11.1

§11. Pseudodifferential methods for boundary value
problems

11.1 The Calderén projector.

As an illustration of the usefulness of the systematic ¥dbo calculus, we
shall briefly explain the definition and application of the Calderén projector
CT for an elliptic differential operator A: C*°(X, E;) — C*°(X, E3) of order
d, as introduced by Calderén [C63], Seeley [S66], [S69], see also Hérmander
[H66], Boutet de Monvel [B66], Grubb [G71] and [G77]. Much of this chapter
is written in a compact style; it has been included in order to make the
material available in textbook form. We begin with a very simple example.

Example 11.1a. Let a > 0 and consider the differential operator Au =
—u" 4+ o?u on R, Ry and R_. The solutions in &'(R) of —u" + a?u = 0
on R are spanned by e** and e~ ®*; the only solution in Lo(R) is 0. The
nonhomogeneous equation —u” + o?u = f is uniquely solved in Ls(R) by
u(x) = F1((o® +&62)71 f(§)) € H*(R).

The initial values or Cauchy data are defined for general u € HZ
u(0)
u’ (0)
o~ or p for the mapping u — (
u € H2 (R). Let

loc

(R) as
). When precision is needed, we use the notation p*,

5,((%))) when u € H*(Ry), u € H?>(R_), resp.

the pair ou = (

Zy ={u€ Ly(Ry)| Au =0 on Ry}; clearly,
Z, =span{rte "} Cc S(R,), Z_ =span{r e*} c S(R_).

Ny =0"Z,, N_ =0 Z_; clearly,
Ny ={(%)leeC}, N_={(S,)lpeC}

Here N, and N_ are linearly independent, so C2 = N, +N_. The Calderén
projector C* is now simply the projection of C* onto N, along N_. A
straightforward calculation shows:

1 _ 1
+ 2 2
(4 ).
2 2

The map C~ = I — CT projects C? onto N_ along N,. There are linear
maps K+ : C? — Z4 that act as inverses to o* : Zy — N4 and vanish on
N+, respectively.

The maps C* and K* are easily found explicitly in this case; the efforts
in higher dimensional cases go towards determining them in a constructive
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way. They serve in the disussion of ellipticity and solvability of boundary
value problems.

It should be noted that the general theory would take pu = {u(0), Du(0)}
with a factor —i, this is convenient in Green’s formulas in higher-order cases.

We consider a smooth compact n-dimensional manifold X with boundary,
provided with two N-dimensional hermitian vector bundles F; and Fs. (A
reader who is not used to working with vector bundles should just think of
(N x N)-matrices of operators.) X can be assumed to be smoothly imbedded
in an n-dimensional boundaryless manifold X such that X’ = X is an
(n — 1)-dimensional hypersurface in X and E; and E, are restrictions to X
of N-dimensional hermitian bundles El and EQ over X. Denote X° = Xy,
)N(\X = X_, and write Ei|yi =L+, Ei|X/ = E!. We can assume that near
the boundary, the manifold and bundles are described as a product situation,
with a chosen normal coordinate x,,. More precisely, there is a neighborhood
U of X’ in X where the points are represented as z = (z/,x,), 2’ € X' and
xn €] —1,1[, such that z,, = 0 on the boundary, z,, > 0in Uy = X, NU
and 2, < 0 in U_ = X_ NU. Moreover, the bundles E; are over U simply
the liftings of E; from X' to X'x]—1,1[. Then D,, = —id,,, has a meaning,
over U, on the sections of the bundles El, Eg. The coordinate systems
on U are taken to be of the form r;: Ujx | —1,1[— V/x] — 1,1[, where
Kj(2', xn) = (Kj(2"), 7,), defined from coordinate systems }: U; — V/ for
X'; trivializations act similarly. The volume form dz on X is chosen such
that dr = dx'dzx, on U, for a volume form dz’ on X’ and the Lebesgue
measure dx, on R. In these coordinates, D,, is formally selfadjoint.

If A extends to an elliptic operator (also denoted A) from C*(E;) to
C™> (Eg), we let @ denote an parametrix of A on X; then the formulas of
Theorem 8.6 hold with P = A. The use of Calderén projectors is simplest if
)Z', El, Es and A can be chosen so that X is compact and A is invertible on
X ; then @ stands for the inverse, and R; and Ry are zero. We assume this
in the following. (There can be topological obstructions to a compact choice
of X where A is elliptic; then one can take for X a neighborhood of X and
carry an analysis through modulo negligible operators. Or, if A is elliptic on
a compact extension X but not invertible there, one can get results modulo
suitable finite-rank operators. For lack of space we do not treat such cases
here.)

As usual, we define you = u(z’,0) and vju = vo(D%u), and when A is of
order d, we also consider the Cauchy data map ¢ = {vo,...,7a—1}. Each of
these maps can be regarded as a map either from sections over X ,, or from
sections over X _, or from sections over X , to sections over X'; to distinguish
between the three versions, we use notations such as o*, ¢~ resp. ¢ (so what
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we would originally call g is now p*). This makes no difference when they act

on C'*° sections, but it is important when various generalizations to function

spaces are considered. The operator D,, is the same in all three versions.
When F = Fy @ --- @ Fy_1 are vector bundles over X', we denote

H(F) = [To<jeca H 72 (Fy),

_ L (11.1)
H(F) = [locjca H* T2 (Fy) = (H3(F))"

(for the last equation we recall the fact that H*(F};) and H*(F;) are dual
spaces). Denoting @, i<d E! = E! we can then formulate the well-known
mapping properties of o and g as follows:

¢ (B = H(ED), (11.2)

0: H*(E;) — H*(E!Y), for s >d— 1. .

The “twosided” trace map Jo: H*(E;) — H* 2 (E!) has an adjoint 77 :
H%_S(EZ{) — H~%(E;) for s > 1. It can also be written

Yov =v(z') @ d(zn), (11.3)

(v(@') @ 8(xn), B(2)) = (v(a’), @(a’,0)) = (v, Fou),

cf. (10.108'). Note that 77 ranges in distributions on X supported in X’.

Similarly, the two-sided Cauchy data map ¢: H*(E;) — H*(E!?) has the
adjoint

o H (B — H(E,) (11.4)
fors>d—%;here since 0= (1 D, ... D,ﬁf‘l)t,
¢"=(1 Dn ... Di7')Ag. (11.5)

As usual, we use the notation Py for the truncation of a ®»do P on X to
X4 (respectively):

P = riPei, when P is a 1¢do on )Z';

+

here 7+ means restriction to X4 and e means extension by zero on X \ X4.
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Lemma 11.1. The boundary maps o= and ¢ in (11.2) are surjective for
s =d. In fact, there exists a bounded operator

Kay= (Ko - Ka-1):HYE®) — HYE)) (11.6)
such that IC(id) = rilz(d) are Poisson operators (IC(id) = (kK - KEf))

with IC?E of order —j), and

0 Ky =1, oK) = I, on H(E}). (11.7)

Proof. This follows by localization from Theorem 9.5, which treats the Eu-

clidean case where X is replaced by R’ . Note first that each operator
K;: SR — S(Ei) defined in Theorem 9.5 (let us call it IC;-r now) is
indeed a Poisson operator of order —j, with symbol-kernel ]—1,(zxn)=7 V(&N xy).
The appropriate estimates (as in Definitions 10.15, 10.3) follow from (9.21),
which treats D';n%(zxn)J (&' )xy,) directly, and is easily generalized to ex-
pressions with powers of z,, and D¢/ in front. There are similar estimates for

this function considered for x,, € R_, so it defines a Poisson operator ICj_ of
order —j from R"~! to R™. Moreover, IC;' and K, can be regarded as r+l€j
resp. r_lzj, where iéj: S(R™"!) — S(R") is defined by the formula in (9.19)
used for all x,, € R. In the estimates worked out after (9.21), one can replace
the integration in x,, € Ry by an integration in x,, € R, showing that K; is
bounded from H™==2 (R"~1) to H™(R™).

Set m = d, then the vectors

Kay=(Ko + Kaa), K=(Ks - Kiy),

are right inverses of 9(q), Q(id) in the Euclidean case.

In the manifold situation, we get the right inverses by using the Euclidean
contruction in local coordinates, after applying a partition of unity. When ¢
is given in Hd(E{d), consider a localized piece, say @, It has compact support

in R~ !, say M, so if IE(d)gl is multiplied by a function ¢, € C§°(R™) which
is 1 on a neighborhood of M, the identity 5<d>§z’6<d>£z = ¢, still holds. The
operators ¢ l/E(d) (where ¢ 18 taken with support close to M) are carried over

to the manifold situation and added together, giving the desired operator. [J

Proposition 11.2. Let A be a differential operator of order d from E; to
FEs, written as

A=>"5/(a,xp, D)D), (11.8)
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on U, with differential operators S; of order d — 1 acting in X' for each
x, €] —1,1[. The following Green’s formula holds for uw € HY(Ey 1) and
(O Hd(EZ_i_).'

(Au,v)x, — (u, A"v)x, = (Aot u, 0t v)x, (11.9)

where A is a (uniquely determined) matric

of differential operators Uji (from EY to E) of orders d — j — k — 1, with

Wik (2',D") = iS;4x41(2',0, D) + lower-order terms (11.10)
(zero if j+k+1>d). Here A maps H*(E\?) continuously into H*~4(EX)
for all s € R, bijectively if Sq is bijective at x,, =0. [

Proof. We show the formula for smooth u and v; then it extends by continuity
to H? spaces. By definition of A*, (Au,v)x, — (u, A*v)x, = 0if u or v
has compact support in X, so the only nontrivial contribution comes from
cases where u and v are supported in U. For such sections we have the usual
formula (by integration by parts)

(Dnu7 U)U+ - (u7 DnU)U+ = 2(’7(—)’_11” VS_U)X/’

and its iterated version (as in (4.48"))

0<k<l—1
Then
(Au,v)x, — (u, A"0)x, = (> SiDhu,v)x, — (u,» Dl Siv)x,
1<d 1<d
= Z[(DLU, Siv)x, — (u, DLSZ*U)XJF] (11.11)
<d
=i> > (e (Si)xo
I<d k<l—1

Since Dy (Sfv) = SfDEv + Y, Sj;Djv with differential operators S;; on
X' of order d — [, the last expression can be further reorganized to have the
form given in the right-hand side of (11.9). The asserted continuity holds
since 2, is of order d — 5 — k — 1.
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2 is uniquely determined since o is surjective from the smooth sections
over X, to the d-tuples of smooth sections over X'.
Observe that 2 has a skew-triangular character

S? to 53_1 53 lower ... 0
0 , ) Sg Sg 0 order ... O
A=A04A =i S+ . (11.12)
52 0 0 0 ... 0

The terms in the second diagonal of A and A° equal iSy(2’,0,D’) =
isq(x'); it is a zero-order differential operator and hence a multiplication
operator (a vector bundle morphism from Ej to E), trivializing to multipli-
cation by an z’-dependent matrix). The operator 2 (and also %) is then
invertible if and only if s4(z’) is a bijective morphism (the matrix is regu-

lar). O

When A is elliptic, sq(z’) is invertible at each point, so 2 is bijective. For
more general differential operators, bijectiveness of s4(x’) means that X’ is
noncharacteristic for A.

We see from the example of  that it is interesting to allow matrix-formed
operators that are multi-order systems, with different orders of the various

entries, fitting together in a convenient way. When S = (S;i) j=jo,....j1 » We
fe=ko,....k1

say that

S has multi-order (t;, sk) j=jo,....j» » When each Sj; has order t; — si.

k=ko,....k1
(11.13)
The principal part then consists of the (¢; — si)-order parts of the S;;. El-
lipticity means that the matrix of principal symbols defined accordingly, is
invertible for || > 1; it is sometimes called Douglis-Nirenberg ellipticity (also
Volevich should be mentioned in this context). The operator 2 in (11.12) is
of multi-order (d —j —1, k), k=0,...d—1, elliptic when s4(z’) is bijective for all

.

In relation to the given elliptic operator A we define the spaces

Z5 ={z€e H(F Az=0on X1},
:: {:t s ( sl’i)ld| i} (1114)
Ni =073 C H*(EY).
Although the trace operators ¢ are defined on H*(E; 4 ) for s > d — % only,
they can be given a sense on Z% (respectively) for all s € R.
Consider for example o*. Accounts of the extension to Z% are found in
several places: For one thing, there is Seeley’s own deduction in [S66] where
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the Calderén projector was originally worked out with full proofs (many of
which are reproduced here); this particular point is shown at the end of the
paper, also for L, Sobolev spaces, 1 < p < co. Another account is by Lions
and Magenes in the paper [LM63], where it is shown that when A is elliptic,
C>(X ) is dense in D% = {u € H*(X}) | Au € Ly(X4)} for all s < 0,
and this allows an extension of Green’s formula to such u; we have seen a
particular case of the proof in Theorems 9.8, 9.10. (The paper [LM63] covers
also L, related spaces; more general results in an Lo framework are found
in the book [LM68].) Thirdly, the result follows from Theorems 4.3.1 and
2.5.6 in [H63] for the localized situation in R, using the spaces H*(R")
(cf. (10.126), (10.128)). The idea is to use the equation Au = 0 to conclude
that u € Z7 implies u € H 5+k’_k(R7}r) for all k& (“partial hypoellipticity at
the boundary”); then for sufficiently large &, the boundary value v;ru makes
sense. For completeness, we indicate a proof of the third type.

Theorem 11.3. The map o extends to a continuous map from Z3 to
HE(EY) for all s € R.

In fact, when u € Z3, then in local coordinates at the boundary, u is in
HstF=F(R?) for any k € Ny, where *y;-r: Hstr=FR?) — Hs—i—3 (R 1)
fors+k—7> %

Similarly, o~ extends to a continuous map from Z° to H*(E) for all
s € R.

Indications of proof. One ingredient in the proof is the fact that for any r € 7Z,
the operator (27.) = OP(((¢) —i&,)")+ maps H**(R’) homeomorphically
onto H*~"*(R%), with inverse (E_")4, for all s,t € R. This can be inferred
from [H63] and appears in early works of Vishik and Eskin, in Seeley’s proof
[S66] and in Eskin’s book [E81]. See Exercise 10.8 above, where the reader
is guided through a proof.

Consider the localized situation. Let A = DI + > ., 1 Si(z, D")D},
where the S; are differential operators with respect to z’ of order d — [ with
bounded smooth coefficients. (An elliptic operator is reduced to this form
by dividing out the coefficient of DZ.) If u € H**(R") solves Au = 0, then
since S;D}u € He~bi=dH(R) c Hs=d+LIZ1(R") (recall (10.127)),

Diu=— Y SD}eH I RY).
0<I<d—1
Then also (2% ) yu = < q c OP'((€)?7") Dl lies in H*~ L= (R ), and
it follows by application of (2-%), that u € H*+*»'~1(R"%). This gives the
induction step in a proof that when u € H*%(R") solves Au = 0, then

ueH S+k’_k(Rﬁ_) for all k. The asserted mapping property of ’y;r was shown
in Corollary 10.25. [



11.8
Since (Au,v) — (u, A*v) ¢ = 0, we have in addition to (11.9):
(Au,v)x_ — (u, A"v)x_ = —(~o " u,0 v)x/, (11.15)

for ue HY(E, ) and v € HY(E, ).

The central step in our construction is to introduce the operators
K =Qo*, K* =5rtK =F7rTQo* . (11.16)
Since A: H(EY) — Hs~4(EW) for s € R, o*: H*(EY) — H*4(E,) for

s < % (cf. (11.4)), and Q: H*"%(Ey) — H*(E)) for s € R, we have that
K: H (B — H*(E ,  when s < i;
( ld) (E1) 2 (11.17)
K*: H*(E)Y) — H*(F, 1), whens< 3.

Observe moreover that the operators K= in fact map into Z3, since
AKyp = 0"y is supported in X' (11.18)

The operators K+ are Poisson operators in view of Theorem 10.20, so by
Theorem 10.24, the mapping properties in the second line of (11.17) extend
to all s € R. This is not true for the operator K itself that gives an important
singularity at x,, = 0.

Proposition 11.4. The Poisson operators K* defined in (11.17) satisfy,
for any s € R:

Ktotz=z, forze€Z}, K o z=z forzeZ’. (11.19)
It follows that for all s € R:

0" K o=, foro e N}, o K@=, forpoeN’. (11.20)

Proof. We begin by showing that
Ktotz=z, for z € Zi, K o z=z for ze Z4. (11.21)

The first statement is seen as follows: Let z € Z%, let w € Lo(E1 4+) and
let v = Q*etw; is lies in HY(F,). Note that rTA*v = w. Then by Green’s
formula, since Az =0 on X4,
—(z,w)x, = (Az,r70)x, — (2,77 A%)x, = (A2 0" 0)x/
= (ng—’_za @/U)X’ = <§*ng+z7 Q*e+w>)~( = (QE*Q[Q—'_Z,G—’_U))X—

= —(K+g+z,w)x+.
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Since w was arbitrary, it follows that z = KT o" 2. The second statement in
(11.21) is shown similarly, using (11.15).

The identities in (11.19) then also hold for s > d, by the continuity prop-
erties of the maps. Our next task is to show them for s < d. We here take
recourse to the description in Theorem 11.3 of the elements in the nullspace in
local coordinates. Let z € Z3 for some s < d. Let {n,...,7s,} be a partition
of unity subordinate to an atlas of local trivializations v;, U;, V;, i = 1, ..., Iy,
for F1, as in Lemma 8.4 2°. Decompose z as z = ZjéJo 2j, z; = njz. We
use the notation z; for the localized version of z; for a choice of trivialization
; where n; is supported in U; (and we likewise indicate localized operators
by underlining). By Theorem 11.3, each z; is in H*t%=k(R7)N for k € Ny,
where oT is well-defined if s + k > d, mapping into H*(R"~1, (CV)9). Take
k so large that s + k > d. Since Cg) (Ei) is dense in H**F~=F(R"), we can
find a sequence u;; of C*° functions supported in U; such that uj; — zj in
Hs+kR=F(RT)N for | — co. Then Au;;, — Az; in HSTF=4=FR)N . Let
v = Q4+ Auj; then Avj; = Aujy, so zj; = uj; —vj,; has Az;; = 0. We set
21y = D i<, Zj0i it lies in Z9°.

Moreover, we can write each v;; as

Uj7l = : : /l)j7m7l, /l)j7m7l = nmvj7l‘
m<Jo

Consider a term v; ,,, ;; here when U; contains the supports of both 7,, and n;,
vj,m,1 localizes to v; ., | = QmQJFAQN. It converges to v, ,, o = ﬂmQ+A§j

in H3T%~* for | — 00, so in this sense,

Z Vi = Z Vjmi — Q+Az =0, for | — oo. (11.22)

i<Jo Jjm<Jo

Now z(;) — z in the sense that the localized pieces z;; = w;; — >, < 7 Vi m.

have w;;, — z; in Hstk=F " and — Ui, D Hsth=k " with

=j
ZjamSJO Uj,m,O — O.
Since z(y € Z5°, (11.21) applies to show that

Yjm,l

K+g+z(l) = 2(1)- (11.23)

For the localized pieces we have for | — oo (after insertion of an extra
partition of unity (7,) to localize the action of KT):

K00, 0 = 0y m0) 0, K0T 25,

N0 = Yimg — 1,25 = Ym0
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in H5t%~F using that ot maps H5T%~* to H* and 1K+ maps H* to
Hst#=F_ The formulas hold in trivializations v; where Nr, N, 1) are sup-
ported in U;. Adding the pieces carried back to X and using (11.23) before
passing to the limit, we find the desired identity K+oT 2z = 2.

There is a similar proof for the minus-case.

Finally, (11.21) follows immediately, since ¢ € N% means that ¢ = otz
for some z € Z, and

0T Kt p=0"K pT2=0"2=0,

by the just proved identity (with a similar proof for the minus-case). [

Definition 11.4a. The Calderdn projectors C* associated with A are de-
fined by
C* = p*K*. (11.24)

They are 1do’s in Py, 4 £1, by the composition rule Theorem 10.19 7°
and Theorem 10.23, with the continuity property

C*: H3 (B — H(EY), all s € R. (11.25)

Moreover,
C* maps H*(E}?) into N3, (11.26)

respectively, since K+ maps into Z%, respectively. The projection property
will now be shown.

Proposition 11.5. 1° The 1do’s C* defined in Definition 11.4a are pro-
jections in H*(E) for all s € R,

(CH)?=0C", (C7)P=C".
2° Moreover, CT and C~ are complementing projections,

Ct+C =1, CTC-=0=0C"C".

Proof. The projection property follows, since
(C-I-)Q — Q+K+Q+K+ — Q+K+ — C-I—

in view of (11.19); the identity (C*)? = C* thus holds for smooth sections
and extends by continuity to general distribution sections. The identity
(C™)? = C~ follows similarly from (11.19). This shows 1°.
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To show 2°, let ¢ € H*(E4), and let 2 = K% . For each ¢y € C®(E}?),
choose a section v € C*°(E) with gv = 1. Then we have, using the Green’s
formulas (11.9), (11.15) “backwards”, together with the fact that z* € Z¢,

(UCT +CT)p,¢)xr = (AoTz, 07 v) + (Ao™27, 0717 0)

— (Az+,r+v)X+ — (Z+,T+A*U)X+ —(Az7,r7v)x_ + (27, r  A"v)x
— —(K+g0,r+A*v)X+ + (K~ @, r  A%v)x_

= (Qo™Ap, A™) g = (0"Ap, D) 5 = (Ap, ¥) x"-

Since ¢ and 1) were arbitrary and 2 is invertible, it follows that CT + C~ =
I holds on ‘HY(Ej?), and the validity on H*(E%) follows by extension by
continuity.

It follows moreover that CTC~ =CH(I - Ct)=Ct - (CH)?2=0. O

We have hereby established the essential ingredients in the main theorem:

Theorem 11.6. Assume that A has the inverse Q on X. Define the spaces
Z3 and N3 by (11.14). Then the spaces N are complementing closed sub-
spaces of H*(E;);

HE (B! = N2+N2, for any s € R. (11.27)
When we define
K* = FrQ0, 0% = 0*K* = Fo*r* Qi (11.28)

the Poisson operators K*: H*(E;Y) — H*(Ey ) have range equal to Z3;
moreover, they act as homeomorphisms

K*: Ni = Z3, with inverse o=, (11.29)

respectively. This gives us a parametrization of the nullspace Z5 by its
Cauchy data.

The vdo’s C* (the Calderén projectors for A) are the projections of
HS(EY) onto Ni along NZ, respectively. In particular,

Ct+C-=1I, (C"?=C*, (C)*=C~, C*C~=0. (11.30)

Proof. It remains to account for surjectiveness and homeomorphism proper-
ties.

The surjectiveness of K1: H*(E") — Z% follows from the identity z =
Kt otz for z € Z% shown in Proposition 11.4.
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It follows that the C* are surjective onto the spaces Ni. These are
complementing closed subspaces of H*(E?), since they are the range spaces
for the complementing projections.

Now the K in (11.29) are injective, since e.g. Kt¢ = 0 for a ¢ € N*
implies Ct¢ = 0, hence ¢ = 0 since C" acts like the identity on NZ.
They are also surjective, since z € Z% can be written as z = KT with
¢ = otz € Ni, by Proposition 11.4 and the definition of Ni. So indeed
(11.29) holds with plus; there is a similar proof with minus. O

When @ is merely a parametrix of A, one can still define operators K=
by formulas as in (11.28) supplied with smoothing terms, setting

Ct=p"Kt=—p"rTQo*A+T (11.31)

and C~ =1 — Ct (with a ¢»do 7 of order —o0); then they have the listed
mappping properties only modulo smoothing operators. Such a construction
is worked out in [G77] for general multi-order operators A, with applications.
Seeley gives in [S 69] an optimal construction, where K maps H? injectively
onto a subspace of Z3 with complement Zy, and where C* = ot K™ is a
projection of H® onto NF. The book of Booss-Bavnbek and Wojciechowski
[BW93] goes through a proof of Theorem 11.6 for first-order operators A.

The principal symbols of C* and K are found by carrying out the anal-
ogous construction in the one-dimensional model case (as exemplified in Ex-
ample 11.1a). For fixed 2/, fixed & # 0, consider the model operator

a’(2', &', Dy,) = OP,(a’(2',0,¢, &),

acting on N-vector functions on R. Recall the notation S(R+) = Sy. The
solutions of a®u = 0 that are bounded on R resp. R_ form two vector spaces

Zy(2', &) = {u(z,) € SY | a®(2', ¢, Dy)u =0 on Ri}. (11.32)
We observe that for any s,
Zi(2', &) = {u(x,) € H*RL)Y | a®(2’,¢',Dp)u=00n Ry},  (11.33)

in view of the description of solutions as exponential polynomials recalled in
Example 10.33, so there is no need to work with a scale of nullspaces as in
the n-dimensional case. Here the Zi(z',¢’) have finite dimension, namely
m4(2', &), respectively. They are parametrized by the Cauchy data (in
view of standard existence- and uniqueness theorems for constant-coefficient

ODE), so if we define

Ny(2,&)=0"Z (2,¢), N_(2/,&)=0 Z_(2',¢), (11.34)
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we have immediately that Ny (2/,¢’) have dimension my (z’,£’"). Moreover,
Ny (2',¢") and N_(2',¢') must be complementing subspaces of CV9, for their
intersection is zero (a linear combination of the occurring exponential poly-
nomials cannot vanish both for z,, — oo and for x,, — —oo without being
0), and the sum of their dimensions is Nd.

So, just from the knowledge of the solution structure of ODE, we have
the existence of homemorphisms K* (2, &"): Ni(a',&") — Zi(2,¢") inverse
to 0T, and complementing projections C*(2’,¢") of CN? onto N (a/,¢&"),
respectively. The K4 (z/,¢’) are extended linearly to map Nz (2',¢’) to 0,
respectively.

The Calderén construction gives us useful formulas for these operators.
There is a matrix a®(2’, ¢’) such that

(CLO(DH)U’? U)R+ - (u7 CLO(DTI)*U)R+ = (aOQ—I—u, Q+U)CNd7 (1135)

for u,v € H*(R,)¥, it is the principal symbol of 2 from Proposition 11.2.
(It is a d x d-matrix of N x N-matrices.) The inverse of a°(z’,¢’, D,,) is
defined from the principal symbol of Q, ¢° = (a°)~, by

a2, Dp) ™" = "(2/,€', D) = OPw(¢’(2, 0,€)).
We can consider the adjoint of g: H*(R)Y — CN? (s > 1), writing

oc'v=(1 D, ... DIY)Fiv; Fiv=wvd(zx,) forve CVe  (11.36)

(11.37)

the KT (2, ¢') are verified to be the desired operators (that we already have
defined), with C*(z/,¢") = o K*(2',¢), by simple variants of the proofs of
Propositions 11.4-5 and Theorem 11.6.

The reader is encouraged to check the details. In these calculations, doing
the o,, compositions starting with the originally given principal symbols, we
arrive at the principal symbols of the operators that were first defined in the
full calculus. Thus the operators K*(2’,¢’) and C*(2/,¢’) are the principal
boundary symbol operators for the operators K+, C* in the n-dimensional
situation, usually denoted k*0(z’, €', D,,) resp. ¢0(a’, &").

For later reference, we sum up the results in a proposition.
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Proposition 11.7. Let &' # 0. The spaces Z(x',£’) and Ny (2, &) defined
in (11.32)—(11.34) have dimension my(x',¢&") (cf. Example 10.33).

The principal boundary symbol operators for K* and C* in Theorem 11.6
are determined as

K0, €, Dn) = K¥(a',€), ™0, &) = 0" k(2! €, Dn)
(through formulas given in (11.35)—(11.37)); here

ki’o(wla 5/7 Dn) : N:t (xla 5/) = Z:I: (.’13/, 5/)7

CNd

and ¢c0(2', €') project onto its complementing subspaces Ny (x', &), re-

spectively.

11.2 Application to boundary value problems.
The Calderon projectors are very useful in a treatment of boundary value
problems for A. We now return to the notation p for p*. Let there be given

a problem:
Au= fon X, Sou=¢pon X', (11.38)

where S is a system of ¢do’s S of order j —k (j,k =0,...,d — 1) going
from Ei to bundles F; of dimension > 0 over X'; M = > ,_,_,dim Fj.
(The zero-dimensional bundles could be omitted; they are just included for
notational convenience.)

In the following, we consider {A,Sp} as a mapping from H*(E;) to
H*=4(Ey) xH*(F), for some s > d — 1, and discuss right/left inverses that
are continuous in the opposite direction; here S is considered as a mapping
from H*(E;?) to H*(F) and the C* act in H*(E;?). We assume as above

that A is invertible on X, with inverse Q.

Theorem 11.8.
1° If SC™T has a right inverse Sy, then (;Q> has the right inverse

(Rs Ks)=(Qy —K"51S0Qy K7¥51). (11.39)

Conversely, if (;Q) has a right inverse (Rs Kg), then SCT has the
right inverse
S, = oK. (11.40)
2° If <CS_) has a left inverse (S1 Sy), then (;Q) has the left inverse
(11.39).
Conversely, if (5‘9) has a left inverse (Rs Kg), then (CS,> has the

left inverse

(Sl SQ)I(QKS I—QKsS). (1141)
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Proof. We first observe some auxiliary formulas:
AQ. =1, QL A=1-K'tp, K C™ =0. (11.42)

The first formula holds since AQ = I on X and A is local. Next, we note
that Green’s formula (11.9) can be written in distributional form (compare
with (10.78)):

etrt Au = Aetrta + " (Aou) for & € H4(Ey), u=rta, (11.43)

for s > —%. The second formula follows from this by composition with r*@Q,

using (11.28) and the fact that QA = I on X; it holds on Hs(Ey), s > —%.
The third formula holds since K*C*T = KtpK*™ = KT, cf. Proposition 11.4.

For statement 1°, let S; be a right inverse of SCT. Then, by the above
rules,

AQy —KT5150Q4) =1,
So(Qr — K75150Q+) = SoQ4 — SCTS150Q4 =0,
AK'S, =0,
SoK*S, =SCtS, =1.

Conversely, when (Rs Kg) is a right inverse of (;g), then AKg = 0,

SoKs = I, so Kg maps into Z%, whereby C~pKg = 0 and consequently
SCToKg = SoKg — SC~9oKg = I. Thus oKy is a right inverse of SCT.
This proves 1°.

For 2°, we check the composition of (11.39) to the left with <;g) as

follows, using (11.42) and the fact that C~C* = 0:

(Qr ~K*$150Q+ K+81) (&) = (I~ K*$180)Q A+ K* 5,50
= (I - K*S1S0)I - K*o)+ K*8180=1—K*(I—8,5C")o
— - KT(I—(I-8C)Ct)o=1-K+C p=1.
(11.44)
Conversely, define (S; Sz ) by (11.41) and check its left composition with

S .
()
(0Ks I—o0KsS) (CS, ) — 0KsS+ 0~ — 0KgSC™ = oKgSCH +1—C+.
(11.45)
When w = K+Ct g for some ¢ € C°(Ej?), then Aw =0, pw = CTCTp =
Ctyp and Spw = SCtyp, so since (Rs Kg) is a left inverse of <§4g>,

w= KgSow = KgSCT .
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It follows that oK sSCTp = pw = Cty for ¢ € C°(E}%). Then the expres-
sion in (11.45) equals I. This ends the proof of 2°. [

The statements have generalizations where the word “inverse” is replaced
by “parametrix”, also when @ is merely a parametrix of A (here one can
keep track of the smoothing terms as in [G77]).

The result holds in particular on the principal boundary symbol level,
when we discuss solutions in S;. We can extend the terminology from Chap-
ter 7 of surjectively elliptic, resp. injectively elliptic operators and symbols,
to boundary value problems, calling the systems with surjectiveness, resp. in-
jectiveness, of the model operator (for all 2/, all |{’| = 1) surjectively elliptic,
resp. injectively elliptic.

Theorem 11.9. Consider the model operator (principal boundary symbol

operator)
a®(2',0,¢',Dx,,) sy
( 0/ 1 ¢ ) S'ijy - ; ?
s°(z".¢)e cM
for {A, So} in Theorem 11.8. For all o', all |&'| > 1, the statements of
Theorem 11.8 hold for the principal boundary symbol operators:
0 /7 / 0 ’ /
<a (@08 ’Dz")> has a right inverse if and only if < s (@.¢) ) does so,

‘(9)0(33/75/)@ C_’O(I/,f/)
and (a (:o&(;’/i’,l));”)) has a left inverse if and only if so(x/, 5/)04—,0(56/’ ¢') does

so (with the corresponding versions of (11.39)—(11.41)).
In particular,

<;Q) 15 injectively elliptic <= (CS_) 15 injectively elliptic; (11.46)

<§‘Q> is surjectively elliptic <= SC is surjectively elliptic.

Here (Ciogf;ﬁg,)) is an (M+Nd) x Nd-matrix, whereas s°(z/, ¢/ )e™0(2/, &)
is an M x Nd-matrix.

In view of Proposition 11.7, the injectively resp. surjectively elliptic prob-
lems can also be characterized by injectiveness resp. surjectiveness of
sO(a’, &) from Ny(2',€') to CM for all o', |¢'| = 1. In particular, this
requires M > my(2/,&") resp. M < m,(2/,¢’). Thus for two-sided ellip-
tic problems, M must equal m4 (z’,£’) (which must be constant in (z’,¢’)
then). In the properly elliptic case (in all cases when n > 3), one has
my (2, &) =m_(2',¢) = LNd, so two-sided ellipticity is possible only when

-2
M = 3Nd.
We observe that injective ellipticity holds if and only if
veCNY %2 =0, ¢, =0 = v=0; (11.47)

i.e., the nullspaces of s and ¢0 are linearly independent.
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Example 11.10. The systems <‘2> and ( Cﬁg) are injectively elliptic; they
both have the left inverse (Q4 K™ ). In fact, by (11.42),

Q+A+K+Q:I, Q+A+K+C+Q:I

This left inverse is also found from (11.39), when we use that < CI_) and

<g+> both have the left inverse (Ct (C~). The case S = C* for first-

order systems is closely related to the so-called Atiyah-Patodi-Singer problem
(see e.g. [G99] which gives references to many other studies of this problem).
More on this case in Exercises 11.19 and 11.20.

(11.42) also shows that Q4 is a right inverse of A without boundary con-
dition; i.e., in the case F' = 0. This is also confirmed by the formulas in the
theorem.

The boundary conditions in this example are too strong, resp. too weak,
to have unique solvability for all data.

The cases in Example 11.10 are somewhat atypical. It is more interesting
to consider two-sided elliptic cases, and there are numerous studies of such
cases in the literature. As a fundamental example, we consider the Dirichlet
problem for strongly elliptic operators; some other cases are treated in the
exercises.

11.3 The solution operator for the Dirichlet problem.

In this section we consider a strongly elliptic differential operator A of
order d = 2m on X. It satisfies a Garding inequality (cf. Theorem 7.16) on
X as well as on X (on C§°(X°)), and it defines the Dirichlet realization A,
of A on X with domain D(A,) = D(Amax) NHF(X) (cf. Theorem 7.17). We
shall show that in fact D(A,) = H?*™(X) N HJ*(X), and we shall describe
the solution operator for the nonhomogeneous Dirichlet problem under a
hypothesis of invertibility.

We assume that A is invertible on X , and that

A,: D(A,) — La(X) is bijective. (11.48)

This can always be obtained by adding a large enough constant to A such
that

Re(Au,u) > collul|?, for u € C(X), (11.48a)

with cg > 0; then A on X and its Dirichlet realizations on X and X_ have
positive lower bound.
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Remark 11.11a. Using the compactness of these inverses as operators in
L(X) resp. Ly(X4) (which holds since the injections of H™-spaces into
Lo-spaces are compact, cf. Section 8.2), and the fact that the spectra are
contained in proper subsectors of C, one can show that the resolvent sets
are complements of a countable set of eigenvalues with finite multiplicities
and no accumulation points — in short, the spectrum is discrete. Then
in fact it suffices to add a small constant to a strongly elliptic operator,
to get invertible Dirichlet realizations on X.. Without the assumption of

invertibility, the results in the following hold modulo negligible operators.

The inverse of A, will as usual be denoted R, .
The operator R, solves the semihomogeneous Dirichlet problem

Au= fon X, ~u=0at X', (11.49)

where v = {70,...,Ym—-1}, [ given in Lo(X). The other semihomogeneous
Dirichlet problem
Az=0o0on X, ~vz=¢pat X', (11.50)

can be solved as follows, for ¢ € [[j<;,, H2m=3=3(X'): Let v = Kmye
according to Lemma 11.1; it lies in H?™(X) and has yv = ¢. Setting u =
z — v, we can then reduce problem (11.50) to the problem

Au=—-Avon X, ~yu=0at X', (11.51)

which has the unique solution u = —R,AK )¢ in D(A,). Then z = u+v =
(Km) — RyAK (1)) solves (11.50). We conclude that the fully nonhomoge-
neous Dirichlet problem

Au= fon X, ~u= ¢y at X', (11.52)
has the solution operator

Ly(X)
R, K,): — D(Apmax) NH™(X);
( | Ho<j<m H;(m_j_%(X/) e T (11.53)

R, = A;l, K, = IC(m) — RFYAIC(m).

These considerations also work for the boundary symbol operator, showing
that
a®(z', ¢, Dy,) St
D S
gl cm
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has an inverse (79 (', &', D,)  kY(2',&', Dy) ), and it belongs to the calculus,
by Theorem 10.31. Using this, we have according to Theorem 10.32 a para-
metriz, continuous for s > 0,

H*(X)
(R, K!): x — H*T?™(X). (11.54)
[To<j<m He+2m=i=3 (X)

(8w (3 3) o=

(R, K.) (‘;‘) — I+ 7R,

It satisfies

(11.54a)

where R, and Ro are negligible Green operators; R, of class 0 and Ry of
class m (since 7 is of class m).

The parametrix can be used to show regularity of solutions, as follows:
Let w = R+ f for some f € Ly(X). Since u € H™(X), Ro applies to it, and
we can write, in view of (11.54a),

u= [, K5 () = Raju

Z(Rfy K;) ('(];) —RQUZR;f—RQU

(11.54b)

This lies in H?™(X) since R.,f does so and Ry maps into C*°(X). It follows
that
D(A,) = H*™(X) N H"(X). (11.55)

Going back to the definition of K., we see moreover that it maps
[To<j<m H2m=i=3(X') into H2™(X), so the exact solution operator has a
continuity property as in (11.54) for s = 0.

It is not hard to pursue this technique still further to show that the full
mapping property as in (11.54) holds for (R, K, ) (Exercise 11.3).

We have then obtained:

Theorem 11.11. When A is strongly ellipticity and satifies (11.48), the
Dirichlet problem
Au=f on X, ~yu=¢ at X', (11.49a)

has a solution operator

<‘;1)_1 — (R, K, (11.49h)
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sending H*(X) X [Jo<jcm Hes+t2m=i=3 (X" into H**2"™(X) for all s > 0.

Hereby we have finally obtained the general statement on the regularity
of solutions of the Dirichlet problem, mentioned several times earlier in this
book. The above considerations works also for strongly elliptic systems A.

If we do not assume (11.48), Theorem 11.11 assures that D(A, + k) =
H?™(X) N H*(X) for a suitable constant k, and it follows that D(A,) =
H?>™(X) N HP(X).

One can moreover show that (R, K, ) itself belongs to the ¢dbo cal-
culus. On one hand, this is a consequence of a general principle, that we
cannot find space to include the proof of here: When an elliptic element has
an inverse operator, then the inverse belongs to the calculus (this is part of a
property called spectral invariance). But it can also be shown for the Dirich-
let problem in a more elementary way, passing via the Dirichlet-to-Neumann
operator and using that we already have the vdo properties of the Calderén
projector; this will be done below.

The Dirichlet-to-Neumann operator (called the Steklov-Poincaré operator
in some texts) enters both in modern and older literature on PDE’s, e.g. in
the applications of the abstract theory of Chapter 13 that were developed in
[G68]-[G74]; see also [BGWO0S]| and its references.

Definition 11.12. Let A be given as above, strongly elliptic and satisfying
(11.48), with (Ry K. ) solving the Dirichlet problem, and denote

v="{Ym, - V2m-1} (11.55a)

the Neumann trace operator. Then the Dirichlet-to-Neumann operator is
defined by
P,,=vK,. (11.56)

In other words, P, , maps the Dirichlet data into the Neumann data for
solutions of Au =0 on X. In view of (11.54) for K., it maps

P [ HTIR(X) - [ EHETITR(X), (11.57)

0<j<m 0<j<m

for s > 0. We shall show that it is a pseudodifferential operator over X’, and
is elliptic.

Note that the Dirichlet-to-Neumann operator is m X m-matrix formed,
whereas the Calderén projector for A is 2m x 2m-matrix formed. They are
in fact closely related.

Let us write C" in blocks according to the splitting of {0,1,...,2m — 1}
into {0,1,...,m —1} and {m,...,2m — 1}:

ch  Cf
Ct = (C%g C(E) , (11.60)
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then
Cifyvho + Clhbr = Py, (Clto + Cin) (11.61)

holds for all
{o.vnye [[ w72 x [ #m772(x).
0<j<m 0<j<m
Lemma 11.13. Fach of the blocks C’jj'- in (11.60) is elliptic.

The proof is developed in Exercises 11.4-7 (originally shown in [GT71]).
Now, note that in particular,

Cifytho = Py, Cogtho, (11.62)
for ¢0 € [lo<jcm H?"=i=3(X'). Let S be a parametrix of Cg;, so that
CioS = I — R with a negligible ¢»do R. Then

chS="P,,CHhS=P,,(I-R),
from which it follows that
P,,=C/S+ P, ,R. (11.63)

Here R maps distributions to C*° functions, and P, , has the mapping
properties (11.57), so it follows that P, ,R maps D’'(X’) continuously into
C*>°(X'), hence is a negligible 1do. Thus P, , is a 1do. Finally, since both
Ciy and S are elliptic, it follows from (11.63) that P, , is elliptic. We have
shown:

Theorem 11.14. P, , is an elliptic ¢ do.

Behind Lemma 11.13 lies a consideration of both the Dirichlet problem
on X and that on X_. It always works for the model problems (which is
what is used in Exercises 11.4-7), but let us now look at the full operators.
Assuming that (11.48) holds also for the Dirichlet realization on X_, we can
introduce the notation K 7i for the operators solving

Au=0in X, vTu=¢, 1esp. Au=0in X_, v u =,
(so K = K,), and denote

VEKE = P¥; (11.58)
here
vE={yE, . aE ) (11.59)

+ —
and PJ, =P, .

Then the above argumentation for P, works also for P,

it is a ¢vdo. The calculations in Exercises 11.4-7 now imply:

showing that
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Theorem 11.15. When (11.48) holds also for the Dirichlet realization on
X_ (so that P, is well-defined), then P, and P, — P, are elliptic 1do’s.

el Eld el

In this case, one can moreover show that P;f , — P, is invertible. Then

C* can be described by an explicit formula from P, and P, and vice
versa (details are worked out in Exercise 11.22):
(C(:):_E) C(:):E[) _ ( _<P';/’:1/_P7_,u)_lp'y_,u (Pv—’:u_P'y_,u)_l )
= [Nt S I
C’10 C’11 _Pv—’:u(P';/’:u - P%u) P’y,u Pv—’:u(Pq—/’:u - P’y,u) (1 64&)
Pf, =CH(CiH)™ (11.64b)

Returning to K., we note that when ¢ € [Jo;_,, H2m=i=3(X"), then,
with KT as in Theorem 11.6,

solves the Dirichlet problem (11.50), so

1
— Kt
K,=K (P%V) . (11.65)

This shows that K, is a Poisson operator. In particular, the mapping prop-
erty mentioned in Theorem 11.11 extends to all s:

Ky: J] H7773(X') — HY(X) for all s € R. (11.65a)

0<i<m
As for R, it can be expressed in terms of Q@ = A~! and K, by

Ry = Q4 — K17Qy, (11.66)

exactly as in the calculations leading to Theorem 9.18, so we conclude that
R, likewise belongs to the ¥ dbo calculus.

Theorem 11.16. When A is strongly elliptic, invertible on )Nf, and satis-
fies (11.48), then the solution operator (R, K, ) of the Dirichlet problem
satisfies:

K., is a Poisson operator (mapping as in (11.56a)), and R is the sum of
a truncated do Q)1 and a singular Green operator —K vQ .

One can moreover show that the continuity of R., from H*(X) to H*T2™(X)

for s > 0 extends down to s > —m — 1, see e.g. the analysis in [G90].
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Exercises for Chapter 11.

11.1a. Let A be as in Section 11.1, with £y = F5 = E. Define A, as the
operator in Lo(E) = H°(E) acting like A and with domain

D(Amax) = {u € Lo(E) | Au € Ly(E)}.

Show that ¢ can be defined on D(Apax), mapping it continuously into
HO(E'®) (here D(Ampmax) is provided with the graph-norm).
(Hint. Begin by showing that when u € D(Apax), Q4 Au is in HY(E), and
z=u—QtAuisin Z3.)

11.2a. Let A and Sp be as in the beginning of Section 11.2, with F; =
E; = E. Define the realization Ag of A as the operator in Lo(E) with
domain (using Exercise 11.1a)

D(As) = {u € D(Apnax) | Sou = 0}.
Show that Ag is closed, densely defined.

11.3a. Continuation of Exercise 11.2a. Assume moreover that

A .
<Sg) has the inverse (Rs Kg),
with all the properties in Theorem 11.8; in particular it belongs to the y»dbo
calculus.

(a) Show that D(Ag) C HY(E).

(b) Show that when v € D(Ag) with Au € H*(E) for some s > 0, then
u € HST(E).

(Comment. It is possible to show similar regularity results when {4, So}
is just assumed to be elliptic, e.g. by constructing a parametrix that acts
as an inverse on suitable subspaces with finite codimension, using Fredholm
theory. A systematic treatment can be found in [G90], including general
Green operators and L,-based spaces.)

11.1. Let A be a second-order scalar differential operator on R™ with prin-
cipal symbol independent of x,,:

ao(x/7€/7€n) = 32(1.,)52 + Sl(x,7€/)£n + 30(37/75/)'

(a) Assume that A is properly elliptic, such that for all (z’,¢’) with £ # 0,
the two roots 7% (2, ¢’) of the second-order polynomial a®(z’, &', 7) in 7 lie
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in C4, respectively. Denote 0™ = —ir", 0~ = i7~; show that oT and o~
have positive real part and are homogeneous in & of degree 1.

(b) Show that the principal symbol of a parametrix @ of A is (for || > 1)

1

O¢..0 ¢ —
q (ZL' 75 7517,) - S2(€n _T+)(€n _7__>

B 1 ( 1 n 1 )
T st to) \ot tig, | o0 —i&)

(c) Find (at each (2/,¢’), |¢'| > 1) the Poisson operator r+¢°(a2’,¢’, D,,)o*
and the 1do symbol ot¢°(2',¢’, D,,) 0", expressed in terms of o*.

(Hint. One can apply the rules in Theorem 10.20 and Lemma 10.13, see also
Exercise 10.3.)

(d) Find the principal symbol of the Calderén projector C* for A.

11.2. Continuation of Exercise 11.1. Consider a boundary condition
bi(z"YDiu+ -+ + by (2')Dypu = 0 for z,, = 0,

where the b; are complex C* functions, with b,(2’) # 0 for all 2’. Give
examples of choices of coefficients b; where the condition defines an elliptic
problem for A, and where it does not so.

11.3. In the setting of Section 11.3, show how (11.54b) can be used to
conclude that (R, K, ) has a mapping property as in (11.54) for all s > 0.

11.4. Let A be as in Section 11.3, and define v by (11.55a). Show that the
Neumann problem

Au=fin X, vu=¢pon X',
is elliptic.

(Hint. Consider the boundary symbol operator at an (z/,¢") with £ # 0.
For dimensional reasons, it suffices to show that

<QO(CE/’£/’Dn))z: <8) — Z:O,

when z € §4. Show that u = D]z solves the Dirichlet problem with zero
data, hence is 0. Use Theorem 4.19 to conclude that z = 0.)
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11.5. For the boundary symbol operator a®(z’, &', D,,) for A considered in
Section 11.3 (at an (2/,£') with & # 0), let kT and k7 be the solution
operators for the Dirichlet problems on Ry and R_:

k’f: C™ — S+ solves <“0(I/’$’D")> z = <2> on Ry.

With v+ defined in (11.59), let
p* = v,

respectively. Show that p* are invertible matrices.
(Hint. One can use the result of Exercise 11.4.)

11.6. Continuation of Exercise 11.5. Show that
b —Dp

is an invertible matrix. (It is important for this calculation to recall that
y;ru = ¢ Diu, v; u =7y Dju, where D} has the same meaning in the two
expressions, namely (—id,, )’ — with the same direction of z,,.)

(Hint. Let ¢ € C™ be such that (p* — p~)p = 0, and let vt € Z4 with
yEut = . Since pto = p~p, vTut = v u". Then u = etut +e v is a
solution in H?™(R) of a®(D,,)u = 0.)

11.7. Continuation of Exercises 11.5ff. Show that the Calderén projector
for a®(2', &', D,,) (equal to the principal symbol of the Calderén projector for
A) satisfies

o0 — < —(pT —p )"~ (p —p=)-? ) |

—pt (@t —p7 ) 'pm Pt —p)7!

In particular, the four blocks are invertible.
(More information can be found in [G71, Appendix].)

11.8. Let A=1—A onR’. With the notation of Exercise 11.5, show that
pt=—(¢) and p~ = ({'), and that

Moreover, Ct is the ¢»do on R"~! with this symbol.
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11.9. Show that the calculations in Exercises 11.4-7 are valid also for
strongly elliptic systems (acting on vector valued functions), cf. (7.50).

11.10. Let A be as in Section 11.3.
(a) Show that for any s € R, N3 (cf. (11.14)) identifies with the graph of
P, ., going from [[,<;,, H*3=3(X") to [lo<jcm Hs~m=i=3(X"). In other
words,

(PI ) maps H H*773(X") onto N

Vv 0<j<m

with the inverse pr; = (I 0), for any s € R.
(b) Show that K. defines a homeomorphism

Ky ] B R(X) S 23

0<ij<m

with inverse .
v: Z3 — H H* 77 72(X"),
0<j<m
for all s € R.

(Hint. Use (11.65), (11.29) and the mapping properties of the operators in
the ¥dbo calculus.)

11.11. Continuation of Exercise 11.10.

(a) Show that Z3* = (,cg Z5 is dense in Z! for all t € R, and that N§°* =
Nser N3 is dense in N for all ¢ € R.

(Hint. One can combine the results of Exercise 11.10 with the fact that
C>°(X') is dense in H*(X') for any s.)

(b) Show that D(Apax) is the direct sum of D(A,) and Z9.
(¢) Show that H*™(X) is the direct sum of D(A,) and Z3™.

(d) Show that H?™(X) is dense in D(Anax) (With respect to the graph-
norm).
(Hint. One can use that (a) implies the denseness of Z¥™ in Z9.)

11.12. Let A be as in Section 11.3, now with m = 1 but acting on N-
vectors u = (uy,...,un). In order to use ideas from Chapter 9, where X

has a different meaning, we now denote X = 2 Xy =04, X' =T =004,
so X =Qu, U=TIx]|—1,1[. We also denote Q; = Q. Let Ay = Anin,
Ay = Apax; they are operators in Lo(Q)Y.
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Show that the results of Exercise 11.10 imply that
K,: H 3TN 2 7(4)
with inverse
v: Z(Ar) S H 3 ()Y

the latter operator can more specifically be called .

11.13. Continuation of Exercise 11.12. Write A on U =T x [-1,1] as
A= S,D? 4+ 8D, + S,

as in Proposition 11.2, where S, S; and Sy are z,,-dependent N x N-matrices
of functions, first-order differential operators, resp. second-order differential
operators on I'.

(a) Verify that there is a Green’s formula for u,v € H*™(Q)V:

(Au,v)o—(u, A'v)q = (Rou, ov)r = (iS271u, Y0v)r — (You, iS5 71v—AgeYov)r,

. Qlo() iSQ
A= ( iSy 0 )
with oo equal to iS7 plus a matrix of functions (Sy and S; taken at z,, = 0);
A’ denotes the adjoint of A as a differential operator on =. Show that Green’s
formula extends to u € H?™(Q)Y, v € D(A}), with Sobolev space dualities

in the right-hand side.
(Hint. Use that g is well-defined on the nullspace Z9 for A’.)

(b) Define the modified Neumann trace operators

where

fu =1iSayiu, ['v=1iS5v10 — Adyyov,

which allow writing Green’s formula as

(Au,v)q — (u, A'v)a = (Bu, vov)r — (You, B'v)r;
and define the modified Dirichlet-to-Neumann operators

Pfy’g == iSZ’YIP'yO,'yla P'/y,ﬁ’ == 25;’71P,/y

*
- Q[O()a

0571

where P. and P, _ stand for P, , for A resp. A’ (with m = 1). Define

Y0571 Yo,Y1
moreover the trace operators

pu = Bu — Py gyou, p'v=pv— P&ﬁ,%v.
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Show that
= ﬁA;lAu, continuous from D(A;) to H2 (m»,
with a similar result for ', and that
(Au, v)q = (u, Av)a = (pu, 300) 1y g — (Yot w0) g g

holds for all w € D(A;), v € D(A)).

(Hint. Proceed as in Proposition 9.27.)

(¢) Carry the construction in Section 9.4, up to and including Theorem 9.29,
over to the present situation, showing a 1-1 correspondence between closed

realizations A of A and closed densely defined operators L: X — Y™, where
X and Y are closed subspaces of H ™z (TN,

11.14. Continuation of Exercise 11.12ff. Show that in the 1-1 correspon-
dence established in Exercise 11.13, the Dirichlet realization A, corresponds
to the case X =Y = {0}, L =0.

11.15. Continuation of Exercise 11.12ff. Show that in the 1-1 correspon-
dence established in Exercise 11.13, the realization Aj; with domain D(Ays)
= D(Ao)+Z(A;1) corresponds to the case X =Y = H-2 ()N, L = 0.

11.16. Continuation of Exercise 11.12ff. Let A, be the realization defined
by the Neumann condition y;u = 0,

D(A,) = {u € D(Apax) | y1u = 0},

cf. Exercises 11.1a-11.2a.

(a) Show that D(4,) Cc H2(Q)N.

(Hint. Show first that when u € D(A,), z = u — Q4 Au has vz € Hz ()N,
Then use the ellipticity of P, -, to conclude that oz € Hz(T)N x Hz(I)N)
(b) Show that in the 1-1 correspondence established in Exercise 11.13, A,

corresponds to the case X = Y = H ()N, L = —P, 3 with domain
D(L) = H3(T)N.

11.17. Continuation of Exercise 11.12ff. Consider the realization A defined
by a boundary condition

Y1iu + B’YOU/ = 07
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where B is a first-order 1do on N-vectors of functions on I' such that
B+ P, -, is elliptic of order 1; here

D(A) = {u € D(Amax) | 1t + Byou = 0}.

Show that in the 1-1 correspondence established in Exercise 11.13, A
corresponds to the case X =Y = H ()N, L = —iSy(B + P, ~,) with
domain D(L) = H?(I')Y; in particular, D(A) ¢ H2(Q)V.

11.18. Continuation of Exercise 11.12ff. For simplicity of the calculations
in the following, assume that Sy = I. Let J be an integer in |1, N[, and
consider the realization A defined by a boundary condition

’70<U’17 .. '7UJ) = 07 ’71<U’J+17 . '7U’N) + B’YO(U’J-FD .- .,UN) = 07

applied to column vectors u = (uy,...,uy); here Bisan (N —J) x (N — J)-
matrix of ¥»do’s on I' of order 1. Assume that the first-order ¢do

E:—zB—@(ON_J,J IN—J)onm ( j]NN_JJ)

is elliptic. Here I stands for the J x J-identity-matrix, and 0 ; stands for
the J x J'-zero-matrix. N
Show that in the 1-1 correspondence established in Exercise 11.12, A
corresponds to the case X =Y = H_%(F)N_J, with L acting like £ with
domain D(L) = H?()N=7. In particular, D(A) c H2(Q)V.
(Comment. Similar boundary conditions, where the splitting into the first
J and last N — J components is replaced by more general projections, are
considered e.g. in Avramidi and Esposito [AE99], [GO3] (and earlier). For
higher order studies, see e.g. Fujiwara and Shimakura [FS70], [G70]-[G74].
Also positivity issues are treated in these papers, see in particular [G74];
then 8 and (' in Exercise 11.12 are replaced by more symmetric choices of

modified Neumann operators, letting each of them carry half of 2gg. See also
[BGWO08].)

11.19. Consider the boundary value problem
Au=f, CTou=0

(cf. Example 11.10), with f given in H°(E,). Show that it has the unique
solution

u=Q+f — K CToQ. f,
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lying in H*(Ey).
(Note however, that the nonhomogeneous problem

Au=f, CTou=y,
does not have a solution for every f € H(Ey), ¢ € HY(E4). Why?)

11.20. Let A be a first-order differential operator on X such that A =
InO,, +P near X', where P is an N X N-matrix formed first-order selfadjoint
elliptic differential operator on X’. Let n > 3.

(a) Show that the principal symbol p®(2’,£’) of P (considered at an (z/,&')
with [¢/| > 1) has N/2 positive eigenvalues A\[ ..., )\IJ\F]/Q and N/2 negative
eigenvalues A, ..., Ay /2 (repeated according to multiplicities); in particular,
N is even.

(Hint. Note that p®(a’, —¢') = —p°(2/,¢").)

(b) Show that the roots of det(itIy + p°(a’,¢’)) are: Tj+ = i)\j lying in Cg,
j=1,...;,N/2,and 7, =i)\; lyinginC_, j=1,...,N/2.

(c¢) Assume from now on that all eigenvalues )\3E are simple. Show that the

. . . . . . Atz ¢
functions in Z (z', ') are linear combinations of functions e %7 (& )I”vj (', &),
where v; is an eigenvector for the eigenvalue )\;r.

(d) Show that NT(2/,&) equals the space spanned by the eigenvectors for
eigenvalues )\;r, j=1,...,N/2, also called the positive eigenspace for p°(a’, £’).

(d) Show that ct9(a’,¢’) is the orthogonal projection onto the positive ei-
genspace for p®(a’, ¢’).

11.21. Consider the biharmonic operator A = A? on a smooth bounded
set Q2 C R™.

(a) Find the principal symbol of the Dirichlet-to-Neumann operator (for
€'l = 1).

(Hint. Show first that in the model problem on R, the null solutions are
linear combinations of e~ 7% and x,e” 7", o = |£'|.)

(b) Find the principal symbol of the Calderén projector (for |¢/| > 1).
(Hint. One can use the results of Exercises 11.6 and 11.7.)

11.22. Assumptions of Theorem 11.15.

(a) Show that P, — P, is injective.
(Hint. One can use a generalization of the method of Exercise 11.6)

(b) Show that P, — P, is surjective.
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(Hint. Apply CT and C'~, written in blocks as in (11.60), to functions <3) .
Conclude that

P, Cov = Ciyeh, Py, Cotp=Cyo,

and use the fact that C* + C~ = I to see that (P, — P, ,)Cii¢ = ¢.
(¢c) Show that P, — P, has the inverse C(;.
(d) Show (11.64a) and (11.64b).



