C.1
§C. Appendix C. Function spaces

We here define some additional function spaces, supplying those intro-
duced in Chapter 2. The new types of spaces are associated with sets ()
where the boundary has a certain smoothness.

Definition C.1. An open set Q C R™ is said to be (of class) C™ for some
m < oo when every boundary point x € 02 has an open neighborhood U
with an associated C™-diffeomorphism k (a bijective C™ mapping with C™
inverse) such that k maps U onto the unit ball B(0,1) C R", and

[an)

K(x) =
k(UNQ)=DB(0,1)NRY (C.1)
k(UNON) = B(0,1)NR" 1,

We then also say that Q is C™ (in detail: closed and C™).

-
N A

In the case m = oo one often says instead that ) is smooth. In some
texts, the above definition is taken to mean that 02 is C"™. But in fact the
boundary of €2 can be a C™ manifold also when Definition C.1 is not verified
— think for example of the set 2 = {x € R™ | |z| # 1}. The definition
assures that €2 is locally “on one side of 9€2”; this property involves €2 as well
as 0€).

Examples: R’ is smooth. Balls in R™ are smooth. The set

{$€R2|$2>0,ZC1<\/$72} (C2)

is C'! but not C2.

For a function u on @Z_ it makes good sense to speak of the partial deriva-
tives on ﬁi, and they exist up to order m when the partial derivatives of u on
R” up to order m extend to continuous functions on @i. This carries over to
smooth sets (), since one can define the derivatives on sets of the form U N}
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in Definition C.1 by use of x and the chain rule. [More precisely: x maps x
over to y = (k1(x),...,kn(x)), so if we write u(x) = u(k~1(y)) = u(y), we
have that

On,0(a) = 3 0,4 -nco - (©3)

In other words, the differential operator 0,;, on U N Q corresponds to the
differential operator >_;' ; a0y, on B(0, 1)ﬂ@i with C*° coefficients aj;(y) =
(Oz; 50) (K~ (y)) ]

Regardless of the smoothness of Q we denote by C*(Q) the vector space
of functions on € such that the partial derivatives up to order m defined
on ) are uniformly continuous on bounded subsets of Q (hence extend to
continuous functions on ). When ( is compact, this is a Banach space with
the norm

lull or @y = sup{ |0%u(z)| |z € Q, |[a| <k} . (CA4)

If © is not assumed to be compact, we can define a Fréchet topology on C*(Q)
by the family of seminorms (2.9) where k is fixed and K; for example runs
through the increasing sequence of compact sets K; = QN B(0, j) satisfying
Ujen Kj = Q. (In the compact case, the sequence (K)jen can be replaced
by one set Q and the seminorm is a norm.)

We can also define

:ﬂck

{ueCHQ) |suppuc K}, CQ :ﬂCK

.
Cr(9) ©5)
C(O)(ﬁ) = {u € C*(Q) | suppu compact C Q},

Coy(2) ﬂ Cloy ()

The first space in this list is a Fréchet space with the topology determined by
the family of seminorms (2.9) (k runs through all integers > 0, the sequence
(K;) may be replaced by one set Q if this is compact). The space Ck-(Q) is
a Banach space with norm sup{ |0%u(z)| | |a| < k, z € K }, while C2(Q) is
a Fréchet space. Finally, C(O)(Q) equals the Banach space C*(Q) when Q is

compact; otherwise it is an LF space (considered as | K;c0 C’Kj () where
U; K; = Q as above); Co) (Q) is likewise LF when € is not compact. (We
use the index (0) to avoid confusion with C§°(€2).)
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One can show that
C([RL) = {ulgy v e G (R }, (C.6a)
and that when 2 is smooth,
CH (@) = {ulg|ue CR) }. (C.6)

The proof of (C.6a) is found in Seeley’s paper [S 1964], and then (C.6) is
deduced from this by use of diffeomorphisms as in Definition C.1. (When Q
is smooth and bounded, the localization arguments are similar to those used
in Theorems 4.10-12.)
For an open set 2 and a compact subset K we define C¥(Q) and C§(Q)
by
Cr(Q) = {uec CHQ) | suppu C K}

N 3 (C.7)
C5(2) ={ueC"Q)|suppu compact C Q},

the former is a Banach space (like C%(2)) and the latter is an LF space,
namely UchQ C’f(j ().

Finally, we mention that one may need a notation for the following spaces
(where M is open, or closed and C* resp. C*):

C’,’-fp(M) ={u e C*M)| 0% € L,(M) for |a| <k},

- ek
k=0

(C.8)

They coincide with C*(M) resp. C*°(M) when M is compact. The spaces
C’fp (M) (1 <p < o0) may be provided with norms

(Z 0% ul|? (M)) for p < oo, 31|1p 10%ul| . (ary for p =00,  (C.9)

la|<k laf<

which for p = 2 take the form

=

llle = (3 0% ul2,n)) (C.10)

la| <k

This makes them normed but in general not complete spaces. Similarly,
cr (M) may be topologized by a system of seminorms.
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A special case is C’foo (R™); it is the space of C*-functions on R" with
bounded derivatives up to order k. It is well-known that this is a Banach

space with the norm

[ullcr @n) =sup{|0%u(z)| |z € R",|a] <k} (C.11)

Exercises for Appendix C

C.1. Let M = B(0,1) in R™. Show that C''(M) is complete with respect to
the Ct-norm (cf. (C.4)), but not complete with respect to the norm (C.10)
with k£ = 1.



