3.1

§3. Boundary operators on Sobolev spaces

3.1 Density of smooth functions.

In the present chapter we investigate the Sobolev spaces H™(2) and
H{*(Q) in detail for smooth sets €2, showing in particular the statements
on boundary values that were indicated in the preceding chapter. The basic
step is the analysis of the case () = R} that we first present; the results will
afterwards be carried over to more general sets by use of diffeomorphisms and
truncation (reduction of the support by multiplication by smooth functions).
(The presentation in the following has a certain overlap with [G03]; other
presentations are given in Lions and Magenes [L.-M68] and [A65].)

The first result we shall show is that smooth functions are dense in Sobolev
spaces. Several techniques are involved here; we begin with translation.

For j =1,...,n and h € R we define 7}, as the operator

Tin: f(x) = flx —hej) = f(z1,...,zj—1, 25 — h,Tjq1,. .., 2),  (3.1)

here e; is the j’th unit vector in R". The operator maps a function f defined
on a set M C R" into a function 7; f defined on the set

M+hej={y=xz+he; |z eM}. (3.2)
Note that 7;;, defines a unitary operator in Lo(R™).
We shall also need the restriction operator r+ from R™ to R, and the
restriction operator r~ from R” to R™, where
"={zeR"|z,20}.
Here we generally use the notation

rou = u|g, and in particular r* = TR? 5 (3.3)

defined for u € D'(R™). Moreover we need the extension by 0 operators eq,

in particular e™ = eRrn and e~ = egn, defined for functions f on 2 by
f onQ,
= 3.4
caf {o on R™ \ 0. (3:4)

Lemma 3.1. 1° When f € Lo(R"), then 7, pf — f in Lo(R™) for h — 0.
In particular, one has for any measurable set M C R™.

/M (rnf) (@) = F(2)[2 d — 0 for h — 0. (3.5)
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2° When f and g € Lo(R"™), then

(Tj,-n S, 9 Loy = (f5 T5.09) La(rr).- (3.6)
In particular, if h > 0 and we set
Q_p={zeR"z, >—-h}, (3.7)
then we have for f € Ly(R"}) and ¢ € C5°(Q_p,).

/Q (rmn )@@y dr= | f(@)(rane) (@) de (3.8)

Q_p
(where extensions by 0 are understood).

Proof. For any € > 0 there exists a function g € CJ(R") (continuous with
compact support) such that |[f — g[/z,&r) < /3. Then (with norms in
Ly(R™))

1750 f = fII < N0 (f = 9 + 175,09 — gll + llg — f]]
<2¢/3+||7j,n9 — 9l

where |79 — g|| — 0 for h — 0 since g is uniformly continuous and the
supports of g and the functions 7;,9 (h € [—1,1]) are contained in a fixed
compact set. This shows 1°.

In 2°, (3.6) follows immediately from a change of variables in the integral.
For (3.8) we observe that all the functions (understood as extended by 0 to
R™) have their support in Q_;. O

The spaces of smooth functions on Ei that we shall use will be the fol-
lowing;: B
Cloy(Ry) =r"C5°(R™)

—n (3.9)
S®") = rtSR™),

where 71 is defined in (3.3). Co) (Ei) consists precisely of the functions on

Ei that are continuous and have continuous derivatives of all orders on Ej_,
and have compact support in Ei (since every such function can be extended
to a C'*° function on R"; this is achieved by an old principle of Borel showing
how to construct a C* function with a given set of Taylor coefficients). We
note that even though r is the restriction to the open set R’} (which makes
sense for arbitrary distributions in D’(R")), the functions in Cf5) (Ei) and
) (Ri) extend smoothly to the closed set Rj_. When we consider (measurable)
functions, it makes no difference whether we take the restriction to R’} or

to @j_, but for distributions it would, since there exist nonzero distributions
supported in the set {x € R™ | z,, =0 }.
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Theorem 3.2.
1° C§°(R™) is dense in H™(R™) for each integer m > 0.
2° CR) (Ei) is dense in H™(R) for each integer m > 0.

Proof. Let us go directly to 2°, which has the most complicated proof. For
m = 0 it is well-known that already C3°(R"}) is dense in Lo(R”), so no more
needs to be shown there. So let m > 0 and let v € H™(R’.). We construct
an approximation by the following steps:

(i) Translation. The first trick is to push u a little bit outside of R’}
using 7, _p, to avoid having to deal with the boundary { z,, = 0}, where the
derivatives of eTu can give distributional terms. Let h > 0, and define Q_j,
by (3.7); for simplicity we write 7, _; as 7_j. By Lemma 3.1 1°,

|7-nD%u — D%ul[ 1, @n) — 0 for h — 0, for all || < m. (3.10)

Moreover we have by Lemma 3.1 2°, when ¢ € C§°(Q_4),

(T_n D%, 0)q_, = /

o (T_p D) dx = / (D%u)(The) dz

Q_p

:/Qh u(—D)O‘Thcpdx:/ uTh((—=D)%p) dx

Q_p

B /Q (r-nu)(~D)*¢) dz = (D*r_pu, ),

and hence 7_p D% = D*(7_ju) as distributions on Q_j. It follows that
T_pu € H™(Q_) and that 7_pu|ry converges to u in H™(RY) for h — 0.

(ii) Truncation. This is applied in order to get compact support in EZ.
Let xn(z) = x(z/N), where x is a cut-off function

x € Cg(R"),0 < x(x) <1, x(x) =1 for [z| < 1, x(z) = 0 for || > 2.
(3.11)
Consider xy7_pu. We have by the Leibniz formula, for any |a| < m,

(8
D*(XNT-nt) = XND*T_pu+ ) (ﬁ) DPxND*Pr_ju,
B<a
370

where the first term converges in Ly(2_p) to D*7_pu for N — oo (by the
Lebesgue theorem), and the other terms go to 0 in Ly(€_3), since DPyy is
O(1/N) (or better), and D #7_,u is in Ly(Q2_3). It follows that

IXNT-nt — T_pul||gmq_,) — 0 for N — oo; (3.12)
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then the convergence also holds in H™ (R ) for the restrictions to R’}

(iii) Mollification. The final trick is to mollify the functions by convolution
with h; (letting j — o0), where

hj(z) = j"h(jz),

with h € C5°(R™), h > 0,/h(x) dr =1and supph C {|z|] <1}, (3.13)

so that h; is supported in {|z| < 1/j} and has [ h;j(z)dz = 1. Such convo-
lutions are usually applied to distributions on R™, so we extend our functions
by 0 to all of R”. This gives an undesired “jump” at the boundary of the
original domain, but this does not matter, for we have assured by inserting
7_p, that for j large enough, the formulas will be good on R”}. We consider

v Nn(T) = hj * (eq_, XNT—pu)(T)

- /| o, 1l =D @) ) (w) dy,

and note that for j large, say j > 2/h, the integral is defined in terms of the
original functions when x € R”, since hj(x — y) is then supported in Q_p.
Then we get for all ¢ € C§°(R"}) and all || < m, by use of various changes
in the order of integration,

(D%j,N, )R = (Vj,N,hy (D) 0)Rn

+

N / / hy(z — y)xn W) (7-nw) () (—Dy)* () dyda
z€RY JyeQ

- / / [Dgh;(@ = y)Ixn (y)(T-nu) (y)e(x) dedy
yeQ_p JT€ERY

N / e / R [(=Dy)*h;(z — y)]xn (y) (T-nw) (y)p(x) dzdy

— (en () (7_n) (9), (~D,)° / hi(z — y)p(@)dz)a.,

wERi

— (D2 bew (9) ()], / hi(z — y)e(e)dr)a.,

mGRi

= <hj * eQihDa(XNT—hu% 90>R1

This shows in particular that ™ D®v; n, € Lo(R"); and since hj * g — g in
Lo (R™) when g € La(R,,) (cf. e.g. [G03]), we have moreover that

r* D% np — rTDY(xNT_pu) in La(R"}) for j — oo,
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and hence
lr v N — ’I“+XN7'_h’LL||Hm(Rn) — 0 for j — oo. (3.14)

Here 7o, np € C(O)( ) and we see that h, N and j can be chosen (in this

order) so that r*v, v is as close to u in H™(R") as we want, cf. (3.10),
(3.12), (3.14). This shows 2°.
The proof of 1° consists of the steps (ii) and (iii) alone. O

As an application of Theorem 3.2 we show:

Theorem 3.3. There exists a continuous linear mapping p(,,) : H™(R’}) —
H™(R™) such that
Py = u, (3.15)

for v € H™(RY).

Proof. For w in the dense subset C'(O)( n) we define p,,)u as the function
equal to u for x,, > 0 and equal to

m—1
(Pemyw) (2, @) = Z aru(x’, —A\pxy,) for x, <0, (3.16)
k=0
where Ao, A1, ..., A\p—1 is a fixed set of (arbitrarily chosen) different positive

numbers, and the a; are determined such that they satisfy the equations

,_A

)\ak 1)/ for j =0,1,...,m—1 (3.17)
k=0

(the solution is unique since the determinant of the system of equations
(3.17) is the Vandermonde determinant det(\;, ) j.k=0,....m—1). The conditions
(3.17) assure that p(,yu € C™~ L(R™), the m’th derivatives being piecewise
continuous (with a possible jump at z,, = 0). Moreover, p(,,)u has compact
support in R"™. Then p(,,yu € H™(R"), and its distribution derivatives up to
order m coincide with the usual derivatives (defined on R™ for |a| < m —1
and on R" \ {z,, = 0} for |a| = m), cf. e.g. [GO3, Lemma 3.6]; and clearly
also

[Py ullm @ny < Cllul gm ) (3.18)

with a suitable constant C' depending on the choice of the Ag. This de-
fines p(,,) in the desired way on C’E’g’) (]Rj_), and it extends to H™(R’) by
closure. [

We note that it depends on the choice of the Ay, how p(,,,) treats supports

of functions. For example if all A\, are > 1, suppu C Ei N B(0, R) implies
supp p(m)yu C B(0, R).



3.6

3.2 The trace operators on R%.

We shall now show how the first m boundary values are defined for the
functions in H™(R").

Let us define the partial Fourier transform (in the 2’ variable) for functions

u € SR ) by

Formeru=0(8 ) = / e_ix/'élu(x',xn) dx’. (3.19)
Rn—1

For u € S (Ki), the H™(R?) norm is equivalent with another expression
defined as follows, with the notation D' = (Dy,...,Dy_1):

lulif = > HDQUHO_Z > ID)D ulis

la|<m J=0|8|<m—j

(27) ”+1/ Z > ﬁ/ DI a(¢', ) |? dande’
Rt = 0|ﬁ|<m J

27_‘_ n—|—1/ / Q(m j)|D] (§I,$n)|2dl‘nd§/
Rn— 1

= Jul2, [ 3 Z Con-

J=018|<m—j

D'V’ Djul3].

(3.20)

since one has

()< =Y Crpl@)? <O ) (€)*, (3.21)

|BI<k 1BI<k |BI<k

with positive integers Cy g and Cy = max|gj< Ck,s-

The partial Fourier transform (3.19) can also be given a sense for arbitrary
v € H™(R?), but we shall not do this in detail, since we primarily use the
technique for smooth functions. The last lines in (3.20) can be used as a
definition of the norm ||ul|,, for arbitrary v € H™(R?).

Theorem 3.4. Let m be an integer > 0. For 0 < j < m — 1, the mapping
v u(@', 2,) = DI u(a’,0) (3.22)

from C(o)( ) to C°(R™1) extends by continuity to a continuous linear
mapping (also called ;) of H™(R") into H™~ i—3 (R,
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Proof. For v(t) € C§°(R) one has the following fundamental inequality

P =~ [ Zltmna = [ pwu + ool

dv
< 2HUHL2(R+)H$HL2(R+) (323)
o dv
<a’|oli, @, +a QHEH%z(RH,

valid for any a > 0. For general functions u € C&j’) (EZ) we apply a partial
Fourier transform in z’ (cf. (3.19)) and apply (3.23) with respect to z,,
setting a = (€/)2 for each ¢ and using the norm in (1.9) for H™~—2 (R"~1):

gull?, = ([ (e D i 0) e

moimh -1y
<nt [t [ @l e P
+ a—ﬂim;‘jla(g', mn)|2)0dxnd§'
= (2 [ (€0 DD, (¢ ) P

+ (Y ITVIDE N 20) ] dnde!
< Jull?,, < cllul?,,
(3.24)

cf. (3.20). This shows the continuity of the mapping, for the dense subset
Co) (Ei) of H™(R";), so y; can be extended to all of H™(R ) by closure. [

The mappings 7; are called trace operators (or boundary operators).

The range space in Theorem 3.4 is optimal, for one can show that the
mappings v; are surjective. In fact this holds for the whole system of trace
operators v; with j = 0,...,m — 1. Let us for each m > 0 define the Cauchy
trace operator p(,,) associated with the order m by

70
oo = | | @y S [[E AR (3.25)
. jZO
Tm—1
for u € H™(R?) we call pu,yu the Cauchy data of u. (The space
H;n:_ol H™=i=3(R" ') is provided with the product norm, HSOHI‘[H’”‘J"%
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1
= (|’<P0”72n_% + - 4 H(pm_lﬂé)a.) By Theorem 3.4, the mapping p(,,) in
(3.25) is continuous, and we shall now show that it is surjective and has a
continuous right inverse K(,,). Again we use that the density results from
Section 3.1 allows us to define KC(,,,) in a convenient way on smooth functions
first.

In preparation for a later development we shall define the inverse in such a
way that the formulas cover both the trace operator from R to R™~! (“from
the right”) and the trace operator from R™ to R"~! (“from the left”), and in
addition the “two-sided” operator from R" to R”~!. Therefore we introduce
the somewhat heavy notation:

Y1 u(@',zn) — DI u(2’,0) goes from C§°(R™) to C5°(R™ 1),

+ / ] / oo [ o n—1 (326)
v uw(@ zn) = D] u(z’,0) go from Ciy(Ry) to Cg°(R" ),

(so here fy;r is the mapping we called v, before). The proof of Theorem 3.4
extends immediately to show (by the appropriate modifications of (3.23)):

Theorem 3.5. Let m € N. For 0 < j < m, the mappings (3.26) extend
by continuity to continuous linear mappings from H"(R"™) resp. H™(R") to

H™ =3 (R 1),

Note that ’y;' and 7; are not completely analogous, for both are defined
relative to 0/0x, where the direction x, points into R} and out of R".
(This just shows up in certain coefficients in formulas where the operators
are applied.)

We also define the Cauchy trace operators

Y0 m—1
~ ) mn i L
Py =  |H"®R")— [[H"TERY,
5 J=0
T (3.27)
’YO m—1
m n m—j—2 n—
p(im) = : t H™(RY) — HH TR,
73[1—1 7=0

that are continuous linear operators. Note that since the continuity in The-
orem 3.5 holds for any j and m with m > j, the above operators are likewise
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continuous:

:)70 m—1

oy = | 1| ER R = T HS R,
s~ Jalrs
T (3.27")
70 m—1

n I R

P?[m): : PHNRL) — [[HYT 2R,

’73[1—1 7=0

for any integer k > m.
Now the surjectivity will be shown.

Theorem 3.6. Let m € N. Choose a function ¥ € S(R) with ¢ = 1 on a
neighborhood of 0. The operator

Kimy = { Koy s K1},

that sends ¢ = { o, ..., om_1} € S(R*™1)™ (column vector) over into

1 -n an J iz’ &’ ~
Eome)w) = 2my et 3o LR [ €056 de
0<jem I JRI

m—1
K; ip; € S(R™),
7=0
N (3.28)
extends by continuity to a continuous linear operator (also called K ,,)) from

H;.n:_ol H™=i=3(R"1) to H™(R™), such that

m—1

PmyKmyp = ¢ for all g € J[ H™ 72 (R"). (3.29)
j=0

It follows that p(my: H™(R") — [[}2, ' Hm=i—3 (R™Y) s surjective.
For k integer > m, IC(m) is also continuous:
m—1
- o
Komy: ] H75(R") — HER™), (3.29)

J=0

and the mapping in the first line of (3.27') is surjective.
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Proof. Since 1(0) = 1 and ¢ (0) = 0 for k > 0, and JoD¥ (iz, )7 /j! = &
(the Kronecker delta), one has for ¢ € S(R*~1)™

TRy = (20) " [ € go(€)de’ = o
- ; Jj—1 o
e =Tolzm) (3 T [ e € uehang) de

2w U
s 30 R [eeyenmeron @) ae)

=1
tc., which shows that (3.29) holds for ¢ € S(R"~1)™. Moreover, we see
from the fact that 1 € S(R) and the ¢; € S(R*1), that z*D? 3" K,¢; is
bounded for all a and 3, so 3, /chpj belongs to S(R™).
It remains to show that IEj (applied to ¢; € S(R™™1)) is continuous from
H™= =2 (R" 1) to Hm(]R”) For then Ig(m) extends by continuity to a contin-
uous mapping of HJ 0 L Hm- J_E(R” Y into H™(R"), and p(m)/C(m)go ©

remains valid there. For k& > m, IC(m) consists of the first m entries in IC(k),
so also the last statement in the theorem will follow.

Note first that the Fourier transform (;(&,,0) of (izy) ¢ (ox,) satisfies,
for o > 0,

(i (Ens ) = / e (i, Yap (o) d

:O__j_l/e—i(aa;n)(cf1§n)(i0-xn)j¢(o':1)n) d(U.Tn) (330)

=07 1CJ(§n 1).

Then we find for all ¢, setting o = (£’) and denoting &, /(£') = n,
L1 €6 = (€177 [+ I + 162 I, )P
= (&)7 [)1G (o, 1) P,

— Cj,t<§/>_2j+2t_17

where ¢, + is independent of £’. Since the Fourier transform of IAC/j ©; equals

- N (ixn>j / ~ /
Fuoe[Kjoj] = Fapne, Farme [Kjoj] = Fapoe, | i P& )wn)P;(E)]

_ %cj@n, )



3.11

we get for each j

IRl = m [ (07 366 (€00 dE,
2 ] ~ / / .
=) (1) [ @Pmigere G3Y

= & lleillB sy

which shows the desired continuity. [

Remark 3.7. (3.31) shows in fact that fc'(m) by suitable normalizations can
be defined as an isometry (but it is far from surjective)).
Let us now also define

IC?Em) = 15y = {KFymyt = {r*K; e (3.32)

that are continuous

m—1

Kz, = [[H 2R — HERY),  for k> m. (3.33)
=0

We obviously have for ¢ € S(R"~1)™

Oiony oy = (3.34)
and the validity of (3.34) extends to all ¢ € H;:Ol H™=3=3(R"1). This
shows:

Corollary 3.8. For k integer > m, p?cm) is surjective from HF(R%) to
H;.n:_ol H*=i=3(R"1) and has the continuous right inverse IC(im defined by
(3.32). IC?Em) maps S(R"1)™ into S(R., ).

)

We mention without proof that one can extend the definition and conti-
nuity of K,y and IC?Em) in (3.29") and (3.33) to all k € R. The definition and

continuity of p(,,) and p(im) in (3.27") can be extended to noninteger k, but

only for k > m — %

Let us finally show that that the kernel of the mapping p?rm) : H™(RY) —
H;.n:_ol H™ =3 (R" 1) equals the space HJ*(R™), cf. (1.31).
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Theorem 3.9. Let m € N. The following identity holds:

HMRY) = {ue H"(R}) | pfu=0}. (3.35)

Proof. Since m is fixed, we can in the proof write p instead of p?’m).

If v € C§g°(R?), then of course pu = 0. Then since p is continuous with
respect to the m-norm, and Hg*(R%) is the closure of C§°(R") in the m-
norm, we see that v € Hg*(R"}) implies pu = 0.

The converse is harder to show. Let uw € H™(R" ) be such that pu = 0,
then we shall show that v € Hg*(R’) by showing that for any £ > 0 there is
a function ¢ € Cg°(R%) with [ju — ¢/, < e.

First we use the density shown in Theorem 3.2. According to this, there is
a sequence of functions vy, € C) (Ri) such that vy, — win H™(R?} ). For each

k, pvr, € C§°(R™ 1), and since pu = 0, pvy — 0 in H;n:_ol Hm™=i—3 (R 1),
To this sequence we apply the right inverse K?’m) constructed above. Let

2 = K
if we set

pu, then pzp = pug, 2 € S(@i) and z; — 0 in H™ (R ). Hence,

W = Vi — 2k, kGN,

we have that wy, € S(Ri), wy — w in H™(RY), and pwy, = 0 for all k. Take
k so large that ||wr — u||m < €/4, and denote this wy, by w.

Now we shall approximate w by a function in Cg°(R%). As in Theorem
3.2 we shall use three tricks (but this time the translation pushes the support
into R% ).

(i) Truncation. Consider xyw = x(x/N)w(zx), where x is as in (3.11).
It is seen just as in the proof of Theorem 3.2 that yyw — w in H™(R?).
Choose N so large that [[xyw —wl|| < e/4.

(ii) Translation. Consider (7, hxnw)(z) = xn (2, — R)w (2, z, — h),
briefly denoted 73, xyw, for h > 0. Since pw = 0, T, xyw (extended by 0 for
T, < h)isin C™ 1(R™), and the m’th derivatives are continuous for =, > h
and z, < h, extendible to continuous functions for z,, > h and for z,, < h,
and the function has compact support. Then we have (as in Theorem 3.2)
that 7,xyw € H™(R™), with distributional derivatives coinciding with the
classical derivatives of order < m, defined except possibly at x,, = h. In view
of Lemma 3.1 we can take h so small that

||XN’w — ThXNwHHm(Rn) S 6/4.

(iii) Mollification. Consider h;*(1pxnvw) (as usual, the extension by zero of
ThxNWw for z, < his understood). Then we have that h;* (T, xyw) — ThxNW
in H™(R™) for j — oo. For j > 2/h, the support of these C'*° functions
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is contained in a compact subset of R%; so r*[h; * (Thxnw)] € C§°(RY).
Then finally we take j so large (and greater than 2/h) that ||h; * (TaxNvw) —
TRXNW| gm ey < €/4.
Altogether, we find (using also that H"’+UHHM(R1) < |lv|l gm (mny When v €
H™(R™)) that
7[R * (Thxvw)] — ull g rny < e,

where 7 [h; * (Toxyw)] € C§°(R%), which shows the theorem. [

One finds in a completely analogous way that
Hy'(RY) ={ue H"(R?) [ygu="-- =7, ju=0}.
Moreover we have

{ue H"(R") |You="--=4m-1u=0}
= the closure of C§°(R} UR”) in H™(R"™). (3.36)

(The latter space could be called Hy"*(R”} UR™), but that is not a standard
notation.) In the proof of (3.36) one splits u into 7*u and r~u, and one
translates each of these pieces into R’} resp. R .

3.3 Smooth domains with boundary.

We shall now extend the results to Sobolev spaces over domains €2 with
a curved boundary. In the present notes we shall assume that the boundary
is C°°, but it is also possible to work with boundaries with a finite degree
of smoothness (e.g. the book of Grisvard [Gri85] and its references deal with
polygonal domains, and there is much recent work on domains with Lipschitz
boundaries). For example, a box is a domain where —A can be treated by
“separation of variables” methods, but the boundary is not very smooth
because of the edges and corners.

We shall sometimes use the notation

—D =D = +id, then (—D)® is briefly written D" . (3.37)

A diffeomorphism k (in our C*° setting) is a C'™° mapping from an open
set U C R™ to an open set V' C R".

k:x—y=k(x)=(k(x),...,60(x)), €U, (3.38)

=%y 2= (f1(y),...,Ffn(y)). When k: U — V
~! exists as a C'°° mapping in a neighborhood

having a C*° inverse Kk~
is a C'*° mapping, the inverse
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of a point y = k() if and only if the functional matrix (Jacobi matrix) ' (x)
is regular; here

Ok Ory
ox1 T 0xny
K = : |, and we denote J(x) = |detx'(z)],  (3.39)
Okn Okin
ox1 T 0xy

usually called the Jacobi determinant.

For the diffeomorphisms we consider here, it is convenient to assume that
the derivatives of k and & = k=1 are bounded on U resp. V. This is a natural
assumption, satisfied in particular if £ is the identity (x(z) = x). Generally,
it can at least be obtained in a given situation by replacing U by a subset
U’ such that U’ is compact in U (then V' = k(U’) has V' compact in V).

A diffeomorphism k: U — V defines a coordinate change for which one has
the chain rule: When w is a differentiable function of x € U, the composed
function (called T'u)

(Tw)(y) = u(r(y)), y €V, (3.40)

is a differentiable function of y € V| and

z=K(y)

The formula for coordinate changes extends to distributions (cf. e.g. [GO03])
as follows: When f € L1 15.(U) and ¢ € C§°(U), then

/ (TF)(0)(T0)(y)dy = / F(@)p(e)] (@)dr, (3.42)
1% U

and this is generalized to distributions f € D’(U) by the formula (where
b ="Ty), 1
(Tfh)yw =(f,J- T ). (3.43)

We shall also use the notation u(y) instead of (T'u)(y).

Theorem 3.10. Let m be an integer > 0. When k is a diffeomorphism of
U onto V such that the derivatives of k and k = k~' are bounded, then
T defined in (3.40) is a homeomorphism of H™(U) onto H™ (V') (as well as
from C§°(U) to C§° (V) and from D'(U) to D'(V)).

Proof. We first observe that T is a homeomorphism of Lo(U) onto Lo(V),
since (3.42) holds for f, ¢ € Ly(U) with J and 1/J bounded. Let us also ob-
serve that T clearly maps C§°(U) bijectively and continuously onto C§°(V),
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with inverse T~! defined in the analogous way from %. Then the definition
(3.43) shows that the generalization maps D’(U) continuously onto D’(V)
with inverse T~ of the same type. We shall now show that T maps H™(U)
continuously into H™ (V).

Let w € H™(U). Then we have in view of the various rules (cf. also (3.37)),
for |a| <m and ¢ € C°(V), o =T 19,

(Dy (Tu)(y), ¥(y))v = (Tu, Dy)v
= (u, J - TN (D, ))v = (u, JT (D, T¢))u
(z

=, Y capl@)Dlp)u,

1BI<|e|

with bounded C*° coefficients c,(x) that depend on x (here (3.41) is used);

1 -
:<j Z DP(copu), JT 1)y
18I<]al
= (Y D u, T )y = (T( > gD u),
1BI<]al 18I<]al

where the c[ 5 are bounded C* functions. Since u € H™(U), the function
> 181<]al claﬁDﬁu is in Lo(U), and T of this is in La (V). It equals D*T'u, so
we see that DT'u € Ly(V') for |a| < mj; thus T maps H™(U) into H™ (V).
The mapping is continuous, for one has for |a| < m,

1Dy (Tw)l Lo (vy = sup{ [(Dy (Tw), v | € C3°(V), [lv]| < 1}
<sup{[( Y csD’u, JT )y | )| <1}
1B1<|el
< Cllullgm @y,

since T~1: Ly(V) — La(U) is bounded, and the functions J(z) and Cop(T)
are bounded.

The analogous mapping associated with K likewise sends H™ (V') continu-
ously into H™(U), and is precisely the inverse of 7. [

Remark 3.11. The theorem holds also for Sobolev spaces with noninteger or
negative exponent. (Here H'(12) is defined in general as the set of restrictions
to Q of distributions in H*(R™), with norm

[ull e () = inf{ [0l e ey [0 € H'(R™), u=vlq }; (3.44)
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one can show that this is consistent with (1.7) for ¢ integer > 0.) For nonin-
teger exponents > 0 one can either use a theorem on interpolation in Hilbert
spaces, or a more direct calculation based on the fact that

Dou(x) = Dou(y)]? N}
(HUHHm(Rn)+ Z/ |x— |n+2s d:z;dy)

|| =

is an equivalent norm on H™**(R") for s €0, 1[, m integer > 0. For negative
exponents, one can use the duality between H'(R") and H *(R"). Further
details can be found e.g. in [L-M68] and in Hérmander [H63].

In order to define our smooth open sets €2, we introduce the notation (for
a > 0):
Qo={zeR"||zj|<aforj=1,...,n},

Q,={2 eR"||zj]<aforj=1,...,n—1}, (3.45)
Qs ={z€Qu|z,>0},
describing cubes in R” and R"~! with “radius” a and “center” 0. For arbi-
trary points xg € R™ we define Q,(zo) = {x € R" | x — 29 € Q, }, etc.

Definition 3.12. Let ) be an open subset of R™.  is called smooth if for
each boundary point xy € 0f) there exists a neighborhood U of xy, a number
a > 0, and a diffeomorphism r of U onto Q, (cf. (3.38) ff.) such that

KUNQ) ={yeQalyn>0}[=Qf],
KUNOIY) ={ye€Qalyn=0}[=Q.], (3.46)
k(zo) = 0.

The restriction of k to the mapping from U NOSY to Q!, will be called A\, with
inverse A\~! called \.

The triple (k,U, Q,) is called a local coordinate system. Of course, @,
can be replaced by other types of open sets (e.g. balls as in [G03]). In the
following we often use the notation

o0 =T. (3.47)

Observe that when (1), U1, Q) and (k(2), U2, Q) are given as in Defini-
tion 3.12, and U; N Uy # 0, then

k(1) © K2y : K(2)(Ur NUz) — k(1)(Ur NUsz) (subsets of Q,)

3.48
is a diffeomorphism preserving the property vy, =0 . ( )
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In the following we assume for simplicity (unless other informations are
given) that €2 is bounded. Then I' can be covered by a finite family of open
sets U as in Definition 3.12, so that a neighborhood of the boundary is
described by a finite family of coordinate systems (x;), Uj;, Qa) é\le. Now one
can choose a system of functions {@bj }j:O,...,N such that, with Uy = €,

N
Y € C°(Uj),¢; >0, and Z ¥; = 1 on a neighborhood of Q. (3.49)
=0

(As usual, we identify the functions in C5°(U;) with functions in Cg§°(R"™)
having support in U;.) This is a partition of unity for Q, subordinate to the

covering by the U;, j = 0,..., N. Then for any functions u on {2 resp. v on
L,
N N
w=D Y v=) W
j=0 j=1

where the pieces ¢;u and ;v for j > 1 are carried over to functions on Q,F
resp. Q;, by the diffeomorphisms ;).

It suffices for our general purposes to have one such family of local coor-
dinate systems and partition of unity; all other choices must be compatible
with it (by relations such as (3.48)).

Now it is not difficult to generalize Theorems 3.2 and 3.3 to 2 by the help
of the local coordinates.

Theorem 3.13. Let 2 be a smooth open bounded subset of R™, and let
m € N. Then one has:

1° C*(Q) is dense in H™ ().

2° There exists a continuous linear operator p(y,y : H™(2) — H™(R")
such that (cf. (3.3))

rPm)u = u for all uw € H™(K2). (3.50)

Proof. 1°. Let uw € H™(S2), then with the above notation, u = Z;'V:o uj

where u; = ju. For j = 0 we can approximate ug in H™({2) by a sequence
of functions { ¢o i }ren in C§°(Q2), by taking e.g. o r = hi*up as in Theorem
3.2 (here ug should at first be considered as extended by 0 to R™, but g €
C§°(2) when k > 2/§, where 0 is the distance from suppug to 92). For
j =1, let v; = uj o Ky, then v; € H™(QF) (by Theorem 3.10) and its
support is a closed subset of {y € Q. | y» > 0}, so that it can be identified
with its extension by 0 to all of R”}, which belongs to H™(R"). By Theorem

3.2, there is a sequence { ;1 }ren in C) (R'}) converging to v; in H™(R).
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Let n; € Cg°(R™) with suppn; C Q. and n; = 1 on suppvj;, then since
NV = Yy,

1m05,6 — Uj||%1m(m) = |mjejx — ﬂjUjHZm(Qj)

= > 1D = vi)I70p) = O

|| <m

for k — oco. Now let

N

uk = Qo+ > (MjPik) © K,
j=1

then u, € C*>(Q) and up, — w in H™(Q).

The proof of 2° goes in a similar way. Here we apply Theorem 3.3 to each
of the functions v; with j > 0 (choosing the extension operator p(,,) ; so that
P(m),;Vj is supported in @Q,); then the sum of the extensions, carried back
by use of the k;), is an extension of the original function u; this defines a
linear, continuous extension operator p(,,). [

A generalization of the trace theorems requires a little more explanation;
in particular we have to define Sobolev spaces over I'. In the following, we
refer to a fixed choice of local coordinates ((j), Uj, Qa)évzl, and leave it as
an exercise for the reader to verify that the qualitative definitions, we give,
do not depend on the particular choice.

Each of the diffeomorphisms x ;) : U; — @, induces a mapping A;y: U; N
I' — Q! with inverse X(j): Q. — U; NT (consisting of n C*° maps sending
y € Q) tox = (X(j)l(y’), s AGm(Y)). Ay and Ay do not satisfy our
definition of diffeomorphisms, since U; NI is generally not an open subset of
R™ or R"~!, but the composition

)\(1) o }\(2) : )\(2)(U1 NU;NT) — A(l)(U1 NU,;NT), (3.51)

that goes from one subset of @/, to another, is a diffeomorphism (in n — 1
variables). We shall view them as diffeomorphisms in a more general sense.
(This kind of observation is the starting point in a more general description
of C'*° manifolds, that we however refrain from taking up systematically.)

The Lebesgue measure on R" induces a surface measure do on I' that is
used in integrations over I'. Moreover, there is defined a normal vector at
each x € T'; here we always take the unit normal vector 7i(z) directed towards
the interior of €1,

SL

() = (n1(x),...,nn(x)), (3.52)



3.19

7i(x) can be defined from the local coordinate systems as the vector orthogo-
nal to the tangent vectors OX(j)(y')/ayk, k=1,...,n—1. In its dependence
on z it is a C*° vector field (each ny(z) depends C* on 3y’ € @/, in each local
coordinate system). The surface measure do is defined precisely such that
one has the Gauss formula, for £k =1,...,n,

/IGQ Oz, u(z) dv = — /xer ng(r)u(x) do. (3.53)

Example 3.15. For concreteness, consider the case where 2 is represented
as the set

0= { (xlaxn) | Ty > f(IL’/> }7

where f: R"™! — R is a C* function. (We here let 2’ run in R*~! for
simplicity, leaving local formulations to the reader.) Here the mapping

ko (@ wn) = (22, — (7)),

is a diffeomorphism mapping €2 onto R’} and mapping I' = 92 onto R™1
(with k=12 (2, 2,) — (@', 2, + f(2'))). The interior unit normal at the point
(z', f(a")) is

(=02, f(27), -, —0Ou,_, [(2), 1)

\/(a$1f)2 +eeet (arn71f)2 +1

The surface measure on I' is defined such that one has

[ usede= [ f@)
(', f(="))el

x! 6R’"’71

fi(x) =

where Jo(2') = \/ (9, f(#/)2 + -+ (Or,, (@)2 + 1,

for this is consistent with the Gauss formula (3.53) for 9, (which, by the
coordinate change &, is reduced to a simple integration of a derivative).

The example can be used for general €2 in the neighborhood of each bound-
ary point, by a suitable placement of the x,,-axis.

Now let us describe some function spaces (and distribution spaces) over
I'. We identify L, 1oc(I') (for p > 1) with the space of functions v on I'
such that u(X(j)(y’)) € Ly 10c(Q)) in each local coordinate system. (Then
the functions are only determined “almost everywhere” with respect to the

measure do.) This has a sense also if ' is unbounded. When I is bounded,
L, 10c(I') = Lp(T'), with the norm

lullo oy = ( / |u<x>|pda)1/p, (3.5
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that can also be written in terms of the local coordinates, by use of a partition
of unity. The spaces L,(I') are Banach spaces; in particular, Lo(I") is a
Hilbert space with respect to the scalar product

(f.9)r = / f(2)g(x)do. (3.55)

The spaces C*(T') (0 < k < o0) are defined as the spaces of functions on T
that are C* functions in the local coordinate systems. This has a meaning
also if T' is unbounded; when T is bounded, the spaces C*(T") for k < oo are
Banach spaces, whose norm can be taken as

HUHCk(r)
= Sup{ ‘Dg’@/}JU)(A(])(y/))‘ ‘ y/ S in |Oé| < k?] = 17 cey N} (356>

(another system of local coordinates and partition of unity will give a norm
equivalent with this). The whole set of these norms, for k = 1,2,..., de-
scribes the Fréchet topology on C*°(T).

Differential operators on C'°°(T") are defined by the help of the local coor-
dinate systems:

A differential operator P of order r is a linear operator P: C*(I') —
C>°(I") such that for each j =1,..., N,

Pu) M) = D ajaly) Dy (i) (1)), (3.57)
lo| <r
with coefficients a;, € C*(Q?). — Sometimes one needs to construct a

differential operator on T' from differential operators given in Q! for each
j. Here, if P; is given as a differential operator of order r in @/, for each
j=1,...,N, then P, defined for u € C*°(I") by the formula

N
Pu = Z Pj((%ju) o Aj)) 0 A (3.58)

j=1

is a differential operator of order r on I.

The space D'(T") of distributions on I' is defined as usual as the space
of continuous linear functionals u on C°°(I"), with the notation (u,)r for
u € D'(I"), p € C(I"). Here we identify L;(I") with a subspace of D'(I") by
the formula

(u, o)r = / updo when u € L1(T"), ¢ € C°(T). (3.59)
r
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(We note that since I' is bounded, L,(I') C Ly(I") for all p > 1.) The
distributions on I' can be carried over to distributions on @/, for j = 1,..., N,
by rules for coordinate changes imitating those that hold for functions in
L,(T"). Since I' is bounded and is described by a finite set of local coordinate
systems one finds that the distributions in D'(I") have finite order (i.e., for
each u € D'(I") there is an N so that u in the local coordinates can be written
as a sum of derivatives up to order N, of continuous functions).

With these preparatory remarks, we now define H*(I") for each s € R by
use of the local coordinate systems and a partition of unity as follows:

H(T) = {u e D'(T) | (dju) A (y) € HSR" )},

with norm

(3.60)

=

lealls = (150 O (0 ) e )

The value of the norm clearly depends on the choice of local coordinates and
partition of unity, but one can show using Remark 3.11 that the space H*(T")
is independent of this choice. (One regards H*(I') as a “Hilbertable” space
rather than as a Hilbert space.) Actually, one often uses the norm definition
in (3.60) for s > 0 only and sets

mwﬂzwmﬁ@@Hwecwwxw%OM (3.61)

this gives a norm on H~%(T'), since C*°(T') is dense in all H*(T') spaces and
there is an identification

H*(T) = (H*(I))". (3.62)

For H?(T) it is preferable to use the Ly(T") norm (3.54).
Since the distributions in D’(T") are of finite order, and C°(T") C Lo(T),
one has that
D) = [ JH' (D). (3.63)
teR

3.4 The trace operators on smooth domains. _
The first trace operator 7y is of course defined for u € C°(Q) simply by

You = ulr. (3.64)

For the definition of 79 on Sobolev spaces, and for the definition of normal
derivatives, we need a more careful description of 2 near I". For this pur-
pose we introduce some particularly suitable local coordinate systems (by a
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standard construction from differential geometry, included here for complete-
ness).

Let 7i(z) be the unit normal vector field defined for x € T, oriented towards
Q. For z€I'and 0 > 0, let L, 5 be the line interval

Los={x=z+tilz)|te] -5} (3.65)

and let ¥5 = |J L. 5. For a local coordinate system (x;),Uj, Qq), consider
zel
the mapping

(W' 1) = (5 t)= (A (¥), 1) = & =2 + ti(2), (3.66)
€Q! xR e(I'NU;)xR ER™

where z = X(j)(y’) =(z1(¢),...,2n(y")); it is a C° map of @/, x R into R™,
temporarily denoted fi. Observe that at a fixed y{, € @7,

6 sz
— (21 (y") + tne(z(Y)) ly =yt t=0 = 72— (¥0),
% % (3.67)

O (k) + ()i =0 = me=(04),
foril=1,...,n—1and k=1,...,n, where 0z/0y; = (0z1/0y;, ..., 02,/0y;)
for each [ is a vector in the tangent plane to I' at the point z(y(). The
vectors 0z/0y1,...,02/0y,—1 are linearly independent since they are the
first n — 1 columns in the functional matrix of k() at (yg,0); they span
the tangent plane. Then also the n vectors 0z/0yi,...,0z/0y,—1 and 7(2)
(considered at z(y()) are linearly independent. In view of (3.67) they equal
the columns in the functional matrix of the mapping ji: (y’,t) — z (cf. (3.66))
evaluated at (y(,0). Thus this functional matrix is invertible at (y,0). The
invertibility extends to a neighborhood, so we can take r > 0 and § > 0
so small that the mapping g is a diffeomorphism from Q. (y()x] — d,d[ to
U = {2(v) +ta(z(v")ly" € Q.(yo), [t| < 0}, with U} C Uy; in particular, U}
is an open neighborhood of z(y(). This can be carried out for every y; € Q,

(in fact every smaller closed cube @, with o’ €]0,a] is covered by a finite
family of such open cubes Q!.(y()). With a similar procedure for the other
coordinate systems we obtain altogether a new family of local coordinate
systems

Q;l(yz)x]—5z,5z[%‘ﬁ/x]—5z,5z[ (3.68)
OV = {2 +tiA(2) |z € V1t < &},
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where the mapping (i) is of the form X(j) xid: (y',t) — (z,t) for some j, and
(ii) maps (z,t) into z +t7i(z); the full mapping will be called fi(;). It suffices
to let [ run in a finite set { = 1,..., [y in order to cover I' by such sets V/, in
view of the compactness of I'.

These coordinate systems are convenient because the ¢-coordinate rep-
resents the normal coordinate, for each [. They can be made still more
convenient in the following way: We claim that if we replace all the §;’s by a
sufficiently small positive §, then the globally defined mapping

o:I'x]|=6,0[—=Xs={z+th(z) |z, |t| <},

S (3.69)
where o(z,t) = z + tii(z),

is a diffeomorphism (in a general sense). Indeed, consider numbers § > 0
smaller than all the §;. Clearly, o in (3.69) is defined in such a way that it
is, for 0 small enough, a diffeomorphism in the neighborhood of each point,
where it can be described by a composition of A(;y x id (recall that A¢;): U; N
I' = @) and i) (for suitable j and [). Now if (3.69) were not injective for
any 0 > 0, there would for each n € N exist two different points (z,,t,) and
(Wn, 8p) € Tx ] —1/n,1/n[ such that

Zn + tpTi(2n) — Wy — spii(w,) = 0. (3.70)

Clearly t,, — 0 and s,, — 0 for n — oo, and by the compactness of I' we
can (by taking subsequences) obtain that z, — zg, w, — wy for n — oc.
In the limit we get 29 = wo from (3.70). But then, since o is a bijection in
the neighborhood of (zp,0), we conclude that z, = w, and t,, = s, for all
sufficiently large n, which shows the contradiction.

Let us sum up what we have shown (in a slightly modified notation):

Theorem 3.16. Let €2 be a smooth bounded open subset of R™. There
exists a family of local coordinate systems pujy: U; — Q% |—06,6[= p;(Uj),

N
j=1,...,N, UU; DT, with the properties:
j=1

(i) pejy maps U; N T 01?3&0 Q! x {0} (we denote this restricted mapping
by A(;) and its inverse by A );
(ii) the inverse of i ;), denoted [i(;y, is of the form

gy (1) = 2 +17(2), 2= A (1), (3.71)

where 7i(z) is the interior unit normal to I' at z;
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(iii) the mapping (3.69) can be expressed locally by o = iy o (A¢j) x id);
N
it is a diffeomorphism of I'x | — 9, ] onto ¥5 = |J U;.
j=1
We call such families of local coordinate systems special local coordinates.

Y5 is often called a tubular neighborhood of T'.
Consider the last coordinate in the mapping i (;), denoted

Py)+ Uj —>]—5,5[ (372)

When (g 1), Ug, Q% ] —9,0[ ) is another coordinate system in the above fam-
ily, p(;)(x) must equal p(y(z) for z € U; N Uy, since o is bijective. Then in
fact the p(;), taken together, define globally a mapping

p: T5 = UL, Uy =] —6,4[; (3.73)
it is C'*° and has the property that I' is precisely the set
F={xzeXs|plx)=0}. (3.74)

We note moreover that the gradient of p equals 7i(x) at € T', for it is normal
to I, since

0 0
= = ) E
0 an' = o —(po (Y, 6% ay — ).y 1),

where the vectors dfi(;)/Oy; span the tangent space, and it has length 1 since

P o _ op 0 _
1=t = a(pomg’)(y’,t)) Doy 5+,

where %ﬁ(j)(y’,t) = %(z + tii(z)) = 7i(z) with length 1. The sets 'y =
{z € X5 | p(x) = s} are smooth manifolds for |s| < §, usually called the
parallel surfaces to I'. The mappings p ;) define local coordinates on the I';
by restriction to t = s.

When there is given a family of special local coordinates as in Theorem
3.16, we usually choose an associated partition of unity to be on the following
convenient form: When = = f1(;)(y',t), we let

(@) = ;A\ (H))C(E), (3.75)

where ¢ € CG°(] —6,6[), ((t) = 1 for |t| < 6/2, say, and the functions
i O )\(J) € C§°(Q),) are chosen such that E " @;(z) =1 for = € T'; then
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also Zj\[:l Y;(x) =1 for x € ¥5/5. The whole system can be supplied with a

function ¢y € C3°(Q?), such that Z;VZO Y =1o0n QUXs/s.
We now extend the normal vector field 7, given on I, to X5 by the definition

fi(x) = n(z) when x = z +tii(z), z € ' and |t| < 0, (3.76)

this is clearly a C* vector field. Here for ¢t = s, 7i(x) is the normal to I'y at
x and equals the gradient of p(z).

Example 3.17. Of course one could extend the normal vector field to a
neighborhood of I' in other smooth ways, e.g. in Example 3.15 one could
simply take 7i(z’, f(2') + s) = 7i(2’, f(2')) for s # 0.

The reader is encouraged to make a calculation of what the special local
coordinates look like, when T is given as in Example 3.15, for various choices

of f.
The definition (3.76) is convenient, because differentiation along 7i(x)

takes a particularly simple form. Let Dz be the first order differential oper-
ator defined on X5 by

(Dru)(z) = ny(x) Dy, u(x) (3.77)

(the differentiation along the vector field 7, multiplied by —i). The special
coordinates in Theorem 3.16 are such that

Dzu(z) goes over to Dyu(y',t), (3.78)

when
Q(ylv t) = U(ﬁu) (y/7 t))
For, by the chain rule,

" du 0
! o Il _"" . /
Oru(y',t) = 2 9uy (v) atmw,k(y 1),

where Oifi(;)(y',t) = O0¢(z + tii(2)) = 7i(2) = 7(x), cf. (3.76). Then we can
simply read Dy as the derivative Dy in the representation of X5 as I'x | =46, |
in (3.69), without even having to refer to the local coordinates. Dju is called
the normal derivative of w.

Note that if u is constant along the lines L, 5 (cf. (3.65)), then Dju is 0,
since u is independent of ¢ then. This holds in particular for the coordinates
ni(x) of 7, since 7 is chosen to be constant along the lines L, s:

Ding(z) =0for k=1,...,n. (3.79)
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k

We can also define higher normal derivatives (D7)"u, and note that in

view of (3.79),
(Da)fu= (> _n;D;) - (O mD)( D tim D )u
j=1 =1 m=1

= (Z n;D;)-- Z Z NNy Dy D,y
j=1

- o =1 m=1 (3.80)
=SS (g ) (D - DiDyu
7j=1 =1 m=1
k!
— Z —n*D%y
al
|a|=k

(by the “multi-nomial” formula
- k k! e
Q_a)t =Y —a, (3.81)
i=1 lal=k

used in a formal way). (Dz)* is called the normal derivative of order k, and
we have again:

(D5)*u(z) corresponds to DFu(y’,t) in special coordinates. (3.82)

An arbitrary differential operator (1.13) can be decomposed in the form
A=>"5,Dkor Y DEs;, (3.83)
k=0 k=0

where the Sj and S) are differential operators of order < r — k that are
tangential, in the sense that they in the special local coordinates only contain
derivatives with respect to y’ (but have coefficients depending on y = (', t)),

Sk «— Z bg(y’,t)Dg, in local coordinates.
|Bl1<r—Fk

The representations in (3.83) are obtained straightforwardly from the form
of A in the special local coordinates.
The coordinate ¢ will usually be called y,, from now on.
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When S is a tangential operator, represented in special local coordinates
by

S — Z Sﬁ(y',yn)Dg/ for each j,
1B|<m

then we denote by St the operator obtained by restriction to y,, = 0, i.e.

Sp «—— Z s;;(y',O)D;?, for each j; (3.84)
1Bl<m

the indexation by I' is sometimes also used to denote the (localized) operator
on the right hand side.
We now define the higher order trace operators by

vju = v0(Di) u, for u e C=(Q), (3.85)

(where only the values of u on ¥ play a role); and we note that in the special
local coordinates, v, carries over to precisely the operator that was called -;
in Section 3.1, see (3.22).

Theorem 3.18. Let 2 be an open, smooth bounded subset of R"™ with
boundary 02 = I' and define the normal vector field 11 as above. Let m be a
positive integer.
1° For each integer j € [0, m—1], the j’th normal derivative y;: C*(Q) —
C*°(I") extends to a continuous linear mapping v;: H™(§2) — H™=3=3(T).
2° The Cauchy operator defined in this way,

o m—1
pey=| | HNQ) - J[HY 7 2(D), k=m (3.86)
Ym—1 3=0

(k integer), has a right inverse KC(,,y that is continuous:

m—1
Kmy: [[HE72(0) — HYQ), &k >my (3.86")

J=0

SO p(m) in (3.86) is surjective. Moreover, K,y maps C*°(I')™ into C*°(12).
3° The kernel of p(y,) in (3.86) for k = m is precisely Hy"(§2) (defined by
(1.31)).

Proof. We use the special local coordinates from Theorem 3.16 and an asso-
ciated partition of unity as in (3.75) ff. Since p(,,) and K(,,) consist of the
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first m entries in p() resp. Ky, the results for general k follow fom the case
k=m.
For u € C*°(Q2) we have according to (3.60)

N 2
gl gy = (Z ||<mu><i<k><y'>>||2n_j_%) -
k=1

Now let ¢;. € C§3°(Uy) be such that it is 1 on a neighborhood of supp 9, and
is constant in the normal direction near I' (in the local coordinates (y’, yy,)
it should be constant in y,, for small y,,), then we can write

Vryiu = Yy v,

and use the estimate shown in Theorem 3.5 (cf. also Theorem 3.10),

(@3 5) Ay (D ln—j—y < Cl@ ) Figgy () o < C [ 5ullm

which gives 1° by summation over k.
The right inverse K(,,) is constructed by use of Corollary 3.8. For a given

v e H;n:_ol H™~2(T) we set

N
Kmyv = Z VI m) kv (3.87)

k=1
(with 95, and 1y as above); here ¢ KC(,,) xPrv is defined by applying IC;Fm)
from Corollary 3.8 to ¥,v (carried over to local coordinates), multiplying by
;. (in the local coordinate system) and afterwards carrying back to U. (Of
course this could be explained by a formula, as in the following. A difficulty
is that K(,,) tends to spread out the support, but this is handled by the
cut-off functions.) In view of the mentioned properties of ¢, we now have,
in the local coordinates,

(Pm) VK my kR0 © Ty = U oy Koy ¥ 0 = ¥ 80,0 = P

(where w; is evaluated for y,, = 0). Carrying this over to Uj and summing
over k, we obtain 2°.

Also 3° is shown by use of the special local coordinates and a partition of
unity. Here we observe that when you = - -+ = ~y,;,—1u = 0, then also yo Dyu =
0 for all || < m — 1, which is seen immediately from the representation
in local coordinates. We moreover find that p,)¥xu = 0, by use of the
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Leibniz formula. Now we get an approximating C§°(£2) function by adding
the approximating C§° (2 N Uy) functions we can construct for each Uy by
use of Theorem 3.9 in local coordinates for k = 1,..., N (and by use of step
(iii) in the proof of Theorem 3.2 for the piece 1ou supported in a compact
subset of Q). O

With reference to the above analysis we can finally give the following more
concrete interpretation of the variational construction in Theorem 2.7 for a
strongly elliptic operator A. Here we denote the first m traces in relation to
the order 2m by 7,

P(m)U = YU. (3.88)

Theorem 3.19. Let (2 be an open, smooth bounded subset of R", and let
A and s(u,v) be given as in Theorem 2.7, with coefficients in C*°(2). The
operator A that acts like A and has the domain

D(Ay) = D(Amax) N H* ()

= {4 € D(Amax) VH™ Q) | you == Ym_1u=10} (3.89)

has its spectrum and numerical range in a sector W (as in (1.42)). In par-
ticular if —p € C\ W, the Dirichlet problem
Au—+ pu = f in Q,

~yu =0 on T, (3.90)

has for every f € Ly(2) one and only one solution in H™(Q) N D(Amax)-

The statement on the Laplace operator in Theorem 1.6 can also be made
more concrete in this way.

Moreover, the operator K(,,) allows us to treat also the following nonho-
mogeneous Dirichlet problem

Au+ pu = f in Q,

i—ponT. (3.91)

where f is given in Lo(2), ¢ is given in H;":_Ol H?m=i=3(T), and u is sought
in D(Apax) N H™(Q). For, let u be such a solution, and set

v=1u— K. (3.92)

Since K(nyp € H*™(Q) by (3.29'), we see that v € D(Amax) N H™(Q); and
since yv = yu—¢ = 0, v in fact belongs to D(Amax) NH*(£2). Then v solves
Av+po = f = (A+ p)Kimyp in Q,

~yv=0onT. (3.93)
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Conversely, if v is a solution in D(Apax) N HF*(2) of (3.93), then u = v +
K (m) satisfies (3.91) and belongs to D(Apax) NH™(Q). When —p € C\ W
as in Theorem 3.19, there is existence and uniqueness of the solution of (3.93),
hence also of (3.91). Here u can be described explicitly as

w= (A + )7~ (At 1)K nye) + Ky (3.94)

We have shown:

Corollary 3.20. Assumptions as in Theorem 3.19. The problem (3.91)),
where f is given in Lo(2), ¢ is given in H;.n:_ol H2m=3=3(T), and u is sought
in D(Amax) N H™(Q), has the unique solution (3.94), when —p € C\ W.

The assumption that ¢ should lie in H?:Ol H2m=i=3(T") (and not just in
H;.n:_ol H™=3=3(T")) was made in order to assure that Kmyp € D(Amax)- It
may seem restrictive. But in fact we shall show later that D(A.) is contained
in H?™(Q) and not just in H™(Q). Then it is natural to take the boundary

values in the range space of v on H?™(Q).



