1\D/I(é;tlhi(?.Illtr)l('n/soozog-008-021 1-x Mathematische Annalen

The local and global parts of the basic zeta coefficient
for operators on manifolds with boundary

Gerd Grubb

Received: 18 April 2007 / Revised: 30 August 2007
© Springer-Verlag 2008

Abstract  For operators on a compact manifold X with boundary 9 X, the basic zeta
coefficient Co(B, P1 1) is the regular value at s = 0 of the zeta function Tr(B PIT;),
where B = P4 + G is a pseudodifferential boundary operator (in the Boutet de
Monvel calculus)—for example the solution operator of a classical elliptic problem—
and Py r is a realization of an elliptic differential operator P;, having a ray free of
eigenvalues. Relative formulas (e.g., for the difference between the constants with
two different choices of P 7) have been known for some time and are local. We here
determine Co(B, P r) itself (with even-order Pj), showing how it is put together of
local residue-type integrals (generalizing the noncommutative residues of Wodzicki,
Guillemin, Fedosov—Golse—Leichtnam—Schrohe) and global canonical trace-type inte-
grals (generalizing the canonical trace of Kontsevich and Vishik, formed of Hadamard
finite parts). Our formula generalizes a formula shown recently by Paycha and Scott
for manifolds without boundary. It leads in particular to new definitions of noncommu-
tative residues of expressions involving log P 7. Since the complex powers of P; 7 lie
far outside the Boutet de Monvel calculus, the standard consideration of holomorphic
families is not really useful here; instead we have developed a resolvent parametric
method, where results from our calculus of parameter-dependent boundary operators
can be used.
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1 Introduction

The value of the zeta function at s = 0 plays an important role in the analysis of geo-
metric invariants of operators on manifolds. For the zeta function ¢ (Py, s) = Tr P, "
(extended meromorphically to C) defined from a classical elliptic pseudodifferential
operator (rdo) P; on a closed manifold X, having a ray free of eigenvalues, the value
at s = 0 is a fundamental ingredient in index formulas. For the generalized zeta func-
tion ¢ (A, P1,s) =Tr(A Pl_s), there is a pole at s = 0 and the regular value behind it
serves as a “regularized trace” or “weighted trace” (cf. e.g., [2,3,18,20]); it is likewise
important in index formulas.

Much is known for the case of closed manifolds: The residue of ¢ (A, Py, s) at 0
is proportional to Wodzicki’s noncommutative residue of A ([24], see also Guillemin
[15]). The regular value at O (which we call the basic zeta value) equals the Kontsevich—
Vishik [16] canonical trace in special cases, and in general there are defect formulas
for it (formulas relating two different choices of the auxiliary operator P, and for-
mulas where A is a commutator), in terms of noncommutative residues of related
expressions involving log P;. The basic zeta coefficient itself has recently been shown
by Paycha and Scott [22] to satisfy a formula with elements of canonical trace-type
integrals (finite-part integrals in the sense of Hadamard) defined from A, as well as
noncommutative residue-type integrals defined from A log P;. The finite-part inte-
gral contributions are global, in the sense that they depend on the full operator; the
residue-type contributions are local, in the sense that they depend only on the strictly
homogeneous symbols down to a certain order.

For a compact manifold X with boundary dX = X', one can investigate the ana-
logous questions. P is here replaced by a realization P; 7 of an elliptic differential
operator Py provided with a boundary condition Tu = 0 at X’ such that the resolvent
(P11 — )~ ! exists on a ray in C, say R_. A suitable framework for these operators
is the Boutet de Monvel calculus [1,5], which contains the direct operators as well as
their inverses and is closed under composition of the various operator types (acting
between bundles over X and X’). Now A is replaced by an operator B in the Boutet
de Monvel calculus, typically of the form B = Py + G, where P is a {rdo on a larger
manifold X D X, truncated to X, and G is a so-called singular Green operator (s.g.0.).
For example, B can be the operator ABl solving the Dirichlet problem for a strongly
elliptic differential operator A.

The Boutet de Monvel calculus (the calculus of pseudodifferential boundary ope-
rators, ¥ dbo’s) is a narrow calculus in the sense that it has just what it takes to include
elliptic differential boundary problems and their solution operators in an “algebra”.
It requires the y¥ydo component to satisfy the transmission condition at the boundary
(assuring that C*°(X) is mapped into C°°(X)), and is limited to rdo’s of integer
order. There exist other calculi for manifolds with boundary, such as e.g., the b- or
c-calculi of Melrose [19,20], but these calculi involve a degeneracy of the operators
at the boundary, and do not contain ABI.

One could say that the Boutet de Monvel calculus is more “noncommutative” than
the other calculi, because it contains operators that do not have the property (typical
of pseudodifferential calculi) that the commutator of two scalar operators A1 and A;
of orders m resp. m, is of lower order than m| + m,.
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Basic zeta coefficient

The celebrated method for determining spectral invariants such as noncommutative
residues and weighted traces, in the case of operators on closed manifolds, or operators
with a degeneracy at the boundary, has been to study holomorphic families, i.e., families
of operators depending holomorphically on their order z € C [2,15,16,20,22,24].
This does not work in the Boutet de Monvel calculus, simply because the transmission
condition in its strict form allows integer orders only. Instead, we have had to establish
an alternative method: the resolvent parametric method.

The most frequently used holomorphic family is the family of powers; in the present
case it would be B Pl_,;. It can be defined by Cauchy integrals from the resolvent

parametric family B(Py.7 —A)~', and the invariants related to the holomorphic family
BP[} match certain invariants associated with the family B(P),r — A)~L In our
method, we can bypass the detailed analysis of the family Pl_’; and carry out all the
work on B(Py, 7 — 1)~ ! and its iterates B(Pi. 7 — 1)~V the only other operator we
do have to involve is log P; 7. A detailed study of this operator is worked out in [10],
joint with Gaarde. (In the holomorphic calculi, the log-operator comes into the picture
when z-differentiation is performed; the reasons for its appearance in the resolvent
considerations are more subtle, connected with homogeneity properties of symbols).

Previous results on noncommutative residues and zeta values for pseudodifferential
boundary operators are as follows: The noncommutative residue res(B) was introduced
by Fedosov et al. [4] as a sum of integrals of symbol terms of order “minus the
dimension”. The zeta function £ (B, Py T, s) was defined as the meromorphic extension
of Tr(B Pl_}) to C by Grubb and Schrohe [11] (under restrictive hypotheses on P; 1),
and the residue at s = 0 identified with res B. “Weighted trace” properties (defect
formulas) for the regular value at zero (with Plf; replaced by its ¥rdo part) were
established in [8, 12], including the fact that the value modulo local terms is a finite-
part integral defined from B.

In the present paper we shall derive an explicit formula for the regular value
Co(B, P1,r) itself, with ingredients of the form of finite-part integrals (canonical
trace-type terms) as well as residue-type integrals involving log Pj 7. The formula
generalizes that of [22], but has several more terms due to the presence of the boun-
dary.

The study leads to the introduction of a number of new noncommutative residue
formulas, generalizing those of [4,15,24]. In particular, we show that the new residue
definitions have a certain traciality, vanishing on (suitable) commutators.

Plan of the paper.

Section 2 explains the problem in more detail, describing the asymptotic expansion
of Tr B(P1, 7 — A)_N , and the decomposition of the relevant coefficient in five terms
(where B = Py + G and (P11 — = Oy++Gy)

Co(B, P1,7) = lo((PQ3)4) — lo(L(P, Q) +10(GO). +)
+o(PyGy) +1h(GGy). (1.1)

Section 3 establishes two general theorems describing the “positive regularity” method
initiated in [8] (based on [5]), and applies them to complete the proofs of the needed
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asymptotic trace expansions. In Sect. 4, the nonlocal term [o((P Q,)+) is found by a
method for closed manifolds originating from [9], and the local term lo (L (P, Q5)) is
determined by use of Sect. 3 combined with a precise analysis. Section 5 treats the
difficult nonlocal term lo (G Q) +), for which a new method involving Laguerre expan-
sions is introduced. Section 6 shows the residual nature of ly(P+G;) and lo(GG)).
In Sect. 7, we collect the results in a theorem exhibiting the ingredients of canonical
trace-type and residue-type, extended from the case where P is of order 2 to general
even-order cases. Here we moreover establish some new defect formulas, relating two
different choices of Pj, or two different choices of branch cut of the logarithm, and
show the vanishing of the residues on certain commutators.

2 Presentation of the problem and notation

Consider a compact n-dimensional C* manifold X with boundary dX = X’, and a
hermitian C*° M-dimensional vector bundle E over X.Let B = P, +G be an operator
of order o belonging to the calculus of Boutet de Monvel [1], acting on sections of
E. Here P is a classical pseudodifferential operator, given on a larger boundaryless
n-dimensional manifold X in which X is smoothly imbedded, and acting in a bundle E
extending E. P satisfies the transmission condition at d X, assuring that the truncation
Py = rtPe" preserves C*°(X) (here r* restricts to X° and e* extends by zero
on X\X°). G is a singular Green operator (s.g.0.) of class 0 with polyhomogeneous
symbol. (More details on the calculus can be found e.g., in Boutet de Monvel [1] and
Grubb [5]). When P # 0, we must assume o € Z because of the requirements of the
transmission condition; when P = 0, all o € R are allowed.

Along with B we consider an auxiliary elliptic differential system { P1, T} where P
is an elliptic differential operator of orderm > Qactingin E, and 7 is adifferential trace
operator, defining the realization Py 7 in L (X, E); its domain D(Pj 1) consists of the
sections u in the Sobolev space H” (X, E) with Tu = 0. Here we assume that, in local
coordinates, the principal symbol p(l) (x, £) has no eigenvalues on R_, and the principal
boundary symbol operator {p(l)(x/, 0,&,D,) — A, 1%, €, D,)} is bijective for A €
R_. Then (p¥(x, &) — »)~! and the inverse of {p¥(x’,0,&', D,) — A, t°(x', &', D,)}
are defined for A in a sector V around R_, for all x, all £" with |§'| + |A| # 0. It can
be assumed that X is compact (cf. e.g., [6, Proof of Theorem 7.4]). The resolvent is

R, = Pir —N)"'= 01+ G, where

- 2.1
0, =P —1») 'onX. @D

These operators are defined except for X in a discrete subset of C; in particular they
exist for large X in the sector V. We can assume that no eigenvalues lie on R_ (by a
rotation if necessary), so that R_ is a so-called spectral cut.

The composed operator BR), is trace-class when m > o + n, and we are interested
in the expansion of its trace in powers of A (with logarithmic factors). If one does not
want to assume that P; has a high order, one can instead work with Nth powers of the
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resolvent. Here we write

8NI

N
Riv = (N 1),R)\ = QA++G( ), with 22

N— N—
N N N 9,
0, = Q)4 = iy Qure G = = 1>'Gk

For certain calculations, it is convenient to take P; of order m = 2, considering
Tr(BR)’LV) for N so large that BR;\V is trace-class, namely N > (o + n)/2.

The point of departure for the analysis of Laurent coefficients of ¢ (B, P;.7, s) is
the existence of trace expansions for . — oo onraysin V, with § > 0:

TI'(BR){V) — Z (N)( )\')n+o i_N
0<j<n+o

+@M log(—1) + aM”

0N orNE), (2.3)

when N > (o 4 n)/m. The expansion (2.3) was established by Grubb and Schrohe
in [11] when m = 2, P is principally scalar near X’ and T defines the Dirichlet
condition. (In fact, a full expansion with powers of —A going to —oo was shown there,
but we shall not need the lower order terms in the present paper.) We shall show that
it holds for general second-order realizations P; r with a spectral cut (Corollary 3.7).
For m > n + o, the expansion with N = 1 was partially established in [8], namely
with R, replaced by its yrdo part Q; 4

-1

Tr(B Q)h_;’_) = Z ¢ (_)\‘) n+§1_!'

0<j<n+o
+(chlog(—=A) + (=2 + 007179, (2.4)

and we shall show the supplementing result for the s.g.o.-part further below in Sect. 3
(Corollary 3.5). The expansion (2.4) (as well as expansions with Q; 4 replaced by
(in)+), has an interest in itself.

The coefficients of (—A) ™" are particularly interesting. In Eq. (2.3), one has for all
N > (o0 +n)/m:

} (2.5)

ag  =ag, ay; = ay — anay, withay = 21<]<N
where a(, and a( are constants independent of N. A brief explanation of why ay
enters is that it comes from derivatives of the log-term when N is increased (cf. (2.2));
a detailed account is given in [9, Lemma 2.1]. It is the coefficient ag that we are
searching for in particular.
The main efforts are made in the case where Pj is of order 2; the results are then
extended to general cases of even m in Sect. 7.
We do not here give a complete treatment of cases where m is odd. Some results for
such cases are included without extra effort (e.g., those in Sect. 6), for other aspects
we only give partial results; some indications of what may be done in the first-order
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case are given in Remark 3.8 below. (Some difficulties are connected with the fact that
the classical part of log P; does not satisfy the transmission condition when m is odd).
To explain the connection with zeta functions, note that the resolvents can be used
to define complex powers P on X and Pl_} on X, by Cauchy integral formulas such
as
Pry=o [ 27 (PLr — 07 da, (2.6)
C
where C is a curve in C\K_ encircling the nonzero spectrum of P 7 in the positive
direction (e.g., a Laurent loop around R.). By the transition formulas accounted for
e.g., in [14], the above resolvent trace expansions imply that the zeta functions

¢(B, Pir,s) =Te(BP 7)., ¢(B,Pi,s)=Tr(B(P;’)4), 2.7

holomorphic for Res > (o + n)/m, extend meromorphically to Res > —4§, with
simple poles at the real points (o +n — j)/m and in particular a Laurent expansion
ats =0:

¢(B, Pir,s) = C_1(B, Pr.r)s ' +[Co(B, P1.1) — Tr(BITo(P1.7))1s° + O(s),
¢(B, Piy,s) = C_1(B, P.+)s ' +[Co(B, P1.+) — Tr(BITo(P1))1s® + O(s),
(2.8)

where ITo(Py) resp. ITo(Py,7) is the generalized eigenprojection for the zero eigen-
value of P; resp. Py r. Here, in relation to (2.3), (2.4) with (2.5),

C_1(B, Prr)=ay=al", C_i(B, P1y)=cp, (2.9)
Co(B, Pi7) = af = a™" +aya), Co(B, P11)=c|. (2.10)

The Iy-terms enter only in the zeta-expansions (2.8), not in the resolvent expansions
(2.3) and (2.4); they stem from the fact that O is excluded from the contour integration
(2.6).

It is known from [11] for (2.3) with m = 2, from [8] for (2.4), and will follow
easily for general cases from the proofs given below, that

C_1(B.Pi.1)=C_i(B, P y) = ;. res B, (2.11)

where res B = res(Py + G) is the noncommutative residue; the linear functional
defined by Fedosov et al. [4]:

res(Py) = / / trp_,(x,&)dSE), resG =resy (tr, G)

X |&]=1

(expressed in local coordinates). Here resy’ is the Wodzicki residue of the irdo tr, G
over X’ (the normal trace of G, see (3.2) below). The indication tr means fiber trace,

@ Springer



Basic zeta coefficient

d¢& stands for 2m) " d&, and dS(&) is (2m)™" times the usual surface measure.
This coefficient is completely independent of P; or 7', and is local. It is zero when
oc+n¢N={0,1,2,...}.

We shall focus the attention on the coefficient Co(B, Py 1), called the basic zeta
coefficient, as well as its variant Co(B, P; 4), and we search for explicit formulas for
these constants.

In the papers [8,12] we have studied the trace defect Co(B, P1,+) — Co(B, P2 4),
which compares the coefficients for two different auxiliary operators P; and Ps. It
was shown to be local in [12]. Moreover, [8] showed that it can be expressed as a
noncommutative residue in the sense of [4]:

Co(B, P1.y) — Co(B, Py.y) = —- res(B(log Py — log P2) ), (2.12)

when m is even. In [8], m > o + n or m = 2; general values of m are covered
by Theorem 3.6 below. When m is odd, the residue definition of [4] is not directly
applicable, but there is a more complicated residue-like interpretation of the right-hand
side in (2.12).

The operator log P; can be defined (on smooth functions) by a Cauchy integral and
approximation:

log P :;i\r‘%%/)ﬁs logA (P — 1)~ 'da, (2.13)
C

where C is a curve in C\R_ encircling the nonzero spectrum of P;. Its symbol in local
coordinates is of the form

symb(log P;) = mlog[&] + [(x, &), with[(x, &) classical of order 0,
[E]is a C*™ function > % with [£] = |&] for |€] > 1, (2.14)

cf. e.g., Okikiolu [21], and I (x, &) satisfies the transmission condition when m is even
(details in [10, Lemma 2.1]).

In the present paper, we shall prove a formula for Co(B, P; 4 ) itself, showing how
it is, in local coordinates, the sum of a finite-part integral (in the sense of Hadamard)
defined from B and a residue-type integral defined from B(log P;), suitably inter-
preted. The value modulo local terms was found in [12]; the present description is
much more precise. Moreover, we shall extend the description to Co(B, P 7).

Our result is a generalization of, and is inspired from, the recent result of Paycha
and Scott [22] on Laurent coefficients in the boundaryless case, further analyzed in
our note [9]. They showed the following:

Let A and P; be classical pseudodifferential operators of order o € Rresp.m € R4
on a compact n-dimensional manifold X without boundary, P; being elliptic with R_
as a spectral cut. Then all the coefficients in the Laurent expansions of the generalized
zeta function (A, Py, s) = Tr(AP; ") around the poles can be expressed as com-
binations of finite-part integrals and residue-type integrals of associated logarithmic
symbols. Denote (similarly to (2.8)) the Laurent coefficient of 50 at zero (the regu-
lar value at zero) by Co(A, P1) — Tr(AIly(Py)), where I1o(P;) is the generalized
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zero-eigenprojection of Py. Then Co(A, Pp) satisfies

Co(A, Py) :/(TRX(A)— Lres, o(Alog Py)) dx. (2.15)
X

Here the function TR, (A) — % resy 0(A log Py) is defined in a local coordinate system
by:

TR, (A) =][tra(x,§)d’$, (2.16)

resy 0(Alog P1) = / trr_, 0(x,8)dSé). 2.17)
[E1=1

For (2.16), the expression ftra(x, &)d¢ is defined for each x as a Hadamard
finite-part integral, namely as the constant term in the asymptotic expansion of
fIEISR tra(x, £) d€ in powers Rt~ (j € N), R® and log R (cf. Lesch [17], see
also [12, (3.12)ff.]). The notation TR, is inspired from the notation of [16]; in fact,
as pointed out in [17], TR, A integrates in suitable cases to the canonical trace TR A
(see also [7]).

For (2.17), the symbol of R = Alog P; is denoted r(x, §); it is log-polyhomo-
geneous of the form (cf. (2.14))

r(x,E) ~ D (re—j0(x, &) + 701 (x, £) logl€]), (2.18)

jeN

where each r,_;; is homogeneous in & of degree o — j for [§] > 1. So r_, ¢ is the
log-free term of order —n (taken equal to O when o +n ¢ N).

We find it interesting that the two “competing” trace functionals res and TR both
enter here, in localized versions (only the collected expression (TR,(A) —
% resy,0(Alog P1))dx has an invariant meaning as a density on X ). Note that
resy,0(A log Py) is local (depends on homogeneous symbols down to order —n), whe-
reas TR, (A) is global (depends on the full structure).

The formula was shown in [22] by use of holomorphic families of yrdo’s (depending
holomorphically on their complex order z). We showed in [9] how the formula could
be derived by methods relying directly on the knowledge of the resolvent (P; — )™,
as a preparation for the present generalization to manifolds with boundary.

Like [22], we shall use the notation

resy(Q) = / trg—n(x,§)dsS§), (2.19)
[El1=1
when Q is aclassical {do on X with symbol g (x, &) inlocal coordinates. Here >Tesy Q)

has a meaning only in local coordinates, but the integral of res, (Q) over X can be
given an invariant meaning as the Wodzicki noncommutative residue res Q.
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Remark 2.1 In view of (2.14), we can in local coordinates define (log P1)c =
OP(l(x, &)) as “the classical part of log P;”. Then, as is easily checked from the
composition rules,

resy 0(Alog P1) = resy(A(log P1)c1), (2.20)

when we use the notation (2.19). But this generally has a meaning only in local
coordinates.

Our goal is to generalize (2.15) to a characterization of Co(B, P; 1), via a study of
aN—1
the coefficient of (—A) ™" in the trace expansion of BR/]\V = (f\,‘T]), BR;.. The operator
breaks up in five terms:

BR; = (P4 + G)(Qy,+ + Gy)

= P05 ++GOs+ + (Pr +G)Gy,

=(PO))+—L(P,00)+ GO+ + PrGy+ GGy, (2.21)
BRY = (POY), —L(P,O))+GOoY  + P GV + GGV, (.22

where we use the notation (2.2), and the notation L(P, P’) for the “leftover term” in the
truncation of a product: L(P, P’) = (P P’); — P4 P} (more on this in (4.17)ff.). The
part B in, " (the first three terms in (2.22)) has been studied in [11,12] and later [8],
the last paper giving the trace defect formula (2.12). For this part, the strategy will be:

1. Find Co(B, P1 4) for one particularly manageable choice of P;.
2. Extend to more general P> by combination with the trace defect formula (2.12).

This program is carried out in Sects. 4 and 5.

The part B G;N) (the last two terms in (2.22)) has been treated under special assump-
tions and with only qualitative results in [11,12]. An exact trace defect formula was
not shown, so we would need to find this. In fact, we shall aim directly for a precise
description of the coefficient in question (from which a defect formula follows), since
this can be done with the methods established in [8]. The coefficient is local—as shown
under restrictive hypotheses in [11]. Part of the study is carried out in Sect. 3, showing
the existence of an expansion with a qualitative description of the coefficients, and the
connection with our main problem is worked out in Sect. 6.

It will be practical to introduce a general notation for the relevant coefficient in
various trace expansions (cf. (2.5)).

Definition 2.2 Let M, be an operator family defined for large X in a sector V of C,
N—1
with M, y = %M » defined there for all positive integers N. If the M, x for all

N > Ny have trace expansions of the form

nt+o—j N
Tr M) ny = E an,j (—A)" 2
0<j<n+o

+(aplog(—1) +af —anap) (=N + oV, (2.23)
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some § > 0, for A — 00 on rays in V, with ¢, and g; independent of N, ay =
2<j<N %, we define
lo(M;) = af. (2.24)

The main result is the following theorem with P; of even order m, whose ingredients
will be explained in the next sections:

Theorem 2.3 The basic zeta coefficient Co(B, P1,1) is a sum of terms, calculated in
local coordinates:

Co(B, P1.7) = / [TR, P — Lres, o(Plog P)] dx + L res L(P, log Py)

X
+ / [TRy try G — Lresy otr],(G(log P)4)] dx’
X/
—% res (P+G11°g) — % res (GGllog) . (2.25)

Here Cy(B, Py ) is the sum of the first three terms.

The five terms are found as the coefficient [y in trace expansions of the five terms in
(2.22), as written in (1.1). The residues appearing in (2.25) are various generalizations
of the definition of [4], and will be suitably explained in the process of deduction
of the formula. Both res L(P, log P1) and res(GGllog) are Wodzicki-type residues
over X’ of ydo’s tr,, L(P, log Py) resp. try, (GGIIOg), whereas res(P+G11°g), as well as
resy o tr), (G (log P1)+) are more delicate to define. The theorem is shown in Sect. 7,
based on the results from Sects. 4, 5 (with m = 2) and 6 (with m > 0); moreover, new
defect formulas are derived. In particular, it is proved that the new residue definition
is tracial in the sense that

res([B,log P1.7]) =0, (2.26)

when B is of order and class 0.

3 A strategy for local contributions

In this section we show the supplementary results needed to get the trace expansions
(2.3) and (2.4) in the stated generality. The terms L(P, in ), P+G§N) and GG(AN)
in (2.22) will be seen to have trace expansions (2.23) with ¢, = 0, and a(/)’ local. To
show this result, we can apply a method introduced in [8], relying on the “positive
regularity” (in the sense of [5]) of the yrdo family on X’ obtained by taking normal
traces.

We shall explain the method here, establishing the main technical points in a form
applicable to general situations, and give its application to P G;N) + GG;N) =B G(AN)
in the present section, treating L(P, in ) later in Sect. 4.

The trace expansions are derived as finite sums of trace expansions worked out
in local coordinates, where the situation is carried over to ]R’j_, with coordinates
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x’ € R"!, x, € Ry. We recall that when G is a singular Green operator on R%
of order < 1 — n and class 0 with a kernel having compact (x’, y’)-support (hence is
trace-class), then Tr Go = Trpa-1(tr, Go), where tr, indicates the normal trace. To
explain this further, recall from [5] that when G has the symbol go(x’, &', &,, n,) and
symbol-kernel

~ _ ——1
200, x, v E) = vt FOL U FL L g0 E & ),

the action of Gy is defined for u € r*S(R") by
o
Gou = / e / 20(x", X, yu, EV(E, y) dynd&'; 3.1)
Rn—1 0

here i = Fy_¢u, and r restricts to {x, > 0}. Then the normal trace tr, Gg is a
Ydo Sp on R"~" with symbol

00
so(x’, &) = (tr, go)(x", &) = /go(x’, Xns Xn, §') dxy
0
o0 + o+
= r;ryt//eixnfn*ixnnngo(x/’%./7%.n’ Nn) d&pdnydxy
0
+
Z/go(x/,E/»Sn,En)dgm (3.2)

The plus-integral stands for an extension of the usual integral (cf. e.g., [5, p. 166]),
and the last formula follows since the factor ¢!*»&» =¥ together with the integrations
in 1, and x, give rise to a backwards and a forwards Fourier transform.

We denote (1 + [£12)2 = (&), (1 + |&'2 + u2)? = (€', ;1) and use the sign <
in inequalities to indicate “< a constant times”.

The idea is to show that taking the normal trace of B GELN) ,inlocal coordinates, leads
to a A-dependent family of ¥do’s on R"~!, where a kernel expansion and a formula
for the basic coefficient can be deduced exactly as in the proof of [8, Theorem 4.5].
For the sake of general applicability, the crucial steps in that proof will be formulated
in the following two general theorems, where we outline the proofs with reference
to [8].

Theorem 3.1 Leto € R, let § €10, 1[ such that o + 6 ¢ Z, let m and N be positive
integers, and let S)(LN) = OP(sM(x', &', 1)) be a family of Yydo’s on R"~! depending
holomorphically on A in a keyhole region V' = V U {0 < |A| < r}, V being a
sector around R_, of order 0 — mN and regularity o — § in terms of | on each ray
A= —u"e'? in V. Assume moreover that (—A)NS)(LN) is of order o and regularity

@ Springer



G. Grubb

o + 8, and that the symbol satisfies

3ﬁa/[5(N)(x g ) — Zng)mN ](x £ ]| < (g)oTolel= g ymmN+S

j<J

ol s ™ 82 = D sy L D] Ty

j<J
(3.3)
ontheraysin'V, forall o, B, J.
If N > (0 +n — 1)/m, the kernel on the diagonal has an expansion

KSVox = X FVeEnTET N v o (1),
O<i<o+n-—1

with 5™ (x') = / s g~ ag (3.4)
Rn—1

where the strictly homogeneous symbols 5( )m ~_; are integrable at &' = 0 for | <

o+4+n—11Ifoc +n—1¢€N, the coefficient of (—2) ™V is

5 = / s E L —1)ag. (3.5)

Rn—1

Ifo +n—1¢N, there is no term with (—1) ™V we include one trivially by setting

A COE)

ME o 5§.N) is the extension of 55.N)||§/|21

Proof The strictly homogeneous version 5
by homogeneity into {1 > || > 0}.

The expansion down to the term with [ = n — 2+ o is assured by the general theory
of [5], cf. e.g., Lemmas 3.1-5 in [8]. To include the next term, one proceeds as in the
proof of [8, (4.35)ff.], if o + n — 1 € N (with the number }‘ replaced by 6 > 0):

The estimates (3.3) imply that the symbol with ! = o + n — 1 satisfies

N —
s (0 € A)( S )TN,
(N) Nl gr g8 ~mN (3-6)
5 N—n+1 (x g A) (&, 1) "n s
and the remainder sV =) — > ﬁf,l\i)m N4 after this term satisfies
S I I
3.7

R O
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From (3.6) follows as in [5, Lemma 2.1.9] that similar estimates are valid for the
strictly homogeneous symbols:

N)h . 65— _
s E | 1T N,
(3.8)
N)h . - -5 —
5(7”31\/7”4»1()6/,5/,)\.)’ S |$/|(S n+1|(s/’ l,l/)| 5I/L mN7

S0 5(_]\2}1(/_,1“ is integrable at &’ = 0 (besides being so for |&’| — 00) when A # 0.
Then
N)h N
K (OP (5(—rr3N—n+]) ,x’,x/) ((,Jr),, L) (=07 !, with
~(N N)h 3.9
E'Jr)n 1) = / SrriNfrH»l(x/vé:/s -Dag',
Rn—1

as desired. This gives the needed extra term. The remainder estimate is obtained (like
the preceding lines) exactly as in [8, Theorem 4.5]; we shall not repeat the details. If
o +n—1 ¢ N, there is no term with (=2)~N, so only remainder estimates have to
be checked. The condition o + § ¢ Z is imposed in order to make [8, Lemma 3.2]
applicable without an e-reservation.

The coefficients found for different rays in V coincide with those for the ray R_ in
view of the holomorphy (as in [13, Lemma 2.3]). O

Theorem 3.2 Let S;N) be defined as in Theorem 3.1 (with the stated regularity
properties and estimates) for each each N = 1,2, ..., and assume moreover that

AN—-1
SN = (?\%_1)18){1)]‘01’ all N. Then for N > (o +n —1)/m,

~ h
N0 = / s (L E L —Dag

]Rnfl
=/ SOh e 1) as. (3.10)
Rnfl

Define the “log-transform” S of S)(L]) as an operator whose symbol s(x', &') for
|E'| > 1 is deduced from the symbol sV (x', &, 1) QfS)El) by

s(x' € = /logks(l)(x £ 1) dx,

¢ G.11)

Sor— ](x E)— /logkso o j(x £ N dxr
C
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(with a curve C in C\R_ encircling C\V'). It is a classical yrdo symbol of order o,
and for N > (0 +n —1)/m,

5N ) =— / Si_n(x', €'Y dS(E"), hence
|€'|=1 (312)
trgyﬁn_l ) = —% res, S.

Proof The first equality in (3.10) repeats (3.5), and the last equality follows in the way

explained in [8, Remark 3.12] from the fact that s (x, g0 = (N 1),5(1) (x', &', N).

Now consider the “log-transform”; the integrability in A is assured by the second line
in (3.3). The verification that s is a classical ¥rdo symbol of order o with homogeneous
terms s, ; goes exactly as in [8, Theorem 4.5, (4.40-4.42)ff.] (with o + o' replaced
by o, %{ replaced by 8); we shall spare a repetition of details. The first formula in (3.12)
represents the fact that

/sﬂ,ﬁl’lnﬂ(x’,g’,—l)ag’:_% / #/1og)\59,11’1n+1(x’,g’,x)dm‘S(s’),
Rr-1 [§'1=1 c

where the log-integral is turned into an integral along R_ and the homogeneity is used
in the application of polar coordinates, by [8, Lemmas 1.2 and 1.3] in dimension n — 1.
Taking the fiber trace, we get the second formula in (3.12) by definition, using (2.19)
in dimension n — 1. O

We shall now see how these theorems apply to show that BG(N) has a trace expan-
sion (2.23) with “0 = 0 and a " equal to a residue. In [11] the spemal case where G,
is defined from a principally scalar Laplacian with Dirichlet condition was studied
(giving a full expansion in log-powers of orders going to —oo); we now allow more
general { P, T} and just show the expansion down to and including the crucial term
with (=A)~N

The order of P; is here a positive integer m. B is of the form B = P, + G, of order
o and with G of class 0; here 0 € Z when P # 0, and o can be any real number when
P =0.

In order to apply Theorems 3.1 and 3.2 we shall show that G, can be rewritten
in a form that shows a better fall-off in A, at the cost of augmenting the order of the
operator.

N7
Lemma 3.3 (1) The s.g.o. G, and its derivatives G(N) (jav 1 G, may be written
in the form
G, = )»_lPl Gy,

where G;N)/, described in the proof below, is a singular Green operator of order —m,
class 0 and regularity +oo.
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(2) For each N > 1, the s.g.o. BG(N) (P + G)G( ) has order o — mN, class

0 and regularity o. Moreover, it can be written as
BG"Y) = (—n)"VBP G, (3.14)

where B P GgN)/ has order o, class 0 and regularity o + %
(3) In local coordinates, the normal trace

N-1
UM =, (BG") = =ttt (3.15)

is a Ydo family on R"~' of order o — mN and regularity o — %. It can also be written
as
UM = oMU UM =, (BPGMY, (3.16)

where UX(N)/ has order o and regularity o + %.
(4) The symbol u™) (x' | €', 1) of u, ) , with the expansion in (quasi-) homogeneous
terms uN (x', &', 1) ~ ZJGN u((TN)mN J(x £, L) (the uM being homogeneous of

m ,i6

degree r in (&', ) on each ray . = —u™e'?, u > 0), satisfies:

. S P 1
08 [uW g =D ul) L || £ )
i j=<J i

. 1y
o0 | u Mg, =D w8 || 2 @
j<J

(3.17)
ontheraysinV, forall o, B, J.

Proof We start by noting that, since P; is a differential operator,

0 +2' =0+ 2P -0, =27'PQ; on X,
Ri+2"' =R 427" (Pl = MRy =1""P1(Qs.+ + Gy)
=2 (PIQ)s + PGyl = sy + 27 +2171P G, on X, (3.18)

which implies the first formula in (3.13). For the second formula, we calculate:

N—1
N P N—j
G = P0G = P (-7 TGN
j=0
N—1
_ 11— N—j
=(0VP Y Py =2y — PN G
Jj=0

N—1 N-1-j
_ —1—j— N—j
=0VP D e D Pl =N TIRGN T (39)
=0 k=0
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here the sums over j and k define an s.g.o. G&N)/ of order —m, class 0 and regularity
+00.

For (2) we use the rules in [5, Proposition 2.3.14], which give that P, and G have
order and regularity o, whereas P, P; + = (P P1)+ — L(P, Pp) has order o +m with
(P Py)+ of regularity o +m, L(P, Pp) an s.g.o0. of class m and hence regularity o + %,
and likewise G Py 4 of order o + m and class m and hence regularity o + % The

compositions with G(AN) resp. GRN)/ inherit these regularities by the rules in [5, Sect.
2.7].

For (3), there is a loss of % in the regularity when the general rule of [8, Lemma
3.4] is applied.

The information in (4) follows from the definition of the class of symbols of the
stated regularity, when ¢ < 0. When o > 0, the regularity information itself gives
weaker estimates when o —|a|—J > 0. Buthere we can use the device introduced in the
proof of [8, Proposition 4.3]: Compose Z/{;N) to the left with A2 A7¢, A = OP({§')),
with o > o + 1. Taking A~¢ together with B one finds that A’%{A(N) satisfies the
regularity statements with o replaced by o — o, hence the estimates with the same
replacement, and the desired estimates follow after composition with A€. O

Theorems 3.1 and 3.2 apply straightforwardly to the symbols described in this
lemma:

Theorem 3.4 Let Z/{A(N) be as in Lemma 3.3. When N > (0 +n — 1)/m, the kernel of

UA(N) on the diagonal has an expansion

K (Z/{)EN),x/’x’) — Z ﬁl(N)(x/)(_)\‘)n-#n’;l—l_N +0 (A‘—N—ﬁ(-&-g)) ’
0<il<o+n—1
(3.20)
where (+¢) indicates the addition of an ¢ > 0 if o + % € 7 (no addition otherwise).

The coefficient of (—1)™N is

- h
W00 = [ s - ay
Rn—l
- / W g 1y ag (3.21)
R}l*l
ifo+n—-1eNzeroifo+n—-1¢N.

The “log-transform” U, defined as an operator with symbol u(x’, ") deduced for
|&'] = 1 from the symbol uD (x', €', 1) of U\" by
ux', &) = %/logku(l)(x’, £, N dx,

¢ (3.22)

i 1
U ) = £ / logau”, _(x". €. 1) dx
C
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(and extended smoothly for |&'| < 1), is a classical ydo of order o such that the
coefficient of(—)\)_N in (3.20) satisfies:

iV ) =-1 / ui (' EYSE),
. (3.23)

~(N)
tr ua+n—l

xh = —n% res, U;
here u1—_, is defined as zero ifo +n —1 ¢ N.

Proof When o € Z (which must hold if P # 0), we apply Theorems 3.1 and 3.2 with
s = }‘. When o ¢ 7Z, we apply the theorems with § = 4—{ ifo + }1 ¢ 7,8 < % if
o+ }‘ € Z. O

Integrating over the local coordinate patches and carrying the pieces back to the
manifold, we find:

Corollary 3.5 When N > (o +n — 1)/m, Tr(B G;N)) has an expansion

T(B6M) = X @V o (V) 24

0<il<o+n—1

(with (4+¢€) understood as in Theorem 3.4), where the coefficient of (—1)™N is

o+n—1
b ¢ X’

ﬁg]\_?n_l = /trﬁ(N) xdx' = —%/resx/ Udx' = —% resU,

ifo +n — 1 €N, zero otherwise. The expansion may also be written as:

TBGM = Y pV T Y roa N mte), (2s)
1<j<o+n
with bgi)n = —nl1 res U; in other words,
I0(BG)) = — L resU. (3.26)

Proof We use here that GELN) cut down to interior coordinate patches is of order —oo
and rapidly decreasing in A, so that such coordinate patches contribute only to the
remainder in (3.24). The alternative formulation in (3.25) is obtained by denoting
[ + 1 = j and relabeling ﬁl(N) = b[(fl) . O

In the case where m > o + n, this result can simply be added to (2.4), implying
the validity of (2.3) with N = 1 in this case.

We also want to establish (2.3) for general N, m = 2, which requires proving a
version of [8, Theorem 3.6] where B(Q1 , — Q2.1)+ for auxiliary operators of order
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m > o + n is replaced by B(Q{\f N Qé\f ,)+ for auxiliary operators of order 2. This
can be done with the same methods as used for [8, Theorems 3.6, 3.10], and could
also be done more mechanically with the technology of Sect. 5 there. Since there are
no new difficulties in this, the explanation will be brief. Without extra effort, we can
let the auxiliary differential operators have an arbitrary positive order m.

Theorem 3.6 Let Py and P, be auxiliary elliptic differential operators on X of
order m > 0 with no eigenvalues on R_, let Q; ), = (P — M7Y and consider
B(Qi\{k - Qé\f)\)+ on X, decomposed in its W do part and s.g.o. part

B (o, - Qév,k)+ = (PQ&’V))+ +G™, where Q™ = oV, — 0%,. (3.27)

For N > (0 4+ n)/m, the {¥rdo part and s.g.o. parts have trace expansions

Tr (PQ§N)) _ Z C;N) (_}L)IHI;::]'_N_‘_O(A—N—ﬁ(+8))’
+

0<j<n+o

TrgW) = z d,(-N) N ) (A—N—ﬁ&a)) ’

1<j<n+o

(3.28)

with (+¢€) understood as in Theorem 3.4. Here the coefficients of (—1)™N are zero if
o +n ¢ N, and otherwise, in terms of local coordinates,

M =1 / res, (P(log P| — log P»)) dx, (3.29)
X

aly) = -1 / resy Sdx', with § = - / logh tr,(G\ ) dx.  (3.30)
X' C

If m is even, (2.12) holds with the residue defined in [4].

Proof The do part is dealt with by methods as in [8, Sect. 2]. The crucial fact is
that the symbol of Q&N), as a difference between two iterated resolvent symbols, has
homogeneous terms that are rational functions of (&, 1) with a one step better fall-off
in A than the individual symbols of the iterated resolvents Qﬁlw as in [8, Proposition
2.1] (it is only the leading term that needs some thought). For the composition with P
this implies that there is a strictly homogeneous symbol, integrable at £ = 0, which
produces the term with (—A)~N in the first line of (3.28). Then a reformulation in
polar coordinates, plus a comparison with log-formulas as in the proof of [8, Theorem
2.2], lead to a diagonal kernel expansion that integrates over X to give (3.28) with
(3.29).

For the s.g.o. term, if o € Z, the symbolic properties of Q;N) are used as in
[8, Theorem 3.6] to see that there is a strictly homogeneous term in the symbol of
try, giN), integrable at & = 0, that produces the term with (—A)_N in the second line
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of (3.28). It is interpreted as in [8, Theorem 3.10, Remark 3.12] to give (3.30). If
o ¢ 7, there is no such term, only the remainder.
When m is even, log P; — log P, has the transmission property, and

G' = —L(P,log P| —log P,) + G(log Py —log P>)+
is a singular Green operator in the calculus. It is seen as in the proof of [8, Theorem

3.6] that res,s S = res, tr, G’ (in the relevant term, the log-integration can be moved
outside try,). Then indeed,

Co(B, P1.4) — Co(B, Pr 1) = — - res(P(log P1 — log Py))4 — L resys S
—Lres(B(log Py —log P2)4). (3.31)

O

As remarked earlier, the interpretation in [8, Theorem 3.6] of the trace defect as a
residue in the sense of [4] holds only when m is even; otherwise it can be regarded as
a residue defined in a more general sense. We note in passing that there is a misprint
in the statement of the theorem there; o — i should be replaced by o + zlt in line 6 of
p. 1691.

Corollary 3.7 (1) The expansion (2.3) holds with N = 1 for general systems { Py, T'}
of orderm > o + n.

(2) For general second-order elliptic operators Py, the operator family B Qﬁx | has
trace expansions (2.23) when N > (o +n)/2.

(3) The expansion (2.3) holds for general systems { Py, T} of order 2, with N >
(o +n)/2.

Proof For (1) we have already observed that it follows by adding the result of Corollary
3.5withm >0 +n, N =1,to (2.4).

For (2), we consider a general operator P together with a special choice P as in
[11]; then the result from there on the expansion of Tr(B (P, — A);N ) taken together
with Theorem 3.6 on Tr(B((P; — )L)J_FN — (P, — )»)J_FN )) implies the statement.

Now (2.3) is obtained for a general second-order realization Pj 7 by combination
with Corollary 3.5 form =2, N > (o +n)/2. O

There is more information on the case of general even m in Sect. 7.

Remark 3.8 For auxiliary operators P of order 1, Theorems 3.4-3.6 are valid. Results
as in Corollary 3.7 can also be shown, under slightly restrictive circumstances:

Assume that Py can be chosen skew-selfadjoint of order 1, acting in the bundle E
over X. Then we can use the trick (found e.g., in [13]) of introducing a “doubled”
operator (also skew-selfadjoint)

(0 P
P = (Pl 0) , (3.32)
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whose resolvent is

N X0 R 10
P1—=10"" = (PI(P12 — a2t )»(Plz ) (3.33)
for A € C\iR. Define also
B 0
B = (o B), (3.34)

then if B is of so low order that the trace exists (6 +n < 1),
Tr(B(Py — 1)1 = 24 Tr(B(PE — 2H3h.

Since P12 is selfadjoint negative, the right-hand side has an expansion in powers of
A on suitable rays, by the preceding results. For the left-hand side, this gives a trace
expansion for one special case of a first-order operator. Thanks to Theorem 3.6, we can
then also get expansions for Tr(B(P’ — k)jrl) for other choices of first-order operators

P’. Take e.g.,
’_ Py 0
P = (0 Pl)’ (3.35)

then
Tr(B(P' — 01" = 2 Tr(B(Py — W)3h,

from which we obtain an expansion of Tr(B(P; — )L)jrl) as in (2.3), on suitable rays.
Now Theorem 3.6 can be used again, to allow other first-order elliptic operators P, in
the place of P;.

N-1
If B is not of low order, one must work with derivatives % of Tr(B(P; — )\)J_rl)

to get the result, which gives more complicated calculations.

Thanks to Corollary 3.5, the analysis extends to cases where (P — )L):Ll is replaced
by (P27 — A)_l, where P, is provided with an elliptic differential boundary condition
Tu=0.

Let us remark that not all first-order elliptic operators have elliptic differential
boundary conditions. For Dirac operators there are in any case the pseudodifferential
Atiyah—Patodi—Singer boundary conditions (and their generalizations), but the present
set-up would not include them; this requires different efforts (cf. e.g., [6]), since the
singular Green part G then has low regularity. (There is much other current literature
on that subject, also from the author’s side, but we shall not lengthen the reference list
with this).

Having established (2.3) for general N, m = 2, we go on to the detailed analysis
of Co(B, P1,r), treating the contributions from the five terms in (2.22) one by one.

@ Springer



Basic zeta coefficient

4 The constant coming from P, Q) .; localization

We now begin the analysis of the contributions to ag = Co(B, Py,r). For the contri-
butions from BQY | = Py Q) + GQJ , in (2.22) (which together give the term
Co(B, P1,4)), it is an advantage to start with a very simple case where P is similar
to the Laplacian.

As in [9], we make a reduction to local coordinates and choose P; with essentially
constant coefficients there. This goes as follows: X is covered by a system of open
subsets Uj, j =1, ..., J, of X, with trivializations @; : E|Uj - V; x cM M =
dim E) and base maps «; : U; — V;, with V; bounded in R". Now {/;}1<;<y is an
associated partition of unity (with v; € C5°(U;)), and ¢; € C5°(U;) with ¢; =1
on supp ¥ ;. Then

B= X yiB= > ¥jBpi+ D, ¥;BU—g),

l=j=<J l=j=<J l<j=<J

where the last sum is of order —oo; for this part it is well-known that Co(y; B(1 —
@;), P1,4) = Tr(y; B(1 — ¢;)). So it remains to treat each of the terms v; By;.

For the present case of a manifold with boundary we can assume that, say, the sets
with j =1, ..., Jy intersect 0 X and the remaining sets with j = Jo + 1, ..., J have
closures lying in the interior of X, and we can for j < Jy take the V; of the form
Wix1—c,c[, W; C R""! such that W; = «;(U; N 3X).

For j > Jo, ¥jBej = ¥;j(P + R;)e; with R; a ¥rdo of order —oo (since 8.g.0.5
are smoothing on the interior of X), so these terms are essentially covered by the
analysis in [9], and by the account we give for the ydo part below. Therefore we can
restrict the attention to one of the terms with j < Jy, say, {; By;.

As noted in [9], one can assume that X is already covered by Ui, Ua, ...,Uy
with Um compact in Uy, ¥ and ¢ supported in Ujg, and introduce U]’ = U,
U} =U; \U 1o for j > 2, as a new cover of X with associated partition of unity w}
and functions go} € C(‘)’O(U}) equal to 1 on supp w}, 1 < j < J. This allows us to
choose

Puu= > @il(=A)Iy((Wu) o @F o @7, @.1)
I<j=<J

as the auxiliary elliptic operator, such that when ¥ Bg; is carried over to B in the
coordinate system Vi, ¥ Bo; (P — k)’l is carried over to B(—A — My + Ry
in Vi, where R, is of order —oo with a trace that is O (A~ /), any N’ (with similar
properties of A-derivatives). I stands for the M x M identity matrix, not mentioned
explicitly in the following (cf. [9] for more details).

This reduces the problem to a calculation of the trace expansion of operators of
the form B(—A — 1)~ on R’ , where we can work out the kernel explicitly. (In
[9], 1 — A was used rather than — A, since log(l — A) makes sense on R”, but the
lack of homogeneity is a disadvantage when we calculate more complicated boundary
contributions; instead we shall modify the symbol near O when needed).
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After the reduction, we again write B as P+ + G, with symbols p(x, &) resp.
g(x', &', &,, n,), functions on R,

In the rest of the present section we consider the contributions from P Q; 4+ and
its iterated versions; recall that the order o of P is an integer. The operator P in’ n
is written as a sum of two terms

N—-1
a)»

PyQY = (PO — L(P, 0)) = G=ml(PQi)+ — L(P, Q)],  (4.2)

that are treated in different ways. The first term is the truncation to R’ of the rdo
P in on R”, whereas the second term, the “leftover term”, is a composition of s.g.0.s;
see (4.17)ff. later. We see in the following that for the first term one can use the method
of [9], for the second term that of Sect. 3.

For the first term, the pointwise calculations are essentially as in [9], relative to the
closed manifold X, and we get the contribution to the basic zeta value as the integral
over X of the pointwise contribution (pulled back from local coordinates). A short
explanation will now be given.

Proposition 4.1 When N > (o + n)/2, the kernel of PQ)LN on the diagonal {x = y}
has an expansion:

otn—j
KPQY.x.x)= D (=0 7 Nej
0<j<o+n
BN_I

+ (=0 og(=A)cp )+ (=0 o1+ 0 (AN F)

o+n—j

= > =07 N+ (=0 N log(—1)eh(x)
0<j<o+n
F=) V(@) — anch () + O (,\—N—%“) , (4.3)

any ¢ > 0, for . — oo on rays in C\R.. Here ay = lekd\, %, and

cj(x) =/pf;_,-(x,5)(|s|2 + 1)V ag,

Rn

4.4)
cox) = % / p-n(x,6)dSE), cx) Z][p(x,é)dé;
lgi=1
then (cf. (2.16), (2.19))
treg(x) = Sresy P, tref(x) = TR, P. 4.5)

Proof This is a purely pseudodifferential situation, and the proof goes as in [9], except
that we must in addition account for the effect of the A-derivative. Using the expansion
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p~ ZjeN Po—j(x, &) in terms p,_;(x, §) homogeneous of degree 0 — j in & for
|&] > 1, we write

P E) = D poj(r, &)+ pn(x,E) + pen(x, §).
0<j<o+n

The finite-part integral f p(x, &) dé& is defined as recalled above after (2.16). Here
(cf.e.g., [7,(1.18)])

][pgf,«x,ws = / (Po—j(x.&) — pl_;(x. &) &, foro — j > —n,
[§1=1

][p—n(x,é)déf: / p-n(x,8)d§, (4.6)
lEI<1

Fretroras = [ piwode.
Rn
where pg_ ; denotes the strictly homogeneous version of ps_; (the extension of
Po—jligj=1 nto {1 > |§] > O} that is homogeneous for |£] > 0).

The kernel of P Qﬁ\v is the integral in & of its symbol times ¢/ =% Its value for
x =y is then

KPOY. x.x) = K(P(—A—2)"N, x,x) = /p(x, B(EP - Nae, @)
Rn

which we shall expand in powers of A.

The symbols pf;_ j with j < o +n areintegrable at§ = 0, so these terms p,_ ; pro-
duce, by homogeneity, the sum over j < o +n in (4.3) plus (—)»)_NJC Zj<g+n Po—n
d &, as in the proof of [9, Lemma 4.1], with an error that is O()FN’1 ).

For the symbol p_,, one has for any N > 1 that

N-1
/ P E)EP — 0N aE = g / pn(x, E)EF =07 as,  (4.8)
]Rn Rn

and the proof in [9, Lemma 4.1] can be used word for word, when it is furthermore
remarked that the expansion of log(1 + s) allows taking derivatives; this gives

N—-1
ak

/ p-n(E? =0~V a€ = Gy | 3(=1)" log(=1) / P-ndS(&)
R7 |§l=1

+(=2)7! ][p_n as|+o0 N
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= (=0 Mlog(=a)ch + (=1~ [ ]lp_n ag - aNcg}
+00.7Nh,

for any N > 1; oy comes from differentiating the log-term.
Finally, since p~_, and |§|1_‘S P <—n are integrable for &’ €10, 1], we find

/ penr. ©)(E7 =)V dE = (17" / pemn(x, &)t + 0 (N5,

R~ R~
4.9)
any N > 1 and ¢ > 0, by insertion of an expansion of (€17 = 1)~N:

(&7 =" =0 = =0T EPAEP -0
(P =" === D a0 EnTEP@EP -0 HY

0<k<N
=N == D agPaEP - HVE
0<k<N
—(=n"+o0 ((—A)—N—%+8|g|1—28) ceelo, i @10
This shows (4.3). O

Proposition 4.2 The operator family (P Qi\’)Jr =(P(—A—-2N"N),in@2)on R%
has for N > (o + n)/2 expansions as in (2.23), with § = % —¢&, any ¢ > 0, for
A — oo on rays in C\R.. Here a, = %res(P+) and

Io(P(=A—20"H = / [TR, P — Jresy (P log P)] dx; 4.11)
RY

with res, o(P log P{) = 0.

Proof This is found by integrating the fiber trace of the expansion in (4.3) with respect
to x € R’ (recall that the symbol of P has compact x-support in this situation). This
gives rise to the coefficients a(’) and [y as described. Here resy o(P log Pl’ ) is zero,
because log P{ has symbol 2log[£], so that the log-free term of order —n in the
symbol of P log P| vanishes for |§| > 1. O

We have included the trivial term with res, o(P log P;) in (4.11) for the sake of
generalizations to other auxiliary operators P;.

As explained in the beginning of this section, we can choose P; on the manifold so
that its resolvent is similar to (—A — 1) ™! in the specially selected local coordinates.
Then, summing over the coordinate patches, we find that (P(P; —1)~V), has a trace
expansion (2.23), where [y is a sum of contributions of the form

) / [TR, P — resy o(Plog P1)] dx v, (4.12)
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with cutoff functions ¢, ¥. Also here, resy o(P log Py) is O, since P; in the local
coordinates has the same symbol terms as P for |§| > 1. Now the formula will be
extended to general choices of auxiliary operator as follows:

When P, is a general auxiliary elliptic operator of order 2, the kernel of
P((P, — )N — (P; — 2)~") has an expansion on the diagonal (calculated in local
coordinates):

KP((P=0M=P=0), x5, 0= 3 sV 005 V4o (V)

0<j<o+n
(4.13)
with
s () = Sopn(x) = —1 / symb_, (P(log P, — log P1))(x, £) dS(§). (4.14)

[§l=1

The general idea of proof of this is given in [8, Proposition 2.1, Theorem 2.2], and
the adaptation to the situation with Nth powers is given in [9, Sect. 3]. Since log P, —
log Py is a classical {rdo having the transmission property (cf. [10, Lemma 2.1]), so
is P(log P, — log P1), so the integral over X of the fiber trace of (4.14) is precisely
—% res([ P (log P, — log P1)]4+) defined as in [4]. Thus integration over X of the fiber
trace of (4.13) shows that [P((P>» — A)™N — (P; — A)~™)]4 is as in Definition 2.2
with 8 = J and

lo([P((P, — 1)~ = (P1 = )™ H]y) = —5 res([P(log P, — log P1)])

_%/resx(P(log P>, —log Pp))dx.
X
(4.15)

Here the symbol of P (log P> —log P) is classical, without logarithmic terms, so resy o
of it coincides with res, of it. Then res, o(P log P») = res, (P (log P, —log P1)) +
resy,o(P log P1). Adding (4.15) to the result for lo((P(P1 — A)_1)+), we conclude:

Theorem 4.3 For a ydo P of order o € Z satisfying the transmission condition at
X', together with a general elliptic differential operator Py of order 2 having R_ as a
spectral cut, the operator family (P(Py — 1)), has for N > (o +n)/2 expansions
as in (2.23), with § = % — ¢, any ¢ > 0, for \ — 00 on rays in the sector V around
R_ where pg — A is invertible. Here

lo(P(P,—2)"Hy) = / [TR, P — Jresy o(P log P»)] dx. (4.16)
X
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Next, we study the second term —L (P, in ) in (4.2). In the localization we are
considering, the operator is built up of s.g.o.s as follows:

L(P, QN) = GT(P)G™(QY). where
GT(P)=rTPeJ, G~ (0Y)=Jr 0QYe", with (4.17)

Jiu(x', x,) > u(x', —xp);

cf. [10, (2.6.5)ff.]. (Here r* denotes restriction from R” to R’ and e* denotes exten-
sion by 0 from R’} to R", respectively.) This term contributes in a different way than
(P in)+. It was shown in [11, Sect. 3] that the trace expansion of —G*(P)G’(in)
has no term of the form ¢(—1) ™" log(—*) and that the coefficient of (—1) ™" is local.
The arguments there were based on Laguerre expansions, which give quite complica-
ted formulas (see e.g., Lemmas A.1 and A.2 in the Appendix), so it is preferable to find
a more robust method giving a simpler information on the coefficient of (—A) ™. We
shall here use the strategy of [8, Sect. 4] recalled in Sect. 3, invoking the regularity of
parameter-dependent symbols introduced in [5]. In the notation of [5], the parameter

is = |A|%, where A runs on aray in C\R,, —A = w?e'? (for some 6 €] — 7, [).

Lemma 4.4 Consider G+(P)G_(Q)]:]); the order o of P is integer.
(1) For each N > 1, the s.g.o. —G+(P)G_(Q§LV) has order 0 — 2N, class 0 and
regularity o. Moreover, it can be written as

—GH(P)G™(Q:) = (=) 'GT(PYPIG™(Qy) if N =1,
(4.18)
—GH(P)G(QY) = (=) NG (P)PIG," in general,

where G*(P)PlGA_’N has order o, class 0 and regularity o + % (G;’N is described
in (4.24) below).
(2) The normal trace

_ aN-!
S =ty (~G*(P)G(0)) = =St (4.19)
is a Ydo on R"~" of order o — 2N and regularity o — 4—11. It can also be written as
SN = (= NV SN — w [GH(PYPIG; M, (4.20)

where S;N)/ has order o and regularity o + %.

(3) The symbol s (x', €', 1) ofS)(LN), with the expansion in (quasi-) homogeneous
(N)

terms sN) (x', €', 1) ~ ZjeN s, 5n_i(x', &' L) (homogeneous in (§', u) on each

J
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ray » = —p2e'?, > 0), satisfies:

s N . 1 gl= _ 1
PN &) — D sy E L] ()T g ) N
j<J

s N . 1 jwl— _1
PN (8 1) = D sy 0| () gy,
j<J

(4.21)
on the rays in C\Ry, forall o, B, J.

Proof Consider first the case N = 1. Since Q, is strongly polyhomogeneous (the
strictly homogeneous symbol is smooth in £ and X for |£] 4 |A| £ 0), it is of regularity
+00, and so is the s.g.0. G~ (Q;), of class 0. GT(P) is A-independent of order o
and class 0, hence has regularity o by [5, (2.3.54)], so by the composition rules (cf.
e.g., [5, (2.6.5) 10°]), the composed operator has order o — 2, class 0 and regularity
o.For N > 1 we have similarly, since in is of order —2N and regularity +oo,
that Gt (P)G~ (Qﬁ\v ) has order o — 2N, class 0 and regularity o. This shows the first
statement in (1).
For the second statement in (1), we use that

P === = =0T P 07!
PL=N =N =™ D arer—nHNH
0<k<N
=N =N DT e PN - 0T (422)
I<j<N

as in (4.10); here G~ (A~N) = 0. Since P; is a differential operator, G~ (P} Q) =
PG~ (Q;), and we find in the case N = 1:

—GT(P)G™(Q)) = (=1~ 'GT(P)PIG™(Qy). (4.23)

where G*(P)P; is a A-independent s.g.o0. of order o + 2 and class 2, hence has
regularity o + % by [5, (2.3.55)]. Then the composed operator G (P)P;G~(Q,) is
of order o, class 0 and regularity o + % For general N we use that the last sum in
(4.22) is of order —2 and regularity 4+-oco. Here (4.18) holds with

GiV=6" > eniP TP, (4.24)
12N

The statements in (2) now follow by use of [8, Lemma 3.4], which shows a loss of
regularity 41'1 in general when tr,, is applied.

The information in (3) follows directly from the definition of the class of symbols
of the stated regularity, when 0 < 0. When o > 0, the regularity information itself
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gives weaker estimates when o — |a| — J > 0; here we use the device from the proof
of [8, Proposition 4.3]: Compose S)(LN) to the left with AA™¢, A = OP((£')), with

0 > o + 1. Taking A~¢ together with G*(P) one finds that A’QS/&N) satisfies the
regularity statements with o replaced by o — g, hence the estimates with the same
replacement, and the desired estimates follow after composition with A€. O

The lemma makes it possible to use Theorems 3.1 and 3.2 as in Sect. 3.

Theorem 4.5 Consider S)EN) defined in Lemma 4.4. When N > (0 +n — 1)/2, the

kernel of S)(LN) on the diagonal has an expansion

K(SiN),x’,x/) _ z N)(x )= /\)Hn =N o (A‘ _7)’ (4.25)
0<i<o+n-1

where in particular the coefficient of (—A) ™V is

W00 = [ S, e —nae
Rn—1
= /s“)hnﬂ(x £, —-1ag'. (4.26)

Rn—1

The “log-transform” S with symbol s(x', &') deduced for |&'| > 1 from the symbol
s g ) of S by

s/, €)= # logrsD (', €, 1) dAx,
C

So—j(x' &) = 5 /log)»s(I , ](x £, 0 dx
C

4.27)

(with a curve C in C\R_ around [1, oo ) is a classical ydo of order o such that

i =1 / S1_n( ) AS(E),
trﬁg\ﬁn_l(x/) = —% res, S.

Proof By Lemma 4.4, the operator family S, (V) deﬁned there satisfies the hypotheses
for Theorems 3.1 and 3.2 withm = 2 and § = 4, V = C\R,. For |&| > 1, the
symbols are holomorphic in 1 € C\[1, co[ . O

Let us consider the role of S more closely. Since the coefficient we are studying
is local, it makes no difference if S is modified for |§’| < 1. If we replace P; by
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Pl’ = OP([E]z) (cf. (2.14)), its resolvent is defined for A € (C\[%, oo[, and log Pl’
is well-defined as OP(log[& ». A simple calculation using [5, (2.6.44)] shows that
G~ (Q;) = G ((P; — »)~!) has symbol-kernel and symbol

- 1 _ 1
§(q) = ——e ¥t e = (IE'P — 1)

2K X (4.29)
g (q) = . —
2k (k +1&p) (k — inn)
when [&'| > 1 this also holds when P; is replaced by P;.
The symbol terms in S are for |§| > 1 equal to
So—j (', &) = S / logisl, (' &, 3)dx
C
= ;—;/log)» /8+(P)a—j(x/7§/a €ns ﬁn)m d&nd nndn
C R2
= ;—ji/log)» / §+(p)(,,j(x',xn,yn,E’)%e_"(x”ﬂ")dxndynd)».
C X, yn>0
(4.30)

; 5+ s 1 —k(xn+yn) s -3 :
Since g7 (p)s—; is bounded, and |5-e nn ”Lan,yn(Ri < k°, hence is

)
+
O(A_%), the log-integral can be moved inside the (x,, y,)-integral. Then we can
use, as shown in [10, Example 2.8], that in fact

= / log A %e"((x”ﬂ") dx =—me_‘sll(x”+y”), equal to g~ (log Py) for |&'| > 1,

C

(4.31)

where g~ (log Py) is the symbol-kernel of the generalized s.g.0. G~ (log P|). Note that
it is integrable in (x,, y,) € R%_ 4 when & # 0.

The singularity of the symbol-kernel at x,, = y, = 0 is typical for G* (log P») for
a general elliptic differential operator P>, as well as for the s.g.o.-like part of log P> 7
for a realization of P, defined by a differential elliptic boundary condition Tu = 0,
cf. [10].

Now we get, for |§'| > 1,

so—j (' §) = / g (Po—j (& xns yn, E) e 10 dxydy,

xnv)7n>0
= —tr, (g7 (p)o—j on & (log P}))
= — symba_j trn(G+(P)G_(log PI’)); (4.32)

in short, when we recall (4.17),

S ~ —tr,(Gt(P)G~(log P})) = —tr, L(P, log P)), (4.33)
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modulo a smoothing operator. With this, the formula for the coefficient of (—1)~V
becomes:

z(N)

5U+n_1(x/) = % / symb, _, (tr, L(P,log P)))(x', ") d S(&"), (4.34)

|€']=1
i.e., for the fiber traces:

ws™ () = —Lresy S = Lresy(tr, L(P, log P))). (4.35)

We conclude:

Theorem 4.6 The operator family —L(P, (—A —X)~N) in (4.2) on RY has for N >
(o 4+ n)/2 expansions as in (2.23), with § = %,for A — oo on rays in C\R,.. Here
ay =0, and

lo(~L(P,(=A-n)"") =1 / res, (tr, L(P, log P)))dx’. (4.36)
Rn—1
Proof This is found by integrating the fiber trace of the expansion in (4.25) with

respect to x’ € R"~!, replacing / by j — 1, and using the interpretation of S that we
have just accounted for. O

Next, consider the manifold situation, choosing P; as indicated after Proposition
4.2. Then, summing over the coordinate patches, we get lo(—L(P, (P —A)~")) asa
sum of contributions of the form

@ / Lresy try L(P, log Py)dx'v, (4.37)

with cutoff functions ¢, ¥; the integral vanishes if the local coordinate patch does not
meet the boundary.
For a general auxiliary operator P,, we have of course

Io(L(P, (P, — 1)~ 1) = lo(L(P, (P —0)7))
o (L(P, (Py — 2)™ 1) — Io(L(P, (P, — 2) " )1,

Here the expression in [...] has been treated before, namely in the course of the proof
of [8, Theorem 3.6, Remark 3.12]. Rather than taking up details from that long proof,
we simply note that in view of those results and Theorem 4.3,

lo(—=L(P, (P, =)™ 1) = lo(=L(P, (P — )™ 1)
= Co(Py, P 1) — lo((P(P — 2 H3)
—Co(Py. P1.4) + lo((P(Py — 1) 1)4)
= —% res(Py(log P, —log P1)+) + %res((P(log P, —log P1))+)
= Jres(L(P, log P, — log Py)). (4.38)

@ Springer



Basic zeta coefficient

The residues here are covered by [4] since log P, — log P; is classical having the
transmission property, and the expression is calculated in local coordinates as

: / resy (tr, L(P,log P, — log Py)) dx’. (4.39)

X/
Combining this with what we found for lo(—L (P, (P; — A)~1), we can conclude:

Theorem 4.7 Assumptions as in Theorem 4.3. The operator family —L(P, (Py —
AN has for N > (o +n)/2 trace expansions as in (2.23), with § = %,for A — 00
onraysinV. Here ay = 0, and

lo(—L(P, (P, —3)" 1) = %/resx/(trn L(P,log P»))dx’, (4.40)
X/

calculated in local coordinates.

Observe that log P> in local coordinates can be written as a sum of log Pl’ and a
classical ¥do having the transmission property. Then G~ (log P,) = G~ (log P{) +
G~ where G~ is a standard singular Green operator (a similar fact is observed in
[10, Proposition 2.9]). Thus % res, tr, L(P,log P») = % res, tr, GT(P)G™ (log P2)
is a sum of a term with the special function in (4.31) and a term covered by the residue
definition of [4].

For general P, it is therefore a minor extension of the definitions in [4] to define

res L(P, log Py) = —2Io(L(P, (P, — »)~ V). 4.41)

This number is defined directly in terms of the manifold situation, so we have “for
free” that it is independent of local coordinates, although we also have the description
in local coordinates (4.40).

5 The constant coming from G Q; 4

N-1
We now study the coefficient of (—1) ~Ninthe expansion of G Qﬁ:{ L= % GO; +.

The order o can here be any real number. Again we begin with the special localized
situation explained in the beginning of Sect. 4.

This is the hardest term to treat, since its contribution is nonlocal and the homoge-
neity properties of the symbols of G and Q; do not play together in an easy way. We
here take recourse to one more trace concept, that of N x N-matrices, in the Laguerre
expansion representation of the operator G.

Recall (e.g., from [5]) that g has a rapidly convergent Laguerre expansion

g(x/, 5/7 En,mn) = Z Clm (xlv é/)(ﬁl([gl]» %n)ém([s/]v M), 5.D

I,meN
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with ¢, (x', ") polyhomogeneous of order o, and Fourier transformed Laguerre-type
functions

1 ([E']—i&)!

2(E, &) = QIED? —F—— 5.2
A" &) = CLED? o (5.2)
[¢'] defined as in (2.14). In view of the orthonormality of the system ¢;, [ € N,
(try @) (x', E) = D en(x', &) (5.3)
leN

(as used also e.g., in [11, (5.17)]), so res G is defined from the diagonal terms alone,
by integration in x" of

resy try, G = tr chl(x/, ENasE). (5.4)
|§/‘:1 IEN

Not just the diagonal terms but also the off-diagonal terms will contribute to /o (G Q. +),
so let us define

gaing = ) cu(x’, ENG1([E), EDG(E', mn),

1eN

IoeA ’ ~ ’ (.5)
gt = D>, can(, ENGUE Y, E)Pn(E], mn) = & — Zaiag
I,meN,l#£m
denoting the corresponding singular Green operators G giag resp. Goff.
It is seen from (5.1) that
g, €' 6nn E)l S [E17FAE P + 5D (5.6)

and there are analogous estimates for homogeneous terms and remainders. One can
furthermore conclude from this that the strictly homogeneous version gg_ i (extending
8o—j by homogeneity into {1 > |£'| > 0}) satisfies

gt (& &) S E17 TN E P+ ED T (5.7)

Let us denote G(—A — A);N = G’, it has symbol

& E &, M) = gon (p1 — W)LY
=hZy, [8( & & n)(E )P =07V, (5.8)

and symbol-kernel
~ _ ——1
Oy &0 =i L F e 6 E ).
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The normal trace tr, G’ is a ¥rdo on R"~! with symbol

+
trn g/ (X, €/, ) = / ¢ E B B 1) A
+

= [ (b7 8 & (6" 1 = 071) 08 (59)

so the kernel of the operator tr, G’ is, for x’ = y/,
K{r, G, x',x", A

+
= [ [ (b e € m € ) = M) by, aEdE (51100
Rn—1

We can here make an important simplification, as in [11, (3.9)ff.]:

Lemma 5.1 Let r(x', &) be a wdo symbol in the calculus, of normal order 0. For the
compositions on the boundary symbol level

g Ol’l r+ = h:l’n” [g(x/v ‘s;:/s gnv nn)r(x/v é/v nn)]a
ry op § = h;; [r(-x/7 5/7 %_n)g(x/s ";'J, &y )],
one has that

+

[ (13,160 €m0 1) 1y, 05, =0,

+ (5.11)
[ (121 g )], 08, = 0
and hence
+
trp(g onry) = / (hil,,]n [g(x/, E/v &n> nn)r(x/, E/s nn)]) |z1,,:$nd§n
= / g()C/, S/v EVH Sn)r(x/9 S/v En) dfn,
(5.12)

+

s 0n @) = [ (WG € 60g0e 8 6 m)1) by e 5y

_ / F(LE L ENG( L E s by £0) A6,
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Proof Assume first that r is of normal order —1, hence is O((&,)~!). We have for
each term in the Laguerre expansion (5.1), denoting [£] = o:

+
/ (h;;_n [cim (xlv 5’)@1([5'], gn)ém([f/]a Un)r(x/’ 5/7 nn)]) |nn=§,, dé&,

+

= Clm / @l(@? &n) (h;n[ém(Q’ fln)r(x/» é/, nn)]) |17,,=S,, dag,,

+

= Clm / (ﬁl(gy %_n)hg;l [ém(@» én)r(x/s %_/, &)1dE,.

Here the integrand is holomorphic in &, on C_ and C* on C_, and is O, 2) for
|€,| — oo in C_, so that the integration curve can be transformed to a closed curve
in C_ where it gives O (one may check this with [5, (2.2.42)ff.]). Summing over / and
m, we find the first line in (5.11), and the first statement in (5.12) is an immediate
consequence, since i f(&,) +h_, f (&) = f(&,) for f € H_y.

Similarly, for the second line in (5.11), each Laguerre term is a standard integral of
an L, function that is seen to be 0 by changing the integration curve to a closed curve
in C,, and the second statement in (5.12) follows.

Now if r is of normal order 0, it can be written as a sum r(x’, §) = ro(x’, ') +
r'(x', &), where rg is independent of &, (and polynomial in &§”), and r’ is of normal order
—1, thanks to the transmission condition. Here the o,, composition with rg is simply
a multiplication that goes outside the tr,-integral, and the preceding considerations
apply to r'. O

Thus h_, p, Can be omitted in (5.10), and we arrive at the more convenient formula

Kt G, x', ¥/, 3) = / / g & B ED(E BN — )N dE,at
]Rn—l

= /g(x/, &6, E)(E &N -0V ag. (5.13)

Rn

For this, the analysis of the asymptotic expansion in —X will to some extent be
modeled after the proof of Proposition 4.1; but it presents additional difficulties since
the terms in g are given as homogeneous for |§’| > 1 only, and polar coordinates in
& are not very helpful. In relation to the expansion g ~ > jeN8o—j in homogeneous
terms (with go—; (x’, &', &€,, n,) homogeneous in (&', &,, n,) of degree o — j — 1 for
|&’| = 1, hence of order o — j, in the notation of [8]), we set g, = Oifo+n—1 ¢ N,
and we define g<1—n =g — 2, _ 21, 8o—j-

The terms with o — j # 1 — n are relatively easy to handle, and will be treated
first.
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Lemma 5.2 For g, (x', &', &, ny) witho — j > 1 — n, one has:

/ go—j (X' E &y, ED(E1P — )N ag

Rn
S / gl (€ B EER + DY as
Rn
+(=07N ][(trn 8o ) ENdE + 00Nty (5.14)

for & — oo on rays in C\Ry. For g-1—,(x', &', &,, n,) one has:

/ ga1on(x & &0, ED)(EIP — 1) N dg

Rn

= (=" ][(trn g1 ENdE + OGN, (5.15)

Proof Leto — j > 1 — n. It follows from (5.7) that g(h,_ j is integrable on cylinders

{EeR"||§ ’| < a}. Multiplication by (|£]> — 1)~ makes it integrable over R” when
A ¢ Ry, Write

/ G0 (LB En EN(EP — )N

Rn

= / gr (& En E)(EP — 1)V aE

Rn

+ / (8o—j (&', & En, ) — g0 (X E &0, ENEP — N aE. (5.16)
1€'1<1

For the first term we have by homogeneity for A on rays in C\R., writing 1 =
—|Alef®, 6] < 7, and replacing & by |A|2n:

/g!;_,-u’, &6, EDEP + eV ag
Rn

o—j+n—1

= WEEEY [ g 6l + N a6
Rn

This equals the first term in the right hand side of (5.14) if 6 = 0, and the identity
extends analytically to general A (as in [13, Lemma 2.3]).
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Using (4.10), we find that

/ (8o—j (' € &n, ) — g (X' & 0, E(EIP — )7V d§

1§'1=1

=" / (8o (' ', 60, £0) = 8h_ (', ', 60, £0) AE+0 (A7V717)
1§1=<1
(5.18)

since (go—j — ggfj)(.fn}l_zg is integrable on the set where || < 1 (cf. (5.6), (5.7)).
Here, in view of (3.2), and (4.6) applied in dimension n — 1,

(8o—j(x' E &0, En) — g (' &, En, £)) dE

EcRm,jg/|<1

= / (tr 8o ) (&' ) — (try g _ (', £)) aE’

&eR-1 8" <1

_ ][(trn o) E) dE; (5.19)

this shows (5.14).
For (5.15), we use that g_, is integrable in £ and remains so after multiplication
by a small power of |£|; then (4.10) can be used to show that

/g<1—n(x/, E &, E)(EP — 0N ag

=0 [ g 8 b g s+ 0 (V).
where
/ Geton (X £ b ) A = ][arn 1) EN TE,

in view of (3.2), and (4.6) in dimension n — 1. m|

If o ¢ Z or o < 1 — n, this ends the analysis, since there is no term in g of order
1 — n. Since

fuouerde = 3 fune e e)de + fonga) o e

o—j>1—n

in this case, we thus find:
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Theorem 5.3 Wheno —n+1 ¢ N, the kernel of tr;, (G Qi\{+) on the diagonal {x' = y'}
has for N > (o + n)/2 an expansion:

K, (GOY )X x) = > (=0T V()

0<j<o+n—1

—I—(—)»)*N][(trn W, EHNdE+ O ()FNf%*g) (5.20)

any ¢ > 0, for .. — oo on rays in C\R, where
b)) = /g!;_,»(xc & &0 E) (51 + DN at. (5.21)
Rn
When o is an integer > 1 — n, we must include a study of the contribution from

g1-n- Here the Laguerre expansion (5.1) comes into the picture, since we need to treat
Gdiag and Gt (cf. (5.5)) by different methods. The symbols of order 1 — n are:

8diag,1-n = Zgll,lfn, 8off,1-n = Z &im,1-n, Where
leN I,meN,l#m (5.22)

glm,l—n(x/s %_/, &n, M) = Clm,l—n(x/v é/){o\l([g/]» én)ém([sl]v Nn).
We denote OP(cy,, (x', £)) = Cipp,.

Proposition 5.4 The g;;.1—, satisfy for N > 1:

/trgu,l_nu’,s/,sn,sn)usﬁ -nNag

R»
aN—1

= (;)\l l)l/trglll n(x é snvfn)(|$| )»)_ld‘%’

Rn
3N_I

= w-m [% resy Cin(=2)~" log(=1) + ][ weyi-n (' ) ag (=0
-1 —34e
+resy Cip(—log2(—=2)"" + O(A™2 ))} ,
= Jresy C(—=2) "V log(—2) + ][ trep-n(x' &) dg' (=)~
+resy Cy (—(1og2 +lan) =0 + O(A’N’%”)) , (5.23)
for & — oo on rays in C\R...
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It follows by summation in [ that

/ " Gaiag.1_n (¥, &', En, E(IE2 = )N dk
Rn

N—-1
a)»

o= [% res, (tr, G)(—2) ™" log(—1) + ( ][ i, g1 (4, ) €’

—log?2 res, (try G)) (_A)—1i| +0 (A_N_%+8) ’

% res, (try G)(—)\)_N log(—2) + (][ trir, g1—n(x', &) dg’
— (log2 + Lan) res, (r, G)) —nNto (A_N_%+€) , (5.24)

Proof Since the integrand is in L{(R") for all N > 1, we can insert the formula
N—-1 N—1
(€2 —1)~N = (18\,‘71)! (1€]> = 2)~ " and pull the differential operator % outside

the integral sign. Then we can do the main work in the case N = 1. Write

/tfgzm—n(x/, 6, E)(EF - NaE =1+ b,

R»

L= / g (&7 —0n"Nas L= / tr g 1-n(§1> = 2N ds.
[&'[>1 |&'1<1
(5.25)

The last term is treated as in the preceding proof. Using (4.10), and the orthonormality
of the Laguerre functions, we find that

L= / trgi1-n (&', &', £, ED (S — )N ak
1§’1<1
1
= [ w0 g g s+ 0 (V)
1§1=1
= 0 e ) de + 06N, (5.26)
in view of (3.2), and (4.6) in dimension n — 1.

Now consider I;. It suffices to take A € R_; here we write —A = u?, u > 0. The

integrand is homogeneous in (£', &,) but the integration is over {§ | || > 1}; it is
here that the Laguerre expansion helps in the calculations. Write in general

I = / tr Cim,1-n (s ENGLAE ), E)Pm ((E', E)(1E1F — )N ae. (5.27)
HEQ!
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Denote r = [£/], k = (|&']> — )2 = (> + u2)2. Then by Lemma A2,

gt 1
h=1= (NA 11 FeSx/ Cu / mdl’. (5.28)

r>1

The integral is analyzed by use of Lemma A.3. Here (A.4) implies:

vt
Iy = resy Ci =y [0 (= log2 + log(v/1 + 112 + 1)]
aN-1 _ 1 _1
— resy Cllh [(—A) 1 (— log2 + log ((_x)z) + log (\/1 T+ (=) 2))]

= resy Cii 1),[ (=) og(—1) — log2(—k)_1+0(x_%)], (5.29)

for |A| — oo.

When we add I; and I, we obtain the statement of (5.23) before the last identity.
In the last identity, the term — %a ~ res, (Cpp) (cf. (2.5)) comes from differentiating the
log-term, and it is checked from (5.29) that the error has the asserted order.

Now summation with respect to [ gives the second statement in the proposition, in
view of (5.4)ff. O

The coefficient log 2 in (5.23), (5.24) may seem a little odd, but fortunately, it will
disappear again when the terms are analyzed more and set in relation to compositions
with log P|. First we make the appropriate analysis of goff,1—,. An analysis similar to
the above of the I, with [ % m can of course be carried out, but as seen from (A.3)
and (A.S), this gives coefficients and remainders depending on / and m, leading to a
less transparent summation result.

We shall use instead that this part in fact has good enough regularity properties to
define a completely local contribution, where the methods of Sect. 3 can be applied. It
was observed already in [11] that this part gives a local coefficient and no logarithmic
term.

Proposition 5.5 Define for N > 1,

(N) 8, -1
Soff,k = try, GoffW(P] — M) ), with symbol 5off ; (5.30)
itis of order 0 — 2N and regularity o — L and it also equals (—A) ™V times a symbol

of order o and regularity o + 4—1‘, and satisfies estimates like (4.21). Then we can define
the “log-transform” Sogs with symbol

soff (v, &) = 2,,/10g)»50ff(x £, 2 dn (5.31)
c

(for &'l = 1).
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The fiber trace of the kernel of S(()g,))\ has an expansion on the diagonal

wKSH, = D w0 T Ve (V) 5.32)
0<i<o+n-—1

where
(5 g () = — 3 Tesy Soir. (5.33)
Proof For the symbol Soff (x/, &', 1) of Sofr,, the immediate rules give that s

N1

', &, = (N 1),50ff(.x &', 1) is of order 0 — 2N and regularity o — ;. But it
can be rewritten using (4.22) (we let |§'| > 1 and as usual write |&'| = r for short,

omitting explicit mention of (x/, £)):

Soff (A) = Z Cim tra @1 (r, én)ém(rs Nn) on (P1 — )\)_T_l]
I#m

=" Cim @1, €)@y (ry ) o (=27 + 27 pr(pr = )74
l#m

= D Cim Tl @r(r, E@ (r, 0a) 0 (P12~ (1 = )74,
l#m

where we used that tr,, (¢ (r, En)am (r, ) = (@1, @) = 0 for I # m. Similarly to
Lemma 3.3, we see from this that Sy 5 can also be Viewed as A~ ! times an operator

N
of order ¢ and regularity o + , and likewise (—A)Y (N 1)'Soff’)\‘ is of order o and

regularity o + }‘; moreover, estimates like (4.21) hold. Then Theorems 3.1 and 3.2
apply, and the result of Theorem 4.5 extends to this case, when we define sy from
Soff by (5.31). O

These two propositions can be taken together to give a formula for the term
lo(G Qy +). However, to find a more transparent formulation, we shall analyze the
ingredients some more.

Insertion of sy in (5.31) gives that (for [€'] > 1)

soff (x', &)

= _‘/log)L chm(x E)trn[ﬁol(r En)(pm(r Nn)on (P12~ (pl -2 1)+]
I#£m

One would like to pass the integration in A inside tr,, so that log p; would appear
in the formula, but the complex rule for calculation of tr, (g o, r+) (cf. (5.9), (5.12))
requires a symbol r satisfying the transmission condition, which log p; does not (in
its principal part). However, inspired from (5.12) we can define an extension of the
normal trace to non-standard symbols:
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Definition 5.6 For functions r(x’, &) and g(x', &, 1), we set

tr:’l(g On r+) = /g(-x/7 E/v gns sn)r(-x/v E/v gn) d‘grh
R

€, (1 on §) = / P E L ENG( L by E) A,
R

(5.34)

whenever the integral converges. The notation will also be used for the associated
operators.

This allows us to write

soff (¥, &) = 5= / log A D cim 0, (@1 (7, &)y (7, ma) 0 (127" (p1 = 2) 714 1d
C I#m

=5 [ logx D cim / Q1 (7, &) (r, E) P1ER T (p1(E) = 1) " dEndi

c l#Fm R
= cim / Q1(r, E) P (r, E) 1 (E) 5 / log 22~ (p1(&)—2)~" drdg,
l#Fm g C
= tr), (goft on (P1(py ' 1og p1))4) = tr, (gotr on (10g P1)4). (5.35)

In this sense, we have that
Sott ~ tr,(Gogt (log P{)4) (5.36)

(modulo smoothing operators).
We can now extend this point of view to cases where Gofr is replaced by Ggjag Or

G itself. Define:
Sdiag ~ tr7,(Gdiag (log P})4),

! ; (5.37)
S ~tr,(G(log P))+),
with symbols given for |£€'| > 1 by:
Saiag (¥, &) = D~ cu(x’, €Nt [1(r, €)@ (r, na) o (log p1)+],
leN
s E) = D am( EN LG E0) Gy (. ma) on (log pr)4]  (5.38)
I,meN

= tr;[g(x/, S/v &ns ) on (IOg p1)+]'

Further calculations show:
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Lemma 5.7 The symbol sgiag 0f Saiag Satisfies
sdiag (¥, €) ~ (try £)(x', §)(210g 2 + 2 log[£]). (5.39)
It is log-polyhomogeneous, and in particular,
resy 0(Sdiag) = resy o(tr, (Gaiag(log P{)4)) = 21og 2 resy (tr, G). (5.40)

Proof Forr = |&'| > 1, write

Sdiag (X', &) = Zsu(x’, £"), with

1eN
su(x' &) = cu(x’, EN (@i (r, €)@y (r, ) on (log p1)]

=y, £ / G1(r, £y (r, E) log(r? + £ A&,
R

Here we have

/ G1(r. £ (1 £0) log(r + £2) d &

R
r—in'  (+it) 2, 2 2r [ log(r? 4 1%)
= 1 tYdt=— | ————dt
/ T it (= BT R dE = e
R R
1 [ log(l +s?) +logr? )
:;/ s ds =2log2 +logr
R
(see Lemma A.4 in the Appendix). It follows that
saiag (¥ &) = D cu(x', ) (21log2 + 2log [€']), (5.41)

1eN

for |&’] > 1, cf. also (5.3). This shows (5.39), and (5.40) follows in view of (5.4). O

It follows from this and (5.35) that S = tr,(G(log P)4) is likewise log-
polyhomogeneous.
Then we can finally conclude, in the special localized situation:

Theorem 5.8 The operator family G(—A — A);N on R has for N > (o +n)/2,
expansions as in (2.23), with § = % — &, for . — 00 on rays in C\R,.. Here a;, =
%res(G) = % Jgn-11esy tr, G dx’ and

Io(G(—A — k);l) = / (TRy try G — Y resy g tr),(G(log P{)1)) dx'.  (5.42)
Rn—1
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Proof Collecting the results of Lemma 5.2, Theorem 5.3 for o +n — 1 ¢ N (where
the relevant residues vanish), and Propositions 5.4 and 5.5 foro +n — 1 € N, we get
the expansion with a;; as stated, and

lo(G(=A —2)3h
= / (TR, tr, G —log2 resy try, G — 3 resy Soft) dx’
Rn-1
= / (TR tr, G —log2 resy tr, G — %resx/ tr, (Gofr(log P{)4)) dx’, (5.43)
Rn—1

in view of (5.36). Now since G = Giag + Gofr With tr}, (G (log P}) ) log-polyhomo-
geneous,

res, tr, (Gor (log P)4) = resy g tr),(G(log P{)4) — resy o tr), (Ggiag (log P{)+)
= res, o tr),(G(log P{)+) — 2log?2 res, tr, G,

by Lemma 5.7. When this is inserted in (5.43), we find (5.42). m]

This gives the formula for the contribution to the basic zeta coefficient in a reaso-
nably natural form. Now the global formula with Py, as well as the formula with P;
replaced by general P,, follow as in Sect. 4:

Theorem 5.9 For a singular Green operator G of order o € R and class 0, together
with an elliptic differential operator P, as in Theorem4.3, G(P» —k)_T_N has expansions

as in (2.23) for N > (o +n)/2, with 6 = % — &, for A — oo on rays in V. Here
ay = %res(G) and

lo(G(Py, — )»)jrl) = / (TRX/ tr, G — %resx/’o tr;l(G(log P2)+)) dx’, (5.44)
X/
calculated in local coordinates.

It is worth keeping in mind here that tr), (G (log P2)+)) in local coordinates is the
sum of a usual normal trace, namely that of G(log P, — log P1)+, and a generalized
normal trace tr, in one special case, namely for G composed with the logarithm of
the Laplacian.

6 The constants coming from PG, and GG,
The appropriate expansion of Tr(P; + G)GgN) was shown in Sect. 3, and we shall

just discuss the constants arising there more in depth. In this analysis m can be any
positive integer, and we as usual take N > (o + n)/m.
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Recall that the operator U introduced in Corollary 3.5 arose from taking the normal
trace of BG&N) and integrating together with log A; this gave a ¥rdo on X’. We shall
set this in relation to the composition of B with the s.g.o.-like part GllOg of log P 7:

GY® = 11{%#/)\—S log A Gy, dh = %/)\_llog)\ PG d (6.1)
s
c

(cf. (3.13)); it is described in more detail in [10]. The analysis is different for the two
terms coming from P resp. G, so let us write

U=Up+ Ug, (6.2)

where Up is defined from B = P, and Ug is defined from B = G. We have the trace
expansions from Corollary 3.5:

PG = Y @) N 40 (37N with

I<j<o+n
N _ 1 _ _
Ay iy = —pyresUp (=1o(P+Gy)); (6.3)
GG = 3 BT N 0 (N E ) with
1<j<o+n
Ny _ 1 _
byt = = resUc (=10(GGy)). (6.4)

The natural thing to do would be to interchange the A-integral and the application of
tr,,. This works well for the part with G. Here we can proceed as in the discussion of S
in Sect. 4, by appealing to the estimates of the symbol-kernel of G, shown by Seeley
[23] (and recalled in [10, Theorem 2.4]): The symbol-kernel has in local coordinates
an expansion in quasi-homogeneous terms g ~ > >0 g-m—j, satisfying estimates on

the rays in V, with k = |&/| + |7

|Dﬂ Dglkak Dl ng . j| & I(l —m—|o|—k+k"—1+] 7j7mpefcl((xn+)’x) (65)

for all indices, when k > ¢. These estimates allow carrying the A-integration inside
try:

Theorem 6.1 For Ug in (6.2), we have that Ug = tr,, (GGllog), and the coefficient of
(N) .
G, " is

(—=A) "N in the trace expansion of G

10(GGy) = —LresUg = — L resr, (GGY™). (6.6)
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Proof Consider the j’th symbol term u,_;(x’, &') in Ug, cf. (3.22). It is for |§'| > 1
a linear combination of terms of the form

% log A / 3§/§nfk(x’, Xns Vs E') - 8)(:/g717m(x/7 Vs Xns €', ) dxpdynd
C XnyYn>0

- / 0 (X' Xy Y E) 2 / log A+ %31 (', Y xns £+ 2) dddxpdly,
Xn,Yn>0 C

for || +k+1 = j (@ € N"~! k, [ € N); we could interchange the order of integration
since the symbol-kernels from G are bounded and those from G; have L1 , y, (RfL 1)

norms that are 0()\_1_%). The inner log-integrals define the terms in the symbol-

kernel of Gl]Og (and derivatives), cf. [10]. We conclude that tr,, (G GllOg ) is a well-defined
classical ¥do of order o which equals Ug modulo a smoothing operator. O

Here it is only a slight extension of the definition of [4] to define
res(GG %) = —m1p(GGy). (6.7)

For Up, it would be nice to be able to write a similar relation of res Up to the
residue of tr,, (P4 Gllog). But the latter normal trace rarely exists in the usual sense; it
does so when P is of low order, but otherwise needs interpretations involving e.g.,
the subtraction of a number of symbol terms which do not contribute to the residue.
This is apparent already in the case P = I, as considered in [10, Sect. 3], where tr,, is
defined for Gllog minus its principal part.

For clarity in the explanation, assume first that in the local coordinates in R”_, where

we are considering Py Gllog, the symbol p is independent of x;,,. Then, in view of the
transmission condition, it can be decomposed into a differential operator symbol and
a symbol of normal order —1:

P &) = p' &)+ p'(x. £),
P8 =D agx)EVEN, 1p"| = (&) HENTT (6.8)

lo| <o

(One caninstead let p” be the part of normal order 0.) For the differential operator part,
the composition of Dy with GI]Og is simply an application of D" to the symbol-kernel
2'°2. This makes the symbol-kernel more singular at x,, + y, = 0, the larger a, is,
cf. [10, (2.23)—(2.24)]; this is also clear from the example §'°¢ = ﬁe—‘é’lmﬂ»ﬂ
where P = —A. However, the term that contributes to the residue escapes this effect
since the order is lifted by «;, so that we have to go further down in the series to find the
term whose order equals minus the boundary dimension. In short, the relevant term in
the o,-composition of p’ and §'°2 is

> o (') (N DS (X X, Y. £), 6.9)

la|<o.|o|[+ap—j=1—n
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which is O ((x,, + y,) %) when n = 2, bounded in x,, + y, whenn > 2, and integrable
for x,, + y, — 00, according to [10, (2.26)—(2.29)]. In the full composition there will
moreover be terms coming from derivatives in £ and x':

/gl |
> Car praa () (EN P D20 F8 (' iy, yun ). (6.10)

la|<o.p'<a’. |’ —p'|+an—j=1—n

but we still have estimates as in [10, (2.26)—(2.29)], since |&’ — 8’| > 0, so tr,, of the
relevant terms makes sense. In this sense we identify res U p with res tr, (PQ_Glog).
For the part p” of normal order —1 (or 0) we can use in the o,-composition with
the symbol-kernel of G, that tr, of it can be simplified, by Lemma 5.1. Now apply
the notation tr/, from Definition 5.6. Considering the terms in the full o-composition
of p” with g(x', &', &,, N, A), we see that the log A-integration can be interchanged

with taking tr),, leading to an identification of Up» with tr;,(Pjr’Gllog) on the symbol

level, so that res Up~ identifies with res tr), (P _ZGIIOg).

In the case where the symbol of P depends also on x,,, one applies the preceding
considerations to the terms in a Taylor expansion in x,, (a technique used extensively
in [5, Chap. 2.7]), up to a term with a so large power of x,, that the order is so low
that there is no residue contribution. This just gives some more terms in slightly more
complicated formulas; the principle is the same as above.

This is as close as we can get to identifying res Up with the residue of a normal

trace associated with P Gllog. But it gives sufficient justification for defining

resy (PyG %) = / tr [tr, symb; _, (P} G %) +tr/, symb,_, (P! G ®)]d S(&"),

&/1=1
6.11)

consistently with res,’ Up, with reference to the detailed interpretations of the contri-
butions from P’ and P” given above. Then we can write:

Theorem 6.2 For Up in (6.2), the coefficient of (—A)~N in the trace expansion of
PGV is (cf (6.11)):

m

Ip(P+Gy) = —LresUp = — 1 / res, (P4 G\ %) dx’, (6.12)

X/
also denoted —% res(P+G110g).

7 Consequences

We collect the results of Sects. 4-6 in the following theorem, denoting the general
auxiliary operator Pj:
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Theorem 7.1 Let B = P + G on X, of order o, where P is a Y¥do satisfying the
transmission condition at X' and G is a singular Green operator of class 0 (o € 7
if P # 0, o € R otherwise). Moreover, let P\ be a second-order elliptic differential
operator provided with a differential boundary condition Tu = 0, such that Py
has R_ as a spectral cut, and let V be a sector around R_ such that the principal
symbol and principal boundary symbol realization have no eigenvalues in V. The
operator family B(Py 7 —A\)~N = (P4 + G)(in& + GiN)) has for N > (o0 +n)/2
trace expansions as in (2.23), for . — oo on rays in V. The basic zeta coefficient
Co(B, P1,7) =lo(B(P1,T — MY is a sum of five invariantly defined terms:

Co(B, P1.1) = lo((P Q1) +) — lo(L(P, Q1)) +10(G Qj.+)
Ho(P+G1) +1(GGy); (1.1)

here

((POs)y) = / [TR, P — ! res,.o(P log P\)] dx.
X

—lp(L(P, 0;)) = s res L(P,log Py) = %/resx/ tr, L(P, log P))dx’,

X/
(GO +) = / [TRy try G — S resy otr,(G(log Py)4)] dx’,
X/
1 log
l0(PyGy) = — L res(PL G%) (1.2)
= —%/ / tr [tr,, symbl_n(Perllog)

X' 1&'1=1
+tr, symb,_, (PG 5)1dS(E),

lo(GGy)

—Lres(GGY®) = -1 / res, tr, (GG%) dx,

X/
where the integrals are calculated in local coordinates (P is decomposed as in (6.8)ff).

Note that the first and the third terms in (7.1) are global, and closely related to the
expression (2.15) found in [22] for the boundaryless case; the other terms are local.
Let us now also show how this can be generalized to auxiliary operators of even

order m = 2k. The goal is to obtain formulas as in (7.1) and (7.2) with % replaced by
1 _ 1
m — 2k

First choose the second-order operator P; r as a selfadjoint positive operator (e.g.,
the Dirichlet realization of Py + P + a, where Py has principal symbol |& |> and
a is sufficiently large). Then (PLT)k = (P]")T/ with trace operator T/ = {T, T Py,

R TPlk_1 }; this is likewise positive selfadjoint, and by definition of Cy,

Co(B, (P1.1)%) = Co(B, Py 7). (7.3)
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For the latter, we have the formulas (7.1), (7.2). Since log Plk = klog Py, %log P
can be replaced by % log Plk in the formulas, so the first and third term, the nonlocal
terms, are completely analogous to the case m = 2 The last two terms in (7.1) have
already been shown to be of the desired form with 4 5 replaced by -, since Sects. 3 and
6 treat arbitrary m. For the second term, one can estabhsh an analy51s similar to that
in Sect. 4, using that the symbol-kernel of G~ (Pk) is of the form — -e — 11 Con+ )
plus a standard singular Green symbol-kernel (for |£'| > 1), cf. [10, Propos1t1on 2.7].

This shows a generalization of Theorem 7.1 for the special choice (P )77. The
analysis is now extended to more general auxiliary operators P, 7~ of order m = 2k
using that

Co(B, Py 77) = Co(B, P24+) + 10(BG;)
= Co(B, (P{)1) + [Co(B, Pa.y) — Co(B, (P11 +10(BGy); (1.4)

here Theorem 3.6 shows formula (2.12) for Co(B, P> +) — Co(B, (Plk)+), and the
contributions from the singular Green part G;, of (P2 7v — )~ ! are as worked out in
Sect. 6. We then obtain:

Corollary 7.2 Theorem 7.1 holds with P) of even order m, when % in the formulas is
replaced by n—11 as written in (2.25).

As a further consequence of these results, we can formulate some defect formulas
(relative formulas) which compare two different choices of auxiliary operator, gene-
ralizing (2.12). For one thing, we can supply (2.12) with a formula where the full
auxiliary operators, not just their ydo parts, enter:

Corollary 7.3 For B together with two auxiliary operators Py 1, and P> 1, as in

Corollary 7.2, of even orders m1 resp. ma, one has:

Co(B, P1,1y) — Co(B, P, 1;) = —res (B (m% log P — ,,,Lz log P2)+)

+res (L (P, Llog P — Llog Pz)) — —res(P G1 )

erL2 res(P+G2 8 — res(GG"’g) + = res(GGlOg) (7.5)
with residues defined as above.

Proof We write log P; 7, = (log P;)+ + Gi."g fori = 1, 2. Then (7.5) follows simply
by applying Corollary 7.2 to the corresponding zeta coefficients and forming the
difference. O

The new terms in comparison with (2.12) are local, defined by an extension of the
residue concept as explained at the end of Sect. 6.

Another defect that we can consider is the difference between the zeta coefficients
arising from different choices of the definition of log. It may happen that the spectrum
of Pi,r (and that of P; on X ) divides the complex plane into several sectors with
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infinitely many eigenvalues, separated by rays without eigenvalues. Consider two
such rays ¢/R, and ¢!*R, with & < ¢ < 6 + 2. We can then define log, Py and
log, P;.7 by variants of (2.13), where the logarithm is taken with cut at ¢! R and
the integration curve goes around this cut (more details in [10]); the logarithmic term
in the symbol of log, P; is still mlog[£]. The difference between the logarithms is
closely connected with a spectral projection; in fact,

logy Py — log, Py = 21Ty 4, (Py) on X, 76
loge PI,T — log(p Pl,T = 21—.”17(9,¢(P1,T) on X, .

where Iy ,(P1) and Ip ,(Py 1) are the sectorial projections for the sector Ay 4,
essentially projecting onto the generalized eigenspace for eigenvalues of P; resp. Py,
in Ay, along the complementing eigenspace (see [10] for the precise description of
such sectorial projections). Here the vrdo part of [Ty , (P 1) is I1g o, (P1) satisfying
the transmission condition since m is even, and the s.g.o.-type part Gg o, of ITy o (P1,7)
is connected with the s.g.o.-type part of the logs by

1
G — G =26, (1.7)

1

Since the expressions TR, P and TR, tr, G are independent of the auxiliary opera-
tor, the terms resulting from these are the same when one calculates the zeta coefficients

Coo(B, Pr,7) =loo(BRy), resp. Cou(B, P1.7) = loy(BR;). (7.8)

referring to expansions for A — oo along ¢! R, resp. ¢!? R ... So they disappear when
we take the difference between these zeta coefficients. This implies another local defect
formula.

Corollary 7.4 For the difference between the basic zeta coefficients calculated with
respect to two different rays ¢!’R and ¢!?R_., for P| of even order m, we have:
Co.6(B. P1.7) — Co,y(B. Pi.1) = —i-tes, (P (logy Py —log, P1))
+5. res(L(P, (logy P —log, Py))) — » res(G(logy P —log, Py)y)
It 1

—Lres(PL (G — G ) — Lres(G(GY™ - G*));
here the first three terms are residues in the sense of [4], and the last two are genera-
lizations defined as in (7.2). In view of (7.6) and (7.7), this can also be written:

Co,o(B, P1,1) — Co,o(B, P1,1)
= — 2 res (P [Tg,o(P)) + 72 1es(L(P, Tp,y(P1)))
— Zres(G(Mp,y (P))+) — = res((Py + G)Go.p), (7.9)

in short denoted —%—Z res(B Iy ,(P1,1)) (the residues being defined from the homo-

geneous terms of the relevant dimension as in (7.2)). When Iy ,(P1,1) belongs to the
standard calculus, this is a residue in the sense of [4].
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Finally we have some observations on the traciality of the new residue definitions.
Let B be of order and class 0; it is a bounded operator in Ly, and its adjoint is of
the same kind. Then it can be placed to the right of R){V in all the above calculations,
performed in the analogous way. So Tlr(RﬁV B) has an expansion similar to (2.3) (this
also follows directly from applying (2.3) to B*(Pl*,r — 1)~ and conjugating). Then

since Tr(BRY) = Tr(RY B), it follows that

lo(BRy) = lp(RyB), in particular

lo(BQj.+) =10(Qs.+B), [(BG;) =1o(G).B).

(7.10)

This leads to:

Theorem 7.5 When B = P, + G is of order and class 0 and P11 is as in Corollary
7.2, then

res(BG %) = res(G\2B), res([B,log Py.r]) = 0. (7.11)
Moreover, in the situation of Corollary 7.4,

res(B Gg,y) =r1es(Go,p B)
(7.12)
res(B Iy ,(P1,1)) = res(I1p o (P1,7) B).

Proof First we note that Tr(G)(\N)B) has an expansion similar to (3.25), since the
normal trace of G&N)B allows application of Theorems 3.1 and 3.2 as in the case of
BGE\N). The coefficient of (—A)~ is lo(G; B) = —% res U’, where the ¥do U’ on
X’ is defined similarly as in Corollary 3.5 from taking the normal trace of GiN)B

and integrating together with log A. The constant res U’ is interpreted as res(GllogB)
in the same way as in Sect. 6; for the part res U, this goes directly by an interchange
of the integration in A and the application of tr,, and for the part res U}, it works
as in the consideration of the contribution from P”, where the A-integration and the
application of tr), to the relevant terms could be interchanged. The first formula in
(7.11) then follows from lo(BG;) = lo(G; B).

For the second formula in (7.11), we do not have a separate residue definition
for Blog P; r (neither for log Pi r B), since (7.2) contains global terms. However,
the TR-components of P and G will be the same in the formulas for /o(BR)) and
lo(R; B), so they cancel out in the difference, leaving a local contribution; it is this
that we denote res([ B, log Py, 7]). It vanishes because of the first identity in (7.10).

In the situation of Corollary 7.4, the preceding results give the commutativity with

1
Gllogg or Glog“’ inserted; this implies the first line in (7.12) in view of (7.7). Now the
second line follows since the yrdo part of I1g , (P1,7) is a standard ydo in the calculus,
for which the property is known from [4]. O
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A Appendix
Some lemmas on integrals arising from Laguerre expansions will be included here.
Lemma A.1 Set
1 1
r=1 k=817 =02 =02+ ud)

N N (r—it)! _(r+ig)™ (A.D)
sl,m(é ’ M) - / (r+i&)HT (r—ig,)m+1 K:I:l§n ana
R

then one has:

+ - (r7K)17m71
Forl>m, s, =0, s = [l
— +_ 1 _ -
Forl = m, S = e = Su (A2)

+ (r_K)mflfl -
Lm = (rreyn—TF1° Sim = 0

Forl <m, s
This was shown in [11, Lemma 5.2]. With the same notation we have:

Lemma A.2 Let ciy,1—n (%', §') be homogeneous of degree 1 — n in &’ for |&'| > 1.
Then

_ie T _
i = / Cum,1-n (', §2r (B AEHE (2 4 g7 — )N g

1€'1=1
in—m—1 gN-1 1 1
= [ [ ( () arar [ ' €256,
r>17eR &']=1
where

r—in=m=1 R |
//(r+zt)’ m+T (N—T)! \ « m+x—it drdt

r>1reR
N—1 "
= (Javk—l)' / / E:er;; 77z+: P (Ki,-, + K_lit)) drdt (A.3)
r>1reR
(?Vzill)' e dr 1> m,
- (?VN D! Jr>1 rK(r]-i-K) dr if [ =m,

)mll

(N D! j;->] K (r4K)m=— —I+1 dr lfl <m.

Proof The first calculation is straightforward, using that ¢jp, 1, (§") = rl_"clm,l,n

(&’/1€']). The reductions of the integrals over r and 7 in (A.3) now follow from (A.2).
m}

The integrals in (A.3) can be calculated by use of the following lemma:
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Lemma A.3 Leta > 0. One has that

@]

/ I dr = a=2(—log?2 + log(\/1 + a2 + 1)), (A4)

rr2+a® (Vr2+a? +r)

1

and, for j =1,2,...,

o0
[ g2 il L .
/ T mdr =) PV +a —aH L (AS)

1
Proof Letting s = r/a, we have:

e¢]

1 _ 2 1
/ rVr24a? (r4+/r2+a?) dr=a / V241 (V5241 +s) ds

1 1/a
00
a? [ 2+1 sds—a_2 (l— I )ds
s 241
1/a 1/a

=a? [logs — IOg(m + s)]?j =—a? [log( L4572 + D]T;
a a
=a2(—1log2 +log(v1 +a2 + 1)),

showing (A.4). For (A.5), we furthermore set u = +/s2 + 1 — s, noting that du/ds =
(s — /52 4+1)//s2 +1;then

0o oo
(Vr24a? —r)i-! dr — a72 (V5241 —s)/ ! ds
Vr24a? (Vr2+a? 4r)i+! V5ZHT (V521 +5)i !

1/a

§=00

/s 2j .
= / ¢ 21_21+1S) Lds = —a? / utdy
1/a s=1/a

.]S=00 .
— g2 [(2j)—1u21] = a2 ' Wa2+1 —aHY,
s a

since

VAT s =552 =D =s (1457210674 —1)

1571+ 0(s7?) fors — oo (A.6)

implies u — 0 for s — oo. O
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We shall also need:

Lemma A4 [0 o145 ¢ — 277 log 2.

1452

Proof Write log(1 + s2) = log(1 +is) + log(1 — is). Here log(1 4 is) extends to a
holomorphic function of s € C\{s =it | t > 1}, and

1 1 1 1
=4 (- ) (A7)

Since log(1 +is)/(1 + s2)is O(|s|¢72) for |s| — oo, we can calculate

00
log(1+is) _ log(1+is) _ 1 log(1+4is) _
/ 1452 ds = / 1452 ds = 2i / s+i ds = mlog2,
—00

where we replaced the real axis by a closed curve C_ in the lower halfplane going
around the pole —i in the positive direction, and used (A.7).

The integral with log(1 —is) is turned into an integral over a curve around the pole

i in the upper halfplane, contributing 7 log 2 in a similar way. O

Acknowledgments The author is grateful to Mirza Karamehmedovic, Henrik Schlichtkrull and Elmar
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