
Chapter 11

Pseudodifferential methods for boundary
value problems

11.1 The Calderón projector

As an illustration of the usefulness of the systematic ψdbo calculus, we shall
briefly explain the definition and application of the Calderón projector C+

for an elliptic differential operator A : C∞(X,E1) → C∞(X,E2) of order
d, as introduced by Calderón [C63], Seeley [S66], [S69], see also Hörmander
[H66], Boutet de Monvel [B66], Grubb [G71], [G77]. Much of this chapter is
written in a compact style; it has been included in order to make the material
available in textbook form.

We begin, however, with a very simple example.

Example 11.1. Let α > 0 and consider the differential operator Au =
−u′′ + α2u on R, R+ and R−. The solutions in S ′(R) of −u′′ + α2u = 0
on R are spanned by eαx and e−αx; the only solution in L2(R) is 0. The
nonhomogeneous equation −u′′ + α2u = f is uniquely solved in L2(R) by

u(x) = F−1((α2 + ξ2)−1f̂(ξ)) ∈ H2(R).
The initial values or Cauchy data are defined for general u ∈ H2

loc (R) as

the pair %u =
( u(0)

u′(0)

)
. When precision is needed, we use the notation %+,

%− or %̃ for the mapping u 7→
( u(0)

u′(0)

)
when u ∈ H2(R+), u ∈ H2(R−), resp.

u ∈ H2
loc (R). Let

Z± = {u ∈ L2(R±) | Au = 0 on R±}; clearly,

Z+ = span{r+e−αx} ⊂ S (R+), Z− = span{r−eαx} ⊂ S (R−).

Define

N+ = %+Z+, N− = %−Z−; clearly,

N+ = {
( ϕ
−αϕ

)
| ϕ ∈ C}, N− = {

( ϕ
αϕ

)
| ϕ ∈ C}.
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306 11 Pseudodifferential methods for boundary value problems

Here N+ and N− are linearly independent, so C2 = N++̇N−. The Calderón
projector C+ is now simply the projection of C2 onto N+ along N−. A
straightforward calculation shows

C+ =

(
1
2 − 1

2α
−α

2
1
2

)
.

The map C− = I − C+ projects C2 onto N− along N+. There are linear
maps K± : C2 → Z± that act as inverses to %± : Z± → N± and vanish on
N∓, respectively.

The maps C± and K± are easily found explicitly in this case; the efforts in
higher-dimensional cases go toward determining them in a constructive way.
They serve in the discussion of ellipticity and solvability of boundary value
problems.

It should be noted that the general theory would take %u = {u(0), Du(0)}
with a factor −i, this is convenient in Green’s formulas in higher-order cases.

We consider a smooth compact n-dimensional manifold X with boundary,
provided with two N -dimensional hermitian vector bundles E1 and E2. (A
reader who is not used to working with vector bundles should just think of
(N×N)-matrices of operators.) X can be assumed to be smoothly embedded

in an n-dimensional boundaryless manifold X̃ such that X ′ = ∂X is an
(n− 1)-dimensional hypersurface in X̃, and E1 and E2 are restrictions to X

of N -dimensional hermitian bundles Ẽ1 and Ẽ2 over X̃. Denote X◦ = X+,

X̃ \ X = X−, and write Ẽi|X±
= Ei,±, Ẽi|X′ = E′

i. We can assume that
near the boundary, the manifold and bundles are described as a product
situation, with a chosen normal coordinate xn. More precisely, there is a
neighborhood U of X ′ in X̃ where the points are represented as x = (x′, xn),
x′ ∈ X ′ and xn ∈ ] − 1, 1[ , such that xn = 0 on the boundary, xn > 0 in

U+ = X+ ∩ U and xn < 0 in U− = X− ∩ U . Moreover, the bundles Ẽi are
over U simply the liftings of E′

i from X ′ to X ′× ] − 1, 1[ . Then Dn = −i∂xn

has a meaning, over U , on the sections of the bundles Ẽ1, Ẽ2. The coordinate
systems on U are taken to be of the form κj : U ′

j× ] − 1, 1[→ V ′
j× ] − 1, 1[ ,

where κj(x
′, xn) = (κ′j(x

′), xn), defined from coordinate systems κ′j : U ′
j →

V ′
j for X ′; trivializations act similarly. The volume form dx on X̃ is chosen

such that dx = dx′dxn on U , for a volume form dx′ on X ′ and the Lebesgue
measure dxn on R. In these coordinates, Dn is formally selfadjoint.

If A extends to an elliptic operator (also denoted A) from C∞(Ẽ1) to

C∞(Ẽ2), we let Q denote a parametrix of A on X̃; then the formulas of
Theorem 8.6 hold with P = A. The use of Calderón projectors is simplest if
X̃, Ẽ1, Ẽ2 and A can be chosen so that X̃ is compact and A is invertible on
X̃; then Q stands for the inverse, and R1 and R2 are zero. We assume this
in the following. (There can be topological obstructions to a compact choice

of X̃ where A is elliptic; then one can take for X̃ a neighborhood of X and
carry an analysis through modulo negligible operators. Or, if A is elliptic on
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a compact extension X̃ but not invertible there, one can get results modulo
suitable finite-rank operators. For lack of space we do not treat such cases
here.)

As usual, we define γ0u = u(x′, 0) and γju = γ0(D
j
nu), and when A is of

order d, we also consider the Cauchy data map % = {γ0, . . . , γd−1}. Each of
these maps can be regarded as a map either from sections over X+, or from

sections over X−, or from sections over X̃ , to sections over X ′; to distinguish
between the three versions, we use notations such as %+, %− resp. %̃ (so what
we would originally call % is now %+). This makes no difference when they act
on C∞ sections, but it is important when various generalizations to function
spaces are considered. The operator Dn is the same in all three versions.

When F = F0 ⊕ · · · ⊕ Fd−1 are vector bundles over X ′, we denote

Hs(F ) =
∏

0≤j<dH
s−j− 1

2 (Fj),

H̃s(F ) =
∏

0≤j<dH
s+j+ 1

2 (Fj) = (H−s(F ))∗
(11.1)

(for the last equation we recall the fact that Ht(Fj) and H−t(Fj) are dual
spaces). Denoting

⊕
0≤j<d E

′
i = E′d

i , we can then formulate the well-known

mapping properties of %± and %̃ as follows:

%± : Hs(Ei,±) → Hs(E′d
i ),

%̃ : Hs(Ẽi) → Hs(E′d
i ), for s > d− 1

2 .
(11.2)

The “two-sided” trace map γ̃0 : Hs(Ẽi) → Hs− 1
2 (E′

i) has an adjoint γ̃∗0 :

H
1
2−s(E′

i) → H−s(Ẽi) for s > 1
2 . It can also be written

γ̃∗0v = v(x′) ⊗ δ(xn), (11.3)

since
〈v(x′) ⊗ δ(xn), ϕ̄(x)〉 = 〈v(x′), ϕ̄(x′, 0)〉 = 〈v, γ̃0ϕ〉,

cf. (10.114). Note that γ̃∗0 ranges in distributions on X̃ supported in X ′.

Similarly, the two-sided Cauchy data map %̃ : Hs(Ẽi) → Hs(E′d
i ) has the

adjoint
%̃∗ : H̃−s(E′d

i ) → H−s(Ẽi), (11.4)

for s > d− 1
2 ; here since %̃ = γ̃0

(
1 Dn . . . D

d−1
n

)t
,

%̃∗ =
(
1 Dn . . . D

d−1
n

)
γ̃∗0 . (11.5)

As usual, we use the notation P± for the truncation of a ψdo P on X̃ to
X± (respectively):

P± = r±Pe±, when P is a ψdo on X̃;
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here r± means restriction to X± and e± means extension by zero on X \X±.

Lemma 11.2. The boundary maps %± and %̃ in (11.2) are surjective for s =
d. In fact, there exists a bounded lifting operator

K̃(d) =
(
K̃0 · · · K̃d−1

)
: Hd(E′d

i ) → Hd(Ẽi) (11.6)

such that K±
(d) = r±K̃(d) are Poisson operators (K±

(d) =
(
K±

0 · · · K±
d−1

)
with

K±
j of order −j), and

%±K±
(d) = I, %̃K̃(d) = I, on Hd(E′d

i ). (11.7)

Proof. This follows by localization from Theorem 9.5, which treats the
Euclidean case where X+ is replaced by Rn+. Note first that each operator

Kj : S (Rn−1) → S (R
n

+) defined in Theorem 9.5 (let us call it K+
j now) is

indeed a Poisson operator of order −j, with symbol-kernel 1
j! (ixn)

jψ(〈ξ′〉xn).
The appropriate estimates (as in Definitions 10.20, 10.3) follow from (9.23),
which treats Dk

xn

1
j! (ixn)jψ(〈ξ′〉xn) directly and is easily generalized to ex-

pressions with powers of xn and Dξ′ in front. There are similar estimates for
this function considered for xn ∈ R−, so it defines a Poisson operator K−

j

of order −j from Rn−1 to Rn−. Moreover, K+
j and K−

j can be regarded as

r+K̃j resp. r−K̃j , where K̃j : S (Rn−1) → S (Rn) is defined by the formula
in (9.21) used for all xn ∈ R. In the estimates worked out after (9.23), one
can replace the integration in xn ∈ R+ by an integration in xn ∈ R, showing

that K̃j is bounded from Hm−j− 1
2 (Rn−1) to Hm(Rn).

Set m = d, then the vectors

K̃(d) =
(
K̃0 · · · K̃d−1

)
, K±

(d) =
(
K±

0 · · · K±
d−1

)
,

are right inverses of %̃(d), %
±
(d) in the Euclidean case.

In the manifold situation, we get the right inverses by using the Euclidean
construction in local coordinates, after applying a partition of unity. When ϕ
is given in Hd(E′d

i ), consider a localized piece, say ϕ
l
. It has compact support

in Rn−1, say M , so if K̃(d)ϕl is multiplied by a function ζ
l
∈ C∞

0 (Rn) which

is 1 on a neighborhood of M , the identity %̃(d)ζlK̃(d)ϕl = ϕ
l
still holds. The

operators ζ
l
K̃(d) (where ζ

l
is taken with support close to M) are carried over

to the manifold situation and added together, giving the desired operator. ut

Proposition 11.3. Let A be a differential operator of order d from Ẽ1 to
Ẽ2, written as

A =

d∑

l=0

Sl(x
′, xn, D

′)Dl
n (11.8)
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on U , with differential operators Sl of order d − l acting in X ′ for each
xn ∈ ] − 1, 1[ . The following Green’s formula holds for u ∈ Hd(E1,+) and
v ∈ Hd(E2,+):

(Au, v)X+ − (u,A∗v)X+ = (A%+u, %+v)X′ , (11.9)

where A is a (uniquely determined) matrix

A = (Ajk)j,k=0,...,d−1

of differential operators Ajk (from E′
1 to E′

2) of orders d− j − k − 1, with

Ajk(x
′, D′) = iSj+k+1(x

′, 0, D′) + lower-order terms (11.10)

(zero if j + k + 1 > d). Here A maps Hs(E′d
1 ) continuously into H̃s−d(E′d

2 )
for all s ∈ R, bijectively if Sd is bijective at xn = 0. ut

Proof. We show the formula for smooth u and v; then it extends by continuity
to Hd spaces. By definition of A∗, (Au, v)X+ − (u,A∗v)X+ = 0 if u or v has
compact support in X+, so the only nontrivial contribution comes from cases
where u and v are supported in U . For such sections we have the usual formula
(by integration by parts)

(Dnu, v)U+ − (u,Dnv)U+ = i(γ+
0 u, γ

+
0 v)X′ ,

and its iterated version (as in (4.53))

(Dl
nu, v)U+ − (u,Dl

nv)U+ = i
∑

0≤k≤l−1

(γ+
l−1−ku, γ

+
k v)X′ .

Then

(Au, v)X+ − (u,A∗v)X+ = (
∑

l≤d
SlD

l
nu, v)X+ − (u,

∑

l≤d
Dl
nS

∗
l v)X+

=
∑

l≤d
[(Dl

nu, S
∗
l v)X+ − (u,Dl

nS
∗
l v)X+ ]

= i
∑

l≤d

∑

k≤l−1

(γ+
l−1−ku, γ

+
k (S∗

l v))X′ .

(11.11)

Since Dk
n(S

∗
l v) = S∗

l D
k
nv +

∑
j<k S

′
ljD

j
nv with differential operators S′

lj on
X ′ of order d− l, the last expression can be further reorganized to have the
form given in the right-hand side of (11.9). The asserted continuity holds
since Ajk is of order d− j − k − 1.

A is uniquely determined since % is surjective from the smooth sections
over X+ to the d-tuples of smooth sections over X ′.

Observe that A has a skew-triangular character
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A = A
0 + A

′ = i




S0
1 · · · S0

d−1 S
0
d

S0
2 · · · S0

d 0
...

...
...

S0
d · · · 0 0


 +




lower . . . 0
order . . . 0 0

...
...

0 . . . 0


 . (11.12)

The terms in the second diagonal of A and A0 equal iSd(x
′, 0, D′) =

isd(x
′); it is a zero-order differential operator and hence a multiplication

operator (a vector bundle morphism from E′
1 to E′

2, trivializing to multipli-
cation by an x′-dependent matrix). The operator A (and also A0) is then
invertible if and only if sd(x

′) is a bijective morphism (the matrix is regular).
ut

When A is elliptic, sd(x
′) is invertible at each point, so A is bijective. For

more general differential operators, bijectiveness of sd(x
′) means that X ′ is

noncharacteristic for A.
We see from the example of A that it is interesting to allow matrix-formed

operators that are multi-order systems, with different orders of the various
entries, fitting together in a convenient way. When S = (Sjk)j0≤j≤j1,k0≤k≤k1 ,
we say that

S has multi-order (tj , sk)j0≤j≤j1,k0≤k≤k1 , when each Sjk has order tj − sk.
(11.13)

The principal part then consists of the (tj − sk)-order parts of the Sjk. El-
lipticity means that the matrix of principal symbols defined accordingly, is
invertible for |ξ| ≥ 1; it is sometimes called Douglis-Nirenberg ellipticity (also
Volevich should be mentioned in this context). The operator A in (11.12) is
of multi-order (d− j− 1, k)j,k=0,...,d−1, elliptic when sd(x

′) is bijective for all
x′.

In relation to the given elliptic operator A we define the spaces

Zs± = { z ∈ Hs(E1,±) | Az = 0 on X±},
Ns

± = %±Zs± ⊂ Hs(E′d
1 ).

(11.14)

Although the trace operators %± are defined on Hs(E1,±) for s > d− 1
2 only,

they can be given a sense on Zs± (respectively) for all s ∈ R.
Consider for example %+. Accounts of the extension to Zs+ are found in

several places: For one thing, there is Seeley’s own deduction in [S66] where
the Calderón projector was originally worked out with full proofs (many of
which are reproduced here); this particular point is shown at the end of the
paper, also for Lp Sobolev spaces, 1 < p < ∞. Another account is by Lions
and Magenes in the paper [LM63], where it is shown that when A is elliptic,
C∞(X+) is dense in Ds

A = { u ∈ Hs(X+) | Au ∈ L2(X+) } for all s ≤ 0,
and this allows an extension of Green’s formula to such u; we have included
a particular case of the proof in Theorems 9.8, 9.10. (The paper [LM63]
covers also Lp-related spaces; more general results in an L2 framework are
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found in the book [LM68].) Third, the result follows from Theorems 4.3.1 and
2.5.6 in [H63] for the localized situation in Rn+, using the spaces Hs,t(Rn+)
(cf. (10.132), (10.134)). The idea is to use the equation Au = 0 to conclude
that u ∈ Zs+ implies u ∈ Hs+k,−k(Rn+) for all k (“partial hypoellipticity at
the boundary”); then for sufficiently large k, the boundary value γ+

j u makes
sense. For completeness, we indicate a proof of the third type.

Theorem 11.4. The map %+ extends to a continuous map from Zs+ to
Hs(E′d

1 ) for all s ∈ R.
In fact, when u ∈ Zs+, then in local coordinates at the boundary, u is in

Hs+k,−k(Rn+) for any k ∈ N0, where γ+
j : Hs+k,−k(Rn+) → Hs−j− 1

2 (Rn−1)

for s+ k − j > 1
2 .

Similarly, %− extends to a continuous map from Zs− to Hs(E′d
1 ) for all

s ∈ R.

Proof (indications). One ingredient in the proof is the fact that for any r ∈ Z,
the operator (Ξr−)+ = OP((〈ξ′〉 − iξn)

r)+ maps Hs,t(Rn+) homeomorphically
onto Hs−r,t(Rn+), with inverse (Ξ−r

− )+, for all s, t ∈ R. This can be inferred
from [H63] and appears in Seeley’s proof [S66], and in joint works of Vishik
and Eskin as well as Eskin’s book [E81]. See Exercise 10.11, where the reader
is guided through a proof.

Consider the localized situation. Let A = Dd
n +

∑
0≤l≤d−1 Sl(x,D

′)Dl
n,

where the Sl are differential operators with respect to x′ of order d− l with
bounded smooth coefficients. (An elliptic operator is reduced to this form by
dividing out the coefficient of Dd

n.) If u ∈ Hs,t(Rn+) solves Au = 0, then since
SlD

l
nu ∈ Hs−l,t−d+l(Rn+) ⊂ Hs−d+1,t−1(Rn+) (recall (10.133)),

Dd
nu = −

∑

0≤l≤d−1

SlD
l
n ∈ Hs−d+1,t−1(Rn+).

Then also (Ξd−)+u =
∑

0≤l≤d cl OP′(〈ξ′〉d−l)Dl
nu lies in Hs−d+1,t−1(Rn+), and

it follows by application of (Ξ−d
− )+ that u ∈ Hs+1,t−1(Rn+). This gives the

induction step in a proof that when u ∈ Hs,0(Rn+) solves Au = 0, then
u ∈ Hs+k,−k(Rn+) for all k. The asserted mapping property of γ+

j was shown
in Corollary 10.30. ut

Since (Au, v) eX − (u,A∗v) eX = 0, we have in addition to (11.9):

(Au, v)X− − (u,A∗v)X− = −(A%−u, %−v)X′ , (11.15)

for u ∈ Hd(E1,−) and v ∈ Hd(E2,−).
The central step in the Calderón construction is to introduce the operators

K = Q%̃∗A, K± = ∓r±K = ∓r±Q%̃∗A. (11.16)

Since A : Hs(E′d
1 ) → H̃s−d(E′d

2 ) for s ∈ R, %̃∗ : H̃s−d(E′d
2 ) → Hs−d(Ẽ2) for

s < 1
2 (cf. (11.4)), and Q : Hs−d(Ẽ2) → Hs(Ẽ1) for s ∈ R, we have that
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K : Hs(E′d
1 ) → Hs(Ẽ1), when s < 1

2 ;

K± : Hs(E′d
1 ) → Hs(E1,±), when s < 1

2 .
(11.17)

Observe moreover that the operators K± in fact map into Zs±, since

AKϕ = %̃∗Aϕ is supported in X ′. (11.18)

The operators K± are Poisson operators in view of Theorem 10.25, so by
Theorem 10.29, the mapping properties in the second line of (11.17) extend
to all s ∈ R. This is not true for the operator K itself that gives an important
singularity at xn = 0.

Proposition 11.5. The Poisson operators K± defined in (11.17) satisfy, for
any s ∈ R:

K+%+z = z, for z ∈ Zs+, K−%−z = z, for z ∈ Zs−. (11.19)

It follows that for all s ∈ R:

%+K+ϕ = ϕ, for ϕ ∈ Ns
+, %−K−ϕ = ϕ, for ϕ ∈ Ns

−. (11.20)

Proof. We begin by showing that

K+%+z = z, for z ∈ Zd+, K−%−z = z, for z ∈ Zd−. (11.21)

The first statement is seen as follows: Let z ∈ Zd+, let w ∈ L2(E1,+) and

let v = Q∗e+w; it lies in Hd(Ẽ2). Note that r+A∗v = w. Then by Green’s
formula (11.9), since Az = 0 on X+,

−(z, w)X+ = (Az, r+v)X+ − (z, r+A∗v)X+ = (A%+z, %+v)X′

= (A%+z, %̃v)X′ = 〈%̃∗A%+z,Q∗e+w〉 eX = (Q%̃∗A%+z, e+w) eX
= −(K+%+z, w)X+ .

Since w was arbitrary, it follows that z = K+%+z. The second statement in
(11.21) is shown similarly, using (11.15).

The identities in (11.19) then also hold for s ≥ d, by the continuity prop-
erties of the maps. Our next task is to show them for s < d. We here take
recourse to the description in Theorem 11.4 of the elements of the nullspace in
local coordinates. Let z ∈ Zs+ for some s < d. Let {η1, . . . , ηJ0} be a partition
of unity subordinate to an atlas of local trivializations Ψi, Ui, Vi, i = 1, . . . , I0,
for E1, as in Lemma 8.4 2◦. Decompose z as z =

∑
j≤J0

zj , zj = ηjz. We
use the notation zj for the localized version of zj for a choice of trivialization
Ψi where ηj is supported in Ui (and we likewise indicate localized operators
by underlining). By Theorem 11.4, each zj is in Hs+k,−k(Rn+)N for k ∈ N0,

where %+ is well-defined if s + k ≥ d, mapping into Hs(Rn−1, (CN )d). Take
k so large that s + k ≥ d. Since C∞

(0)(R
n

+) is dense in Hs+k,−k(Rn+), we can
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find a sequence uj,l of C∞-functions supported in Ui such that uj,l → zj
in Hs+k,−k(Rn+)N for l → ∞. Then Auj,l → Azj in Hs+k−d,−k(Rn+)N . Let
vj,l = Q+Auj,l; then Avj,l = Auj,l, so zj,l = uj,l − vj,l has Azj,l = 0. We set
z(l) =

∑
j≤J0

zj,l; it lies in Z∞
+ .

Moreover, we can write each vj,l as

vj,l =
∑

m≤J0

vj,m,l, vj,m,l = ηmvj,l.

Consider a term vj,m,l; here when Ui contains the supports of both ηm and
ηj , vj,m,l localizes to vj,m,l = η

m
Q

+
Auj,l. It converges to vj,m,0 = η

m
Q

+
Azj

in Hs+k,−k for l → ∞, so in this sense,

∑

j≤J0

vj,l =
∑

j,m≤J0

vj,m,l → Q+Az = 0, for l → ∞. (11.22)

Now z(l) → z in the sense that the localized pieces zj,l = uj,l−
∑

m≤J0
vj,m,l

have uj,l → zj in Hs+k,−k, and vj,m,l → vj,m,0 in Hs+k,−k, with∑
j,m≤J0

vj,m,0 = 0.
Since z(l) ∈ Z∞

+ , (11.21) applies to show that

K+%+z(l) = z(l). (11.23)

For the localized pieces we have for l → ∞ (after insertion of an extra parti-
tion of unity (ηr) to localize the action of K+):

η
r
K+%+(η

m
uj,l − vj,m,l) → η

r
K+%+η

m
zj ,

η
m
uj,l − vj,m,l → η

m
zj − vm,j,0,

in Hs+k,−k, using that %+ maps Hs+k,−k to Hs and ηrK
+ maps Hs to

Hs+k,−k. The formulas hold in trivializations Ψi where ηr, ηm, ηj are sup-
ported in Ui. Adding the pieces carried back to X and using (11.23) before
passing to the limit, we find the desired identity K+%+z = z.

There is a similar proof for the minus-case.
Finally, (11.21) follows immediately, since ϕ ∈ Ns

+ means that ϕ = %+z
for some z ∈ Zs+, and

%+K+ϕ = %+K+%+z = %+z = ϕ,

by the just proved identity. There is a similar proof for the minus-case. ut

Definition 11.6. The Calderón projectors C± associated with A are defined
by

C± = %±K±. (11.24)
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They are ψdo’s in
⊕

0≤j<d E
′
1, by the composition rule Theorem 10.24 7◦

and Theorem 10.28, with the continuity property

C± : Hs(E′d
1 ) → Hs(E′d

1 ), all s ∈ R. (11.25)

Moreover,
C± maps Hs(E′d

1 ) into Ns
±, (11.26)

respectively, since K± maps into Zs±, respectively. The projection property
will now be shown.

Proposition 11.7. 1◦ The ψdo’s C± defined in Definition 11.6 are projec-
tions in Hs(E′d

1 ) for all s ∈ R,

(C+)2 = C+, (C−)2 = C−.

2◦ Moreover, C+ and C− are complementing projections,

C+ + C− = I, C+C− = 0 = C−C+.

Proof. The projection property follows, since

(C+)2 = %+K+%+K+ = %+K+ = C+

in view of (11.19); the identity (C+)2 = C+ thus holds for smooth sec-
tions and extends by continuity to general distribution sections. The identity
(C−)2 = C− follows similarly from (11.19). This shows 1◦.

To show 2◦, let ϕ ∈ Hs(E′d
1 ), and let z± = K±ϕ. For each ψ ∈ C∞(E′d

1 ),

choose a section v ∈ C∞(Ẽ) with %̃v = ψ. Then we have, using the Green’s
formulas (11.9), (11.15) “backwards”, together with the fact that z± ∈ Zd±,

(A(C+ + C−)ϕ, ψ)X′ = (A%+z+, %+r+v) + (A%−z−, %−r−v)

= (Az+, r+v)X+ − (z+, r+A∗v)X+ − (Az−, r−v)X− + (z−, r−A∗v)X−

= −(K+ϕ, r+A∗v)X+ + (K−ϕ, r−A∗v)X−

= (Q%̃∗Aϕ,A∗v) eX = 〈%̃∗Aϕ, v〉 eX = (Aϕ, ψ)X′ .

Since ϕ and ψ were arbitrary and A is invertible, it follows that C+ +C− =
I holds on Hd(E′d

1 ), and the validity on Hs(E′d
1 ) for general s follows by

extension by continuity.
It follows moreover that C+C− = C+(I − C+) = C+ − (C+)2 = 0. ut
We have hereby established the essential ingredients in the main theorem:

Theorem 11.8. Assume that A has the inverse Q on X̃. Define the spaces
Zs± and Ns

± by (11.14). Then the spaces Ns
± are complementing closed sub-

spaces of Hs(E′d
1 );

Hs(E′d
1 ) = Ns

++̇Ns
−, for any s ∈ R. (11.27)
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When we define

K± = ∓r±Q%̃∗A, C± = %±K± = ∓%±r±Q%̃∗A, (11.28)

the Poisson operators K± : Hs(E′d
1 ) → Hs(E1,±) have range equal to Zs±;

moreover, they act as homeomorphisms

K± : Ns
±

∼→ Zs±, with inverse %±, (11.29)

respectively. This gives us a parametrization of the nullspace Zs± by its Cauchy
data.

The ψdo’s C± (the Calderón projectors for A) are the projections of
Hs(E′d

1 ) onto Ns
± along Ns

∓, respectively. In particular,

C+ + C− = I, (C+)2 = C+, (C−)2 = C−, C+C− = 0. (11.30)

Proof. It remains to account for surjectiveness and homeomorphism proper-
ties.

The surjectiveness of K+ : Hs(E′d
1 ) → Zs+ follows from the identity z =

K+%+z for z ∈ Zs+ shown in Proposition 11.5.
It follows that the C± are surjective onto the spaces Ns

±. These are com-
plementing closed subspaces of Hs(E′d

1 ), since they are the range spaces for
the complementing projections.

Now the K± in (11.29) are injective, since e.g. K+ϕ = 0 for a ϕ ∈ Ns
+

implies C+ϕ = 0, hence ϕ = 0 since C+ acts like the identity onNs
+. They are

also surjective, since z ∈ Zs+ can be written as z = K+ϕ with ϕ = %+z ∈ Ns
+,

by Proposition 11.5 and the definition of Ns
+. So indeed (11.29) holds with

plus; there is a similar proof with minus. ut

When Q is merely a parametrix of A, one can still define operators K±

by formulas as in (11.28) supplied with smoothing terms, setting

C+ = %+K+ = −%+r+Q%̃∗A + T (11.31)

and C− = I − C+ (with a ψdo T of order −∞); then they have the listed
mapping properties only modulo smoothing operators. Such a construction
is worked out in [G77] for general multi-order operators A, with applications.
Seeley gives in [S69] an optimal construction, where K+ maps Hs injectively
onto a subspace of Zs+ with complement Z0, and where C+ = %+K+ is a
projection of Hs onto Ns

+. The book of Booss-Bavnbek and Wojciechowski
[BW93] goes through a proof of Theorem 11.8 for first-order operators A.

The principal symbols of C± and K± are found by carrying out the analo-
gous construction in the one-dimensional model case (in the style of Example
11.1). For fixed x′, fixed ξ′ 6= 0, consider the model operator

a0(x′, ξ′, Dn) = OPn(a0(x′, 0, ξ′, ξn)),
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acting on N -vector functions on R. Recall the notation S (R±) = S±. The
solutions of a0u = 0 that are bounded on R+ resp. R− form the vector spaces

Z±(x′, ξ′) = {u(xn) ∈ S
N
± | a0(x′, ξ′, Dn)u = 0 on R±}. (11.32)

They were recalled in Example 10.39: The bounded solutions on R+ are
spanned by exponential polynomials fj(xn)eiτjxn , where τj is a root in C+

of the polynomial det a0(x′, ξ′, τ) (so the solutions are rapidly decreasing
for xn → ∞). The dimension of Z+(x′, ξ′) equals m+(x′, ξ′), the number
of roots in C+ counted with multiplicity. Similarly, Z−(x′, ξ′) is spanned by
exponential polynomials with τj ∈ C− and has dimension m−(x′, ξ′). Note
that requiring the solutions to be in Hs(R+)N for some s ∈ R gives the same
result; only the functions fj(xn)eiτjxn with τj ∈ C+ can satisfy this. Hence
the nullspaces coincide, for all s, with the space defined in (11.32),

Z±(x′, ξ′) = {u(xn) ∈ Hs(R±)N | a0(x′, ξ′, Dn)u = 0 on R±}. (11.33)

So we need not refer to a Sobolev scale of nullspaces in the model case.
It is standard ODE knowledge that the null solutions are in a 1–1 corre-

spondence with their Cauchy data, so if we define

N+(x′, ξ′) = %+Z+(x′, ξ′), N−(x′, ξ′) = %−Z−(x′, ξ′), (11.34)

we have immediately that N±(x′, ξ′) have dimension m±(x′, ξ′). Moreover,
N+(x′, ξ′) and N−(x′, ξ′) must be complementing subspaces of CNd, for their
intersection is zero (a linear combination of the occurring exponential poly-
nomials cannot vanish both for xn → ∞ and for xn → −∞ without being
0), and the sum of their dimensions is Nd.

So, just from the knowledge of the solution structure of ODE, we have the
existence of homeomorphisms K±(x′, ξ′) : N±(x′, ξ′) → Z±(x′, ξ′) inverse to
%± : Z±(x′, ξ′) → N±(x′, ξ′), and complementing projections C±(x′, ξ′) of
CNd onto N±(x′, ξ′), respectively. The K±(x′, ξ′) are extended linearly to
map N∓(x′, ξ′) to 0, respectively.

The Calderón construction gives us useful formulas for these operators.
There is a matrix a0(x′, ξ′) such that

(a0(Dn)u, v)R+ − (u, a0(Dn)
∗v)R+ = (a0%+u, %+v)CNd , (11.35)

for u, v ∈ Hd(R+)N , it is the principal symbol of A from Proposition 11.3. (It
is a d× d-matrix of N ×N -matrices.) The inverse of a0(x′, ξ′, Dn) is defined
from the principal symbol of Q, q0 = (a0)−1, by

a0(x′, ξ′, Dn)
−1 = q0(x′, ξ′, Dn) = OPn(q

0(x′, 0, ξ)).

We can consider the adjoint of %̃ : Hs(R)N → CNd (s > 1
2 ), writing

%̃∗v =
(
1 Dn . . . D

d−1
n

)
γ̃∗0v; γ̃∗0v = vδ(xn) for v ∈ CNd. (11.36)
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Then when we define

K(x′, ξ′) = q0(x′, ξ′, Dn)%̃
∗
a
0(x′, ξ′),

K±(x′, ξ′) = ∓r±K(x′, ξ′) = ∓r±q0(x′, ξ′, Dn)%̃
∗
a
0(x′, ξ′),

(11.37)

the K±(x′, ξ′) are verified to be the desired operators (that we already have
defined), with C±(x′, ξ′) = %±K±(x′, ξ′), by simple variants of the proofs of
Propositions 11.5 and 11.7 and Theorem 11.8.

The reader is encouraged to check the details. In these calculations, doing
the ◦n compositions starting with the originally given principal symbols, we
arrive at the principal symbols of the operators that were first defined in the
full calculus. Thus the operators K±(x′, ξ′) and C±(x′, ξ′) are the principal
boundary symbol operators for the operators K±, C± in the PDE situation,
usually denoted k±,0(x′, ξ′, Dn) resp. c±,0(x′, ξ′).

For later reference, we sum up the results in a proposition.

Proposition 11.9. Let ξ′ 6= 0. The spaces Z±(x′, ξ′) and N±(x′, ξ′) defined
in (11.32)–(11.34) have dimension m±(x′, ξ′) (cf. Example 10.39).

The principal boundary symbol operators for K± and C± in Theorem 11.8
are determined as

k±,0(x′, ξ′, Dn) = K±(x′, ξ′), c±,0(x′, ξ′) = %±k±,0(x′, ξ′, Dn)

(through formulas given in (11.35)–(11.37)); here

k±,0(x′, ξ′, Dn) : N±(x′, ξ′)
∼→ Z±(x′, ξ′),

and c±,0(x′, ξ′) project CNd onto its complementing subspaces N±(x′, ξ′), re-
spectively.

11.2 Application to boundary value problems

The Calderón projectors are very useful in a treatment of boundary value
problems for A. We now return to the notation % for %+. Let there be given
a problem:

Au = f on X, S%u = ϕ on X ′, (11.38)

where S is a system of ψdo’s Sjk of order j−k (j, k = 0, . . . , d−1) going from
E′

1 to bundles Fj of dimension ≥ 0 over X ′; M =
∑

0≤j<d dimFj . (The zero-
dimensional bundles could be omitted; they are just included for notational
convenience.)

In the following, we consider {A,S%} as a mapping from Hs(E1) to
Hs−d(E2)×Hs(F ) (recall (11.1)), for some s > d− 1

2 , and discuss right/left
inverses that are continuous in the opposite direction; here S is considered as
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a mapping from Hs(E′d
1 ) to Hs(F ) and the C± act in Hs(E′d

1 ). We assume

as above that A is invertible on X̃, with inverse Q.

Theorem 11.10. 1◦ If SC+ has a right inverse S1, then
(
A
S%

)
has the right

inverse (
RS KS

)
=

(
Q+ −K+S1S%Q+ K+S1

)
. (11.39)

Conversely, if
(
A
S%

)
has a right inverse

(
RS KS

)
, then SC+ has the right

inverse
S1 = %KS . (11.40)

2◦ If
(
S
C−

)
has a left inverse

(
S1 S2

)
, then

(
A
S%

)
has the left inverse

(11.39).
Conversely, if

(
A
S%

)
has a left inverse

(
RS KS

)
, then

(
S
C−

)
has the left

inverse (
S1 S2

)
=

(
%KS I − %KSS

)
. (11.41)

Proof. We first observe some auxiliary formulas:

AQ+ = I, Q+A = I −K+%, K+C− = 0. (11.42)

The first formula holds since AQ = I on X̃ and A is local. Next, we note
that Green’s formula (11.9) can be written in distributional form (compare
with (10.82)):

e+r+Aũ = Ae+r+ũ+ %̃∗(A%u) for ũ ∈ Hs+d(Ẽ1), u = r+ũ, (11.43)

for s > − 1
2 . The second formula follows from this by composition with r+Q,

using (11.28) and the fact that QA = I on X̃; it holds on Hs+d(E1), s > − 1
2 .

The third formula holds since K+C+ = K+%K+ = K+, cf. Proposition 11.5.
For statement 1◦, let S1 be a right inverse of SC+. Then, by the above

rules,

A(Q+ −K+S1S%Q+) = I,

S%(Q+ −K+S1S%Q+) = S%Q+ − SC+S1S%Q+ = 0,

AK+S1 = 0,

S%K+S1 = SC+S1 = I.

Conversely, when
(
RS KS

)
is a right inverse of

(
A
S%

)
, then AKS = 0,

S%KS = I, so KS maps into Zs+, whereby C−%KS = 0 and consequently
SC+%KS = S%KS − SC−%KS = I. Thus %KS is a right inverse of SC+.
This proves 1◦.

For 2◦, we check the composition of (11.39) to the left with
(
A
S%

)
as follows,

using (11.42) and the fact that C−C+ = 0:
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(
Q+ −K+S1S%Q+ K+S1

) (
A
S%

)
= (I −K+S1S%)Q+A+K+S1S%

= (I −K+S1S%)(I −K+%) +K+S1S% = I −K+(I − S1SC
+)%

= I −K+(I − (I − S2C
−)C+)% = I −K+C−% = I. (11.44)

Conversely, define
(
S1 S2

)
by (11.41) and check its left composition with(

S
C−

)
:

(
%KS I − %KSS

) (
S
C−

)
= %KSS + C− − %KSSC

− = %KSSC
+ + I − C+.

(11.45)
When w = K+C+ϕ for some ϕ ∈ C∞(E′d

1 ), then Aw = 0, %w = C+C+ϕ =
C+ϕ and S%w = SC+ϕ, so since

(
RS KS

)
is a left inverse of

(
A
S%

)
,

w = KSS%w = KSSC
+ϕ.

It follows that %KSSC
+ϕ = %w = C+ϕ for ϕ ∈ C∞(E′d

1 ). Then the expres-
sion in (11.45) equals I. This ends the proof of 2◦. ut

The statements have generalizations where the word “inverse” is replaced
by “parametrix”, also when Q is merely a parametrix of A (here one can keep
track of the smoothing terms as in [G77]).

The result holds in particular on the principal boundary symbol level, when
we discuss solutions in S+. We can extend the terminology from Chapter 7
of surjectively elliptic, resp. injectively elliptic, operators and symbols, to
boundary value problems, calling the systems with surjectiveness, resp. in-
jectiveness, of the model operator (for all x′, all |ξ′| = 1) surjectively elliptic,
resp. injectively elliptic.

Theorem 11.11. Consider the model operator (principal boundary symbol
operator) (

a0(x′,0,ξ′,Dxn)

s0(x′,ξ′)%

)
: S

N
+ →

S
N
+

×
C

M

,

for {A,S%} in Theorem 11.10. For all x′, all |ξ′| ≥ 1, the statements of
Theorem 11.10 hold for the principal boundary symbol operators:(

a0(x′,0,ξ′,Dxn)

s0(x′,ξ′)%

)
has a right inverse if and only if

(
s0(x′,ξ′)

c−,0(x′,ξ′)

)
does so,

and
(
a0(x′,0,ξ′,Dxn )

s0(x′,ξ′)%

)
has a left inverse if and only if s0(x′, ξ′)c+,0(x′, ξ′) does

so (with the corresponding versions of (11.39)–(11.41)).
In particular,

(
A
S%

)
is injectively elliptic ⇐⇒

(
S
C−

)
is injectively elliptic;

(
A
S%

)
is surjectively elliptic ⇐⇒ SC+ is surjectively elliptic.

(11.46)

Here
(

s0(x′,ξ′)

c−,0(x′,ξ′)

)
is an (M+Nd)×Nd-matrix, whereas s0(x′, ξ′)c+,0(x′, ξ′)

is an M ×Nd-matrix. In this way, the question of existence of a parametrix
is reduced to a matrix question.
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In view of Proposition 11.9, the injectively resp. surjectively elliptic
problems can also be characterized by injectiveness resp. surjectiveness of
s0(x′, ξ′) from N+(x′, ξ′) to CM for all x′, |ξ′| = 1. In particular, this
requires M ≥ m+(x′, ξ′) resp. M ≤ m+(x′, ξ′). Thus for two-sided ellip-
tic problems, M must equal m+(x′, ξ′) (which must be constant in (x′, ξ′)
then). In the properly elliptic case (in all cases when n ≥ 3), one has
m+(x′, ξ′) = m−(x′, ξ′) = 1

2Nd, so two-sided ellipticity is possible only when
M = 1

2Nd.
We observe that injective ellipticity holds if and only if

v ∈ CNd, s0(x′, ξ′)v = 0, c−,0(x′, ξ′)v = 0 =⇒ v = 0; (11.47)

i.e., the nullspaces of s0 and c−,0 are linearly independent.

Example 11.12. The systems
(
A
%

)
and

(
A
C+%

)
are injectively elliptic; they

both have the left inverse
(
Q+ K+

)
. In fact, by (11.42),

Q+A+K+% = I; Q+A+K+C+% = I.

This left inverse is also found from (11.39), when we use that
(

I
LiC−

)
and(

C+

C−

)
both have the left inverse

(
C+ C−)

. See also Exercises 11.22 and

11.23. The case S = C+ for first-order systems is closely related to the
Atiyah-Patodi-Singer problem [APS75]. Links to the abundant literature on
this are found e.g. in [BW93], [G99] and [G03].

(11.42) also shows that Q+ is a right inverse of A without boundary con-
dition; i.e., in the case F = 0. This is also confirmed by the formulas in the
theorem.

The boundary conditions in this example are too strong, resp. too weak,
to have unique solvability for all data.

The cases in Example 11.12 are somewhat atypical. The main aim has been
to consider two-sided elliptic cases, and there are numerous studies of such
cases in the literature. As a fundamental example, we consider the Dirichlet
problem for strongly elliptic operators; some other cases are treated in the
exercises.

11.3 The solution operator for the Dirichlet problem

In this section we consider a strongly elliptic differential operator A of order
d = 2m on X̃ . It satisfies a G̊arding inequality (cf. Theorem 7.23) on X̃ as well
as on X (on C∞

0 (X◦)), and it defines the Dirichlet realization Aγ of A on X
with domain D(Aγ) = D(Amax)∩Hm

0 (X) (cf. Theorem 7.24). We shall show
that in fact D(Aγ) = H2m(X) ∩Hm

0 (X), and we shall describe the solution
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operator for the nonhomogeneous Dirichlet problem under a hypothesis of
invertibility.

We assume that A is invertible on X̃, and that

Aγ : D(Aγ) → L2(X) is bijective. (11.48)

This can always be obtained by adding a large enough constant to A such
that

Re(Au, u) ≥ c0‖u‖2
m for u ∈ C∞(X), (11.49)

with c0 > 0; then A on X̃ and its Dirichlet realizations on X+ and X− have
positive lower bound.

Remark 11.13. Using the compactness of these inverses as operators in
L2(X̃) resp. L2(X±) (which holds since the injections of Hm-spaces into
L2-spaces are compact, cf. Section 8.2), and the fact that the spectra are
contained in proper subsectors of C, one can show that the resolvent sets are
complements of a countable set of eigenvalues with finite multiplicities and
no accumulation points — in short, the spectrum is discrete. Then in fact it
suffices to add a small constant to a strongly elliptic operator, to get invert-
ible Dirichlet realizations on X±. Without the assumption of invertibility, the
results in the following hold modulo negligible operators.

The inverse of Aγ will as in Chapter 9 be denoted Rγ .
The operator Rγ solves the semihomogeneous Dirichlet problem

Au = f on X, γu = 0 at X ′, (11.50)

where γ = {γ0, . . . , γm−1}, f given in L2(X). The other semihomogeneous
Dirichlet problem

Az = 0 on X, γz = ϕ at X ′, (11.51)

can be solved as follows, for ϕ ∈ ∏
0≤j<mH

2m−j− 1
2 (X ′): Let v = K(m)ϕ

according to Lemma 11.2; it lies inH2m(X) and has γv = ϕ. Setting u = z−v,
we can then reduce problem (11.51) to the problem

Au = −Av on X, γu = 0 at X ′, (11.52)

which has the unique solution u = −RγAK(m)ϕ in D(Aγ). Then z = u+ v =
(K(m) − RγAK(m))ϕ solves (11.51). We conclude that the fully nonhomoge-
neous Dirichlet problem

Au = f on X, γu = ϕ at X ′, (11.53)

has the solution operator
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(
Rγ Kγ

)
:

L2(X)
×∏

0≤j<mH
2m−j− 1

2 (X ′)
→ D(Amax) ∩Hm(X);

Rγ = A−1
γ , Kγ = K(m) −RγAK(m).

(11.54)

These considerations also work for the boundary symbol operator, showing
that 


a0(x′, ξ′, Dn)

γ


 :

S+

×
Cm

→ S+

has an inverse
(
r0γ(x

′, ξ′, Dn) k0
γ(x

′, ξ′, Dn)
)
, and it belongs to the calculus,

by Theorem 10.37. Using this, we have according to Theorem 10.38 a para-
metrix, continuous for s ≥ 0,

(
R′
γ K ′

γ

)
:

Hs(X)
×∏

0≤j<mH
s+2m−j− 1

2 (X ′)
→ Hs+2m(X). (11.55)

It satisfies
(
A
γ

) (
R′
γ K ′

γ

)
=

(
I 0
0 I

)
+ R1,

(
R′
γ K ′

γ

)(
A
γ

)
= I + R2,

(11.56)

where R1 and R2 are negligible Green operators; R1 of class 0 and R2 of
class m (since γ is of class m).

The parametrix can be used to show regularity of solutions, as follows: Let
u = Rγf for some f ∈ L2(X). Since u ∈ Hm(X), R2 applies to it, and we
can write, in view of (11.56),

u =
[(
R′
γ K ′

γ

) (
A
γ

)
−R2

]
u =

(
R′
γ K ′

γ

) (
f
0

)
−R2u = R′

γf −R2u. (11.57)

This lies in H2m(X) since R′
γf does so and R2 maps into C∞(X). It follows

that
D(Aγ) = H2m(X) ∩Hm

0 (X). (11.58)

Going back to the definition of Kγ , we see moreover that it maps∏
0≤j<mH

2m−j− 1
2 (X ′) into H2m(X), so the exact solution operator has a

continuity property as in (11.55) for s = 0.
It is not hard to pursue this technique still further to show that the full

mapping property as in (11.55) holds for
(
Rγ Kγ

)
(this is left to the reader

in Exercise 11.6).
In this way we obtain:
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Theorem 11.14. When A is strongly elliptic and satisfies (11.48), the Dirich-
let problem

Au = f on X, γu = ϕ at X ′, (11.59)

has a solution operator

(
A
γ

)−1

=
(
Rγ Kγ

)
, (11.60)

with the mapping property

(
Rγ Kγ

)
:

Hs(X)
×∏

0≤j<mH
s+2m−j− 1

2 (X ′)
→ Hs+2m(X), s ≥ 0. (11.61)

Hereby we have finally obtained the general statement on the regularity
of solutions of the Dirichlet problem, mentioned several times earlier in this
book. The above considerations work also for strongly elliptic systems A.

If we do not assume (11.48), Theorem 11.14 assures that D(Aγ + k) =
H2m(X) ∩ Hm

0 (X) for a suitable constant k, and it follows that D(Aγ) =
H2m(X) ∩Hm

0 (X).
One can moreover show that

(
Rγ Kγ

)
itself belongs to the ψdbo calculus.

On one hand, this is a consequence of a general principle, that we cannot find
space to include the proof of here: When an elliptic element has an inverse
operator, then the inverse belongs to the calculus (this is part of a property
called spectral invariance). But it can also be shown for the Dirichlet problem
in a more elementary way, passing via the Dirichlet-to-Neumann operator and
using that we already have the ψdo properties of the Calderón projector; this
will be done below.

The Dirichlet-to-Neumann operator (called the Steklov-Poincaré operator
in some texts) enters both in modern and older literature on PDEs, e.g., in
the applications of the abstract theory of Chapter 13 that were developed in
[G68]–[G74]; see also [BGW08] and its references.

Definition 11.15. Let A be given as above, strongly elliptic and satisfying
(11.48), with

(
Rγ Kγ

)
solving the Dirichlet problem, and denote

ν = {γm, . . . , γ2m−1}, (11.62)

the Neumann trace operator. Then the Dirichlet-to-Neumann operator is
defined by

Pγ,ν = νKγ . (11.63)

In other words, Pγ,ν maps the Dirichlet data into the Neumann data for
solutions of Au = 0 on X . In view of (11.61), it maps

Pγ,ν :
∏

0≤j<m
Hs+2m−j− 1

2 (X ′) →
∏

0≤j<m
Hs+m−j− 1

2 (X ′), (11.64)
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for s ≥ 0. We shall show that it is a pseudodifferential operator over X ′, and
is elliptic.

Note that the Dirichlet-to-Neumann operator is m × m-matrix formed,
whereas the Calderón projector for A is 2m × 2m-matrix formed. They are
in fact closely related.

Let us write C+ in blocks according to the splitting of {0, 1, . . . , 2m− 1}
into {0, 1, . . . ,m− 1} and {m, . . . , 2m− 1}:

C+ =

(
C+

00 C+
01

C+
10 C+

11

)
, (11.65)

then
C+

10ψ0 + C+
11ψ1 = Pγ,ν(C

+
00ψ0 + C+

01ψ1) (11.66)

holds for all

{ψ0, ψ1} ∈
∏

0≤j<m
H2m−j− 1

2 (X ′) ×
∏

0≤j<m
Hm−j− 1

2 (X ′).

Lemma 11.16. Each of the blocks C+
ij in (11.65) is elliptic.

The proof is developed in Exercises 11.7–11.10 (originally shown in [G71]).
Now, note that in particular,

C+
10ψ0 = Pγ,νC

+
00ψ0, (11.67)

for ψ0 ∈ ∏
0≤j<mH

2m−j− 1
2 (X ′). Let S be a parametrix of C+

00, so that

C+
00S = I −R with a negligible ψdo R. Then

C+
10S = Pγ,νC

+
00S = Pγ,ν(I −R),

from which it follows that

Pγ,ν = C+
10S + Pγ,νR. (11.68)

Here R maps distributions to C∞-functions, and Pγ,ν has the mapping
properties (11.64), so it follows that Pγ,νR maps D ′(X ′) continuously into
C∞(X ′), hence is a negligible ψdo. Thus Pγ,ν is a ψdo. Finally, since both
C+

10 and S are elliptic, it follows from (11.68) that Pγ,ν is elliptic. We have
then obtained:

Theorem 11.17. Pγ,ν is an elliptic ψdo.

Behind Lemma 11.16 lies a consideration of both the Dirichlet problem on
X+ and that on X−. It always works for the model problems (which is what
is used in Exercises 11.7–11.10), but let us now look at the full operators.
Assuming that (11.48) holds also for the Dirichlet realization on X−, we can
introduce the notation K±

γ for the operators solving
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Au = 0 in X+, γ
+u = ϕ, resp. Au = 0 in X−, γ

−u = ϕ

(so K+
γ = Kγ), and denote

ν±K±
γ = P±

γ,ν ; (11.69)

here
ν± = {γ±m, . . . , γ±2m−1}, (11.70)

and P+
γ,ν = Pγ,ν .

Then the above argumentation for P+
γ,ν works also for P−

γ,ν , showing that
it is a ψdo. The calculations in Exercises 11.7–11.10 now imply:

Theorem 11.18. When (11.48) holds also for the Dirichlet realization on
X− (so that P−

γ,ν is well-defined), then P−
γ,ν and P+

γ,ν−P−
γ,ν are elliptic ψdo’s.

In this case, one can moreover show that P+
γ,ν − P−

γ,ν is invertible. Then
C+ can be described by an explicit formula from P+

γ,ν and P−
γ,ν , and vice

versa (details are worked out in Exercise 11.25):

(
C+

00 C+
01

C+
10 C+

11

)
=

(
−(P+

γ,ν − P−
γ,ν)

−1P−
γ,ν (P+

γ,ν − P−
γ,ν)

−1

−P+
γ,ν(P

+
γ,ν − P−

γ,ν)
−1P−

γ,ν P+
γ,ν(P

+
γ,ν − P−

γ,ν)
−1

)
, (11.71)

P+
γ,ν = C+

11(C
+
01)

−1. (11.72)

Returning to Kγ , we note that when ϕ ∈ ∏
0≤j<mH

2m−j− 1
2 (X ′), then,

with K+ as in Theorem 11.8,

K+

(
ϕ

Pγ,νϕ

)

solves the Dirichlet problem (11.51), so

Kγ = K+

(
I

Pγ,ν

)
. (11.73)

This shows thatKγ is a Poisson operator. In particular, the mapping property
mentioned in Theorem 11.14 extends to all s:

Kγ :
∏

0≤j<m
Hs−j− 1

2 (X ′) → Hs(X) for all s ∈ R. (11.74)

As for Rγ , it can be expressed in terms of Q = A−1 and Kγ by

Rγ = Q+ −KγγQ+, (11.75)

exactly as in the calculations leading to Theorem 9.18, so we conclude that
Rγ likewise belongs to the ψdbo calculus.
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Theorem 11.19. When A is strongly elliptic, invertible on X̃, and satisfies
(11.48), then the solution operator

(
Rγ Kγ

)
of the Dirichlet problem satisfies:

Kγ is a Poisson operator (mapping as in (11.61)), and Rγ is the sum of a
truncated ψdo Q+ and a singular Green operator −KγγQ+, of order −2m.

One can moreover show that the continuity ofRγ fromHs(X) toHs+2m(X)
for s ≥ 0 extends down to s > −m− 1

2 , see e.g. the analysis in [G90].

Exercises for Chapter 11

11.1. Let A be as in Section 11.1, with E1 = E2 = E. Define Amax as the
operator in L2(E) = H0(E) acting like A and with domain

D(Amax) = {u ∈ L2(E) | Au ∈ L2(E)}.

Show that % can be defined on D(Amax), mapping it continuously into
H0(E′d) (here D(Amax) is provided with the graph norm).
(Hint. Begin by showing that when u ∈ D(Amax), Q+Au is in Hd(E), and
z = u−Q+Au is in Z0

+.)

11.2. Let A and S% be as in the beginning of Section 11.2, with E1 = E2 =
E. Define the realizationAS of A as the operator in L2(E) with domain (using
Exercise 11.1)

D(AS) = {u ∈ D(Amax) | S%u = 0}.
Show that AS is closed, densely defined.

11.3. Continuation of Exercise 11.2. Assume moreover that
(
A
S%

)
has the inverse

(
RS KS

)
,

with all the properties in Theorem 11.10; in particular it belongs to the ψdbo
calculus.

(a) Show that D(AS) ⊂ Hd(E).

(b) Show that when u ∈ D(AS) with Au ∈ Hs(E) for some s ≥ 0, then
u ∈ Hs+d(E).

(Comment. It is possible to show similar regularity results when {A,S%}
is just assumed to be elliptic, e.g., by constructing a parametrix that acts
as an inverse on suitable subspaces with finite codimension, using Fredholm
theory. A systematic treatment can be found in [G90], including general Green
operators and Lp-based spaces.)
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11.4. Let A be a second-order scalar differential operator on Rn with prin-
cipal symbol independent of xn:

a0(x′, ξ′, ξn) = s2(x
′)ξ2n + s1(x

′, ξ′)ξn + s0(x
′, ξ′).

(a) Assume that A is properly elliptic, such that for all (x′, ξ′) with ξ′ 6= 0,
the two roots τ±(x′, ξ′) of the second-order polynomial a0(x′, ξ′, τ) in τ lie in
C±, respectively. Denote σ+ = −iτ+, σ− = iτ−; show that σ+ and σ− have
positive real part and are homogeneous in ξ′ of degree 1.

(b) Show that the principal symbol of a parametrix Q of A is (for |ξ′| ≥ 1)

q0(x′, ξ′, ξn) =
1

s2(ξn − τ+)(ξn − τ−)

=
1

s2(σ+ + σ−)

( 1

σ+ + iξn
+

1

σ− − iξn

)
.

(c) Find (at each (x′, ξ′), |ξ′| ≥ 1) the Poisson operator r+q0(x′, ξ′, Dn)%̃
∗

and the ψdo symbol %+q0(x′, ξ′, Dn)%̃
∗, expressed in terms of σ±.

(Hint. One can apply the rules in Theorem 10.25 and Lemma 10.18, see also
Exercise 10.5.)

(d) Find the principal symbol of the Calderón projector C+ for A.

11.5. Continuation of Exercise 11.4. Consider a boundary condition

b1(x
′)D1u+ · · · + bn(x

′)Dnu = 0 for xn = 0,

where the bj are complex C∞-functions, with bn(x
′) 6= 0 for all x′. Give

examples of choices of coefficients bj where the condition defines an elliptic
problem for A, and where it does not.

11.6. In the setting of Section 11.3, show how (11.57) can be used to con-
clude that

(
Rγ Kγ

)
has the mapping property as in (11.61).

11.7. Let A be as in Section 11.3, and define ν by (11.62). Show that the
Neumann problem

Au = f in X, νu = ϕ on X ′,

is elliptic.
(Hint. Consider the boundary symbol operator at an (x′, ξ′) with ξ′ 6= 0. For
dimensional reasons, it suffices to show that

(
a0(x′,ξ′,Dn)

ν

)
z = ( 0

0 ) =⇒ z = 0,

when z ∈ S+. Show that u = Dm
n z solves the Dirichlet problem with zero

data, hence is 0. Use Theorem 4.19 to conclude that z = 0.)
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11.8. For the boundary symbol operator a0(x′, ξ′, Dn) for A considered
in Section 11.3 (at an (x′, ξ′) with ξ′ 6= 0), let k+

γ and k−γ be the solution
operators for the Dirichlet problems on R+ and R−:

k±γ : Cm → S± solves
(
a0(x′,ξ′,Dn)

γ

)
z =

(
0
ϕ

)
on R±.

With ν± defined in (11.70), let

p± = ν±k±γ ,

respectively. Show that p± are invertible matrices.
(Hint. One can use the result of Exercise 11.7.)

11.9. Continuation of Exercise 11.8. Show that

p+ − p−

is an invertible matrix. (It is important for this calculation to recall that
γ+
j u = γ+

0 D
j
nu, γ

−
j u = γ−0 D

j
nu, where Dj

n has the same meaning in the two

expressions, namely, (−i∂xn
)j — with the same direction of xn.)

(Hint. Let ϕ ∈ Cm be such that (p+ − p−)ϕ = 0, and let u± ∈ Z± with
γ±u± = ϕ. Since p+ϕ = p−ϕ, ν+u+ = ν−u−. Then u = e+u+ + e−u− is a
solution in H2m(R) of a0(Dn)u = 0.)

11.10. Continuation of Exercises 11.8ff. Show that the Calderón projector
for a0(x′, ξ′, Dn) (equal to the principal symbol of the Calderón projector for
A) satisfies

c+,0 =

(
−(p+ − p−)−1p− (p+ − p−)−1

−p+(p+ − p−)−1p− p+(p+ − p−)−1

)
.

In particular, the four blocks are invertible.
(More information can be found in [G71, Appendix].)

11.11. Let A = I − ∆ on Rn+. With the notation of Exercise 11.8, show
that p+ = −〈ξ′〉 and p− = 〈ξ′〉, and that

c+,0 =

(
1
2 − 1

2 〈ξ′〉−1

− 1
2 〈ξ′〉 1

2

)
.

Moreover, C+ is the ψdo on Rn−1 with this symbol.

11.12. Show that the calculations in Exercises 11.7–11.10 are valid also for
strongly elliptic systems (acting on vector-valued functions), cf. (7.57).

11.13. Let A be as in Section 11.3.

(a) Show that for any s ∈ R, Ns
+ (cf. (11.14)) identifies with the graph of

Pγ,ν going from
∏

0≤j<mH
s−j− 1

2 (X ′) to
∏

0≤j<mH
s−m−j− 1

2 (X ′). In other
words,
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(
I

Pγ,ν

)
maps

∏

0≤j<m
Hs−j− 1

2 (X ′) onto N+
s

with the inverse pr1 =
(
I 0

)
, for any s ∈ R.

(b) Show that Kγ defines a homeomorphism

Kγ :
∏

0≤j<m
Hs−j− 1

2 (X ′)
∼→ Zs+

with inverse
γ : Zs+ →

∏

0≤j<m
Hs−j− 1

2 (X ′),

for all s ∈ R.

(Hint. Use (11.73), (11.29) and the mapping properties of the operators in
the ψdbo calculus.)

11.14. Continuation of Exercise 11.13.

(a) Show that Z∞
+ =

⋂
s∈R

Zs+ is dense in Zt+ for all t ∈ R, and that N∞
+ =⋂

s∈R
Ns

+ is dense in N t
+ for all t ∈ R.

(Hint. One can combine the results of Exercise 11.13 with the fact that
C∞(X ′) is dense in Hs(X ′) for any s.)

(b) Show that D(Amax) is the direct sum of D(Aγ) and Z0
+.

(c) Show that H2m(X) is the direct sum of D(Aγ) and Z2m
+ .

(d) Show thatH2m(X) is dense inD(Amax) (with respect to the graph norm).
(Hint. One can use that (a) implies the denseness of Z2m

+ in Z0
+.)

11.15. Let A be as in Section 11.3, now with m = 1 but acting on N -
vectors u = (u1, . . . , uN). In order to use ideas from Chapter 9, where X

has a different meaning, we now denote X̃ = Ξ, X± = Ω±, X ′ = Γ = ∂Ω±,
so X = Ω+, U = Γ× ] − 1, 1[ . We also denote Ω+ = Ω. Let A0 = Amin,
A1 = Amax; they are operators in L2(Ω)N .

Show that the results of Exercise 11.13 imply that

Kγ : H− 1
2 (Γ)N

∼→ Z(A1)

with inverse
γ : Z(A1)

∼→ H− 1
2 (Γ)N ;

the latter operator can more specifically be called γZ .

11.16. Continuation of Exercise 11.15. Write A on U = Γ × [−1, 1[ as

A = S2D
2
n + S1Dn + S0,

as in Proposition 11.3, where S2, S1 and S0 are xn-dependent N×N -matrices
of functions, first-order differential operators, resp. second-order differential
operators on Γ.



330 11 Pseudodifferential methods for boundary value problems

(a) Verify that there is a Green’s formula for u, v ∈ H2m(Ω)N :

(Au, v)Ω−(u,A′v)Ω = (A%u, %v)Γ = (iS2γ1u, γ0v)Γ−(γ0u, iS
∗
2γ1v−A

∗
00γ0v)Γ,

where

A =

(
A00 iS2

iS2 0

)
,

with A00 equal to iS1 plus a matrix of functions (S2 and S1 taken at xn = 0);
A′ denotes the adjoint of A as a differential operator on Ξ. Show that Green’s
formula extends to u ∈ H2m(Ω)N , v ∈ D(A′

1), with Sobolev space dualities
in the right-hand side. (Hint. Use that % is well-defined on the nullspace Z0

+

for A′.)

(b) Define the modified Neumann trace operators

βu = iS2γ1u, β′v = iS∗
2γ1v − A

∗
00γ0v,

which allow writing Green’s formula as

(Au, v)Ω − (u,A′v)Ω = (βu, γ0v)Γ − (γ0u, β
′v)Γ;

and define the modified Dirichlet-to-Neumann operators

Pγ,β = iS2γ1Pγ0,γ1 , P ′
γ,β′ = iS∗

2γ1P
′
γ0,γ1 − A

∗
00,

where Pγ0,γ1 and P ′
γ0,γ1 stand for Pγ,ν for A resp. A′ (with m = 1). Define

moreover the trace operators

µu = βu− Pγ,βγ0u, µ′v = β′v − P ′
γ,β′γ0v.

Show that µ = βA−1
γ Au, continuous from D(A1) to H

1
2 (Γ)N , with a similar

result for µ′, and that

(Au, v)Ω − (u,A′v)Ω = 〈µu, γ0v〉
H

1
2 ,H− 1

2
− 〈γ0u, µ′v〉

H− 1
2 ,H

1
2

holds for all u ∈ D(A1), v ∈ D(A′
1).

(Hint. Proceed as in Proposition 9.27.)

(c) Carry the construction in Section 9.4, up to and including Theorem 9.29,
over to the present situation, showing a 1–1 correspondence between closed
realizations Ã of A and closed densely defined operators L : X → Y ∗, where
X and Y are closed subspaces of H− 1

2 (Γ)N .

11.17. Continuation of Exercise 11.15ff. Show that in the 1–1 correspon-
dence established in Exercise 11.16, the Dirichlet realization Aγ corresponds
to the case X = Y = {0}, L = 0.

11.18. Continuation of Exercise 11.15ff. Show that in the 1–1 corre-
spondence established in Exercise 11.16, the realization AM with domain
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D(AM ) = D(A0)+̇Z(A1) corresponds to the case X = Y = H− 1
2 (Γ)N ,

L = 0.

(Comment. This is a realization with no regularity. When A is formally self-
adjoint, it is the von Neumann realization or Krĕın’s soft realization, cf.
Example 13.10 and the remarks after (13.67).)

11.19. Continuation of Exercise 11.15ff. Let Aν be the realization defined
by the Neumann condition γ1u = 0,

D(Aν) = {u ∈ D(Amax) | γ1u = 0},

cf. Exercises 11.1 and 11.2.

(a) Show that D(Aν) ⊂ H2(Ω)N .

(Hint. Show first that when u ∈ D(Aν), z = u − Q+Au has νz ∈ H
1
2 (Γ)N .

Then use the ellipticity of Pγ0,γ1 to conclude that %z ∈ H
3
2 (Γ)N ×H

1
2 (Γ)N .)

(b) Show that in the 1–1 correspondence established in Exercise 11.16, Aν
corresponds to the caseX = Y = H− 1

2 (Γ)N , L = −Pγ,β with domainD(L) =

H
3
2 (Γ)N .

11.20. Continuation of Exercise 11.15ff. Consider the realization Ã defined
by a Neumann-type boundary condition

γ1u+Bγ0u = 0,

where B is a first-order ψdo on N -vectors of functions on Γ such that
B + Pγ0,γ1 is elliptic of order 1; here

D(Ã) = {u ∈ D(Amax) | γ1u+Bγ0u = 0}.

Show that in the 1–1 correspondence established in Exercise 11.16, Ã cor-
responds to the case X = Y = H− 1

2 (Γ)N , L = −iS2(B+Pγ0,γ1) with domain

D(L) = H
3
2 (Γ)N ; in particular, D(Ã) ⊂ H2(Ω)N .

11.21. Continuation of Exercise 11.15ff. For simplicity of the calculations
in the following, assume that S2 = I. Let J be an integer in ]1, N [ , and

consider the realization Ã defined by a boundary condition

γ0(u1, . . . , uJ) = 0, γ1(uJ+1, . . . , uN ) + Bγ0(uJ+1, . . . , uN) = 0,

applied to column vectors u = (u1, . . . , uN ); here B is an (N − J)× (N − J)-
matrix of ψdo’s on Γ of order 1. (This is sometimes called a mixed condition.)
Assume that the first-order ψdo

L = −iB − i
(
0N−J,J IN−J

)
Pγ0,γ1

(
0J,N−J
IN−J

)
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is elliptic. Here IJ stands for the J × J-identity-matrix, and 0J,J′ stands for
the J × J ′-zero-matrix.

Show that in the 1–1 correspondence established in Exercise 11.15, Ã cor-
responds to the caseX = Y = H− 1

2 (Γ)N−J , with L acting like L with domain

D(L) = H
3
2 (Γ)N−J . In particular, D(Ã) ⊂ H2(Ω)N .

(Comment. Similar boundary conditions, where the splitting into the first
J and last N − J components is replaced by more general projections, are
considered e.g. in Avramidi and Esposito [AE99], [G03] (and earlier). For
higher order studies, see e.g. Fujiwara and Shimakura [FS70], [G70]–[G74].
Also positivity issues are treated in these papers, see in particular [G74];
then β and β′ in Exercise 11.15 are replaced by more symmetric choices of
modified Neumann operators, letting each of them carry half of A00. See also
[BGW08].)

11.22. Consider the boundary value problem

Au = f, C+%u = 0

(cf. Example 11.12), with f given in H0(E2). Show that it has the unique
solution

u = Q+f −K+C+%Q+f,

lying in Hd(E1). (Note, however, that the nonhomogeneous problem

Au = f, C+%u = ϕ,

does not have a solution for every f ∈ H0(E2), ϕ ∈ Hd(E′d
1 ). Why?)

11.23. Let A be a first-order differential operator on X̃ such that A =
IN∂xn

+P near X ′, where P is an N×N -matrix-formed first-order selfadjoint
elliptic differential operator on X ′. Let n ≥ 3.

(a) Show that the principal symbol p0(x′, ξ′) of P (considered at an (x′, ξ′)
with |ξ′| ≥ 1) has N/2 positive eigenvalues λ+

1 , . . . , λ
+
N/2 and N/2 negative

eigenvalues λ−1 , . . . , λ
−
N/2 (repeated according to multiplicities); in particular,

N is even.
(Hint. Note that p0(x′,−ξ′) = −p0(x′, ξ′).)

(b) Show that the roots of det(iτIN + p0(x′, ξ′)) are: τ+
j = iλ+

j lying in C+,

j = 1, . . . , N/2, and τ−j = iλ−j lying in C−, j = 1, . . . , N/2.

(c) Assume from now on that all eigenvalues λ±j are simple. Show that the
functions in Z+(x′, ξ′) are linear combinations of functions

e−λ
+
j (x′,ξ′)xnvj(x

′, ξ′), where vj is an eigenvector for the eigenvalue λ+
j .

(d) Show that N+(x′, ξ′) equals the space spanned by the eigenvectors
for eigenvalues λ+

j , j = 1, . . . , N/2, also called the positive eigenspace for

p0(x′, ξ′).



Exercises for Chapter 11 333

(e) Show that c+,0(x′, ξ′) is the orthogonal projection onto the positive eigen-
space for p0(x′, ξ′).

11.24. Consider the biharmonic operator A = ∆2 on a smooth bounded
set Ω ⊂ Rn.
(a) Find the principal symbol of the Dirichlet-to-Neumann operator (|ξ′| ≥ 1).
(Hint. Show first that in the model problem on R+, the null solutions are
linear combinations of e−σxn and xne

−σxn , σ = |ξ′|.)
(b) Find the principal symbol of the Calderón projector (|ξ′| ≥ 1).
(Hint. One can use the results of Exercises 11.9 and 11.10.)

11.25. Assumptions of Theorem 11.18.

(a) Show that P+
γ,ν − P−

γ,ν is injective.
(Hint. One can use a generalization of the method of Exercise 11.9.)

(b) Show that P+
γ,ν − P−

γ,ν is surjective.

(Hint. Apply C+ and C−, written in blocks as in (11.65), to functions
(

0
ψ

)
.

Conclude that

P+
γ,νC

+
01ψ = C+

11ψ, P−
γ,νC

−
01ψ = C−

11ψ,

and use the fact that C+ + C− = I to see that (P+
γ,ν − P−

γ,ν)C
+
01ψ = ψ.

(c) Show that P+
γ,ν − P−

γ,ν has the inverse C+
01.

(d) Show (11.71) and (11.72).




