KHu = K f € H,(,S+d’s/d+l)(R” xR) since K is of order —d with regularity number
d, and Ryu € HSE T4 D (Rn X R) since Ry is of order —d with regularity number 0, cf,
Theorem 2.8. It follows that u € H,(,S+d’s/d+1)(R" xR). This shows 1°.

2°. Recall that a distribution in &(R"*1), i.e., with compact support in R"*!  is of
finite order, in particular lies in H, ™ (R"*!) for some M > 0. A distribution in £'(R")
lies in H, M (R™) for some M > 0. Note moreover that

—M (mpn+1 r,r/d n
HM®RY ¢ HIW/D (R xR),

with r = —-M ifd < 1, r = —M/d if d > 1. Also, L,(R; szM(R”)) C
H,(,fM’fM/d) (R™xR). So we can assume u € HI(,T’T/d) (R™xR).

We use a bootstrap method, iterating applications of 1°, as follows: If r > s, the
statement is covered by 1°. If » < s, we observe that a fortiori f € H]gm/d) (R"xR). An
application of 1° then gives the conclusion u € HS ™"/ (RnxR). Here if ry = r+d > s,
we need only apply 1° to reach the desired conclusion. If r; < s, we repeat the argument,
concluding that u € ngmz/d} (R™xR) for ro = r + 2d. The argument is repeated until
r, =1+ kd > s.

The proofs in the scale of By-spaces follow by replacing H, by B, throughout. O

The conclusion is best possible, in view of the forward mapping properties in Theo-
rem 2.8 and Corollary 2.9.
We can also show a local regularity result.

Theorem 3.2. Let P be as in Theorem 3.1. Let s € R, and let ¥ be an open subset of
R, Ifu € ngs’s/d) (R"xR) satisfies
(P + 0y)ulg € HSYD(x), (3.3)

p,loc

H(s+d,s/d+1) (2> )

then uls € Hj ;.

Proof. Notation as in Theorem 3.1 will be used. We have to show that for any (zg,tg) €
Y, there is a function ¢ € C§°(X) that is 1 on a neighborhood of (zg,%y) such that
Yu € HET/ 4D (Rrn R,

Let (zo,t0) € ¥ and let B} = {x € R™ | [z — x| < r/j} and Bj = {t € R| [t —to| <
r/j} for j =1,2,..., with r > 0 so small that B} x Bf C 3. For j € N, define functions
1; such that

Vj(z,t) = pj()0;(t) € C§°(X) with

(3.4)
supp p; C BY, @;(x) =1on B} 1, suppo; C le, 0j(t) =1 on B;H.
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It is given that ¥yu € HS*/Y(R"xR) and ¢ Hu € HS**/Y(R" xR). Now

The commutator [H, ] = Hy1 — 11 H satisfies

[H, ¥1]u = 01(t)[P, ¢1(2)]u + p1(2) 001 (t)u,

where [P, 1] is a ¢/do in x of order d—1; in the calculus on R™*! it counts as an operator
with symbol in Sf’al’dfl, cf. Lemma 2.2 2°.

If d < 1, [P, 1] also satisfies the estimates for an operator with symbol in S(l):g. Then
both terms in the right-hand side of (3.5) are in HI(,S’S/d) (R"xR), and an application of
K to (3.5) shows that ¢y u € H]gSer’S/dJrl)(R" xR), as in the proof of Theorem 3.1.

If d > 1, [H,¢1] is of positive order (with symbol in Sf)gl’d_l)

H]gs—d-l—l,s/d—l/d-i-l) (Rn v R)

, sending u into
Then we can only conclude by application of K that
Pru € HZ(;SH’S/dH/d) (R™xR). Here we need to make an extra effort. Take 1o = o (x)02(t)
as in (3.4). Now we can write, since ¥11s = 1o,

Hiou = Hip1tpou = o Hipyu+ [H, o) t01u = Yo Hu+1po H (Y1 — 1)u+ [H, 1)1 u. (3.6)

In the final expression, the first term is in Hz(js’s/d) (R™ xR). In the second term, since

a1 — 1) =0,
Yo H (11 — 1) = @a(x)02(t) P(p1(x)01(t) — p1(x) + 01(x) — 1) = @a(x)02(t) P(p1(x) — 1),

where paP(p1 — 1) is a 9do in z of order —co so we can regard it as an opera-
tor with symbol in Sf:g. Then the term lies in H](,S’S/d) (R™ x R). For the third term,
[H,19] = 02|P, 2] + p20102, where [P, @3] enters as an operator with symbol in
Sial’dfl, and when this is applied to ¥ju € HISSH’S/dJrl/d)(R" x R), we get a term
in H,(,S+2_d7(5+2_d)/d) (R"xR). If d < 2, we see altogether that Hiou € H,(,S’S/d) (R™xR),
and an application of K as in Theorem 3.1 shows that ipu € HI()Hd’S/dH)(R" x R),
ending the proof.

If d > 2, we repeat the argument, first using that s = 1319, leading to the infor-
mation that Hysu € HS" DR xR) + HYE T3 4EH3=D/d) pn  R) next aths = v,
and so on, until j > d, so that Hy;u € H;(;s’s/d)(]R” xR), and we can conclude that
Pju € HETH/ D (Re X R). O

By use of embedding theorems, we can also obtain a local regularity result in
anisotropic Hoélder spaces:

Theorem 3.3. Let P be as in Theorem 3.1. Let s > 0, and let u € C&*/D(R* xR) N
E'(R"xR). If, for a bounded open subset Q) x I,
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(P + 0y)ulaxs € CE/D(Q x 1), (3.7)

loc

then for small e > 0, u|oxs € C’1 (s-+d=e,(s— E)/dH)(Q xI).

Proof. Choose p so large that s — n/p > 0. In view of the first embedding in
(A.15), (3.7) implies that (3.3) holds for ¥ = Q x I with s replaced by s — ¢
for €; > 0. Moreover, u € H(Sﬂs1 (5751)/@(]}&" x R). Then Theorem 3.2 shows that
uloxr € Héslofﬁd (s 61)/‘”1)(9 x I). Taking ;1 < s — n/p, we can use the sec-
ond embedding in (A.15) to see that u is locally in the anisotropic Holder space
clamnlptd=aimenlsmn/p=ar=e)/dt) (O I) for 0 < g3 < 5 —n/p+d — 1. Since p
can be taken arbitrarily large, the statement in the theorem follows. O

For the fractional Laplacian (—A)% and other related singular integral operators,
Fernandez-Real and Ros-Oton showed in [10] a result comparable to Theorem 3.3, in
cases where s and s/(2a) < 1:

ue o 2a))(R x I), fEC'(S o/ 2a)(QxI) — ue OE T ). (3.8)

This is sharper by avoiding the subtraction by €. On the other hand, our result expands
the knowledge in many other directions, including that it allows not just s,s/(2a) < 1
but the values of s up to oo, and it allows variable-coefficient operators, and does not
require the symmetries entering in the definition of the fractional Laplacian, but just
assumes that P + 0, is parabolic. We think that a removal of ¢ would be possible in
Theorem 3.3 too — by extending the action of our anisotropic 1do’s (with symbols with
finite regularity numbers) to anisotropic Holder-Zygmund spaces.

[10] has in Cor. 3.8 and Rem. 6.4 some information on high spatial regularity of u
when f has high spatial regularity, assuming that the integral operator kernel has a
correspondingly high regularity.

To our knowledge, the regularity results obtained above are new in several ways: by
including all classical strongly elliptic ¥do’s P of positive real orders down to zero, and
by including all p €]1, 00[, and all s € R.

Observe the special cases:

Corollary 3.4. Let P and u be as in Theorem 3.1 2°.
If u satisfies

(P+0,)u = f with f € L,(R"xR), (3.9)

then u € Héd’l)(R" xR) = Lp,(R;HIR™) N H}(R; Ly(R™)). Conversely, u &
HY"D (R xR) implies (3.9).
Ifu € L,(R"xR) and ¥ is an open subset of R"*1, then

(P + 0)ulg € Lyjoc(E) = uly € HEY (%), (3.10)

p,loc
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Note that in view of the embeddings (1.6), (A.8), we also have that (3.9) implies
u € LP(R;BS(R”)) N H)(R; L,(R™)) if p > 2; but this cannot be inferred when p < 2.
There are similar observations for (3.10).

4. A global estimate for the fractional Dirichlet heat equation

We shall not in this paper abord the question of possible extensions of the boundary
value calculations of [17] to fractional-order situations. We will just turn to a basic global
L,-result for the fractional heat equation Pu+ 0yu = f on Q x I, with P equal to (—A)®
(0.4) or the generalization (0.5) with smooth k(y), and provided with a homogeneous
Dirichlet condition. It will be obtained by combination of a functional analysis method
put forward in [3] with detailed information from our earlier studies.

Recall first some notation from [21]:

The following subsets of R™ will be considered: R} = {x € R" | x,, 2 0} (where
(x1,...,2p—1) = 2’), and bounded C*°-subsets Q with boundary 9, and their comple-
ments. Restriction from R” to R (or from R™ to Q resp. CQ2) is denoted r*, extension
by zero from R% to R™ (or from € resp. (Q to R") is denoted e*. Restriction from Ki
or Q to OR"} resp. 0f) is denoted 7p.

We denote by d(z) a function of the form d(z

) = dist(z,9Q) for x € Q, z near 99,
extended to a smooth positive function on ; d(z) =

n in the case of RY}.
Along with the spaces H,(R") defined in (1.4), we have the two scales of spaces
associated with 2 for s € R:

H3(Q) = {u € Hy(R") | suppu C Q},

H,(Q) ={ueD(Q)|u=rT"U for some U € Hi(R")}; (1)
here supp u denotes the support of u. The definition is also used with 2 = R"}. In most
current texts, F;(Q) is denoted H;(£2) without the overline (that was introduced along
with the notation H), in [27,26]), but we prefer to use it, since it is makes the notation
more clear in formulas where both types occur. We recall that FZ(Q) and HI;S(Q) are
dual spaces with respect to a sesquilinear duality extending the Ly(2)-scalar product;
L+l =1

A special role in the theory is played by the order-reducing operators. There is a simple
definition of operators 2 on R", ¢t € R,

2L =0P(xh), Xk =(({¢)+i&), (4.2)

they preserve support in Kl, respectively. The functions ((¢/)4-i€, )t do not satisfy all the
estimates for SiO(R" xR™), but lie in a space as in Definition 2.1 withd = 1, v = 1, m = t,
with (¢, 7) replaced by (¢',&,). There is a more refined choice A’ [16,21], with symbols
My (&) that do satisfy all the estimates for S7 ,(R™ x R"); here M. = A’. The symbols
have holomorphic extensions in &, to the complex halfspaces C+ = {z € C | Im z < 0}; it
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is for this reason that the operators preserve support in El, respectively. Operators with
that property are called “plus” resp. “minus” operators. There is also a pseudodifferential
definition A(it) adapted to the situation of a smooth domain Q, cf. [21].

It is elementary to see by the definition of the spaces H;(R™) in terms of Fourier
transformation, that the operators define homeomorphisms for all s: =i : H. H(R") — =
Hs~H(R™), Ay : H5(R™) = H5~*(R™). The special interest is that the “plus”/“minus”

=N ~

operators also define homeomorphisms related to EZ and Q, for all s € R: Eﬁr : H; (Ry) =
H;*t(ﬁi), rtElet: F;(]R’_f_) 5 F;_t(Ri), with similar statements for A, and for A(it)
relative to . Moreover, the operators =, and rtZ" e™ identify with each other’s adjoints
over Ej, because of the support preserving properties. There is a similar statement for
Al and A" eT, and for Agf) and r* AW et relative to the set Q.

The special u-transmission spaces were introduced by Hormander [27] for p = 2, cf.
[21]; we shall just use them here for p = a:

HIORY) ==%H, “RY) =A% H, “R}), s>a—1/p, (43)
HyO(@) = ATV e H, (@), s> a—1/p;

they are the appropriate solution spaces for homogeneous Dirichlet problems for elliptic
operators P having the a-transmission property (cf. [21]). Note that in (4.3), E1% is
applied to functions with a jump at x, = 0 (when s > a + 1/p), this results in a
singularity at z,, = 0.

The ¥do P can be applied to functions in the spaces in (4.1) when they are extended
by zero to all of R™. This is already understood for the spaces H; (©), but should be
mentioned explicitly (by an indication with e*) for the spaces F;(Q) Also, when u €
H; (©2) and Pu is considered on (2, it is most correct to indicate this by writing r* Pu.
The indications et and 7' can be left out as an “abuse of notation”, when they are
understood from the context; note however the importance of et in (4.3).

Recall from [21], Theorems 4.4 and 5.4:

Theorem 4.1. Let Q) be an open bounded smooth subset of R™, let P be a ¢vdo on R"
of the form (0.5) with k € C*°(S™~1) (in particular, P can be equal to (—A)®) for an
a>0. Let 1 <p<oo, and let Ppip stand for the Ly-Dirichlet realization on Q, acting
like v P and with domain

D(Ppiyp) ={u € H”( )| 7T Pue Ly(Q)}; (4.4)
the operators are consistent for different p. Then

D(Poir,p) = Hy* (@) = ATV H, (). (4.5)

1t satisfies (for any e > 0):
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= H(9), ifa <1/p,
o c H2a7£ ﬁ , : =1 ,
@) ¢ <1 Ja (46)
etd H, () + HZ‘I(Q), ifa>1/p, a—1/p ¢ N,
Ce“‘daHZ(Q) Hﬁa £(Q), ifa>1/p,a—1/peN.

More precisely, in the case a €]0,1[, the functions have in local coordinates where € is
replaced by R the following structure when a > 1/p:

u=w+ zt Kop, (4.7

where w and ¢ run through H2a(R ) and By~ 1/]D(R” Y, and Ky is the Poisson operator
Kop = Fo Ly [p(€)etrte e,

Proof. When P is defined by (0.5) with a smooth k, it is the ®¥do with symbol p()
equal to the Fourier transform of the kernel function k(y/|y|)|y|~"2%. (For P = (—A)?,
k equals the constant ¢, 4.) The symbol is a function homogeneous of degree 2a, smooth
positive for £ # 0, and even: p(—&) = p(§). The Ly-Dirichlet realization Ppi, 2 can be
defined variationally from the sesquilinear form

_1 / (u(z) — u(y))(0(z) — oY) k((x = y)/|z - yl)

|z —y[rt2e

dzdy (4.8)

R2n

considered for u,v € H*(Q). As accounted for in Ros-Oton [37], it satisfies a Poincaré
inequality over €2 so that the selfadjoint operator in Ly(€2) induced by the Lax—Milgram
lemma is a bijection from its domain to Ly(€2). The explanation in [37] is formulated for
real functions, but the operator defined in Lo(£2, C) is real in the sense that it maps real
functions to real functions, and it can be retrieved from the definition on Lo(2,R) by
linear extension.

Since p(§) is even and homogeneous of degree 2a, it satisfies the condition in [21] for
having the a-transmission property, and since it is positive, it has factorization index
a (since ay = a— in [21], (3.3)—(3.4)). Then, considering its action in L,-spaces, the
description of the domain in (4.5) follows from [21], Th. 4.4 with m = 2a, po = a,
s = 2a. The consistency for various p holds as a general property of pseudodifferential
operators. The statement (4.6) is from [21], Th. 5.4, with u = a, s = 2a.

The information (4.7) is a consequence of the proof given there; let us give a direct
explanation here: It is well-known that when 1/p < a < 1+1/p, the functions v € FZ (R%)
have a first trace yov € By l/p(R" 1), and that v — Kypv € H“(R ), when K is
a continuous right inverse of ~y. In fact, the functions v € " (R}) are exactly the
functions of the form v = g + K¢, where g runs through H (Ry) and ¢ runs through

By~ 1/p(R" 1). Take as K the Poisson operator K,

Kop = Foly o [p(€)etrTe o) = 720 [6(€)((€) +i&) Y. (4.9)
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Now to describe Hg(h)(@i) = Ejrae"’ﬁz (R7}), we use that
=5 Kop = FL[(€) +i6) 7€) (€) +i60) 1] = oty Ko,

cf. [21], (2.5) and (5.16). Moreover, E_T_aHg(Ki) = Hg“(@i). This shows the represen-
tation in (4.7). (We are using the formulas from [21] with [¢] replaced by (£’), which

works equally well, as shown there.) O

We underline that for a > 1/p, D(Ppir,p) contains not only Hg“ (©2), but also functions
of the form e™d®z with z € FZ (©), not in F;(Q) for s > a. (On the interior, the functions
are in Hgﬁoc(ﬂ), by elliptic regularity.)

The operators Pp; , are bijective for all p; for p = 2 this holds since the sesquilinear
form defining Ppir 2 has positive lower bound by the Poincaré inequality, and for the
other p it follows in view of [20], Th. 3.5, on the stability of kernels and cokernels when
spaces change.

Next, we will describe Ppj, ;, from a functional analysis point of view. We already have
the definition of Ppiy 2 from the sesquilinear form (4.8). The associated quadratic form

Q(u,u) is denoted Q(u),

Qu) =} / lute) = ”(@kﬁf;ay)/ =) gody on FE@). (4.10)
R2n

In view of the positivity, —Ppir,2 generates a strongly continuous semigroup e~ tPpir2

of contractions in Lo(£2, R).

We shall now see that the form Q(u,v) is a so-called Dirichlet form, as defined in
Davies [8] and Fukushima, Oshima and Takeda [12]. This is observed e.g. in Bogdan,
Burdzy and Chen [4] for a related form defining the regional fractional Laplacian. It
means that @ has the Markovian property (cf. [12], pp. 4-5):

Definition 4.2. A closed nonnegative symmetric form FE(u,v) with domain D(E) C
Lo(Q,R) is said to be Markovian, if for any € > 0 there exists a function ¢. on R
taking values in [—e,1 + €] with ¢.(t) =t on [0,1] and 0 < @.(t) — @-(s) <t — s when
t > s, such that

u€ D(E) = @.ou € D(E) and E(p:u, pu) < E(u,u). (4.11)

There is an equivalent definition with ¢, ow in (4.11) replaced by min{max{u,0},1}.

We can choose ¢, to be C*° on R (but not in C§°(R) as written in [4]), then it is
clear that (4.11) holds for F = Q.

The interest of the Markovian property here is that then the semigroup e t/Pir2
extends for each p €]1,00[ to a semigroup T,(¢) that is contractive in L,-norm and

bounded holomorphic ([12] Th. 1.4.1 and [8] Th. 1.4.1); with infinitesimal generators
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that are consistent for varying p. The generator of Tp(t) is in fact —Ppj,p, since the
latter is bijective from its domain to L,(2), and the operators —Ppj, ;, are consistent for

varying p.
As pointed out in [3], one can use the existence of these extensions to L, to apply a
theorem of Lamberton [31] giving information on the heat equation solvability.

Theorem 4.3. Let P and Q be as in Theorem J.1, with 0 < a < 1, and let I =]0,T[ for
some T > 0. The Dirichlet evolution problem

Pu+dwu=f onQx1I,
u=0on (R"\Q)x I, (4.12)
u=20 fort=0,

has for any f € L,(Q x I) a unique solution u(z,t) € CO(I; L,(2)), which satisfies:
w € Ly(I; HE?*(Q)) N Hy(I; Ly (). (4.13)
Here HSQG) (Q) is the domain of Ppirp, as described in detail in Theorem J.1.

Proof. In (4.12) it is tacitly understood that wu identifies with a function on R™ x [
vanishing for z € R™ \ , in order for the tdo to be defined on w.

As accounted for above, the operator Pp;, 2 satisfies the hypotheses for the operator
— A studied in [31], namely that A generates a bounded holomorphic semigroup for p = 2,
and induces bounded holomorphic semigroups T,(t) in L,(f2) that are contractions for
all p €]1,00[, and are consistent with the case p = 2. Then, according to [31] Th. 1, the
problem

(O —Au=fonl, ul==0, (4.14)
has for any f € L,(Q x I) a solution u(z,t) € C°(I; L,()) such that

0cull L, xr) + [Aull L, x1) < ClfllL,@xn)- (4.15)

The bound on the first term shows that u € H)(I;Ly(Q)). Since ||Pv|r ) >

C/”UHHS(Za)(ﬁ) for all v(x) € D(Ppirp), the bound on the second term shows that

u € L(I; HY*" ().
The uniqueness of the solution is accounted for e.g. in [32]. O

The regularity in (4.13) is optimal for f € L,(Q x I).

In view of the general rules (1.6), the theorem implies that the solution also satisfies
u € Ly(I; BE®*(Q)) when p > 2, but hits a larger space than L,(I; By (Q)) when
p <2
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For P = (—A)%, Biccari, Warma and Zuazua [3] used [31] to show semi-local variants
of (4.13): u € Ly(I; W2%P()) with dyu € Ly(I x Q) when p > 2 or a = 3; and it
holds with W2%P(Q) replaced by B2 1,¢() when p < 2, a # 1 (there is an embedding
Hy C Bj 4 for such p).

When f has a higher regularity, we can use Theorem 3.2 to get a local result:

Theorem 4.4. Let u be the solution of (/.12) defined in Theorem 4.3, and let r = 2a if
a<l/p,r=a+1/p—cifa>1/p (for some smalle >0). Thenu € ﬁ;r’r/(Qa))(R" xI),

vanishing for x ¢ Q.
If f e H]gs’s/(Qa))(Q x I) for some 0 < s <r, then u € H($+2a’s/(2a)+1)(Q x I).

,loc p,loc

Proof. Since e*F;(Q) = Hg(ﬁ) for a < 1/p, and is contained in H;/pfs(ﬁ) when
a > 1/p, H®Y(@Q) = AT%e*H,(Q) C H5(Q), where r is as defined in the theorem.
Note that r < 2a, and that Hg(za) Q) c Hg+1/p_6(§) in any case.

Thus, when u is a solution as in Theorem 4.3, u € ﬁg’r/ (2a))(]R” x I), vanishing for

In view of the initial condition u|t—g = 0, the extension by zero for t < 0 lies in
ﬁg’r/@a)) (R™x ] —00,T]). We can moreover extend our function for ¢ > T to a function
in H,gm/ (QQ))(R” xR), and denote the fully extended function @. Observe that the values
of f = (P + 0;)u are consistent with the values of f on  x I, since P acts only in the
x-direction and 9; is local.

Now if f € HZ(:’S/(Q(L))(Q x I) for some 0 < s < r, we can apply Theorem 3.2, and

loc

conclude that u € H;fltfa’s/(za)+1)(ﬁ x1). O

For higher values of s, Theorem 3.2 gives that if u € H;(,S’S/(%))(R" x I) and f €
H(S’S/(Qa))(Q x I), then u € HISSHG’S/(Q&)H) (Q x I), but the global prerequisite on « may

p,loc ,loc
not be easy to obtain.

Remark 4.5. In comparison with the result of [10], Cor. 1.6, in anisotropic Holder spaces,

H,ES’S/ (Za))—spaces has the advantage that the regularity in ¢ of the solution

our study in
of the Dirichlet problem is lifted by a full step 1 in Theorem 4.3, whereas [10] obtains a
C'~c-estimate in t.

Also for the interior regularity we observe a better lifting in ¢-derivatives, namely that
when a < 1/p, t-derivatives of order 2 are controlled in Theorem 4.4 (taking s = 2a).
Since 0 < a < 1, this holds for p sufficiently close to 1. For the Holder estimates in [10],

Th. 1.1, second t-derivatives are not reached (cf. (3.8) above).

Remark 4.6. Theorem 4.1 is also valid for x-dependent strongly elliptic »do’s P of order
2a with even symbol. Then Pp;, 2 is defined from the sesquilinear form (Pu,v) La(Q) ON
C5°(92), extended by closure to H$(Q), and the Pp;,, are consistent with this by (4.4).
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A variant of Theorem 4.3 can be shown for p = 2 by techniques from Lions and Magenes
[33] vol. 2 (we shall explain details elsewhere), but for p # 2, other methods are needed.

Appendix A. Anisotropic Bessel-potential and Besov spaces

In this Appendix we present the appropriate anisotropic generalizations of Bes-
sel-potential and Besov spaces. We just give a summary of the essentially well-known
facts that are needed for the parabolic operator P 4+ 9, on R™ x R with a ¥»do P on R"
of positive order. Let d € Ry and p €]1,00[. This material is taken from the appendix
of [17], with small modifications and less focus on cases where d is integer.

For m,d € N, the anisotropic Sobolev spaces W,ﬁdm’m) (R™xR) are defined by

Wit m(R" xR) = Ly, (R; HI™(R™)) N H" (R; Ly,(R™))
= {u(z,t) € L(R") | f(1 )(<§>dm +(1)™)a) € L,(R"™) } (A1)

&)= (st

= {u(x,t) € L,(R") | D2DJu € L,(R™*?) for |a| + dj < dm }.

For the generalization to noninteger and negative values of the Sobolev exponents, we
observe that if we define {¢,7} and ©° = OP,,({¢,7}°) as in (2.1), (2.2), then

Widmm (R xR) = @~ L, (R"*1). (A.2)

This is seen by use of Lizorkin’s criterion [35], cf. (2.11) above, applied to the operators
with symbol ((€)4" + (r)™){&, 7}-4m and {&, T} ((€)4m + (r)m) 1.

Clearly, ©*0@! = ©°*¢ for s,t € R.

More generally, one can now define with d € Ry, for any s € R,

H{* /DR xR) = O ° Ly (R™); (A.3)

it is an anisotropic generalization of the Bessel-potential spaces H, (R™), and clearly
Hr(,dm’m) (R" xR) = Wédm’m)(R” xR) for m,d € N. Here we follow the notation of
Schmeisser and Triebel, cf. e.g. [41] and its references, deviating from another extensively
used notation L,(,S’s/d) (R™xR) (as in Lizorkin [34,35], Nikolskii [36], Besov, II'in and
Nikolskii [2], ...), where the spaces are often called Liouville spaces. See also Sadosky
and Cotlar [38]. These spaces fit together in complezx interpolation (by an anisotropic
variant of the proof for H3(R"!) spaces, cf. Calderén [6], Schechter [39], and Schmeisser
and Triebel [40], Rem. 4):

[H(#o-%0/D (R™ xR), H{ /D (R" xR)]p = H*>2/D(R" xR),

so=(1—6)so+0s1, forsg,s1 €R,0€]0,1]. (A.4)
Another generalization of the W,Sdm’m) spaces is the scale of anisotropic Besov spaces

BS /D (R™ xR), that can be defined as follows:
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p
I

<|u(xﬂ t) _ u(y, t)|p |u($7 t) _ U(SE, tl)|p

_ p
- ”u”Lp + |x_y‘n+ps |t_t/|1+ps/d

R2n+2

for s €]0,1[;
s+r,(s+r)/d Q- s,s/d
Bt/ (R xR) = ©7"B{/D(R" xR), for r € R, s €]0,1].

) dedydtdt'
A.5)

The norm can also be described in terms of dyadic decompositions (see e.g. [41]), or,
for s > 0, by a generalization of the integral formula in (A.5) involving higher order
differences as in (1.5) (see e.g. Besov [1], Solonnikov [43], and [30], [2]). These spaces
arise from the Wédm’m)(R"xR) spaces by real interpolation (cf. Grisvard [13, 1.9]), when
m,d € N:

(Wmmm) (R xR), L,(R" 1)), = B{I=OdmO=0m)RryR); 6 €]0,1[.  (A.6)

0.p

Moreover, one has for all d € Ry, all sg, s1,s € R with sg # s1, all pg, p1,p €11, 00[ with
po # p1, all 6 €10, 1], setting so = (1 — 0)sg + Os1, p% = 1;09 + z% (cf. [13] and [41, 3.2]):

(BI()so,so/d) (Rn XR), B}()ﬁ,m/d) (Rn > R))o ,= 1()82,82/d) (Rn % R),
[B{#o:50/D(R™ xR), B{*+51/D (R™ xR)]p = B2/ (R" xR),
p J p (A7)
(Hos/D(R" xR), H" /D (R" xR)), = Bf>*/D(R"xR),
(H DR xR), Hio*/ D (R xR)), = Hiz*/D (R xR).
The Bessel-potential spaces and Besov spaces are interrelated by
BE=/D(R"xR) ¢ H{*/D(R"xR) C B{F ===/ (R"xR) for p < 2; A8)
H=* /DR xR) € B{»*/D(R"xR) ¢ HF=E=/9(R" xR) for p > 2;

for s € R, any € > 0; and BZ(,S’S/d) # H,(,S’S/d) when p # 2.
For both types, one has the identification of dual spaces (with % + 1% =1 as usual):

HES /DR xR)* ~ H /P (R"xR) and

(s,5/d) ( /d) (4.9)
5,8 n * L —$,—S$ n
By (R"xR)* ~ B, (R"xR), forseR.
For positive s, the spaces can moreover be described in the following way:
(i) HDR"xR) = L, (R; H3(R™)) N H/*(R; Ly(R™)), s > 0; (A.10)

(i) BY*/D(R"xR) = L, (R; B5(R™")) N By/*(R; L,(R™)), s > 0;

cf. Grisvard [13,14]. The anisotropic Sobolev—Slobodetskii spaces W,SS’S/ 9 (R™ xR) are
defined from the isotropic ones by (cf. e.g. Solonnikov [44])
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W=s/D(R™ xR) = Ly, (R; W (R™)) N W3/ (R; Ly(R™)), s > 0;
thus Wés’s/d) = HZ(,s’s/d) when s and s/d € N, (A.11)

ngs’s/d) = Bz(f’s/d) when s and s/d € Ry \ N.
(Note that the W;S’S/d) spaces do not always interpolate well. Moreover, when e.g. s € N,
s/d ¢ N, one has a space where the z-regularity is Hp-type, the t-regularity is B,S,/ d—type;
for p # 2 it is not one of the spaces in (A.10), cf. also (1.6).)
Observe that differential operators have the effect, for any s € R,

DD} H{*/(R" xR) — H*=m(==m/)(R" xR) and

DaD! B(s/D (R xR) — BE—m (s=m)/d (R« R), for |a| + dj < (&.12)
x 7t —p p ’ > m.
This follows for the Bessel-potential spaces by Lizorkin’s criterion (cf. (2.11)) applied to
ExrI{€, 7}7™; it is seen for the Besov spaces e.g. from the definition by difference norms,
or by interpolation.

The spaces are defined over open subsets of R™*! by restriction; here the cylindrical
subsets ¥ = Q x I with  open C R™ and I an open interval of R are particularly
interesting. We use the notation

(@ x 1) = rou tHE DR xR), B (Q x 1) = ro, BE*/D (R" xR),

HSDQx 1) = fue D@ x I) | pu e Ho ' (Q x 1) for any ¢ € C5°(Q x 1)},
(A.13)

and similar spaces B;i’s({d)(Q x 1), W;S’S/d)(ﬂ x 1), ngj’;/d)(Q x I). Much of the above
information, e.g. (A.7), (A.8), (A.10), carries over to the scales in the first line.
Let us also define anisotropic Holder spaces. For k € Ny, 0 < o < 1, the usual Holder

space of order s = k+ ¢ over ) C R™, in our notation c’ (€2), is provided with the norm

_ Du(e) = D*u(z')
HUHUS(Q) = Zla‘SkHDauHLoc + Z|o¢|:k Supz,zleﬂ |.’13 _ xl|a’

Integer values of s will be included in the scale by defining Uk(Q) for k € Ny as the
space of bounded continuous functions with bounded continuous derivatives up to order
k on €. (Then we have C°(Q) € C™*(2) whenever s > s; > 0. There is a more refined
choice of slightly larger spaces for k € Np, the Holder—Zygmund spaces, that fits better
with interpolation theory, but which we shall not need here, since we only show results
“with a loss of €”.)

We then define the anisotropic Hélder space over §2 x I (I C R) for s > 0 by:

QX 1) = Loo(1;0(9) N TV (I: Lo (€)), when s > 0. (A-14)
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—s/d s/d

(Note that C'"(I; Loo () = Leo(%;C
properties for isotropic spaces, we have with £ > 0:

(I)).) In view of the well-known embedding

(s,8/d)

' axn cal ™= Qw1 and BY T x 1),

when s > 0,
—(s,5/d) —(s,:8/d) —(s—n/p—e,(s—n/p—e)/d) (A-15)
H, (2 x 1) and B, QxI)ccC (Qx I,

ifs—mn/p—e>0;

in the first inclusion we assume ) x I to be bounded. Both inclusions are shown by
comparing the spaces via (A.10) and (A.14). The first inclusion follows immediately
from the isotropic case. For the second inclusion we can use that for small positive
g1 < S

El/d

BV xn c BN LE T () n Y Y LE ()

p

C Loo(LH, () NES (1 Lo (),

in order to relate to (A.14) (and similarly for B-spaces); this is allowed since
(r)/4(€)=51 and (r)—/4(€)1 are < c((€) + 72)7/20).
There is also the local version:

CES NV QxI) = {ue D(QxI) | pue T

ocC

Qx1I) for any ¢ € C5°(Q2xI)}. (A.16)
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