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§B. Appendix B. Topological vector spaces

B.1. Fréchet spaces.

In this appendix we go through the definition of Fréchet spaces and their
inductive limits, such as they are used for definitions of function spaces in
Chapter 2. A reader who just wants an orientation about Fréchet spaces will
not have to read every detail, but need only consider Definition B.4, Theorem
B.5, Remark B.6, Lemma B.7, Remark B.7a and Theorem B.8, skipping the
proofs of Theorems B.5 and B.8. For inductive limits of such spaces, Section
B.2 gives an overview (the proofs are established in a succession of exercises),
and all that is needed for the definition of the space C§°(£2) is collected in
Theorem 2.5.

We recall that a topological space S is a space provided with a collection
7 of subsets (called the open sets), satisfying the rules: S is open, () is open,
the intersection of two open sets is open, the union of any collection of open
sets is open. The closed sets are then the complements of the open sets. A
neighborhood of x € S is a set containing an open set containing x. Recall
also that when S and S, are topological spaces, and f is a mapping from §
to S1, then f is continuous at x € S when there for any neighborhood V of
f(z) in S; exists a neighborhood U of z in S such that f(U) C V.

Much of the following material is also found in the book of Rudin [R 1974],
which was an inspiration for the formulations here.

Definition B.1. A topological vector space (t.v.s.) over the scalar field L =
R or C (we most often consider C), is a vector space X provided with a
topology T having the following properties:

(i) A set consisting of one point {x} is closed.

(ii) The maps

{z,y}—xz+y from X x X into X (B.1)
{\ 2z} — Az from L x X into X :

are continuous.

In this way, X is in particular a Hausdorff space, cf. Exercise B.4. (We
here follow the terminology of [R 1974 and [P 1989] where (i) is included in
the definition of a t.v.s.; all spaces that we shall meet have this property. In
part of the literature, (i) is not included in the definition and one speaks of
Hausdorff topological vector spaces when it holds.)

L is considered with the usual topology for R or C.
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Definition B.2. A set Y C X is said to be
a) convex, when yi,ys € Y and t €]0,1] imply

ty1+(1—t)y2€Y,

b) balanced, when y € Y and || <1 imply \y € Y;
c) bounded (with respect to ), when there for every neighborhood U
of 0 existst >0 so that Y C tU.

Note that boundedness is defined without reference to “balls” or the like.

Lemma B.3. Let X be a topological vector space.
1° Let a € X and A € L\ {0}. The maps from X to X

T,:x—x—a B9
My :z— \x (B-2)

are continuous with continuous inverses T, resp. My y.

2° For any neighborhood V' of 0 there exists a balanced neighborhood W of
0 such that W +W C V.

3° For any convexr neighborhood V' of 0 there exists a convex balanced
netghborhood W of 0 so that W C V.

Proof. 1° follows directly from the definition of a topological vector space.

For 2° we appeal to the continuity of the two maps in (B.2) as follows:
Since {z,y} — x + y is continuous at {0, 0}, there exist neighborhoods W1
and W5 of 0 so that W7 + Wy C V. Since {\, x} — Az is continuous at {0, 0}
there exist balls B(0,71) and B(0,r2) in L with 1,73 > 0 and neighborhoods
W{ and W3 of 0 in X, such that

B(O,T‘l)W{ C Wy and B(O,TQ)Wé C Whs.

Let r = min{ry,r2} and let W = B(0,r)(W{ N WJ), then W is a balanced
neighborhood of 0 with W + W C V.

For 3° we first choose W; as under 2°, so that W; is a balanced neigh-
borhood of 0 with W; C V. Let W = ﬂaeL’|a|:1 aV'. Since W7 is balanced,
a” Wy = Wy for all |a| = 1, hence Wi C W. Thus W is a neighborhood of
0. It is convex, as an intersection of convex sets. That W is balanced is seen
as follows: For A =0, AW C W. For 0 < |\| <1,

AW:\A\i (1 V= () BVCW

P\‘ a€l,|al=1 BEeL,|8]=1
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(with 8 = aA/|)|); the last inclusion follows from the convexity since 0 €
w. 0O

Note that in 3° the interior W° of W is an open convex balanced neigh-
borhood of =x.

The lemma implies that the topology of a t.v.s. X is translation invariant,
ie, F et < a+ FE € 7 for all a € X. The topology is therefore
determined from the system of neighborhoods of 0. Here it suffices to know a
local basis for the neighborhood system at 0, i.e., a system B of neighborhoods
of 0 such that every neighborhood of 0 contains a set U € B.

X is said to be locally convex, when it has a local basis of neighborhoods
at 0 consisting of convex sets.

X is said to be metrizable, when it has a metric d such that the topology
on X is identical with the topology defined by this metric; this happens
exactly when the balls B(x, %), n € N, are a local basis for the system of
neighborhoods at z for any x € X. Here B(x,r) denotes as usual the open
ball

B(z,r)={y € X |d(z,y) <r},

and we shall also use the notation B(z,r) = {y € X | d(z,y) < r} for
the closed ball. Such a metric need not be translation invariant, but it will
usually be so in the cases we consider; translation invariance (also just called
invariance) here means that

dlz +a,y+a)=d(x,y) for z,y,a € X .

One can show, see e.g. [R 1974, Th. 1.24], that when a t.v.s. is metrizable,
then the metric can be chosen to be translation invariant.

A Cauchy sequence in a t.v.s. X is a sequence (2, )nen with the property:
For any neighborhood U of 0 there exists an N € N so that x,, — z,, € U for
n and m > N.

In a metric space (M, d), Cauchy sequences — let us here call them met-
ric Cauchy sequences — are usually defined as sequences (z,) for which
d(Zpn, Tm) — 0in R for n and m — oo. This property need not be preserved
if the metric is replaced by another equivalent metric (defining the same
topology). We have however for t.v.s. that if the topology in X is given by
an invariant metric d, then the general concept of Cauchy sequences for X
gives just the metric Cauchy sequences (Exercise B.2).

A metric space is called complete, when every metric Cauchy sequence is
convergent. More generally we call a t.v.s. sequentially complete, when every
Cauchy sequence is convergent.

Banach spaces and Hilbert spaces are of course complete metrizable topo-
logical vector spaces. The following more general type is also important:
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Definition B.4. A topological vector space is called a Fréchet space, when X
18 metrizable with a translation invariant metric, is complete, and s locally
convez.

The local convexity is mentioned explicitly because the balls belonging to
a given metric need not be convex, cf. Exercise B.1. (One has however that
if X is metrizable and locally convex, then there exists a metric for X with
convex balls, cf. [R 1974, Th. 1.24].) Note that the balls defined from a norm
are convex.

It is also possible to define Fréchet space topologies (and other locally
convex topologies) by use of seminorms; we shall now take a closer look at
this method to define topologies.

Recall that a seminorm on a vector space X is a function p : X — R,
with the properties

(i) plz+y) <px)+ply) for z,y e X (subadditivity),

B.3
(ii) p(Ax) = |Ap(z) for A€ L and z € X (multiplicativity) . (B-3)
A family P of seminorms is called separating, when for every zo € X \ {0}
there is a p € P such that p(zg) > 0.

Theorem B.5. Let X be a vector space and let P be a separating family of
seminorms on X. Define a topology on X by taking, as a local basis B for
the system of neighborhoods at 0, the convex balanced sets

Vp,e)={z|plx)<e}, peP and €¢>0, (B.4)
together with their finite intersections

W(plv"'7pN;€17"'7€N) :V(p17€1)mﬂv(pN7€N)7 (B5)

and letting a local basis for the system of neighborhoods at each x € X consist
of the translated sets x + W (p1,...,pni€1,...,en). (It suffices to let €; =
1/nj, n; € N.)

With this topology, X is a topological vector space. The seminorms p € P
are continuous maps of X into R. A set E C X is bounded if and only if
p(E) is bounded in R for all p € P.

Proof. That a topology on X is defined in this way, follows from the obser-
vation: When = € (z1 +W7) N (22 + Wa), then there is a basis-neighborhood
W such that  + W C (z1 + W1) N (x2 + Wa). Moreover, it is clear that the
topology is invariant under translation and under multiplication by a scalar
# 0, and that the sets with ¢; = 1/n;, n; € N, form a local basis. The
continuity of the p’s follows from the subadditivity: For each zg € X and
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e >0,V(p,zo,e) =20+ V(p,e) is mapped into the neighborhood B(p(zy), ¢)
of p(xp) in R, since

for x € V(p, o, ).

The point set {0} (and then also any other point) is closed, since every
xo # 0 has a neighborhood disjoint from {0}, namely V (p, z¢, €), where p is
chosen so that p(z¢) # 0 and € < p(zp). We shall now show the continuity
of addition and multiplication. For the continuity of addition we must show
that there for any neighborhood W + x 4 y exist neighborhoods W; + x of z
and W5 4+ y of y (recall the notation (1.23)—(1.24)) so that

Wi+ax+Wo+yCcW+ax+y, ie.,sothat W7+ Wy C W. (B.6)

Here we simply use that when W = W(py,...,pn; €1,...,6n) is a basis-
neighborhood at 0, and we set

W, = %W(plw"?p]\/';gla"'?g]\/') = W(ph?pNa %61 -~-7%€N) )
then W/ 4+ W' C W because of the subadditivity. For the continuity of

multiplication we must show that for any neighborhood W + ax of ax there
exist neighborhoods B(0,7) + « (of o in L) and W’ +z (of  in X ') such that

(BO,r)+a)(W' +z) CW +ax. (B.7)
Here
(B(0,7) + a)(W'+2) € B(O,r)W' +aW' + B(0,r)x + az .

Let W = W(p1,...,PN;€1,---,6N), and let W/ = §W 5 > 0. For ¢ taken
larger than 5]-_1pj (z),j=1,...,N, we have that x € ¢cW and hence

B(0,r)z C reW .

Moreover,
B0, YW’ CcrW' = réW

and
aW' C |a|W' = |a|éW .
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Now we first take § so small that |a|d < %; next we choose r so small that
rd < % and rc < % Then

BO,r)W' +aW' +B(0,r)z CsW + W + W C W,

whereby (B.7) is satisfied. All together we find that the topology on X makes
X a topological vector space.

Finally we shall describe the bounded sets. Assume first that F is bound-
ed. Let p € P, then there exists by assumption (see Definition B.2) a t > 0,
so that £ C tV(p,1) = V(p,t). Then p(x) € [0,t] for x € E, so that p(F) is
bounded. Conversely, let £ be a set such that for every p there is a ¢, > 0
with p(x) < t, for v € E. When W = W(p1,...,pn;€1,...,6N), We then
have that £ C tW for t > max{t,, /e1,...,tpy/en}. O

Note that the sets (B.5) are open, convex and balanced in view of (B.3).

Note that xj converges to x in X if and only if p(zy — z) — 0 for every
seminorm p € P; and that a linear operator T: Y — X, where Y is a t.v.s.,
is continuous if and only if all the maps p o T' are continuous.

Remark B.6. We remark that in the definition of the topology in Theorem
B.5, the sets (B.4) constitute a local subbasis for the neighborhood system at
0, i.e., a system B’ of neighborhoods of 0 such that the finite intersections
of elements from B’ constitute a local basis for the neighborhood system at
0. If the given family of seminorms P has the following property (which we
shall call the maz-property):

Vp1,p2 € PIp € P, c>0:p>cmax{ps,p2}, (B.8)

then each of the basis sets (B.5) contains a set of the form (B.4), namely
one with p > cmax{p1,...,pn} and € < minc{ey,...,en}; here (B.4) is in
itself a local basis for the topology. For a given family of seminorms P one
can always supply the family to obtain one that has the max-property and
defines the same topology. For, one can simply replace P by P’, consisting
of P and all seminorms of the form

p=max{pi,...,pN}, P1,---, DN EP, NEeN. (B.9)

In the following we can often obtain that P is ordered (when p and p’ € P
then either p(z) < p/(z)Vx € X or p/(z) < p(z)Vx € X); then P has the
max-property.

When the max-property holds, we have a simple reformulation of conti-
nuity properties:
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Lemma B.7. 1° When the topology on X 1is given by Theorem B.5 and P
has the max-property, then a linear functional A on X is continuous if and
only if there exists a p € P and a constant ¢ > 0 so that

A(x)| < ep(x) forallze X . (B.10)

2° When X and Y are topological vector spaces with topologies given as
in Theorem B.5 by separating families P resp. Q having the maz-property,
then a linear operator T from X to'Y is continuous if and only if: For each
q € Q there exists a p € P and a constant ¢ > 0 so that

lq(Tz)| < ep(x) forallz e X . (B.10a)

Proof. 1°. Continuity of A holds when it holds at 0. Since the neighborhoods
(B.4) form a basis, the continuity can be expressed as the property: For any
e > 0 thereis a p € P and a § > 0 such that (x) p(z) <§ = |A(z)| <e.

If (B.10) holds, then we can for a given ¢ obtain () by taking § = ¢/c.
Conversely, assume that (x) holds. We then claim that (B.10) holds with ¢ =
e/d. For, if p(z) = 0, A(z) must equal 0, for otherwise |A(tz)| = t|A(x)] — oo
for t — oo whereas p(tz) = 0 for t > 0, contradicting (x). If p(x) > 0, let
0 <d' <6, then p(%x) =9 < dso \A(%x)\ < ¢, hence [A(z)| < Sp(x).
Letting 0’ — 0, we conclude that |A(z)| < $£p(z). This shows 1°.

2°. Continuity of T' holds when it holds at 0; here it can be expressed as
the property: For any ¢ € Q and € > 0 there is a p € P and a 6 > 0 such
that (xx) p(z) <0 = [q(Tz)| < e.

If (B.10a) holds, then we can for a given e obtain (x*) by taking § = ¢/c.
Conversely, when (*x*) holds, we find that (B.10a) holds with ¢ = ¢/§ in a
similar way as in the proof of 1°. [

Remark B.7a. If the given family of seminorms is not known to have the
max-property, the lemma holds when P and Q are replaced by P/, Q', defined
as indicated in Remark B.6. We can express this in another way: Without
assumption of the max-property, the lemma is valid when p and ¢ in (B.10)
and (B.10a) are replaced by expressions as in (B.9).

Note in particular that, whether the max-property holds or not, the exis-
tence of a p € P, ¢ > 0, such that (B.10) holds, is sufficient to assure that
the linear functional A is continuous.

We observe, as an outcome of the lemma, the general principle: Continuity
of linear mappings is shown by proving inequalities. This is familiar for
normed spaces, and we see that it holds also for spaces with topologies defined
by seminorms.
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The family of seminorms P may in particular be derived from a vector
space Y of linear functionals on X, by taking |A(z)| as a seminorm when A €
Y. An important example is where Y = X*, the space of continuous linear
functionals on X. Here the topology defined by the family of seminorms
x — |z*(x)], x* € X*, is called the weak*-topology on X. Much more can be
said about this important case (and the aspects of weak topology and weak*
topology in connection with Banach spaces); for this we refer to textbooks
on functional analysis.

Theorem B.8. When X is a t.v.s. where the topology is defined by a count-
able separating family of seminorms P = (pk)ken, then X is metrizable and
the topology on X 1is determined by the invariant metric

d(z,y) = i 1 mle—y) (B.11)

the balls B(0,7) in this metric are balanced.

Proof. The series (B.11) is clearly convergent for all x,y € X. Consider the
function f(a) = a/(1+a), a > 0. We want to show that it satisfies

fla) < fla+b) < f(a) + f(b). (B.12)
Here the first inequality follows since f(a) = 1 —1/(1 + a) with 1/(1 + a)
decreasing. For the second inequality we use this together with the formula
f(a)/a=1/(1+ a) for a > 0, which gives that
fla)/a= fla+b)/(a+b), f(b)/b= f(a+Db)/(a+D), ab>0,

hence alltogether f(a)+ f(b) > f(a+b)(a+b)/(a+b) = f(a+b). ((B.12)
is immediately verified in cases where a or b is 0.) Define dy(x) by

o) = Y 22 (B.13

>0
do(x +y) < do(x) + do(y);
<dy(z) for [N\ <1,
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these properties assure that d(z,y) is a metric with balanced balls. For the

first line, we note that do(z) > 0 for = # 0 follows from the fact that P is
separating. The second line is obtained by use of (B.12):

k=1 k=
— 1 pe(z) 1 mly)
S};2_k1+pk(x) +;2_kl+pk(y) = do(z) + do(y)

= S D)

"= R Tt ) ) - 2 T4 (1]
& =1 g
=297 VEEwE S 2 R T g py(a) P

The metric is clearly translation invariant. We shall now show that the hereby

defined topology is the same as the topology defined by the seminorms. Note
that on one hand, one has for € €]0,1] and N € N:

do(z) < 2~ N R ) P
o(x)_ﬁ — 2k1+pk(a:)_€ or a

pr(z)
1+ pr(x)

<efor k<N =>pk(x)§1€€fork§N;

on the other hand one has, if 27 < /2,

pr(z) < 6/2 for k< N =

1 pk x > 1 pk x)
Q_k: + Z 2% 1+ pu(z) (z)
— k=N+1

N1
227: oN S€
=1

do(l‘) =

=

Ml(‘ﬂ

Therefore we have the following inclusions between basis-neighborhoods
W(p1,...,pN;0,...,0) and balls B(0,r) (with § >0, N € N, r > 0):

B(0,7) C W(p1,...,PN;Oy...,0),
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when 0 and N are given, € > 0 is chosen so that /(1 —¢) < §, and r is taken
=27V,
W(pl,...,pN;cS,...,é) C B(O,T’),

when r is given, NV is chosen so that 2=~ < r/2, and § is taken = r/2. This
shows that B(0,r) for r > 0 is a system of basis-neighborhoods at 0 for the
topology defined by P. [

When a space X topologized by Theorem B.8 is a complete metric space,
then we have a Fréchet space, cf. Definition B.4. Observe that the space is
locally convex because of the definition of the topology by use of seminorms,
but that the ball defined by the metric (B.11) need not be convex, cf. Exercise
B.1. (However, there does exist, as mentioned after Definition B.4, another
compatible metric with convex balls.) It will in general be most convenient
to calculate on the basis of the seminorms rather than a metric, although its
existence has useful consequences.

Remark B.9. One can ask conversely whether the topology of an arbitrary
locally convex t.v.s. X can be defined by a separating family of seminorms?
The answer is yes: To a neighborhood basis at 0 consisting of convex, bal-
anced open sets V one can associate the Minkowski functionals py defined
by

() = inf{t > 0| % eV} (B.14)

then one can show that the uy’s are a separating family of seminorms defining
the topology on X. If X in addition is metrizable, the topology can be defined
from a countable family of seminorms, since X then has a neighborhood basis
at 0 consisting of a sequence of open, convex balanced sets. See e.g. [R 1974,
Ch. 1] and [P 1989].

Like in Banach spaces there are some convenient rules characterizing the
continuous linear operators on Fréchet spaces. By a bounded operator we
mean an operator sending bounded sets into bounded sets.

Theorem B.10. Let X be a Fréchet space and let' Y be a topological vector
space. When T is a linear map of X into Y, the following four properties

are equivalent:
(a) T is continuous.
(b) T is bounded.
(¢) , = 0 in X forn — oo = (Txn)nen is bounded inY;
(d) z, - 0in X = Tz, —0inY.

Proof. (a) = (b). Let E be bounded in X, and let F' = T(FE). Let V be
a neighborhood of 0 in Y. Since T is continuous, there is a neighborhood U
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of 0 in X such that T'(U) C V. Since E is bounded, there is a number ¢ > 0
such that £ C tU. Then F C tV; hence F' is bounded.

(b) = (c¢). When z,, — 0, the set {z,, | » € N} is bounded. Then
{Tx, | n € N} is bounded according to (b).

(¢c) = (d). Let d denote a translation invariant metric defining the
topology. The triangle inequality then gives that

d(0,nz) < d(0,z)+d(x,2z)+---+d((n — 1)z,nz) =nd(0,z), (B.15)

for n € N. When z,, — 0, then d(x,,0) — 0, so there exists a strictly
increasing sequence of indices n so that d(x,,0) < k=2 for n > n;. Then
d(kx,,0) < kd(z,,0) < k~! for n > ng; hence also the sequence t,x, goes
to 0 for n — oo, where t,, is defined By

t, =k for ny <n<npy; —1.

According to (c), the sequence t, Tz, is bounded. It follows (cf. Exercise
B.5) that T'z,, — 0 for n — oc.

(d) = (a). If T is not continuous, there exists a neighborhood V of 0
in Y and for any n an z,, with d(z,,0) < % and Tz, ¢ V. Here x,, goes to
0, whereas T'z,, does not go to 0, i.e., (d) does not hold. O

Remark B.11. It is seen from the proof that the assumption in Theorem
B.10 that X is a Fréchet space can be replaced with the assumption that X
is a metrizable topological vector space with an invariant metric.

We see in particular that a functional A on X is continuous if and only if
Zp — 0 in X implies Az, — 0 in L.

Since “bounded” and “continuous” are synonymous for linear operators
in the situation described in Theorem B.10, we may, like for operators in
Banach spaces, denote the set of continuous linear operators from X to Y
by B(X,Y).

One can also consider unbounded operators, and operators which are not
everywhere defined, by conventions like those in Chapter 11.

We end this presentation by mentioning briefly that the well-known ba-
sic principles for Banach spaces which build on the theorem of Baire (on
complete metric spaces), are easily generalized to Fréchet spaces.

Theorem B.12 (The Banach-Steinhaus theorem). Let X be a Fréchet
space and Y a topological vector space, and consider a family (Tx)ren of con-
tinuous operators Ty € B(X,Y). If the set {Thx | A € A} (called the “orbit”
of z) is bounded in'Y for each x € X, then the family Ty is equicontinuous,
i.e., when V is a neighborhood of 0 in'Y, then there exists a neighborhood W
of 0 in X so that |Jycp TA(W) C V.
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Corollary B.13. Let X be a Fréchet space and'Y a topological vector space,
and consider a sequence (T),)nen of continuous operators T,, € B(X,Y). If
Tnx has a limit inY for eachx € X, thenthe mapT: x — Tx = lim, . Thx
is a continuous map of X intoY . Moreover, the sequence (T, )nen 1S equicon-
tinuous.

We leave to the reader to formulate a similar corollary for nets.

Theorem B.14 (The open mapping principle). Let X andY be Fréchet
spaces. If T € B(X,Y) is surjective, then T is open (i.e., sends open sets
into open sets).

Theorem B.15 (The closed graph theorem). Let X and Y be Fréchet
spaces. If T is a linear map of X into Y and the graph of T is closed in
X xY, then T is continuous.

B.2. Inductive limits of Fréchet spaces.
When defining the topology on C§°(2) for an open set Q2 C R", we shall
need the following generalization of Fréchet spaces:

Theorem B.16. Let
X1CX2C"'CXjC... (B16)

be a sequence of Fréchet spaces such that for every j € N, X; is a subspace
of X411 and the topology on X is the topology induced from X, 1. Let

X=JX;, (B.17)
j=1

and consider the sets W that satisfy: W N X; is an open, convez, balanced
neighborhood of 0 in X; for all j. Then X has a unique locally convex vector
space topology whose open, convex, balanced neighborhoods of 0 are precisely

the sets W.
With this topology, all the injections X; C X are continuous.

The topology determined in this way is called the inductive limit topology,
and spaces of this kind are called LF spaces (short for: inductive limits of
Fréchet spaces). There is more information on this topology in Exercises
B.15 and B.16, where it is shown how it can also be described in terms of
seminorms.

Theorem B.17. Let X = UjeN X be an inductive limit of Fréchet spaces.
(a) A set E in X is bounded if and only if there exists a jo so that E lies
in X, and is bounded there.
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(b) If a sequence (uk)ken is a Cauchy sequence in X, then there exists a
Jo such that uy, € X, for all k, and (uy)ren is convergent in X, and in X.

(c) Let'Y be a locally convex topological vector space. A linear map T of
X into Y is continuous if and only if T: X; — Y is continuous for every
jeN.

A variant of the theorem is (essentially) shown [R 1974, Ch. 6]; see also
Exercise B.16.

The fundamental property of the inductive limit topology that we use, is
that important concepts such as convergence and continuity in connection
with the topology on X can be referred to the corresponding concepts for one
of the simpler spaces X;. This is seen from Theorem B.17, and we observe
the following further consequences.

Corollary B.18. Hypotheses as in Theorem B.17.

(a) A linear map T: X — Y is continuous if and only if one has for each
J € N that when (ug)ren is a sequence in X; with uy — 0 in X; for k — oo,
then Tup, — 0 in Y.

(b) Assume that the topology in each X; is given by a family P; of semi-
norms with the maz-property (cf. Remark B.6). A linear functional A: X —
L is continuous if and only if there exists, for each j, a seminorm p; € P;
and a constant c; > 0 so that

|A(z)| < ¢jpj(z) for x € X;; (B.18)

Proof. (a) and (b) follow from Theorem B.17 combined with, respectively,
Theorem B.10 and Lemma B.7. [
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Exercises for Appendix B
B.1. Define d; and ds for x,y € R by

x Yy
L+ |z 14yl

dl(x7y>:‘x_y‘ ) dg(l’,y):

Show that d; and dy are metrics on R which induce the same topology on R,
and that (R, d;) is a complete metric space whereas (IR, d2) is not a complete
metric space.

B.2. Let X be a t.v.s. and assume that the topology is defined by a trans-
lation invariant metric d. Show that (x,) is a Cauchy sequence in X if and
only if (z,,) is a metric Cauchy sequence in (X, d).

B.3. Consider the family of seminorms on C°(R) defined by

pe(f) = sup{ [f(2)[ |z € [k, K]}, for kEN,

and the metric defined by this as in Theorem B.8.
Define

f(z) = max{0,1 - |z[}, g(z) = 100f(z —2) , h(z) = 5(f(x) + g(z))
and show that

50 1 50
101’ d(h,0) +

1

Hence the ball B(0, 3) is not convex. Is B(0,r) convex for any r < 17

B.4. Let X be a topological vector space.

(a) Show Lemma B.3 1°.

(b) Show that X is a Hausdorff space, i.e., for z # y there exist neighborhoods
V1 of z and V5 of y so that Vi NV, = @.

B.5. Let X be a topological vector space.

(a) Show that F C X is bounded if and only if, for any neighborhood V of 0
there exists a t > 0 so that £ C sV for s > ¢.

(b) Show that the only bounded subspace of X is {0}.

B.6. Consider R?, provided with the usual topology, and let A C R?, B C
R2.
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(a) Show that 2A C A+ A, and find an example where 24 # A + A.

(b) Show that if A is closed and B is compact, then A + B is closed.

(c) Show that A+ B C A + B in general, and find an example where A+ B #
A+ B.

B.7. Show Lemma B.7.

B.8. Show that when X and Y are topological vector spaces, then the
product space X x Y is a topological vector space.

B.9. Give proofs of Theorems B.12-B.15.
The following exercises refer to the notation of Chapter 2.
B.10. Show that C*°([a,b]) and C%(2) are Fréchet spaces.

B.11. Show that D® is a continuous operator in C*°(£2) and in C%(12).
Let f € C*°(Q) and show that the operator My : u +— f - u is continuous in
C*>*(92) and in CP ().

B.12. Let f € L2(Q2) and show that the functional

Au— / u fdr
Q
is continuous on C9(Q) for every compact K C €.

B.13. Show that C'%(Q) is a closed subspace of C*°(12).

B.14. Let A be a convex subset of a topological vector space E. Let zo be
an interior point of A and x a point in the closure A of A. Show that all
points u # x on the segment

[xo,z] = { Azo+ (1 =Nz | A€ [0,1]}

are interior in A.
(Hint. Begin with the case where z € A.)
Use this to show that when A C E, A is convex then:

- o

Ato—>A—A and A= A.

o
Show by an example that A # @ is a necessary condition.
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B.15. Let E be a locally convex topological vector space and let M C E
be a subspace. Let U be a convex balanced neighborhood of 0 in M (with
the topology induced from E).

(a) Show that there exists a convex balanced neighborhood V' of 0 in E so
that VN M =U.

(b) Assume that zg € £\ M. Show that V in (a) may be chosen so that
Io ¢ V.

(c) Let pp be a continuous seminorm on M. Show that there exists a conti-
nuous seminorm p on E so that p|y = po.

B.16. The inductive limit topology. Let X be a vector space and FE} ;
Ey G EsG--- G E; G ... astrictly increasing sequence of subspaces of X
so that X = |J;Z, E;. Assume that for all j € N, (Ej,7;) is a locally convex
topological vector space; and assume that for j < k, the topology induced

by 7 on Ej is the same as 7; (as in Theorem B.16).
(a) Define P by

P = { seminorms p on X | p|g, is 7j-continuous Vj € N }.

Show that P is separating. (One can use Exercise B.15 (c).)

(b) Thus P defines a locally convex vector space topology 7 on X. Show that
the topology induced by 7 on E; equals 7;. (Cf. Exercise B.15 (a); show that
7 has properties as in Theorem B.16.)

(c) Assume that A is a linear map of X into a locally convex topological
vector space Y. Show that A is 7-continuous if and only if A|g; is continuous
E; — Y for every j € N.

(d) Show that a set B C X is bounded (w.r.t. 7) if and only if 3j e N: B C
E; and B is bounded in E;. (cf. Exercise B.15 (b).)

(e) Example. X = C§(R) (cf. (C.7)). Take E; = C[O—j,j] (R), with the sup-
norm topology. Show that the topology 7 on C{(R) determined from 7; as
in (b) is strictly finer than the sup-norm topology on CQ(R).

B.17. Show that when X is as in Theorem B.11, then
dy (w,y) = Y min{27%, p(z — )}
k=1

is likewise an invariant metric defining the topology.



