Chapter 10
Pseudodifferential boundary operators

10.1 The real formulation

In this chapter we present some essential ingredients from the calculus of
pseudodifferential boundary operators (¥)dbo’s, Green operators) introduced
by Boutet de Monvel [B66], [B71], with further developments e.g. from [G84],
[G90] and [G96]; see also Rempel and Schulze [RS82]. The basic notions are
defined relative to R™ and the subset EZ C R™; then they are carried over to
manifold situations by use of local coordinate systems.

In the case of a differential operator A, the analysis of the relevant bound-
ary conditions is usually based on the polynomial structure of the sym-
bol of A; in particular the roots in &, of the principal symbol polynomial
a®(2’,0,¢',&,) (in the situation where the domain is R"?) play a role. When
pseudodifferential operators P are considered, the principal symbol p is gen-
erally not a polynomial. It may be a rational function (this happens naturally
when one makes reductions in a system of differential operators), in which
case one can consider the roots and poles with respect to &,. But then, even
when P is elliptic, there is much less control over how these behave than
when a? is a polynomial; roots and poles may cancel each other or reappear,
as the coordinate & varies. For a workable theory, a more universal point of
view is needed.

Vishik and Eskin (see [VE67] and [E81]) based a theory on a factorization
of a symbol in two factors with different domains of holomorphy in &,. This
works well in the scalar case but can be problematic in the case of matrix-
formed operators (since the factorization here is generally only piecewise
continuous in ¢’). They mainly consider ¢do’s of a general kind, with less
restrictions on the behavior in ¢ than our standard symbol spaces require.

The calculus introduced by Boutet de Monvel takes a special class of ¢do’s;
one of the advantages of that theory is that it replaces the factorization by
a projection procedure that works equally well for scalar and matrix-formed
operators (depends smoothly on £’). This is linked in a natural way with the
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252 10 Pseudodifferential boundary operators

projections e*r® of Ly(R) onto e*Ly(Ry) (cf. (9.3)). The description that
now follows is given in relation to the latter projections, and the Fourier-
transformed version (used in symbol calculations) will be taken up in Section
10.3.

Pseudodifferential operators satisfying the transmission condition
When P is a ¢»do on R", its truncation (or “restriction”) to the subset
Q = R? is defined by

P.u = r"Petu, also denoted Pgru or Pou, (10.1)

where, as in (9.2) and (9.3), 7" restricts 2'(R™) to 2'(R’} ), and et extends
locally integrable functions on R’ by zero on R”™. We underline that r*
restricts to the interior of @i so that singularities supported at x, = 0
disappear. As usual, CO(EZZF) identifies with a subspace of Z'(R).

When P is properly supported and of order d, the operator P, is con-
tinuous from Lo comp (R7) to H 2 (Ei) (defined in (10.148) below), but in

comp

general does not map H7, - (R') into H7 @ (R),) for m > 0; the disconti-
nuity of e™u at x,, = 0 causes a singularity. Boutet de Monvel singled out a
class of 1do’s where one does get these mapping properties for P, namely,
the ¥do’s having the transmission property.

P is said to have the transmission property with respect to R’} when Prn
“preserves C°° up to the boundary”, i.e., Pry maps C(Og’) (Ei) into C'* (EZ)
Boutet de Monvel showed in [B66] a necessary and sufficient condition for
a polyhomogeneous symbol p(z, ) ~ >y, Pa-i1(7,&) to define an operator
OP(p) with the transmission property w.r.t. R’}. It states that the homoge-
neous terms pg—; have the symmetry property

DgD?pd—l(xlv 0) 07 _577«) = eiﬂ(d_l_‘al)DgD?pd—l(xlv 0) 07 gn); (102)

for [€,] > 1 and all indices a, §, 1.

We write “OP” instead of “Op” from now on, to allow generalizations to
OPT, OPK and OPG definitions below. (The minus on &, should be placed
in the left-hand side as in (10.2). Only when d is integer can it equally well be
placed in the right-hand side, as done in many texts, e.g. in [G96, (1.2.7)].)

Example 10.1. A parametrix symbol ¢(z, ) for an elliptic differential op-
erator P of order d certainly has the transmission property, since its symbol
terms are rational functions of £. In fact, it has the stronger property

qai(z, =€) = (=) q_a_1(x,€) for [¢| > 1, all [, (10.3)

guaranteeing the transmission property for whichever direction taken as x,.
Polyhomogeneous symbols having the property (10.3) are in some texts said
to have even-even alternating parity (the even-order symbols are even), or
just to be even-even, for short. The opposite parity
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Q—d—l(xv _5) = (_1)d_l+1Q—d—l('x7§) for |€| > 17 all la (104)

is then called even-odd alternating parity. An example with the latter prop-
erty is ¢(§) = (£), the symbol of the square root of 1 — A. Note that the
symbol (£)® has the transmission property (and is even-even) if and only if s
is an even integer.

When d is integer and the equations (10.2) hold, then they also hold for the
symbol p(z, —&); this implies that also Prr preserves C* up to the boundary
inR".

When d is not integer, (10.2) implies a “wrong” kind of symmetry for
p(x, =€), and P will not in general preserve C* in R", but maps the functions
in CF) (R") into functions with a specific singular behavior at ,, = 0.

There is a complete discussion of necessary and sufficient conditions for
the transmission property, extending the analysis to Sg s symbols with o > 9,
in Grubb and Hérmander [GH90]. Besides in [B66], [B71], studies related to
the transmission property are found in [VE67], [E81] and in [H85, Sect. 18.2].
There is also an introductory explanation in [G91].

It is shown in [B71] that the properties (10.2) in the case d € Z may be
rewritten as an expansion property of p(x, ) and its derivatives at x,, = 0:

DIDgp(',0.) ~ D siap(a’ €, (10.5)

—oo<I<d—|a|

where the s;.4,3(2',&") are polynomials in & of degree d — |a| — I, for all «
and 3 € Nj. We denote s;0,0 = s;. More precisely, let us introduce (with X
representing 2, y' or (2, y")):

Definition 10.2. A symbol p(X, z,, yn, &) of order d € Z satisfies the trans-
mission condition (at x, = y, = 0), when there exist symbols s;(X,¢’),
polynomial in £ of order d — [, such that for all indices,

DY DE[Erp(X,0,0,6)— Y si(X, &)k
—m<i<d—|al (10.6)

< e(X)(g)yHrrEmlelg T

. . . . . . ¥ 4
with continuous functions ¢(X), and there are similar expansions of 9;, 97 p.

For polyhomogeneous symbols of integer order, (10.2) holds if and only if
Definition 10.2 is satisfied by p (and by each term pg_; in its symbol). But
(10.5) and (10.6) have the advantage that they make sense for S{, symbols
also and guarantee their C'* preserving properties, as noted in [B71]. For such
symbols it is a sufficient condition, which is why we call it the transmision
condition.

In the following, we formulate the principles for symbols in z-form (cf.
Remark 7.4). Formula (10.5) means that p(z/,0,€) (and in a similar way the
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derivatives Dng‘p(a:’ ,0,€)) has an expansion in integer powers of &, such
that at each (2/,¢&’) one has for any m € Ny that

grpn) — > sighm (10.7)

—m<I<d

has the same limit (namely, s_,,) for &, — 400 as for &, — —oo. The C*°-
functions of &, with this property form the important space H that we study
in Section 10.2 below. In the present section we do not want to go into details
with the complex analysis involved in studying H; instead we shall explain
the point of view one gets by studying the inverse Fourier transforms in &,
(the “real” point of view).

Note in particular that the definition implies

p(a',0,8) = Y sila,&)e, +p'(@,€), (10.8)

0<i<d

where p’ is O((€)71(¢')4*1), the sum over [ is polynomial in & of order d and
the top coefficient sq is a function of a’,

sa(a’, &) = sq(2). (10.9)

Thus, if p is constant in x,, P is the sum of a differential operator and an
operator that preserves Lo with respect to xz,,. More generally, p could be
much less well-behaved for x,, # 0, but here a Taylor expansion in x,, gives
a number of good terms %x{lag{np(x’ ,0,€) where 9 p behaves similarly to
(10.8), plus a term with a factor ) that can make it harmless when M is
large.

The partial inverse Fourier transform p(z’,0,¢’; z,,) = 9€;LGp(x’, 0,¢) is
always rapidly decreasing for z,, — +o00, since D’gn (&Mp) is integrable in &,
when k£ > m + d + 2. But in case of general symbols, it has a singularity at
zn, = 0. However, as shown in [B66] and [GH90], symbols of integer order d
satisfy the transmission condition if and only if, for any [¢'| > 1, any «, 5,
the functions

Pap(r',0,8,2,) = F ! DfD?p(x',O,&), considered for (2, z,) € R},

En—zn

extend to C*-functions of (z/, z,) € Ry. (10.10)

The limits for z, — 0+ and z, — 0— are in general different, and the
condition does not exclude singularities supported in {z, = 0}. (See also
Exercises 10.2 and 10.3.)

Let us show that the transmission condition implies (10.10). In view of
(10.8), p is the sum of a distribution >, si(2', &) DL 6(2,) supported in
{z, = 0} and a function p'(2',&', z,) in Ly with respect to z,, € R. Here
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15 (2", € 20) | L., @) = (27) 2|1/ (2", )| 1. )
< (@) EYHE) Y < (@) TR

(recall (9.19)); so in particular, the functions r£ p’ (= rE p) satisfy such
estimates in Lo (R4 )-norm, respectively:

Nl

”rJrﬁ(xlﬂglﬂZn)||L2,zn(1R+) = ||T+15/(x/7517zn)||L2,zn(R+) < c(x/)<§/>d+ )

||T7ﬁ(x17€/7zn)||L2,zn(R_) = ||r715/(x/7517zn)HLz,zn(R_) < c(x/)<§/>d+ )

Nl

with ¢(z’) continuous. For any k, k', o/, 3, the derived distribution

AD¥ DY DY B0, 2) = T, DE X D DY p(ar,0,€)
comes from a symbol satisfying Definition 10.2 with d replaced by
d—k+k — |, hence we likewise find

|2kD¥ DY D v |1, . (ryy = |125DY DI, D r*pl 1, . (ms)
< c(al)(g) Rl (10.11)

using again that p — p’ is supported in {z, = 0}. Similar arguments ap-
ply to 82 p(2',0,€). Since all derivatives have bounded Lj-norms, they have
bounded sup-norms (as in Theorem 4.18), locally uniformly in (2/,£’), so it
follows that the functions extend to C°°-functions of (z’, z,,,§’) € EZ x Rt
resp. R" x R 1.

Function spaces defined by estimates as in (10.11) will now be introduced
systematically. For this we first introduce some abbreviations: We use the

notation R? | = Ry x R, Ri_+ =R, xRy, and &Sﬂ(ﬁi_ﬂ =il S(R?)
(where ) indicates restriction to {z > 0}); recall also (9.4). Here we write
for short: )
y(R.}.):yJ,., y(R++):y++. (1012)
Definition 10.3. Let d € R and let = be open C R™.
1° The space Sf,O(E,R”’l,er) consists of the functions f(X,z,,£) €

C>=(ExR xR"1), lying in ., with respect to x,,, such that for all o, 3, k, &/,

kDY, DX Dg F(X, 20, )| Ly < e(X)(§)HT27RR Il (10.13)

with continuous functions ¢(X'). Moreover, f is said to have the asymptotic
expansion f ~ >,y fa—i in Sf’O(E,Rnfl,YJr), when there is a sequence
of functions fy_; lying in Sf’BZ(E,R”_l,ﬁﬁ) such that f — Doiem fa1 €
S{oM(Z, R, .7, ) for any M € No.

2° The subspace S*(Z,R""!,.#}) of polyhomogencous elements consists
of the functions f € Sf,O(E ,R"=1 7, ) that have asymptotic expansions f ~
ZleNo fd,l where the functions fd,l have the quasi-homogeneity property
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faot(X, 22, A) = M (X 2, &) for A > 1 and €] > 1. (10.14)

3° The space Sf’O(E, R~ .7, 1) consists of the functions §(X, xp, yn, ') €

O“(Ex@irxﬂ%"_l), lying in .} with respect to (2, yn), such that for all
a’ /87 k7 kl? m7 m/’

|l D%,y Dy DX DG @, s &) Laez,)
< (X ) (YRR —mam=lal (10 15)

Here § is said to have the asymptotic expansion § ~ >, en, Jd—1 In
Sto(Z,R"7, 7 4), when there are functions jg—; € Sf,gl(E,Rnfl,YJrJr)
such that § — >,y Ga—t € STo™ (2, R, 7, ;) for any M € No.

4° The subspace S%(Z,R""1,.7, ) of polyhomogeneous elements consists
of the functions g € S{ ,(Z,R"*, %, ;) that have asymptotic expansions § ~
EleNo GJa—1; where the functions gg—; have the quasi-homogeneity property

Gat(X, 320, 2y, AE) = M2 G0 (X 2, Y, €) for A > 1 and €] > 1.
(10.16)

What we showed in (10.11) is that when p satisfies Definition 10.2, then
r*p belongs to S o(R" 1, R""! .7, ). This is taken up again in Theorem
10.21 below. When p is polyhomogeneous, v is in S¥(R"~! R*~1 .7,).
Similar statements hold for (r~p)|s, =—=, -

Functions with the properties in Definition 10.3 are called symbol-kernels.
Just like for pseudodifferential symbols, one can turn a series of symbol-
kernels of decreasing orders into an asymptotic series for a suitable symbol-
kernel of the highest order (cf. Lemma 7.3). 3° and 4° will be used in the
description of singular Green operators below.

The properties of the functions could equivalently be formulated in terms
of sup-norms: f is in S¢((Z,R""!,.,) if and only if

sup |27, Dy, DX DG f(a' v, €)] < e(X)(€)HHHHHH 7l 10.17)

(one can use estimates as in the proof of Theorem 4.18 to go from Lo-norms
to sup-norms, and insert factors like (1+ iz, (€/))(1+ iz, ("))~ for the other
direction). We use the Lg-norms for convenience in Fourier transformation.

The quasi-homogeneity properties correspond to homogeneity of the Fou-
rier-transformed functions

f(X, gagn) = gﬂcnﬂﬁne—i_f(Xa fnaé)a
g(Xa glagnann) = gwnﬂéngynﬁnne;_ne;g()(a xnaynaé-/);

namely,
faat(X,08) = A7 fa(X,€) for A= 1, €] > 1,
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gd—l(Xa Afl,)\fn, Anﬂ) = Ad_lgd—l()(v g/afnann)v A> 1, |€/| > 1

as is easily checked from the definition of Fourier transformation.

In the following, all ¥ do symbols on R™ will tacitly be assumed to be of
integer order satisfying the transmission condition. We denote by p(2’,&’, D,,)
or OP,(p(x,&)) the operator on R where the tdo definition (7.2) is applied
with respect to (z,,,&,) only, and by OP’(p(x, £)) the operator on R*~! where
(7.2) is applied with respect to (z/,£’) only.

Systems (Green operators)

We shall now introduce the other ingredients in the Boutet de Monvel
calculus. Let P be N’ x N-matrix formed. Along with P, , which operates
on R’ , we shall consider operators going to and from the boundary R™1,
forming together with P a system

Pi+G K\ CFERHY C>RHN
A= : X — X . (10.18)
T S Cgo(Rnfl)M Coo(Rnfl)M/

Here T' is a so-called trace operator, going from R’ to R, K is a so-
called Poisson operator (called a potential operator or coboundary operator
in some other texts), going from R"~! to R?; S is a pseudodifferential oper-
ator on R"™1; and G is an operator on R? called a singular Green operator,
a non-pseudodifferential term that has to be included in order to have ade-
quate composition rules. The full system A was called a Green operator by
Boutet de Monvel, or a pseudodifferential boundary operator (that we can
write ¥dbo). Since some authors later used the name “Green operator” for a
generalization of singular Green operators, we shall mainly write »dbo’s. We
shall usually take N = N’, whereas the dimensions M and M’ can have all
values, including zero.

When P is a differential operator, it is classical to study systems of the

form p
_ + .
A= (T) ; (10.19)

here M = 0 and M’ > 0. When this A has an inverse in the calculus, the
inverse will be of the form

A= (Q4++ G K); (10.20)

where M > 0 and M’ = 0. Simple examples are found in Chapter 9, with
P=1-A,T = or 71, the inverses described in Theorems 9.18 and 9.23.
The entries in (10.18) will now be explained.

Trace operators

The trace operators include the usual differential trace operators v; : u —
(D )|y, —0 composed with 1»do’s on R"~*, and moreover some integral op-
erator types, governed by the fact that
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T = 4Py (10.21)

should be a trace operator whenever P is a 1do satisfying the transmission
condition. Here, it is found for the right-hand side that when P = OP(p(z, £)),
then vo Pyu = vor+t OP(p(2,0,&))eTu, where we can insert (10.8). This gives
a sum of differential trace operators plus a term where the ¥do symbol is p/;
here r*p’ satisfy estimates as in (10.11). The term is (using the notation
gwlﬂglu = ’Il, Cf. (95))

Y0 OP(p')yu(z) = ’Vo/ @y (270, €)etuly)dy dé
RQ"

= / el e / P (@0, 20 — yn)eta(€ yn)dyn d€' (10.22)
Rn—1 R
= / ele€ / B (2,0, —yn)i(€, yn)dyn dE'.
Rn—1 0

As noted above, p(a’,0,&", —yn )|y, >0 € Sf7O(R”*1,R"’1, T4
The general definition goes as follows:

Definition 10.4. A trace operator of order d (€ R) and class r (€ Ny) is an
operator of the form
Tu= Y Spy+T, (10.23)

0<j<r—1

where ~; denotes the standard trace operator (y;u)(z’) = D4 u(z',0), the
S; are ¢do’s in R"~! of order d — j, and 7" is an operator of the form

(T'u)(2') = /R e /O (2!, o, €)0(E wn)dan dE', (10.24)

with ¢ € S{o(R"™1,R"™1,.,). ' is called the symbol-kernel of T". See also
(10.25), (10.26), (10.27).

When u € (R}, [[4(€, 2n)| 1y, is O((E)N) for all N, so T'u is C
in a2’

Observe the meaning of the class number 7; it counts the number of stan-
dard trace operators 7; that enter into T". Class zero means that there are no
such terms; we shall see that 7" is then well-defined on Ly(R? ).

Symbol-kernels depending on (2',y’) instead of 2z’ can also be allowed;
then the defining formula (10.24) should be written

o0
(T/u)(xl) _ / ei(w —-y')-¢ / El(x/7 yI’ Yn, é-l)u(yl7 yn)dy d»é-/7 (1025)
R2(n—1) 0

and an interpretation via oscillatory integrals is understood. To keep down
the volume of the formulas, we mostly write z’-forms in the following, leaving
some generalizations to (z’, y’)-form to the reader (also for the other operator
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types to come). Symbol-kernels in (2’,y’)-form are reduced to z’-form or y'-
form by the formulas in Theorem 7.13 1°, applied in the primed variables.

Continuity properties of the operators will be systematically investigated
in Section 10.5.

One can show (by use of the Seeley extension [S64]) that for any 7" with
symbol-kernel in S¢ ((R"~* R"~1, .7, ), there exists a t»do Q of S0 type,
satisfying the transmission condition at x,, = 0, such that 7" = Q..

The subclass of polyhomogeneous trace operators are those where the S;
are polyhomogeneous, and #’ lies in the subspace S%(R"~1 R"~! .#,). Note
that, in contrast with polyhomogeneous ¥do’s, the homogeneity in £ of the
symbol terms is only required for |¢’| > 1, not |£] > 1.

The function (distribution when r > 0)

(2 a0, &) = > s, &)D] 6(wn) + T (@20, ), (10.26)

0<j<r

understood as extended by 0 on R_ if needed, is called the symbol-kernel of
T'; its conjugate Fourier transform

(', §) = Fupc i@, ) = D si(a’, 8¢+t (@) (10.27)

0<j<r

(where t/(2/,€) = F o, ¢, et (2,£')) is the symbol of T.

In the polyhomogeneous case, we often denote t4 and t4 by t° resp. t°, the
principal symbol and symbol-kernel.

Application of the operator definition with respect to only the x,-variable
gives the boundary symbol operator t(z',&’, D,) (resp. principal boundary
symbol operator t°(2’, ¢, D,,)) from . (R) to C,

oo

t(x', &, Dp)u = Z sj(x’,ﬁ/)'yju—i—/o t'(2', wp, Eu(z,)dz,;  (10.28)

0<j<r

it is also denoted OPT,,(t) or OPT,(t). We can then write

Tu = OP'(t(z',¢,D,))u = OP' OPT,(t(z',£))u, also denoted
OPT(t(z',€))u or OPT(¢(z,&))u.

Poisson operators

We use the same symbol-kernel spaces from Definition 10.3 1° and 2° to
define Poisson operators, but now doing a multiplication instead of taking a
scalar product in the x,-variable.

Definition 10.5. A Poisson operator of order d is an operator defined by a
formula

(Kv)(a',2,) = / e T(a o, €)0(€) dE’ (10.29)
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where the symbol-kernel k belongs to Sﬁgl(ﬂ%n_l, R?~1 7). See also (10.30),
(10.31).

Again, symbol-kernels depending on (2/,y’) can be allowed:
(Kv)(2!,2,) = / oy TRy e, E () dy'dE . (10.30)
R2(n—

The symbol corresponding to k(z, &) is
k(z',€) = P, e, eTk(z,€). (10.31)

In the polyhomogeneous case, it has an expansion in homogeneous terms in
¢ (for |¢'] > 1) of degree d — 1 — 1. In this case we often denote kq_; = k°
and kg_1 = k°, the principal symbol-kernel or symbol. Again, one can view
K defined in (10.29) (also denoted OPK(k) or OPK(k)) as an operator K =
OP'(k(2',¢', Dy,)), where k(z',&', Dy,) is the boundary symbol operator from

C to y(ﬁ+>

k(z',¢ ,Dp)a=k(z' x,,€") -aforaeC, (10.32)

also denoted OPK,, (k) or OPK,, (k).

Remark 10.6. The above order convention, introduced originally in [B71],
may seem a bit strange: Polyhomogeneous Poisson operators of order d have
principal symbols homogeneous of degree d — 1. But the convention will fit
the purpose that the composition of two operators of order d resp. d’ will be
of order d + d’ (valid, e.g., for the ¢»do TK on R"~1).

The trace operators T” of class 0 (and order d) have as adjoints precisely
the Poisson operators (of order d + 1), and vice versa. This is obvious on the
boundary-symbol-operator level:

t(Dy) :u € Lay(Ry) — (u,?) e Cand k(D,):veCr—w ? € Ly(Ry)

are adjoints of one another. On the full operator level it is easy to show
for symbols depending on (z',y’) instead of #'; here if 7" has symbol-kernel
f(a:’,y’,mn,f’), the Poisson operator 7" has symbol-kernel f(y’,m’,mn,g’).
Details will be given in Theorem 10.29 later.

Trace operators of class r > 0 do not have adjoints within the calculus.

Example 10.7. The operator K introduced in Theorem 9.3 is the Poisson

operator with symbol-kernel k(z,,&") = e~ €)% it is of order 0. Its symbol

1S
, _ 1

cf. Exercise 5.3. Inserting the expansion (7.11) of (¢’) in (10.33) one can
expand in homogeneous terms of falling degree (beginning with degree —1),
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showing that the symbol and symbol-kernel are polyhomogeneous of degree
—1.

The adjoint of K., is the trace operator 1" of class 0 with symbol-kernel
H(xn, &) = e €)% and symbol (€', &,) = m; it is of degree and order
—1. Furthemore, a calculation shows that for Q@ = OP((£)~2) as in (9.36)ff.,
Y0Q+ is the trace operator with symbol-kernel 5 <1§,> e (E)zn,

Poisson operators also arise from the following situation: Let v(z') €
Z(R™1), and consider the distribution v(z’) ® 6(z,,) (the product of v(z’)
and §(z,)). When P is a ¢do satisfying the transmission condition, one can
show that + P(v®J§) makes sense as a function in C> (@i), and the mapping
K :vw—rTP(v®§) is a Poisson operator. See Theorem 10.25 later.

Singular Green operators

We now get to the most unfamiliar element G of A in (10.18). A singular
Green operator (s.g.0.) G arises, for instance, when we compose a Poisson
operator K with a trace operator 7" as G = K'T'; this operator acts in R’} but
is not a P;. Another situation where s.g.o.s enter is when we compose two
1do’s Py and Q4 (satisfying the transmission condition); then the “ leftover
operator”

L(P,Q) = (PQ)y — PyQy = 1" PQet —rTPetrtQe”

=rtP(I —efrt)Qe? (10.34)

is an operator acting in R, that is not a ¥»do (more about L(P, Q) in Section
10.4). It turns out that these cases are covered by operators of the following
form (they are in fact convergent series of products of Poisson and trace
operators, cf. (10.107) later):

Definition 10.8. A singular Green operator G of order d (€ R) and class r
(€ Np) is an operator

G= Y Ky+@, (10.35)

0<j<r—1

where the K; are Poisson operators of order d — j, the v; are standard trace
operators and G’ is an operator of the form

@) = [ e [ G e € e (1030)

where §’, the symbol-kernel of G', is in Sf}gl(R"_l, R .7, 1), cf. Definition
10.3 3°. There is a corresponding symbol ¢’, defined by

gl(ff/flaﬁna%) = ywnﬂﬁn?ynﬂﬁne;rne;rngl(xla T, ymfl)- (1037)

The symbol-kernel and symbol of G itself are
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9(33/7%7”:07“5/) = Z kj(ﬂf/aﬂin,f/)Dinis(yn)+§/(33/,33mym§/)7
0<j<r

g(xlaglafnann) = Z kj(xlaé.)n%+gl($la€/7§n7nn)' (1038)

0<j<r

In the polyhomogeneous case, the principal symbol-kernel and symbol are
" = Ga—1 resp. ¢° = ga_1. (Both for singular Green symbols and for trace
symbols, the definition can be refined further to allow the notion of negative
class r < 0, see [G96, Sect. 2.8].) In some recent works, it has been practical
to replace the enumeration d—1—1 by d—[, but we here stick to the notation
of [G96].

We define the boundary symbol operator g(z',&', D,) from g by

g($/7 5/7 Dn)u(xn) = Z kj (xla Tn, 5/)"0‘“ + / gl(x/’ Tny Yn, §/)U(yn)dym
0<j<r 0
(10.39)
also called OPG,,(g) or OPG,,(g); then G (also called OPG(g) or OPG(g))
can be viewed as G = OP'(g(2’, ¢, D,,)) = OP' OPG,,(g).

Example 10.9. As a simple example of a singular Green symbol-kernel, let
us take §(zn, yn, ) = e @Entyn) Tts symbol is

1

9" &) = T e (@) — i)

it is of degree —2 and order —1.

In view of the last remark in Example 10.7, —le g is the symbol-kernel
of the last term —K,v,Q+ in (9.38); it is the singular Green operator part
of the solution operator for the Dirichlet problem considered there.

Singular Green operators of class 0 have adjoints of the same kind: Allow-
ing symbols depending on (2/,y’) we have that

G = OPG(g(2",y, xn,yn, &)  implies

. Y / (10.40)
G - OPG(g(y » L 7y’namnv§ ))a

when G is of class 0. More on this in Remark 10.35. Singular Green operators
of class r > 0 do not have adjoints within the calculus.

Negligible operators

To the above operators defined by Fourier integral formulas, one adds
the negligible operators of each type, defined as operators of the form (10.23),
(10.29), (10.35) with S;,T", K, K; and G’ replaced by integral operators with
C>°-kernels (up to the boundary) over the respective domains:
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Spgu= | - Ks, @)y dy', Tu= | K (@' y)uly) dy,

Kv = Kg(z, vy dy', Gu= | Ke(z,y)uly)dy, (10.41)
]Rnfl R

with Ks, € C®(R*"2), Ky € C=(R" ' xR}), Kx € C®°[R} xR 1),
Kgr € C (Ei x@i). They are of class r when they contain trace operators
v; for j < r — 1. It will be seen from the mapping properties that we show
in detail in Section 10.5 that the negligible operators include the operators
defined above with symbol-kernel of order —oo in (2/, y')-form. However, the
kernels of these are decreasing in z,, and y,, and we observe that more has
been included now: r* Pe* is included as a negligible G when P is negligible.

We shall show the mapping property indicated in (10.18) as well as map-
ping properties in Sobolev spaces in Section 10.5 below.

The various operator classes defined above are invariant under coordinate
changes in EZ preserving the boundary {z, = 0}; this holds both for the
polyhomogeneous classes and the S; o classes. This is stated in [B71], with
an indication of how to conclude the invariance for S; o Poisson operators
once it is shown for Sy ¢ 1do’s satisfying the transmission condition. [RS82]
proves the invariance under coordinate changes in 2’ alone, where the rules
for 1»do’s in x’ apply. A complete proof, with formulas for the symbols of the
transformed operators, is found in [G96, Sect. 2.4 and Th. 2.2.13], covering
also parameter-dependent symbols.

Thanks to the invariance, one can also define the operators as acting in
vector bundles over manifolds, by use of local coordinates. The book [G96]
allows noncompact manifolds, but we at present just consider the compact
case: X is an n-dimensional compact C*°-manifold with boundary 0X =
X', smoothly embedded in a neighboring n-dimensional manifold X, and
E, E = E|,, E and E' = E'|, resp. F and F’, are vector bundles of
dimension N and N/, resp. M and M’, over X and X, resp. X’ (described by
local coordinates and trivializations). P is a ¢do in E over X satisfying the
transmission condition at X’ and the 1)dbo’s considered in connection with
P are of the form

P.+G K\ C>(E) C>FE)
A= DX =X (10.42)
T 8] Cx(F) C=(F)

here P, = rxoPexo (defined similarly to (10.1) for X° C X). All the oper-
ators are assumed to be such that they in local trivializations act in the way
we have described above for R’}. The terms 7', K and S (and sometimes even
P, + @) are often given as block matrices with different orders for different



264 10 Pseudodifferential boundary operators

entries (fitting together in a suitable way); see the remarks on multi-order
systems around (11.13).

Having defined the ingredients in A in (10.18), we shall now look at com-
position rules. When f’ is another such system, going from Cé’g’) (RZ)N X
Ce(R1HM" o COO(RZ)N x C°(R"1)M" and one of the operators is
properly supported (with a suitable generalization of Definition 7.6), the
composition may be written

P + G K Pl + GI KI P/I _ L + G/I/ KI/
A// - ( +T S) ( +T/ SI) = < + T/I S/I) . (1043)

The point is to show that A” again has the structure of a ¥dbo, which
really amounts to showing 14 different composition rules:

P" = PP’ is a 1do with transm. cond., (10.44)
L(P,P') = (PP'); — Py P isans.g.o.,

G" =P.G +GP, + GG + KT’ is an s.g.o.,

T" =TP, +TG + ST’ is a trace operator,
K"=P,K'+GK' + KS" is a Poisson operator,
S"=TK'+ S8S" isado on R" 1

We observe right away that the first rule (i) is easy to check from Definition
10.2, in view of the standard composition rule Theorem 7.13 for ¢do’s (recall
that we only consider P’s of integer order). For the other rules, there will be
some information in Proposition 10.10 below and a full treatment in Section
10.4. In this sense, the 1»dbo’s A form an “algebra”.

It is also of interest to see whether A has an adjoint within the dbo
calculus. In view of the preceding information, this occurs for general K, and
for G and T when they are of class 0. For P, , the adjoint (P;)* equals (P*)1
when P is of order < 0. More on adjoints in Theorem 10.29 and Remark 10.35.

There is a technical device worth mentioning here, which can transform
the system A into one that does have an adjoint, namely, that there ex-
ists a family of ¢do’s A" of orders r € Z, such that (A” ), maps H*(R"})
homeomorphically onto H*~"(R? ) for all s. They are called order-reducing
operators. (See Exercise 10.11.)

Now some details on compositions. The new operators are introduced in
such a way that they have a special definition with respect to the x,-variable
(defined by OPT,,, OPK,,, OPG,,), whereas the definition with respect to
the z’-variable is the standard 1do definition OP’. In compositions, the new
thing to deal with is therefore just what happens in the x,-direction, whereas
the rules in the z’-direction are as in Chapter 7. So let us now study -
compositions (denoted o,, for the symbols).

From the real formulation given above we have easily:
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Proposition 10.10. Consider a 1»do symbol p(z',0,¢',&,) and trace, Pois-
son and singular Green symbol-kernels t(a' 2y, &), k(2 20, &), G2, Tns Yn, &)
of order d, and t' (', 2, &), k' (2, 2,,8"), §'(x', T, yn, ') of order d', all of
class 0. Let d’ = d+d'. We have the rules:

(1) pr is O(<§n>7l)’ then Yo OPn(p)+ = OPTn({”); where E//(x/7xn7€/) =
p(a’,0,&', —20)]2, >0, a trace symbol-kernel of order d and class 0.

(i) 70 OPK,, (k) = s, where s"(2',&') = k(2',0,£"), a ¥do symbol of order
d.

(iil) 70 OPG,,(§) = OPT,, ("), where t" (', yn, ") = §(2',0,yn, &), a trace
symbol-kernel of order d and class 0.

(iv) OPK,, (k) OPT, (') = OPG,(3"), where

g//(x/’ T, ynagl) = /;(fflaxnaﬁl)f/(x/7yn,€/),

an s.g.o. symbol-kernel of order d" and class 0.
(v) OPT,(t) OPK, (k') = s”, a 1 do symbol of order d” and defined by

(2, ¢ = /000 iz, VK (2, 20, &) dzyy.
(vi) OPG,,(§) OPK, (k') = OPK,(k"), of order d" and defined by
V€)= [ € €
(vii) OPT,,(f) OPG,(§") = OPT,(t"), of order d" and class 0, defined by

o0
,E//(x/’ Yn, 5/) = / .E(x/’ L, 6/).@/(33/; Ty Yn,s 5/) dzy,.
0

(viii) OPG,,(g) OPG,(g") = OPG,(3"), of order d” and class 0, defined
by
7@t €) = [ 9 020,05 0 2 €
0

(ix) One has for all l,m € Ny, with resulting operators of order d — 1+ m:

a!, D" OPK,, (k(2/, 20, ) = OPK,, (z, D" k(2 1, €))ep,
a:ﬁZDZ; OPG,(§(2', Zn, Yn, &))u = OPGn(xﬁlD;r;g(x’, Ty Yns € )00

Proof. The first rule follows from (10.22), in view of the estimates (10.11).
For the second rule, we have in view of (10.32) that for a € C,

Y0 OPK,, (k)a = v0k(2', 25, & )a = s" (2', €' )a

with s (2, &) = k(a',0,¢'). The third rule follows similarly. The other rules
are likewise verified immediately from the defining formulas. The symbol-
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kernel estimates for (v)—(viii) are shown using the Cauchy-Schwarz inequality;
the detailed proofs can be left as an exercise for the reader (Exercise 10.4).
The rules in (ix) follow from the definitions of the symbol-kernel spaces. O

As an important corollary we observe that the “singular” ingredients in
A — the operators G, T' and K — are negligible at a distance from the
boundary:

Proposition 10.11. Let ¢ € C‘X’(Erfr) be such that ¢(x) = 0 for x, < ¢,
somee >0 (e.g., (() =1—x(x,/e) on @i) Let G, T and K be operators
as in (10.18) of order d € R, and class v > 0 when relevant. Then

1° (G is negligible of class r, GC is negligible of class 0.

2° (K is negligible, T'C is negligible of class 0.

Proof. For any N € Ny, (n(z) = ((z)/zY isin O“(Ei), supported in {z, >
e}. Then
(K =(napy K, (G=(ne)G,

where it is seen from Proposition 10.10 (ix) that z2¥ K and )Y G are of order
d — N (the class of G remains the same), hence so are (yrY K and (yz G.
Since N can be arbitrarily large, the orders are —oo, so the operators are
negligible.

For T'= >, Sjv; + T, T equals T'C, of class 0. This is the adjoint
of the Poisson operator (T"", to which the preceding result applies; so it is
negligible. There is a similar proof for G(. O

The rules in Proposition 10.10 are quite straightforward and unsophisti-
cated. However, when we get to compositions of OP,,(p)+ with the general
boundary operators, the real formulation requires convolutions of p’, in a suit-
ably truncated version, with the other symbol-kernels. Here the usual ydo
experience tells us that it should be an advantage to work with symbols, after
Fourier transformation from z, to &,, where convolutions are replaced by
products. But then the cut-off operator e™r™ must be replaced by its effect
in the &,-variable, and here the transmission condition will be important.

There is a little piece of function theory that takes care of all this, which
we shall now explain.

10.2 Fourier transform and Laguerre expansion of .7

The treatment of ¥do symbols satisfying the transmission condition (10.5)
takes place in the following spaces of functions of a real variable ¢ (playing
the role of &,).

Definition 10.12. For each integer d € Z, the space Hy is defined as the
space of C*°-functions f(t) on R with the asymptotic property: There exist
complex numbers sq, Sq—1, ... such that for all indices k,l and N € Ny,
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Ot f(t) = Y st is O(t[ NI for [t — oo (10.45)
d-N<j<d

Clearly, the s; are uniquely determined from f. We denote
H = Ugez Ha (10.46)
and observe also the decomposition in a direct sum
H=H_1+C[t], (10.47)

where C[t] is the space of polynomials in ¢. The corresponding projection
of H onto H_; is denoted h_q, and (I — h_1)f is called the polynomial
part of f. Occasionally, we also use the projector hy of H onto Hgy, which
removes >, ., 8t/ from f. The spaces Hg have Fréchet topologies (defined
by families of seminorms in relation to (10.45)), and H is an inductive limit
of such spaces.

Lemma 10.13. Let ¢ > 0 and let d € Z. Let f(t) € C*(R), and define

r=t"1 k(r) =71 (r7) for T € R\ {0};

o—it 20

ol—=z
e= (hence t P +z U—i—it)’ (10.48)
1—
g(z):(l—l—z)df(%rz) forzeSt={ze€C||z|=1}, z# 1.

The following statements (i)—(iil) are equivalent:

(i) f€eHy.
(ii) k extends to a function in C*°(R).
(iii) g extends to a function in C>°(S*).

Proof. Consider first the case d = 0. Assume that f satisfies the conditions
(10.45) (which then also hold with 9!t replaced by t*0!). Since f(t) — sq is
O(t=1) for t — 400, k(7) extends to a continuous function k on R (it is the
point 7 = 0 that needs checking). Now

Ork(r) = =120, f(1)],_. (10.49)

so since —t20;(f(t) — so — s_1t7 1) = —t20, f(t) —s_1 is O(t~1) for t — +o0,
0-k(T) — s_1 is O(7) for 7 — 0+. Similarly, for each m,

(—20)™(F(t) = Y st = (—t20)™ f(t) — mls_p (10.50)

0<i<m

is O(t~1) for t — oo, showing that 9™k(7) — mls_,, is O(r) for 7 — O=+.
Thus (i) implies (ii) with

07'k(0) = mls_,, for m € No. (10.51)
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Conversely, the formulas (10.49), (10.50) allow us to conclude from (ii) to (i)
with the coefficients s_,, determined successively from (10.51) (the particular
family of estimates (—t20;)™(f(t) — > _,,<;<o8t') = Ot™"), m € Ny,
implies the full family (10.45)).

For the transition between (ii) and (iii) we now just observe that

1+Z:1+J—l:/7': 207’1;
oc+i/T  or+i
so smoothness of k& at 7 = 0 is equivalent with smoothness of g at z = —1.

When d < 0, one reduces to the case d = 0 by replacing f(t) by f*(t) =
t=4f(t), corresponding to the same k(7) and to ¢g*(z) = (i/a(1 — 2))%g(2);
and when d > 0, one makes a slight generalization to the above proof. a

Note that the coefficients s; in (10.45) are proportional to the Taylor
coefficients of k(1) at 7 = 0; in this sense, they are “Taylor coefficients of f
at 0o”.

The function k(7) here is just an auxiliary function, whereas g(z) has a
particular interest, in an analysis of H_; that we shall now describe. Let
ft) € Hoq, let g(z) = (1 + 2)"tf(—io(1 — 2)/(1 + 2)) (by (10.48) with
d = —1), and consider its Fourier series expansion (for z = %), with the
convention

9(z) = (20)_% Z bpz®,  decomposed in

e ) (10.52)
g7 (z) = (20)" 2 Z bpz* and ¢ (z) = (20)72 Z brz".
k>0 k<0
This decomposition gives rise to a decomposition of H_1,
Hoi=H +H -, (10.53)

where f is decomposed in the sum of f=(t) € HE, corresponding to the
functions ¢g*(z) as in (10.48). We shall analyze the spaces H*,, showing in
particular that they are the Fourier transforms of the spaces e*.#(R.). This
will be done in an elementary way based on orthogonal expansions.

We know from the theory of trigonometric series that the function g on
the circle {|z| = 1} is C™ if and only if the sequence (by)rez is rapidly
decreasing for |k| — oo, i.e., the sequences (k™ by)rez are bounded, for all N.
Equivalently, the series -, ., |(1 + |k[)Nby|? are convergent for all N. The
space of rapidly decreasing sequences (bx) will be denoted by s(Z), and we
shall use

IBrezlley = (57 1 (1 + k) Vbrf2)172, (10.54)
kez

as a norm on the Hilbert space £2'(Z); it is equivalent with the norm (8.11).
(One can replace Z by Ny or other index sets.) So 5(Z) = (x> N (z).
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For f(t) = (14 2)g(z), the expansion (10.52) of g gives an expansion of f
in terms of the functions

(o —it)*
(o +it)k+1’

=

Pu(t,o) = (20)2 corresponding to (20) 72 (1 + 2)z*, (10.55)
cf. (10.48). They are easily checked to be orthogonal in Lo(R) (with norms
(27)2); and the completeness of the trigonometric system (z¥)ez implies the
completeness of the system (P )kez.

Now the inverse Fourier transform carries the @ (¢, o) over to the functions
¢k (x,0) defined by

20)% (0 — Ok (xFe=2o) k! for k>0, z >0,
SRR (CURCEE AL > 0,0
0 for k>0, 2 <0; (10.56)

or(r,0) = @_p-1(-x,0) for k < 0;

they are a variant of the Laguerre functions. By the Parseval-Plancherel the-
orem, the functions (pg)rez form a complete orthonormal system in Lo (R),
and hence the functions with k& > 0, resp. k < 0, span La(R4), resp. La(R_).
(We often write ¢y, for 7+, when k > 0, and @, for 7~ when k < 0.)

One can check that the ¢, with k > 0 are the eigenfunctions of the (variant
of a) Laguerre operator

Loyw =0 Yo+ 0.)x(0 —0y) = —0 10,20, +ox+1 (10.57)

in Lo(Ry), with simple eigenvalues 2(k + 1); and the @5 with & < 0 are
similarly the eigenfunctions for £, _ defined by the same expression on R_.

A property of expansions in the Laguerre system that is of particular
interest here is the fact that rapidly decreasing coefficient series correspond
to functions in .7 (R).

Lemma 10.14. Let u € Lo(Ry), expanded in the Laguerre system (@ )keNy s
by
u(x) = Z brpr(z,0).

keNy

Thenu € .7 (Ry) if and only if (by)ren, is rapidly decreasing. More precisely,
one has the identity

ull Loy = l[(br(w))ken, ll e, (10.58)
and there are estimates of (by)ken, in terms of u:

1CBr (w)mers ey = 27N 1(bi (L5 1)) e,

= 2*N|\££+u||L2 < ch%i)]{V Uj*l||xj+l8w21u|\L2, (10.59)
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and estimates of u in terms of (by)ken, (with any e > 0):

127 Ol £y < cc ™[ (Br ()] g+ e (10.60)

Proof. The identity (10.58) follows from the orthonormality and completeness
of the system ¢y, in Lo(Ry). (10.59) then follows easily from the eigenvalue
property of the ¢y:

1Ok kemollzy = 225 11+ k)Nbxl? = 272N 32 be L3 onl12,
= 2_2N|\££+u||%2 = 2_2NH(—U_18$CE8$ +ox + l)Nu||%2
< ey max o200 |2 92y|12 |

JHISN

since 0y (ru) = x0yu~+ u. For the estimates (10.60) one calculates the expan-
sion coefficients of zu(z) and d,u(z) in terms of those of u; details are found
in [G96, Lemma 2.2.1]. We refer to the proof given there, and shall just quote
the formulas that give the general idea:

roR(2,0) = 5= (kpp—1 + (2k + L)or + (k + 1)ppt1)

P A 1 (10.61)
Ovpr(z,0) = —opr + 20 Zo§j<k(_1) T e+ (-1)%(20) 24,

for k > 0 (easily proved using the ¢y). O

For certain combinations of 2/ and 9., there are better estimates than
(10.60), see [G96, Lemma 2.2.1].

We now return to the decomposition (10.52), which has the counterpart
for f(t), in view of (10.55),

f@)=fT(t) + f(t), where
Fr) = begr(t,o) and f~(t) = > begn(t,0); (10.62)

k>0 k<0

here the sequences (by)r>0 and (bg)r<o can be arbitrary rapidly decreasing
sequences. The hereby defined decomposition of the space H_; is denoted
HT, + H_, as already stated in (10.53); we shall denote the corresponding
projections h', resp. h~,. Note that they are orthogonal projections with
respect to Lo(R)-norm (since the ¢ are mutually orthogonal), so that

1/ e < WFllLas 17 ze < 1Fllz, for f € Hoy (10.63)

Observe that B
P, = p—k—1 for all k, (10.64)

which implies that _
feEHT, <= feH . (10.65)
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By Lemma 10.14 we now see that H™, is precisely the space of Fourier
transforms of functions etu(x), where u € .7 (R,),

HT = F(e"7(R,)). (10.66)

Similarly (cf. (10.65))
H-, = F(e” S (R)). (10.67)
So, when f = f*+ f~ is such that f* = .Z(eTu?), then the projections hfl
in H_; correspond to the projections e*r* applied to u = etu® + e u~ €
et S (Ry)+e S (R).
The above analysis is concerned with H_1; for the complete description of
‘H one has to adjoin C[t] (cf. (10.47)), and it is customary to define (with a
slight asymmetry)

H+ == Htp

s (10.68)
H™=H", +Clt).

Then H = Ht+H ™, and the corresponding projections are denoted ht and
h~, extending h™, resp. h~.

Note that CJt] is the space of Fourier transforms of the “polynomials”
S er6%) where §F) = D¥§; we call the latter space C[¢§]. Then the analysis
can be summed up in the following statement.

Theorem 10.15. 1° The space H = |J ey, Ha admits a decomposition in a
direct sum

H=H"+H", (10.69)
with projections denoted h* and h™; moreover
H-=H-,iCl], H*=MH*.
The decompositions are defined in such a way that the space H by inverse
Fourier transformation is mapped onto the space
S (R) =et S ([Ry)+e S (R_)+ C[o'], where (10.70)
FIHE =t 7R, FTIH =e SR FC]. (10.71)
The projectors h* and h™ carry over to the projectors e*r* and I —etrt
by F71; here (I —etrt)v=e"r~v whenv € e" S (R;) + e~ S (R).
2° The spaces . (Ry) and HT can be described as the spaces of functions
u(z) =Y bipr(z,0) resp. f(t) = Y bpgn(t, o), (10.72)

keNp keNp

expanded in the orthonormal Laguerre system (¢k)ken, on Ry (cf. (10.56)),
resp. the Fourier-transformed Laguerre system ($x)ken, 0 L2(R) (cf. (10.55)),
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with rapidly decreasing coefficient series (bg)ren,. There are similar state-
ments for (R_) and H_, using (or)k<o on R_, resp. (Pr)r<o in La(R)
(the latter system is the same as ($;)1>0)-

3° The general element f € Hg has an expansion with uniquely determined

coefficients
> osith £ bt ), (10.73)

0<j<d keZ

where the last sum equals h—_1 f, and

hf(t) Zbk@k (t,0)

k>0
Z sjtj +Zbkg0k t,o) Z sjtj —I—Zbupl t,o)
0<j<d k<0 0<j<d 1>0

here

Dol = @) e f 1w

kEZ

For later reference we define
Hy=H"NHay H; =H NHy anydEeZ. (10.74)

Remark 10.16. There is another decomposition related to (10.73) that is
sometimes useful. Define the functions, for k € 7Z,

(o —it)*

rar = (20)72 (0 + it)r(t, )], (10.75)

U(t, o) =

and note that

(o0 —it)* (o —it+ o +it)
(o + it)k+1 20
% &k-l—l(ta U) + @k (ta U))

=

Pr(t o) = (20)

~ (20)"

(10.76)

Inserting this in (10.73), we find the expansion

Z sit) + Zakd;k(t,a), (10.77)

1<5<d keZ

where the s; for j > 1 are the same as in (10.73) and the other coefficients
are determined by the formulas

ao = (20) 72 (bo +b_1) + s0, ax = (20) 72 (by, + by_1).

The system @[AJ;.C is a complete orthogonal system in the weighted Ls-space
over R with weight (02 + t?)7!. Their inverse Fourier transforms are the



10.2 Fourier transform and Laguerre expansion of .7 273

distributions (cf. (10.61))

Ye(w,0) = (2007 D (=1D)F g, 4 (=1)%0 for k > 0,
0<j<k—1

Yp(z,0) = h_p(—z,0) for k < 0. (10.78)

Remark 10.17. Since (by) is rapidly decreasing, g*(z) in (10.52) extends
to a C'*°-function on the closed unit disk {|z| < 1} that is holomorphic on
the open disk {|z| < 1}. It follows (cf. (10.48)) that f*(t) € H* has a C*
extension to C_ which is holomorphic in C_; cf. (A.3). One can moreover
show that f(t) satisfies estimates (10.45) on C_ with d = —1. The complex
conjugates in H_; have the analogous behavior with respect to C, and for
d > —1, the functions in H satisfy estimates (10.45) on C;.

Also the Paley-Wiener theorem, linking the holomorphy of A f in C_ with
the fact that supp.Z ' f C R, could be used. Moreover, h™ f and h™ f can
be defined from f by Cauchy integrals; this point of view has a prominent
role in [B71].

Note that the (Fréchet) topology on the space H™ can be defined by either
of the following three systems of norms (where f = Fetu, with expansions
(10.72)):

I(b)kerolley, N € No,
= 2m) 2[R (DI FO) | a)s  J.m € No.

The equivalence of the first and second norm systems was shown in Lemma
10.14, and for the second and third norm we use the Parseval-Plancherel
theorem. The application of h™ here just removes polynomial terms; it cor-
responds before Fourier transformation to removing those singularities sup-
ported in {0} that arise from differentiating e*u.

The mapping that assigns the coefficients s; in (10.45) to a function f € H
will now be investigated. As mentioned before, they are linked with the Taylor
coefficients of k(1) at 7 = 0; cf. (10.48). When we consider .Z 1 f € ./ (R),
we see that the coefficients s; with j > 0 appear here as coefficients in a
“polynomial” >~ s;60). For the coefficients with j < 0, the most important
step is the analysis of the case where f € H™:

Let f € H*, having the asymptotic expansion

fA) ~ st ™ b s ot ™24 (10.80)

and let u € % be such that FeTu = f. We shall see that the s; are linked
with the boundary values of u. The Lagrange (or Green) formula (4.53)
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(DY u,v)r, — (u, DYv)r, =i Z YN —k—1U - &0, u,v € Ly (10.81)
0<k<N-—1

(recall that vju = DJiu(0)), can be written in distribution form when we
insert v = rt ¢ for some ¢ € . (R) and observe that

(Divu,v)ﬂh - ( +DN < u ‘P>Rv
(u, DY v)r, = (e*u, DYp)r = (D iv U PR
Y5t - Vev = ((75u), ’“<P> = ((ju) D33, P)w.

Then (10.81) becomes

DNety = —i Z (YN—k—1u)DES + e DNu, for any N € Ny. (10.82)
0<k<N-1

This gives by Fourier transformation

() = —i Z (v —k—1u)t® + g (8), (10.83)
0<k<N

where gy (t) € HT C H_;. Comparing (10.83) with (10.80), we conclude
from the uniqueness of the coefficients that

vju =1is_1—; for all j > 0. (10.84)

Another interpretation of the coefficients can be given by use of the so-
called plus-integral [ T f(t)dt. Tt is defined on H by linear extension of the
two cases:

/ Ft) di = Jo f(t)dt when f € Li(R) (ie., f € H_s), (10.85)
Jo f(t) dt when f is meromorphic in C, ’

C denoting a contour around the poles in C,.. This covers all f € H, since,
when f € H_; with the expansion (10.45), f — s_1(t +i)"' € H_s. In
particular, in view of Remark 10.17,

+
/ ft)dt=0if feH or f € H NH_o; (10.86)

for in the latter case, the integration can be carried over to a contour in C_.
Then when f € HT and has the expansion (10.80), we can write, for any
ke N,

. 1 .
thf(t) = Z st/ T+ s-1-ky—; + gr(t) with gp(t) € HT N'H_o,
—k<j<-1
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and conclude by the residue theorem that 5= [* ¢ f(t) dt = s_,_y. Recalling
(10.84), we have obtained:

Lemma 10.18. When f = Fetu (u € %), with the expansion (10.80),
then

+
= [ Ff@)dt =is_1_p = u. (10.87)

The coefficient s_1_j can be estimated by use of the standard trace esti-
mates

s 1-k[2 = Jul? = — / 5, [uMa®)] da
0

< 2||D];UHL2(R+)|‘D§+1UHL2(R+)

= 2B )l o 18T E ) o), when f e HT.

(10.88)

In the general case where f € H_;, one can obtain similar results by
applying the above to the components f™ = hTf and f~ = h™ f.

10.3 The complex formulation

The considerations in Section 10.2 are relevant not only for the do’s sat-
isfying the transmission property, but also for the appropriate definition of
symbol spaces for trace operators, Poisson operators and singular Green op-
erators. The symbols were mentioned in Section 10.1 along with the symbol-
kernels (as their Fourier transforms in the normal variable(s)), but without
a systematic definition of symbol spaces. We shall give this now using the
notions from Section 10.2.

Definition 10.19. Let d € R, let » € Ny, let = be open C R™ and let K be
one of the spaces H,_; or H™.

1° The space SﬁO(E,R"_l,IC) consists of the functions f(X,¢,&,) €
C>(E xR"), lying in K with respect to &,, such that when f is written
in the form

FXE6) = Y 5(X8)8+ f(X,€,6) (10.89)

0<j<r—1
with f/ = h_;f, then s;(X,¢’) € Sﬁgj(E,Rnfl) and f’ satisfies
IDS DEh-1(DE &8 )| ae, < (X)(E)HTF M1 an g, (10.90)

for all indices 3 € N}}/, a € Ngil, k and k' € Ng, with a continuous function
¢(X) depending on the indices.
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2° The space S*(Z,R""*,K) of polyhomogeneous symbols (in S{ ) con-
sists of those symbols f € SﬁO(E ,R"=1 K) that furthermore have asymptotic
expansions

e~ fas (10.91)

IS\

where f =37,/ fa—1 € S’fBM(E,R"’l,IC) for any M € Ny, and the symbols
fa—1 are homogeneous of degree d — [ in £ on the set where |£'| > 1:

fai(X,t€) =t g (X, €) for [€/] > 1, t > 1. (10.92)

In the decomposition (10.89), the sum over j is empty when r < 0. Note
that f’ is in the space with r replaced by 0; it is often called “the part of f
of class 0”. The first term fy is also denoted fO.

Definition 10.20. Let d € R and r € Ng.

1° 5 4(Z, R, H,_) and S%(Z,R""!, H,_,) are called, respectively, the
space of S1,9 or polyhomogeneous trace symbols of degree d, class r and
order d.

When r = 0, the inverse co-Fourier transform gives (after applica-
tion of ?g_n:wn and restriction to Ry) the spaces S{ (5, R"™*,.7,) resp.
S4(=Z R*1.7,) of S1 resp. polyhomogeneous trace symbol-kernels of
degree d, class 0 and order d, defined in Definition 10.3.

2° S{(Z,R"1,HT) and S%(Z,R""!, HT) are called, respectively, the
space of Si ¢ or polyhomogeneous Poisson symbols of degree d and order
d+1.

The inverse Fourier transform gives (after application of ﬁé_nl_wn and re-
striction to Ry) the spaces S{,(Z,R""!, ., ) resp. S4(Z,R""!, ., ), here
called the S resp. polyhomogeneous Poisson symbol-kernels of degree
d and order d + 1.

For the order convention, cf. Remark 10.6. The fact that the inverse
Fourier-transformed spaces match the ones introduced in Definition 10.3 fol-
lows from Theorem 10.15 and the Parseval-Plancherel theorem. The appli-
cation of h_; in (10.90) serves to remove polynomials (that may arise when
k' > k); this corresponds to the fact that we are in (10.13), (10.14) considering
functions of z,, € R (extendable to smooth functions on R ), disregarding
d-derivatives that would arise from the discontinuity at 0 if one takes deriv-
atives on R.

For the tdo symbols satisfying the transmission condition, the h* projec-
tions map into these spaces:

Theorem 10.21. When p(X, zy, yn, &) satisfies Definition 10.2, then, with
r =max{d + 1,0},



10.3 The complex formulation 277
hp(X,0,0,€) € 8§ (2, R"1 HY),

hp(X,0,0,€) € S{o(Z, R H), (10.93)
rEp(X,0,0,8,£2,) € S (2, R, 7).

Proof. From Definition 10.2 follows that h_[DS Dg (€1'p(X, 0,0, £))] satisfies
estimates

|h-1[D% D (Emp(X, 0,0, )|, (. (ry < c(X)(EYIHETMlol;

this implies the estimates for h*p required in the first line of (10.93) since
|htpll < ||h-1p| (cf. (10.63)). Similar estimates are valid for h~,p. By The-
orem 10.15 this translates to the estimates for = in the last line. Since h™p
is the sum of h_;p and the polynomial part (as in (10.8)), the assertion in
the second line follows easily. a

Example 10.22. With o = (£’), the nonnormalized Fourier-transformed La-
guerre functions

(0 — Zgn)l
(o + &)1
(cf. (10.55)) with [ > 0 lie in S~}R" 1 R""! H*), so they are Pois-
son symbols of order 0, degree —1. Their conjugates (20)‘%;51 (&n,0) lie in
S—HR"1,R"~1H,), so they are trace symbols of order and degree —1 and
class 0.

(20) " 2G1(n,0) =

In order to describe the symbol spaces for singular Green operators we need
to describe the space of Fourier transforms of functions in .7, | extended by
0 to R2.

The tensor product of . (R, ) with itself is the linear space of functions

on R?H spanned by the products a(z,)b(y,), a,b € (R4 ). One can define
completions of such tensor product spaces in several topologies, but it is
known e.g. from Treves [T67] that the space . (R ) is nuclear, and hence that

the various completions coincide and identify with .7 (R +4), the restriction
=2
of .Z(R?) to R, . We simply write
—2

S B)6S®y) = 7 (® ).

The (nuclear Fréchet) topology on .% (@i ) is described e.g. by the system
of seminorms

HxﬁD’;;y,TDZig(xn, yn)llL(rz ) for &, k',m,m’ € No. (10.94)
By Fourier transformation in x,, and co-Fourier transformation in y, (i.e.,

by sesqui-Fourier transformation) of ef ef & (Ei +), we obtain (in view of
(10.65)—(10.67)) the completed tensor product
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— =2
‘grn_’gn‘gzyn_’nn (e+ e+ y(R++))

Tn "Yn

= Tt F yuma (€S R0 (Ry)) = HTOH,; (10.95)

here the sesqui-Fourier transform acts as a homeomorphism. In particular,
the (semi)norm (10.94) on g(x,,, y,) carries over to the (semi)norm

Lnd by, (DE X DIy (6. mn)) || La(ee) for g € HTGHZ,,  (10.96)

where

g(fn, 'r]n) = / e—imn§n+iynnng(xn7 yn) dﬂ?ndyn, (1097)

R2
T+
the system of seminorms (10.96) defines the (nuclear Fréchet) topology on
HT@H~,. (Again, the projections ™ and h~, serve to remove polynomials,
which would correspond to d-derivatives at 0 in the (zy,, y, )-formulation.)
By use of the direct sum decomposition

1 =H_, +C._1[t], for r >0,

where C,_1[t] denotes the (r-dimensional) space of polynomials of degree < r,

we can likewise define HT®@H,_;, with elements

9(&nsnn) = Z SjUfL + gl(fn,??n),

0<j<r—1

where the s; are constants and g € H+®H:1. Then we can formulate the
appropriate definition:

Definition 10.23. Let d € R, let r € Ny and let = be open C R™ .

1° The space S{q(Z,R""' HT&H,_,) consists of the functions
9(X, & &nmn) € C®(EXR™Y), lying in HT®@H, | with respect to (&,,7,),
such that when g is written in the form

g(Xa flafmnn) = Z kJ(Xv 6/7671)7]1]1 +g/(Xa 5/761177777«) (1098)

0<j<r—1

with ¢ = h_1,,,9, then k; € Sf}gj(E,]R"_l,HJr) for each j, and ¢’ satisfies
the estimates

||D§(D?'ht17gnh:1,nn(D§n§§ DZZJ?ZL gl)||L2(R2)
< e(X)(g)y IR i el (10.99)

for all § € N()‘/,a € Ngil,k,k',m and m’ € Ny.
2° The polyhomogeneous subspace S¢(Z,R"~!, H*@H, ) consists of

those symbols g € Sf’O(E,R"’l,HJr@HT__l) that furthermore have asymp-
totic expansions
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g~ Z gd—1,

leNg

where g —> ) 3,941 € Sf}BM(E, R HY&H, ;) for any M € Ny, and the
symbols gg—; are homogeneous of degree d — [ in (£, &, 0n):

Ga—1(X, € tén, tnn) = 147 g (X, € €n,mp) for t and €] > 1. (10.100)

3° The spaces are called, respectively, the space of S o or polyhomogeneous
singular Green symbols of degree d and class r, and of order d + 1.

When r = 0, the inverse Fourier transform from &, to z, together with
the inverse co-Fourier transform from 7, to y, gives (after restriction to
R% ) the spaces S (5, R"™!,. 7, 1) resp. S4Z,R""!, .7, ) of Si resp.
polyhomogeneous singular Green symbol-kernels of degree d, class 0 and
order d + 1; they are defined as in Definition 10.3 3° and 4°.

Also for singular Green symbols, the Laguerre expansions are highly rele-
vant. Functions in .%7; ; can be expanded in the orthonormal double sequence
(p1(zn, 0)Pm (Yn, 0))1,men, formed of the Laguerre functions; it is a complete
orthonormal basis for Ly(RZ ), and its elements lie in .%; . Here, when §
and g are expanded in double Laguerre series:

§($myn)= Z Clm@l(mnaa)@m(ynva)a

I,meNy
R _ (10.101)
9(&nynn) = Z Clm‘Pl(fan)QOm(nmU)a
I,meNy
one has that
GESr & gEHYOHT| < (cim)imen, € 5(NoxNp), (10.102)

where s(Ng x Np) is the space of rapidly decreasing sequences indexed by
(I,m) € NgxNy. The system of (semi)norms where N and N’ run through
NOa

1
lemmhmerlsn = (30 10+D¥A+men?)’,  (10103)

1,m€eNp

defines the topology, equivalently with the systems (10.94) and (10.96).
For the functions in Sf761(E,R”*1,5”++) it is natural to take o = (¢’),
then when

J(X, xn,yn,fl) = Z cim (X, fl)@l(mm <€/>)‘Pm(ym <§I>)a (10.104)

I,meNy

the cim (X, ¢') are in S¢ (2, R"™!) (1pdo symbols), and the topology of the
space S fal (Z,R"~1 .7, ) is equivalently defined by the system of seminorms
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1

sup (€)M (ST 1+ )Y (4 m)N D Dgam (X, €))7
geRn—1 XeK LmeNo
) (10.105)
where a € Ngil, B €Ny, N and N' € Ny and K runs through compact

subsets of =. A more refined choice of o is to take o = [¢'], where
(€= for |¢'| > 1, [¢']is C* and > 0; (10.106)

the modified length. This can be useful in the consideration of polyhomoge-
neous symbols.

Note that when for example X = 2/, and § is written in the form (10.104)
with o = (¢’), then

9@ 20y, &) = D k(@ 2, &) (yn, &), where (10.107)
meNy
Em = Z Clm(xlvé./)(2a-)_%(pl (mnv U)a fm = (20')%<Pm(yna U);
leNp

cf. Example 10.22. This shows in view of Proposition 10.10 (iv) that any s.g.o.
of order d and class 0 can be written as a series

G= > KuTn (10.108)

meNy

of compositions of Poisson and trace operators of orders d resp. 0. The series
converges rapidly in the symbol space seminorms.

For brevity, we shall often omit the indications =, R"~! from the notation
for the various symbol and symbol-kernel spaces, when they are understood
from the context.

We now describe how the operators are defined from the symbols. As
noted in Section 10.1, the definition with respect to the x’-variable or (z’,y’)-
variable is the standard 1do definition, so it suffices to describe the definition
w.r.t. z,,. Here we have, consistently with (10.24), (10.28), (10.29), (10.36),
(10.39), when the plus-integral (10.85) [ " is used to include the polynomial
parts of the trace and s.g.o. symbols in the integrals:

OPK, (k)v = B(X, 2,,&) - v = / ¢ n (X, €)u de
= [k(X, &, Dy)v)(20), (10.109)

OPT,(Hu= 3 s(X.&)u+ / P (X, s € Yug) di

0<j<r
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+ —_—
= / t(X, §etu(&n) dén = t(X, ¢, Dy, )u,

OPG,(g)u = Z ];j(Xamnafl)’Yju‘F/ g/(Xammynaf/)u(yn)dyn
0

0<j<r
. + —_—
= [ [ gt m)etut,)anmd,
= [g(Xa 5/7 Dn)u] (xn)7
for v € C, u € ;. The effect of p(X, ) with truncation is
OP,(p)au=rt [ (X, e u(en) de,

=" F It (petu) = p(X, €, D) 4.

(10.110)

All these operators are called boundary symbol operators. The full operator
definitions are obtained by combining the above with OP’.

10.4 Composition rules

As noted earlier, the new elements in the proof of the statements (10.44) lie
in the compositions with respect to the x,-variable. We shall write a0, b = ¢,
when c¢ is the symbol (in one of our symbol spaces) arising from composing
the boundary symbol operators with symbol a resp. b. The rules for (iii)—(vi)
in (10.44) are treated in the following theorem.

Theorem 10.24. Let d and d’ € R, and let v and v’ € Ny. Let
(i) p(X.¢) € SﬁO(E,R”), with transm. cond.,
(i) 9(X,& &) € ST (E R HIOH, ),
(iii) #(X,€) € S{o(Z, R H, ), (10.111)
)
)

—

(iv

k(X&) € ST (E, R HT),

(v) s(X. &) e S (2, R,

and let p', ¢', t', k' and s’ be given similarly with symbols in the spaces with
d and r replaced by d' and r'. In the formulas where p (resp. p’) occur, we
assume that d (resp. d’) is integer. Define

d'"=d+d, r"=max{r+d,0}. (10.112)

Then the o, -compositions give rise to ¥dbo’s whose symbols are determined
by the following formulas (where S{ (=, R"™1, K) is written as S{(K)):
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1° pyon k' = hi [p(X,OK (X,€)] € ST, (M), (10.113)
2 gouk = [ g0%EmN X8, b € SE (),

3° kons =k(X,6)s'(X,&) € Sf o (HT),
4° to,pl = hg [HX,Op'(X,€)] € S{o(Hu_y),

+
5° to,g =/ X ann)dfneslo(H 1)
6° sont = s(X,E)(X,€) € S¥o(H_,),

+
7 to. k= | HX,OK(X,)dE, € SEH(E,RYTY,

8° son s =s(X,€)s (X, ) €S2, RTY),
9° pyong =hi X, €)g (X, &) € ST HTEM,_)),
10° gop p/+ = h;n[ (Xafvnn)p/(Xa flann)]
€ sd o T(HYOH, ),

110 g On 9/ = / g(X7 5/76117Cﬂ)g/(ngacn)nn)dcn
e STy HYeH,,_)),
12° kot = k(X, €, &) (X, & n,) € ST (M &H,,_)).

Here composition of polyhomogeneous symbols gives polyhomogeneous sym-
bols.

Proof. The formulas follow rather naturally from the calculus described in
Section 10.2. Consider 1°. Here, for v € C, k'v is as in (10.109), so

pi(Dy) on K (Dyp)v =1r" /e”"f"p(X, f)ﬁ[eJrl%(X, T, &)vdé,
=1t [ pX kX, v,
=t 7 p(X, Ok(X, §)lv = OPK,, (h™ (pk))v,

since h™ corresponds to etr™ by Fourier transformation (its effect is the
restriction to R4 in the real formulation). There is a slight abuse of notation
when we do not always mention the extension by 0 on R_.

For 4° one has that for v € .#(Ry) with Fetu = f, the operator
t(Dy) on p'(Dy)+ is defined by

t(Dp) on p'(Dp)yu = t(Dn)y_l[h-i_ (' )]
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Jr
- / LT f) dé
+ +
= / tp'fdé, (since / th=(p'f)dé, =0)

+ +
— [ e (sinee [ ntap)s g =0
= OPT,(h™ (tp))u;

here we have used (10.109), (10.110) and (10.86).

The rules 9° and 10° follow the same pattern, except that there is an extra
integration (in 7, resp. &,) to carry along.

In rules 3°, 6° and 8°, the effect of s or s is purely multiplicative.

Rule 7° is the Fourier-transformed version of Proposition 10.10 (v) if r = 0.
When 7 > 0, we must also deal with compositions s;v;k(D,,)v; here

+ .
L F (X, €)= / €I R(X. €, 6,) e

in view of Lemma 10.18, so these terms contribute in the stated way. The rules
2°, 5% and 11° are elaborations of this observation, based on Proposition 10.10
(vi)=(viii) and carrying other variables along. 12° is an obvious extension of
Proposition 10.10 (iv).

This shows the formulas, and the estimates required for the indicated
spaces are easily checked. O

In preparation for the treatment of the leftover operator L(P, P’), we in-
troduce a new rule. When v € #(R"71), it can be multiplied by the dis-
tribution §(z,) to define a temperate distribution on R™; it is traditionally
denoted v(z') ® d(x,,), and acts as follows:

(v(z") ® 6(z), p(z))rn = (v(2), p(z',0))gn-1, when ¢ € S (R™). (10.114)

We shall show that when P is a ¥do of order d (satisfying the transmission
condition, as always), then the operator K defined by

(Kv)(z") = rT P(v(2)) @ 6(zy,)) (10.115)

is a Poisson operator of order d + 1.

Theorem 10.25. Let P = OP(p(z,y,&)) be of order d, and define K by

(10.115). Then K is a Poisson operator of order d+ 1. The symbol-kernel k

and symbol k satisfy (with p = g};LZP}'
]’%(xla yla T, gl) = T+ﬁ(xlﬂ 07 yla 07 517 Z)|z:wn7

o RO e (10.116)
k(2',y', &) = hTp(2',0,y,0,8), if p is independent of xp;
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k(@' wn, &) ~ et Y Jad 0l j(2',0,y/,0,¢,2) =0,
7€No
k@' y', &) ~ Z gvth Dgn p(a’,0,y',0,€)) in general.
J€No

If P is a differential operator, K = 0.

Proof. The last statement is obvious since P(v(z') ® §(xy,)) is supported in
{x, = 0} when P is a differential operator.
To show the formula, let first p be independent of x,,. Then

rtOP(p)(v®d) =rt / T Ep(@ Yy, )v(y)d(yn) dydE

R2n

_ ot / @ =) E iy (0! 0, €)o(y') dy' de
R2n71

:/ eV p(al y 0,8 w )u(y') dy' dE’
RQn 2
= OPK(k(z',y', xp, &),

where k = rtp = r+tZ!

[p—
is k = h'p. In view of Theorem 10.21, k(2,9 zn,£') is a Poisson symbol-
kernel of degree d (order d+1). (The application of §(y,,) in the first line can
be justified by writing it as the limit of an approximate identity.)

When p depends on z,, it is natural to do a Taylor expansion of p in z,,
and apply the preceding result to each term; this gives the third formula in
(10.116), except that we have not yet accounted for the justification of the
asymptotic series. But this is easy on the symbol level: We can use Theorem
7.13 1° with respect to the variables (z,,,y,) to replace p by an equivalent
symbol p’ depending on y,, instead of (z,,y,); it has the form

=T ﬁgnl_mn (h*p); the corresponding symbol

P&y yn§) ~ > 4D, 08 p(a wns Y yns )|
Jj€Np

— )
Tn=Yn

and is likewise of order d and satisfies the transmission condition at y,, = 0.
Then we apply the second formula in (10.116) to this symbol, obtaining the
fourth formula, and the third formula follows by inverse Fourier transforma-
tion in &,. ad

We finally treat rule (ii) in (10.44) for the leftover operator L(P, P’). As-
sume that P and P’ are given by symbols p(X,¢), p'(X,§), where X = 2/,
y' or (2',y'), so they are independent of z,, (or y,). The decomposition of
L(P, P') that we shall now explain, was first introduced in [G84]. (In that
paper it was useful in obtaining the first complete treatment of L(P, P’) in
the general case with x,,-dependent symbols.)

According to (10.18) we can write
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P:ZOSlSdSlDﬁl—l—Q, P = Zoglgd’ S{Dﬁl—l—Q/, (10.117)

where the S and S] are differential operators on R"~! (with symbols poly-
nomial in ¢’) and Q and Q' have symbols that are O({£,)~!). One finds the
following rules: Since differential operators are local,

L(Xo<i<a SiDy, P') = 0. (10.118)

By Green’s formula (10.82),

L(P, Zogzgd/ S;Dy)u =1+t Zzgd/ PS|(D},etu— et Dlu)
=—ir"PY g Si et (k1w @ DES) = 30y Knymu,  (10.119)

where K, is the Poisson operator of order d+d’ —m (as in Theorem 10.25),
Koo =—i Y0 vt PS;DL"™ (u(a!) @ 6(,)); (10.120)

50 (10.119) defines an s.g.o. of class d’. For the analysis of the remaining term
we introduce the reflection operator .J,

Jru(@ xn) = ula, —xy), (10.121)

it sends spaces over R’ into spaces over R%. Then we can write, for u €
Io%s) N
Cloy(RS):

LQ,QNu=r"QQetu—r"QetrTQetu=r"QUI —etr")Qetu
=rtQe r Qetu= (r"Qe J)(Jr QeMu
= GT(Q)G™ (Q)u, with (10.122)
GT(Q)=r"Qe " J=rTPe"J =G (P),
G (Q)=Jr Qe =Jr Pet =G (P)=[GT(P")]".
We shall show that the latter are singular Green operators of class 0 and

orders d resp. d’. Similar formulas hold on the boundary symbol level. Alto-
gether,

L(P,P) = 20§m<d/ Kpym + GT(Q)G(Q"). (10.123)
The resulting symbols will now be analyzed on the one-dimensional level.

Theorem 10.26. Let d € Z and d' € Ny, let p(X,€) € S{(Z,R") and let
s1(X, &) be polynomial in & of degree d' —1 for 0 <1 <d'.

1° One has for the singular Green symbol resulting from the formation of
L(p(X7 0) 5/7 D’n)a Eoglgd/ S; (Xa 07 6/)D5’L)7
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L(p, Z ngfz) = 20§m<d’ km (X, f)'r];n
S Sffgd/il(E,Rnil,HJr@H;,_l), (10124)

where the k., are Poisson symbols

(X, €) = =il (i1 p(X, O5)(X, €)€17 )
€ SEHm(E R HY).(10.125)

2° For the operators introduced in (10.122) one has

g (p) =r"p(X,0,¢,Dn)e”J, g (p) =Jr p(X,0,,Dyp)e’, (10.126)

are singular Green operators with symbol-kernels (where p = §£;LGp)7 resp.

symbols:

§+(p)(X, xnaynaé./) = T+]5(X7 5/7zn)|zn:wn+yn and
g_ (p)(Xa T, Z/n, 5/) =71 ﬁ(Xa fla Zﬂ)|zn:—rn—yn
€ S{HE R Ay, (10.127)
g () (X, &) = T e T yo—nuea el §T(p)  and
9 (D)X, &) = P e F yn—naeaen G (p)
€ S{ME R HTOHD,),
of order d and class 0.
3° If p(X, &, Dy,) is a differential operator, these symbols vanish.

Proof. 1°. The statement on k,, follows from Theorem 10.25 1°. The resulting
symbol (10.124) is an s.g.o. symbol of the stated type in view of Definition
10.23. Note that only htp enters (cf. also (10.118)).

2°. Denote h*p = p*, and omit the variable X. We have, reading the
integrals as Fourier transforms and using that the distribution kernel of p
equals p(x,, — y,) where p € ¥ (R),

0

T*p(f',Dn)e*Ju=7'+/e”"5"p(€',€n)/ e~ Wnsny(—y,,) dyndé,

— 00

:r+/eiwn§np(§/7§n)/ eiyngnu(yn) dynd‘gn
0

= / ﬁ(glﬂ T + Yn)U(Yn) dyn = rt / ﬁ+(§/7 Ty + Yn)w(Yn) dyn,
0 0

since p(&’, z,) = T (€, 2,) for z, > 0. Thus g™ (p) is the integral operator on
R4 with kernel

G () (@ny yn, &) =17 (€, 20 4+ yn) = DT 20 + Yn).
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We have from Theorem 10.21 that = € S ((Z,R""!, ., ). The kernel is
estimated by use of coordinate changes Z=Tp — Yn, W= Ty + Yn:

6% () @ €2 / / 5 (€ + o) P adyn

= w w 2 Zawn = w w
—/d/ e w) Pdzd /0 Wt (€ w)Pd
[wp (w, €15 (€', w)]| < (€)% (€)+5 = c(¢')24,

This is the basic estimate, which easily generalizes to derivatives in X and £/,
and to lower-order parts. For the symbol-kernels resulting from application
of z DY ym Dy, we observe that for w =z, + yn,

IN

mﬁy;” < wkt™  when x,,y, >0,

and
K pym/ =it k! et
DmnDynp(€ s L +yn) - Dw p(f ,’LU),
so that
=k DYy DI 5 (p) |12

||L2,In,yn (Ri+)

(o]

0

o0 ’ ’
:/ w|wk+ka +m’ ]5+( )|2dw < c<€/>2(d7kfm+k +m )

0

It is altogether seen that ¥ (p) satisfies all the estimates required of a symbol-
kernel in S{,(Z,R""!, ., ;). The proof for g~ (p) is similar, based on the
identities

Jr_pe+u=Jr‘/e”"f"p(f’,ﬁn)/ e~ Wby (yy,) dyndén
R 0
:T+/R TEnp(E ) / e~ (y) dyn dés
= 7'+/ ]5(5/7 —Tp — yn)u(yn) dyn.
0

For 3°, recall (10.118). O
From the above analysis we can conclude:

Corollary 10.27. Let p and p’ be as in Theorem 10.24 and write

P= ) Si(X. ) +hoap

0<j<d’
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Then L(p,p') = (p(Dn)p'(Dn))+ — P(Dn)+ on p'(Dn)+ is a singular Green
boundary symbol operator of order d+d' and class max{d',0}. More precisely,
the symbol is defined by

Lp,p)(X,&m) = Y ka(X, 7 + 9% (0) on g™ (), (10.128)

0<m<d’

where ky,, g7 (p) and g~ (p') are as defined in Theorem 10.26. In particular,
L(p,p’) depends only on h™p and h™p'.

The full composition rules, where the action in 2’ is also taken into account,
look as follows when the 1»do symbols are independent of the normal variable:

Theorem 10.28. Let symbols be given as in Theorem 10.24, with 5 = R"~!
with points ©'. Let a(a’, &', Dy,) stand for the boundary symbol operator, and
let A stand for the full operator OP'(a(z',&', D,,)) defined from one of the
symbols a = p,t,k,g or s, and let a’(2', &', D,,) and A’ be similarly defined
from the primed symbols. (One can also consider symbols in (z',y’)-form, in
which case one can begin by reducing them to x'-form, by Theorem 7.13 1°
applied in the tangential variables.)
1° Consider one of the compositions

A" = AA” = OP'(a) OP'(d’)

listed in (10.44) (iii)—(vi), with one factor properly supported w.r.t. (z',y").
Here A" ~ OP'(a"), where a" has the asymptotic expansion

a'(2.&,Dp)~ > HDga(a! €, Dy) o, d%d (2, Dy),  (10.129)
aENgn 1t

each term being determined by the appropriate composition rule in Theorem

10.24. The expansion holds in the space of operators and symbols of order

d+d', and class r' resp. max{r +d',0} (in the relevant cases).
2° Consider the singular Green operator

G = L(P,P')= (PP'), — P, P,

derived from P and P’, with one of the operators properly supported w.r.t.
(2',y"). Here G = OP'(g), where

9§, Dp) ~ Y HL(Dgp(x,¢, Dy), 080 (.6, Dy)),  (10.130)
a€Nyn—1!

with the terms defined by Corollary 10.27. The expansion holds in the space
of operators and symbols of order d + d’' and class max{d’,0}.

Proof. 1° If a’ were in 3'-form, the resulting operator would simply have the
boundary symbol operator in (2, y')-form
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a(x', &, Dy)ond (y, &, Dy,).

This can be reduced to z’-form as in the proof of Theorem 7.13 1°. The

procedure of replacing a’ by its y’-form and reducing the resulting product

to a’-form gives altogether the formula (10.129). The proof of 2° is similar.
O

When the symbol of P (or P’) moreover depends on w,, one considers
each term in its Taylor expansion at x,, = 0 separately:

p(z’, z,, &) has the expansion Z L3 07 p(a',0,€); (10.131)

nYz,, P
j>0

the agc'n p satisfy the transmission condition. In the compositions in (10.44)
(ii)~(v), a factor zJ, decreases the order by j steps (cf. Proposition 10.10
(ix)), so it is indeed possible to collect the resulting symbols as expansions in
homogeneous terms of decreasing order. The resulting formulas can e.g. be
found in [G96], Section 2.7 (disregard the parameter).

10.5 Continuity

For the proof of continuity properties in Sobolev spaces it will be practical to
introduce spaces of different order in the normal and the tangential direction,
as in [H63):

H'R™) = {u e L' (R") | (£)*(¢)a(€) € L2(R™)} with norm

u ) (10.132)
[ulls,e = (2m) 7= [[(€)°(€") @€ L)
for s,t € R. Note that
ulls,e < [[ullsre when s < s, s+t < s+t (10.133)

From these spaces we can define the related Hilbert spaces over the half-space:

HY'R})={ue Z'R}) |u= Ulry for some U € H**(R™)} with norm
lulloe = _inf Ul

HY'(RY) = {u € H*(R") | suppu C R} }, (10.134)

as mentioned for the case t = 0 in (9.18), (9.25). It is shown in [H63, Sect. 2.5]

that for all s,t, H'(R'}) and H S’7’5(R+) are dual spaces of one another,
with a duality extending the scalar product in La(R%). C75 (Ri) is dense
in each space H*'(R"}), and C§°(R?) is dense in each space Hg’t(ﬁi). For
s = m € Ny, one has a more elementary characterization of H m7t(Ri) and
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H{"'(RY), as the closures of % (R"}) resp. Cg°(R™) with respect to the
norm

m

. . 1
el = (2m)' 7" Y0 N ™D €, wn) 12, my))
j=0
m (10.135)
. 1 1
= QD ul@ @)l eem—g) * = (D ID™ )",
J=0 la|<m

which is just a slight generalization of (9.6). We shall give proof details for this
case, and refer to e.g. [G96] for the documentation that the various properties
extend to suitable cases with noninteger first exponent.

For m = 0 it is easy to see (using the method of Theorem 6.15 in the
tangential variables x’) that

HYY(R') and H* *(R") are dual spaces of one another. (10.136)
In the following, we leave out the indications A and / in the norms.

Theorem 10.29. 1° Let K be a Poisson operator of order d € R, with
symbol-kernel k(x',y', xn, &) € SiBl(R%”*l),R”*l,&ﬁ), compactly sup-
ported with respect to 2’ and y'. For all m € Z, all t € R, there are estimates

forve L (R1):
[ K0l i—ars < cllvllmes in particular | Kvllm < cl|v]lpqq-1-  (10.137)

2° Let T be a trace operator of class 0 and order d, with symbol-kernel
ta'y xn, &) € Sfl’O(RQ(”_l),R”_l,er), compactly supported with respect
to 2’ and y'. Then T is the adjoint of the Poisson operator K with symbol-

kernel B
k(z' y xn, &) =ty 2 2, £); (10.138)

in the sense that
(T, 0) -1y = (u, K0) y@ny for ue S ([RY),ve # (R, (10.139)

All trace operators of order d and class 0 (with symbol-kernel compactly sup-
ported in x',y') are obtained from Poisson operators of order d + 1 (with
symbol-kernel compactly supported in x',y') in this way, and vice versa.

For all m € Ny, all t € R, there are estimates for u € Y(@i)

1Tl yrgt—a—s < cllullomse < clullme, in particular |Tully_g_s < clullm:

(10.140)

3° By extension by continuity, the operators define mappings from the full

spaces, satisfying the estimates in (10.137)-(10.140). The estimates (10.137)

are also valid with m replaced by any s € R, and the estimates (10.140) are
valid with m replaced by any s € Ry. In 2°,
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T:Ly(RY) — H 2R Y) and K : H2(R"™') — Ly(R™) are adjoints.
(10.141)

Proof. We have for v € Z(R"1), u e Y(Erfr):
(Kv, u) ey = / IRl y wn, )0y Va2 dy'dE da’ day
(10.142)
(oscillatory integral w.r.t. £). Here we can insert the Fourier transforms of
v w.r.t. ¥ and u w.r.t. 2/, and reinterpret the integrations against the expo-

nential functions to Fourier transforms w.r.t. 2/ and vy’ of k, just as in the
proof of Theorem 7.5, obtaining the expression

/ R0 =&, — 0,z € )o(y) ValO, ) dE'dy A0 iz,

The k factor is estimated with respect to the primed variables similarly as
in the proof of Theorem 7.5, when we consider it as a function on R3(?~1)
valued in Lg ,, (R4 ). This gives

107,17, s €| Lo,y < MN(E)E2(0)) 72N (1) 72N,

where N can be taken arbitrarily large. Hence, using the Cauchy-Schwarz
inequality w.r.t. x,,

[(Kv,u)| <
C/<9' — &) =) NNV [0 16O )| 1o, A ' B
Finally, using the Peetre inequality as in Theorem 7.5 and the Cauchy-
Schwarz inequality for the integrals over R3*"~1) followed by integrating
out superfluous variables, we arrive at
[(Ev, u)| < vllsllulloa—s -
Since this holds for all u, we conclude in view of (10.136) that
1K vllo,s—arz < llvlls-

This shows (10.137) with m = 0. For m < 0, it follows immediately in view
of (10.133):

HK’UHm,sfdJr% < HK’UHO,ersfdJr% < C/HU”T”JFS’ for m < 0.

To show it for m > 0, note that DK is a Poisson operator of order d + |a/,
S0
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W=

HKUHm,sfaH»% S C(E‘@dgm HDO‘KUHO,SfaH»%)
1
< (Zjajzm [Vls+1a1)* < llvllsm.
This implies (10.137).
For 2°, the formula (10.139) for T"and K with symbol-kernels as in (10.138)

follows by changing the order of integration in (10.142). Then we have by the
preceding proof:

|(Tw, v)| = |(u, Kv)| < cllullo,aqz—sllvlls,
for any s, hence with t = d + % — s,
[Tl g1 < cllullo,
Replacing ¢ by m + t with m > 0, we find moreover
ITullpyt—a—t < cllullomre < cllullm.e,

in view of (10.133). This implies (10.140).

3° The extension by continuity is obvious. The validity for general s, as
indicated, can be deduced from the preceding statements by interpolation;
this is a technique explained e.g. in [LM68] and we refrain from giving details
here. a

Corollary 10.30. When T = Zo<j<r S;v; + T is a trace opemtor of class
r and order d, with symbol compactly supported with respect to ' and y', and
s>r— , s>0,teR, then T defines a continuous mapping:

T: HY'(R?) — HF 4= 3 (R, (10.143)
Proof. For the part T” of class 0 this follows from Theorem 10.29. For the

terms S;v;, it follows by a straightforward generalization of the estimate for
Yo shown in Remark 9.4: For u € #(R"), s > j + 1,

HD%, (33 0)||s+t —j— 1 —/ |Dzy,1:(’(€/70)|2<§/>25+2t_2j_1 dzl
R-1
I\ 25+2t—25—1 j 2
J, ([ 1€iate)) dc.)* a

/Rn 1< 2s+2t 25— 1 /| )(A<€>2j72s d‘én) dfl

= [ (g e g = ¢l

IN

| /\

here we used (9.19). This implies the boundedness of the mapping v; on the
dense subset . (EZ), and it extends by continuity to a bounded mapping
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from H*!(R) to H**'=9=3(R"'). This is then combined with the fact
that S; has order d — j. O

The operators v; do not have adjoints within the calculus, hence neither
do trace operators of class r > 0.
We can also treat s.g.o.s.

Theorem 10.31. Let G = } ;. K;7; + G' be a singular Green operator
of class v and order d, with symbol compactly supported with respect to z' and
y'. When s >r—2% 5>0,t€cR, there are estimates for u € Y(Ri)

27
1Gulls—a.t < cllulls.e,

and hence G defines continuous mappings:

G: H'(R}) — HY(RY), in particular G : H*(R?) — H*4(R7).
(10.144)
It is also continuous from H%'(R") — H%'~4(R%), all t € R.

Proof. For the sum over j this is a consequence of the mapping properties
shown in Theorem 10.29 and Corollary 10.30. For the part G’ of class 0, one
can either appeal to the fact that it is a rapidly convergent series of com-
positions of Poisson and trace operators of class 0 (one should then account
for how the norms depend on the enumeration), or one can work out a proof
similarly as in Theorem 10.29: For u,v € Y(EZ),

(G'uv)p, ) (10.145)
= / e EG @y sy, VY )@ ) dy' A€ dyndir iy,
— [ G Ty 0 ) ) 8
One finds from the symbol-kernel estimates satisfied by ¢’ that

”g/(olv 73\/7 Lns Yn, fl)HLg,Zan (R3,) < MN<§/>d<0/>_2N <77/>—2N,

any N. Applications of the inequality

L, 196 @bt doadyn < lglmg Il za@olldl e

2
T+

give, with norms in Lo(R4),
(G'u,v)| <

0/<9’ = &) =) ' ya) 168", ) || dE'dn' a9,
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from which one finds (as in Theorems 7.5 and 10.29)

[(Gu, 0)] < lul

0.sllvllo,a—s
allowing the conclusion
|G ullo.s—a < |lullo.s, any s € R; (10.146)

which implies the last statement in the theorem. Let s > 0. We can write
s—d=m+ s with m € Ny and s’ < 0, and apply (10.146) to the operators
DG of order d + || and class 0. This gives in view of (10.133):

=

1G wls—a = G tllmrsrt < NG wllmsrse < (X012 D C Ul 1)
< C/(E\Mgm [lul

showing the continuity in (10.144). O

1
osrtatialre)” < lullo.srarmee = c"llullos < c”[lullse,

For 1do’s satisfying the transmission condition, we have:

Theorem 10.32. Let P = OP(p(x’,y',€)) where p is a ¥do symbol of or-
der d € Z salisfying the transmission condition and compactly supported in
(@',y"). Then for all m € No, t € R, there are estimates for v € /(R ):

|1 Psullm—d,t < cl|w|lm,e in particular ||Pyullm—q < c||t|m, (10.147)

extending by continuity to uw € H™"(R%) resp. H™(R").

Proof. As noted in (10.8), we can write p as the sum of a symbol
Yocicasi(@y', €)EL where the s; are polynomials in ¢, and a symbol p/
which satisfies

DL DEP (@, )] < ef€)* 1T e

In the following we only need the slightly weaker estimates
D} Dgp'(a',€)] < ef€) 1o,

they would allow us to include in p’ the term that is constant in &,, but this
makes no difference for the following. The first part of p reduces to z’-form
by a finite and exact version of (7.38); this gives a differential operator of
order d, which is known to satisfy (10.147) (by considerations as in Chapter
6). For the other part P’ = OP(p’), we can apply the argumentation in the
proof of Theorem 7.5 with respect to the tangential variables only; this gives
for w € L (R™), any r € R:

I1Pwlor—a < cllwllo.r,

which extends to w € H%"(R™), and hence implies for u in H%"(R") (iden-
tifiable with a closed subspace of H%"(R™) by extension by zero),
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[ PLullor—a < cllullo.r-
If m < d, this implies (cf. (10.133))
[ PLullm-at < [[Pyullom—a+t < cllullomre < cllwflm.,

showing the desired estimate for P’ and hence also for P, when m < d.

Now let m > d and let m’ = m — d. Note that D*P, = (D*P),, where
DeP is ado of order d+ |« satisfying the transmission condition. Applying
the preceding considerations to (D*P); for |a] < m/, we find

1 1
1Psullm—age=( Y ID*P)yullg)® <e( D Mulfijae)® < lullme.

la|<m’ la|<m/
O

Remark 10.33. For ¥do’s with symbols depending on the normal variable,
the result is obtained after an extra reduction. Consider for example a symbol
in (2,9, yn)-form, p(z',y', yn, ). Take a Taylor expansion

Py yn, €)= Y FHO p(a, 0,0yl + pucy (@, yn,
0<k<K

The terms in the sum define operators that map functions in H™ (R’ ) with
support in a fixed bounded set continuously into H™~%(R"), by Theorem
10.32. For a given m, we can take K > m so that the functions yu extend
by zero to functions in H™(R"); then OP(p(x)); maps them continuously
into H™~4(R").

The result extends to noninteger s > 0 (in the place of m) by interpolation.
There is moreover an extension down to s > —%; this hinges on the fact
that H*!(R") and Hg’t(ﬁi) coincide for —3 < s < i (one can show that
multiplication by 1,0 is bounded in H*!(R™) for |s| < ). The mapping
properties in (10.143) and (10.144) likewise extend to s > —3, when r = 0.

We define “loc” and “comp” versions of the Sobolev spaceb in the usual
way:

Hiy (RY) ={u e Z'(R}) | pu € HY(RT) for any ¢ € CF5)(R}) },
H (Erfr) = {u e H*(R") | suppu is compact in Ri s (10.148)

comp

the former is a Fréchet space and the latter an inductive limit of such spaces.
Note that by the Sobolev embedding theorem,

ﬂ Hloc Coo( +)7 ﬂ comp O(O)( )

s>0 s>0

Then one can obtain as a corollary of the preceding statements:
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Theorem 10.34. When A is a vdbo (a Green operator) as in (10.18)
with entries of order d and class r, it defines continuous mappings from
—n s—1 g ,=n ’ s—d—1 ’

He o (RN x Hondy(RPDM 1o HEZARN x HE T2 (R1)M for s >

comp loc loc

r— % it also maps continuously as indicated in (10.18).

Remark 10.35. A few more observations on adjoints: It was mentioned in
(10.40) that the adjoint of a singular Green operator in (2,y’)-form G =
OPG(g(2', v, n, yn,&')) of order d and class 0 is a singular Green operator
G of the same kind, with symbol-kernel §; = G(y/', 2', Yn, Tn, £'). This is seen
(when the symbol-kernel is compactly supported in a’,y’) by changing the
order of integration in the first line of (10.145). Here G and G are contained
in each other’s adjoints as mappings in .& (Ei), extending to the duality
between G : H**(R?) — H%'"4(R7) and Gy : H**"{(R?) — HO'(R%),
any t € R. Relations between symbols in a’-form or y’-form are found by
further reductions using Theorem 7.13 1° in the primed variables.

For 1¢do’s P, we note that when P is of order < 0 and properly supported,
Py and (P*); are adjoints, since

(P+U,U)L2(Ri) = (Pe+u,e+v)L2(Rn) = (e+u7P*e+U)L2(]Rn)
) (10.149)
= (u, (P*)4v) o),

for u,v € C3°(RY), extending to Lo(R?) by approximation.

10.6 Elliptic ¥»dbo’s

For the study of invertible elements in our “algebra” of operators, we need to
define the concept of ellipticity. This really consists of two conditions, namely,
invertibility of the principal interior symbol and invertibility of the principal
boundary symbol operator.

Definition 10.36. Let A be a 1ydbo (10.18) — a Green operator — of order
d and class r, with symbols p(x, &), g(z', &, nn), t(2’,€), k(a’, &) and s(2’,&").

1° The principal interior symbol is the symbol p°(z, £). The principal
boundary symbol operator is the operator

Y _ po(xlaoaglaDn) +go(xI7§/7Dn) ko(xlaglaDn)
ao(x 75 7-D’I’L) - < tO(x/’E/7Dn) So(x/,f/) ) 9

going from (R, )N x CM to .#(R,)N x CM'. The interior symbol, resp.
boundary symbol operator, are defined similarly from the full symbols.

2° A is said to be elliptic, when p° is bijective for all |¢| > 1 and all x,
and a® is bijective for all |¢/| > 1 and all 2’. (In particular, N = N’ then.)

When P alone is known to be elliptic, it can be shown that p°(2’, ¢, D)+
is a Fredholm operator in . _]FV (and between suitable Sobolev spaces over



10.6 Elliptic ¢dbo’s 297

R, the nullspace and range complement being the same as for .#), with
an index depending continuously on (z’,£’). A necessary condition for the
ellipticity of the full system A is then that M’ — M = index p°.

The following theorem holds:

Theorem 10.37. When A is elliptic, the inverse b° of the principal boundary
symbol operator a® belongs to the calculus; it is a boundary symbol operator
of order —d and class ' = max{r — d,0}.

Proof (indications). The proof of this theorem in the differential operator
case, where the 1dbo is as in (10.19) (with M = 0), is not so hard, since one
can find the inverse constructively by analysis of the solutions in .% Jﬁv of the
equation p°(2’,0,&’, Dy,)u = 0 in terms of the polynomial det p®(z’,0,&',&,)
in &, (cf. Example 10.39 below); it is found that the symbol ingredients in
the inverse of the principal symbol are rational functions of §,,. In the general
pseudodifferential case, another technique is needed. Here one can reduce, by
composition with suitable invertible operators, to the situation where P = I
and the other operators are of order and class 0. Then the boundary symbol
operator is similar to an operator of the form I + g(2’,¢’, D,,). Now we can
use the Laguerre expansions to write g(D,,) as

9@, &, Dn) = > (@, & )ki(€, Dn)tm (€, Dn);

1,meNg

ki = OPKn(‘ﬁl (fm <§/>)), tm = OPTn(Em(fm <€/>))7

cf. (10.104). When I + g(z/,¢’, D,,) is invertible, we can for large enough M
replace g (for 2’ in a compact set, all [£'| > 1) by

gM(xlaé-/aDn): Z clm(xlagl)kltm§
I,m<M

such that I+ gy is still invertible (since the ¢, are rapidly decreasing). This
operator is, for each (2/,¢’), invertible on the finite dimensional space Vjs
spanned by the orthonormal system (¢;)o<i<ar, Where it acts (with respect
to the basis) as the matrix I + (¢ (2/,&’))i<r,m<nm. This is an elliptic ¢do
symbol in the standard sense, so the inverse is again a ¢do symbol. One can
trace this inverse back to an explicit representation of (a®)~!, showing that it
belongs to the calculus. (Further details are given e.g. in [G96], or in a more
elementary form in the first edition from 1986.) O

This allows a parametrix construction:

Theorem 10.38. When A is elliptic, there exists a 1»dbo B (with principal
boundary symbol operator b° as in Theorem 10.37), which is a parametrix
of A, in the sense that

AB — 1 and BA— 1 are negligible. (10.150)
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Proof (indications). A first approximation to B is the operator B’ with
boundary symbol b° and interior symbol ¢, where q(x,€) is a parametrix
symbol for p. Then AB’ equals the identity plus a Green operator with inte-
rior symbol ~ 0 and with boundary symbol of order —1. Proceeding as in the
proof of Theorem 7.18, one can improve B’ to a parametrix B (still of order
—d and class " = max{r — d, 0}), such that AB — I is of order —oc. There is
an equivalent left parametrix. O

One-sided ellipticity (surjective or injective) can also be considered (some
cases of this are discussed in Section 11.2).

Example 10.39. Let a°(2/, €) be the principal symbol at x,, = 0 of an elliptic
partial differential operator A on R™ of order d, possibly N x N-matrix-
formed. Along with A there is given a trace operator T = {Ty, Th,...Ty_1},
where T is M; x N-matrix-formed with 0 < M; < d—1 (the cases M; = 0 give
void boundary conditions, and are just included for notational convenience),
each Tj of the form Zogkgj SjkVk, with differential operators S on Rn1
of order j — k having principal symbols S?k (2',&"). We consider the boundary
value problem
Au= fonRY, Tu=¢pon R L

for given vector functions f and ¢, with u sought in a suitable Sobolev space
in terms of the spaces where f and ¢ are given. The problem defined by the
principal boundary symbol operator

aO(x/7§/, Dn)u(xn) = f(xn) on R—i—v
t?u = ng?k(x’,g’)%u =gpjatz, =0 (0<j<d—1), (10.151)

k<j

is considered for all (2/,&") with & # 0, usually called the model problem.

The problem is easily reduced to a semihomogeneous problem by use of the
inverse symbol ¢°(2’,&’,&,) = (a”)7, defined for ¢ # 0. In fact, a0.¢% = I
on R, since a° is a differential operator (then L(a ¢°) = 0, cf. Theorem
10.26). Thus when we set z(zy,) = u(zyn) — (¢1 f)(2n), we get the problem for
Z,

a’(¢',¢ , Dp)z(xn) =0on Ry, thz=vjatz, =0 (0<j<d-1),
(10.152)
where 1; = @; — t3q} f.
For each (z/,¢") € R~V the symbol defines a polynomial in T,

ao(mlaflﬂ') = Zogzgd Sl($/751)7l§ (10.153)

the s; being polynomials in £ of degree d—[. By the ellipticity, the coefficient
of 74, 54 = s4(x'), is a bijective matrix function (check by inserting (¢',&,) =
(0,1)). So det a®(z', ¢, 7) has Nd roots in C, counted with multiplicity. When
¢ € R"1\ {0}, the roots lie in C \ R, for otherwise a root 75 € R would give
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deta’(2’,¢&',79) = 0 contradicting the ellipticity. Say m, (z',¢’) roots lie in
Cy (cf. (A3)), m_(2',&') = Nd— m4(2/,&') roots lie in C_.

When n > 3, each £ # 0 can be connected to —&’ by a curve running in
R"~1\ {0}. The number m (z/,£’) must be constant along such a curve (the
roots in C4 can be encircled by a large closed curve in C, and the polynomial
coefficients depend continuously on £, so the collected algebraic multiplicity
of these roots must be continuous in &', by the theorem of Rouché). Then
my(2/,¢) = my(z/,—¢) = m_(2',&). This must then equal 1Nd, con-
stant in (2/,&’) (in particular, Nd must be even). Symbols with the property
my (2, &) = %N d are called properly elliptic. Strongly elliptic symbols are
properly elliptic.

It is a standard result in ODE that the solutions of a°(2’,¢’, D,)z = 0
are linear combinations of terms f;(x,)e’™ %" where f; is a (vector valued)
polynomial in z,, and 7; is a root. For the solutions lying in .7 f_V , only the
terms where 7; € C are nontrivial. More precisely, the space of null-solutions
in. Jﬁv is spanned by exponential polynomials f;(z,,)e’™® with 7; € C4, and
has dimension m (z',¢). (Similarly, the space of null-solutions in . (R_ )"
is spanned by exponential polynomials f;(z,)e’™ " with 7; € C_, and has
dimension m_ (2, ¢’).) When a° is properly elliptic, then it is necessary for
ellipticity of {a",t°} that the dimension M = Mg + - -- + My_; (the number
of boundary conditions) equals %N d.

The construction of solutions to the model problem is explained in various
ways e.g. in [ADN64], [LM68]. A more global construction goes by use of the
so-called Calderén projector, which we take up in Chapter 11.

From here on, the construction of a calculus on manifolds with boundary
goes very much like in the theory for ¢)do’s on manifolds without boundary.

The various types of operators can be defined on a compact manifold X
with boundary 9X = X’ by use of local coordinates, as already indicated
in Section 10.1 around (10.42). In view of Proposition 10.11, the singular
ingredients only need special care in a neighborhood of X’; here one can define
the local coordinate systems in terms of a covering of the boundary with open
sets with an associated normal coordinate that matches on overlapping sets.
One can then deduce the following mapping property from Theorem 10.34:

P, +G K Hs(X)N Hs—4(X)N'
A= : X — X , s> r—l—%, (10.154)
T S Hs—%(X/)M Hs—d—%(x/)M’

for matrix-formed operators of order d and class r; there is a similar result
for operators between sections of vector bundles.

In the elliptic case there is a parametrix B (of class ' = max{d — r,0})
going in the opposite direction. One uses the parametrix explained in Theo-
rem 10.38 in coordinate patches intersecting the boundary, and in coordinate
patches at a distance from the boundary, one simply uses (q O) as symbol

00
of B. The local pieces are put together as in the proof of Theorem 8.6. Then
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(10.150) holds with remainder operators Rq and R4 negligible of class r’ resp.
r, hence compact in Sobolev spaces of sufficiently high order. From this, one
can show regularity of solutions of problems A{u, ¢} = {f, v}, and deduce
that the elliptic »dbo A is a Fredholm operator (in spaces (10.154)). There
is a vast literature on the index, beginning with Atiyah and Bott [AB64], see
also e.g. [B71], [RS82], [H85], [Gi85], [G96]. The noncommutative residue for
1dbo’s was introduced in Fedosov, Golse, Leichtnam and Schrohe [FGLS96];
this and the canonical trace are futher studied e.g. in [GO8] and its references.

In the treatment of differential operator problems, an advantage of the
present theory in comparison with classical methods of “a priori estimates”
(as in [ADN64], [LM68]) is that the full solution operator for a given boundary
value problem is found in a constructive way.

The theory has been extended to L,-based Sobolev-type spaces (1 < p <
00) in [G90]. A full presentation of the treatment of elliptic systems is given
there, with optimal mapping properties (including operators Py 4+ G of neg-
ative class). Nonsmooth z-dependence is treated in Abels [A05].

There exist other general theories for boundary value problems. To men-
tion a few: Schulze and coauthors have dealt with ¥do’s not satisfying the
transmission condition in many works, see e.g. [S98] and its references, which
also deal with 1¥do’s on manifolds with singularities. Melrose and coauthors
have treated singular situations by different techniques, see e.g. [M93] and its
references.

Exercises for Chapter 10

10.1. Show that if the symbol p(x, &) is for each x a rational function of
¢ for |€] > 1, homogeneous of degree d, then p satisfies the transmission
condition.

10.2.  This and the next exercise illustrate the transmission condition in an
elementary way.

Let p(§n) be an z,-independent symbol in S S(R,R) (with variables de-
noted (z,,&,)), defining the operator p(D,) = OP,(p) = F 'pZ. Let
plan) = F (&)

(a) Show that p € Lyo(R) and p € Lo(R), and moreover that D¢, p € Li(R)
and hence z,,p € CY(R), the space of continuous functions going to zero for
|2y | — 0.

(b) Show that D% (zdp) = .Z 1 (¢5(—Dg, )ip) € C2(R), when j — k > 1.

(¢) Show that p(x,,) is C* for z,, # 0 and is rapidly decreasing for z;,, — +oo0.

10.3. With p as in Exercise 10.2, consider the operator p(D,,)+, also called
P+
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pru=1"p(Dp)etu=1"Fp&) (&), f=F( ),
for u € S (Ry).
(a) Show that pf € Li(R) and hence p,u € CO(R,).

(b) Show, by successive applications of the formula

enpru =17F [=De, (p(6n) f(€n))] = — OPn(Dg,p)+u — OPy(p)+ (znu),
that x,pru € COR,), ..., 2Npru € CO(R,) for all N, hence (pru)(zy,) is
O(z;N) for x,, — oo, any N.

(c) Show, by use of the formula for differentiation of e™u,

Dy, etu=etD, u—iu(0)d,

that

Dwanru = rJernp(Dn)eJru

=rTp(Dy)et D, u—i(rTp(Dy,)6) - u(0)

=pi D, u—irTp(z,) - u(0).
Use this to see that D, piu € C° (R4 ) for general u € /(R ) if and only if
’I"+ﬁ($n) S CO(RJ’_)
(d) Show (by repeated applications of (c))

Dianru = p+Dinu —1 Z 7‘+Dinﬁ(xn) . Di;l_lu(()) ,
0<i<j—1

and conclude: In order for piu to be in_COO(EJr) for all u € Z(Ry), it is
necessary and sufficient that r*p € C>(Ry).

10.4. Verify the asserted symbol and symbol-kernel estimates for (v)—(viii)
of Proposition 10.10.

10.5. Let 0 be a complex constant with Reo > 0.
(a) Show that

+_ 1 _ 1 +_&n i
h o4&, T o+i&y? h o+i&, T o'i?&n’
Bt & _ (i0)?

o+i&, — o+i&,?

and find a formula valid for all powers £* in the numerator, k € Np.
(b) Show that
-1 _ 1 - &n  _ ;i _io
h o—i€y,  o0—i&p? h

=& ' T g—igy
2
o —it, 40— 2

oc—i&, o—i&pn’
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and find a formula valid for all powers £¥ in the numerator.
(Hint. Recall the formula 2% — y* = (z — y)(x* "1 + 252y + .- + ¢k 1))
(¢) Find, for k € Ny,

ht o and b~ —Sn_
o—i&y o'+z§

10.6. (a) With o as in Exercise 10.5, let a(&,) = 02 + €2 and let ¢(&,) =
a~t=1/(0?+£2). Find

K (q), hT(&aq), hT(Eq),
h(q), h™(énq), h™(Eq),

/ " 4(6n) e, / " tagl6) e, and / " g, de,.

(b) Let A = —A + m on R" for some m > 0, and let Q = A~1. For Q4
considered on R, find the trace operators Ty = 7@, T1 = 71Q+ and the
Poisson operator K : v(z') — rTQ(v(z") ® §(xy)).

10.7. Let P = OP(p(z,y’,£)) be of order d < —1 on R", where p satisfies
the transmission condition at x,, = 0, is compactly supported with respect
to ' and 3, and is independent of y,,.

(a) Show that T' = vy P+ is a trace operator of class 0 and order d; find its
symbol and symbol-kernel.

(b) Show that K : v(2') — r* P*(v(2’)®6(z,,)) is a Poisson operator of order
d + 1; find its symbol and symbol-kernel.

(c) Show that 7" and K are adjoints, e.g., as T : Lo(R%) — H~ d=3 (R"1)
and K : H*3 (R"1) — Lo(R%).

(d) Show that when P is a differential operator, then the Poisson operator
K :v(@) — rTP*(v(2’) @ §(x,)) is zero.

(e) Does the conclusion of (a)—(c) extend to operators of order > 07

(Hint. The answer is negative. Try a simple example.)

10.8.  Consider a symbol p(z/,€) € S¢,(R",R"), independent of z,, and
satisfying the transmission condition.

(a) Show that when the symbol of p is written in the form

p=Y s e +p". P = anla’ &)k 0), 0 = [¢]
1<j<d kEZ
(cf. (10.8), (10.106) and Remark 10.16), then the bounded part p” =

Y okez agty, defines a “discrete convolution operator” when functions v €
Z(R) are expanded in the Laguerre orthonormal system {pg(zn,0)}rez,

V=D ez UmPm:
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pll(xlafla Dn)v = 34\71 Z ak"r/;k Z Um(ﬁm

keZ meZ

— g1 § : A _ § :

=7 ALVUmPk+m — Al —mUm Pl
k,meZ I,m€eZ

(Hint. Observe that z/}kaﬁm = Pktm-)

(b) Show that the truncation to Ry, p/f = p"(2',&’, Dy)4 is then a Toeplitz
operator with respect to the Laguerre orthonormal system {pg (2, 0)}ren,
on R, namely, the following infinite matrix with diagonals consisting of
identical entries:

apg a1 ag ...

a_1 ap ai

a_o2 a_1 Qo )

here a; — 0 rapidly for | — +o0.

10.9. Continuing in the notation of Exercise 10.8, show that also the dif-
ferential operator part can be viewed as a Toeplitz operator.
(Hint. For 0,,,, this is seen from (10.61):

0, u= Z (—Jumgpm+2o Z (—1)m717jum<pj)

m&ENy 0<j<m
= E Cl—mUmpr, With
I,meNy

cj=20(=1)"tfor j >0, co=—0, c¢;=0forj<D0.
Note that these coefficients are large, not rapidly decreasing for j — occ.)

10.10. Notation as in Exercise 10.8.

(a) Show that the s.g.o. g (p(2', &', Dy)) (cf. (10.126)) is a Hankel operator
in the Laguerre system, namely, the following infinite matrix whose second-
diagonals consist of identical entries:

ay az ag ...
az a3z a4
as a4 as

(Hint. Note that ¢ = Jp_g_1, cf. (10.56).)
(b) Find the corresponding representation for g~ (p(D,,)).

10.11 (ORDER-REDUCING OPERATORS). Define, for r € Z,

X4 (€)= ((€) +i6)", XT(&) = (&) —i&)",
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and denote the operators with these symbols
EL =O0P(((¢) +i&)"), =7 =OP(((¢') —i&)"):

they are pseudodifferential operators in the general sense of Chapter 6, but
do not satisfy all requirements for having symbols in ST g-spaces (since, for
large ||, D*(€')" is not O({&)"~1°), but only O((¢/)7~11)). However, we can
still define (Z7%); and G*(Z7), and leftover operators as in (10.123) (with
(10.115) and (10.122)).

(a) Show that G*(Z%) = 0 when 7 > 0.
(b) Show that when r < 0, GT(Z7) =0 and G~ (Z7}) = 0.
(c) Show that

(ED)+(EL)+ = (214

for all r, ¢t € Z; in particular,

(Z7)4(E7)+ = T on H(®}),

for all r € Z.
(d) Show that (=7 ), maps H*(R’ ) continuously into H*~"(R";) for all s > 0,
and conclude (by use of (¢)) that the mapping properties extend to

(E0)4 : H(RY}) = H*7"(RY), for all s € Z,

with inverse (£-")4.
(e) Show (by taking adjoints) that the maps (=7 ) extend to maps with the
properties
(E0)4 : H3(RY) 5 HE7'(RY), for all s € Z,
with inverse (£,")4.

(f) Extend the results to include the statements

(57)4 : HYH(RY) & HW(RY),
(Z0)4 ¢ Hy'(R) = Hy ™(RY),

forall s € Z,t € R.

(Comment. The mapping properties extend to s € R\ Z by interpolation.
There is a more refined choice of symbols:

NL(6) = ((€)p(cta/ (€)) £ i),

where ¢ € .7 (R) with ¢(0) = 1 and supp.Z ' C] — 00,0], and c is a small
positive constant. They work in the same way and have the advantage that

% = OP(AL) belong to the 1dbo calculus, cf. [G90] for details. Both the
=% and the AL can be used to define similar operators on manifolds with
boundary.)





