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Abstract

In this talk the radii of convexity of some Lommel and Struve functions of the first kind
are presented. For both of Lommel and Struve functions three different normalizations
are applied in such a way that the resulting functions are analytic in the unit disk of the
complex plane. Some results on the zeros of the derivatives of some Lommel and
Struve functions of the first kind are also deduced, which may be of independent
interest.

The talk is based on a joint work [arXiv.1410.5217] with Nihat Yağmur:

1 Á. Baricz, N. Yağmur: Geometric properties of some Lommel and Struve functions.
Ramanujan J. (in press).
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1 Á. Baricz, N. Yağmur: Geometric properties of some Lommel and Struve functions.
Ramanujan J. (in press).
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• Let Dr be the open disk {z ∈ C : |z| < r} , where r > 0. As usual, with A we denote
the class of analytic functions f : Dr → C which satisfy the usual normalization
conditions f (0) = f ′(0)− 1 = 0. Let us denote by S the class of functions belonging to
A which are univalent in Dr and let K(α) be the subclass of S consisting of functions
which are convex of order α in Dr , where 0 ≤ α < 1.

• The analytic characterization of this class of functions is

K(α) =

{
f ∈ S : Re

(
1 +

zf ′′(z)

f ′(z)

)
> α for all z ∈ Dr

}
,

and we adopt the convention K = K(0).

• The real number

r c
α(f ) = sup

{
r > 0 : Re

(
1 +

zf ′′(z)

f ′(z)

)
> α for all z ∈ Dr

}
,

is called the radius of convexity of order α of the function f . It is worth mentioning that
r c(f ) = r c

0 (f ) is the largest radius such that the image region f (Drc (f )) is a convex
domain in C.
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• In this talk our aim is to consider two classical special functions, the Lommel function
of the first kind sµ,ν and the Struve function of the first kind Hν .

They are explicitly
defined in terms of the hypergeometric function 1F2 by

sµ,ν(z) =
zµ+1

(µ− ν + 1)(µ+ ν + 1)
1F2

(
1;
µ− ν + 3

2
,
µ+ ν + 3

2
;−z2

4

)
,

1
2 (−µ± ν − 3) 6∈ N and

Hν(z) =

( z
2

)ν+1√
π
4 Γ
(
ν + 3

2

) 1F2

(
1;

3
2
, ν +

3
2

;−z2

4

)
, −ν − 3

2
6∈ N.

Observe that

sν,ν(z) = 2ν−1√πΓ

(
ν +

1
2

)
Hν(z).

A common feature of these functions is that they are solutions of inhomogeneous
Bessel differential equations. Indeed, the Lommel function of the first kind sµ,ν is a
solution of

z2w ′′(z) + zw ′(z) + (z2 − ν2)w(z) = zµ+1

while the Struve function Hν obeys

z2w ′′(z) + zw ′(z) + (z2 − ν2)w(z) =
4
( z

2

)ν+1

√
πΓ
(
ν + 1

2

) .
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• In 1970 Steinig investigated the real zeros of the Struve function Hν , while in 1972 he
examined the sign of sµ,ν(z) for real µ, ν and positive z. He showed, among other
things, that for µ < 1

2 the function sµ,ν has infinitely many changes of sign on (0,∞).

In
2012 Koumandos and Lamprecht obtained sharp estimates for the location of the zeros
of sµ− 1

2 ,
1
2

when µ ∈ (0, 1). The Turán type inequalities for sµ− 1
2 ,

1
2

were established
recently by Baricz and Koumandos, while those for the Struve function were proved by
Baricz, Ponnusamy and Singh. Geometric properties of the Lommel function sµ− 1

2 ,
1
2

and of the Struve function Hν were obtained by Baricz, Dimitrov, Orhan and Yağmur.

• Motivated by those results, in this talk we are interested on the radii of convexity of
certain analytic functions related to the classical special functions under discussion.
Since neither sµ− 1

2 ,
1
2
, nor Hν belongs to A, first we perform some natural

normalizations.
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•We define three functions related to sµ− 1
2 ,

1
2
:

fµ(z) = fµ− 1
2 ,

1
2

(z) =
(
µ(µ+ 1)sµ− 1

2 ,
1
2

(z)
) 1
µ+ 1

2 ,

gµ(z) = gµ− 1
2 ,

1
2

(z) = µ(µ+ 1)z−µ+
1
2 sµ− 1

2 ,
1
2

(z)

and
hµ(z) = hµ− 1

2 ,
1
2

(z) = µ(µ+ 1)z
3−2µ

4 sµ− 1
2 ,

1
2

(
√

z).

Similarly, we associate with Hν the functions

uν(z) =

(√
π2νΓ

(
ν +

3
2

)
Hν(z)

) 1
ν+1

,

vν(z) =
√
π2νz−νΓ

(
ν +

3
2

)
Hν(z)

and

wν(z) =
√
π2νz

1−ν
2 Γ

(
ν +

3
2

)
Hν(
√

z).

Clearly the functions fµ, gµ, hµ, uν , vν and wν belong to the class A.
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Árpád Baricz (Babeş-Bolyai University) Lommel and Struve functions August 26, 2015 6 / 18



•We define three functions related to sµ− 1
2 ,

1
2
:

fµ(z) = fµ− 1
2 ,

1
2

(z) =
(
µ(µ+ 1)sµ− 1

2 ,
1
2

(z)
) 1
µ+ 1

2 ,

gµ(z) = gµ− 1
2 ,

1
2

(z) = µ(µ+ 1)z−µ+
1
2 sµ− 1

2 ,
1
2

(z)

and
hµ(z) = hµ− 1

2 ,
1
2

(z) = µ(µ+ 1)z
3−2µ

4 sµ− 1
2 ,

1
2

(
√

z).

Similarly, we associate with Hν the functions

uν(z) =

(√
π2νΓ

(
ν +

3
2

)
Hν(z)

) 1
ν+1

,

vν(z) =
√
π2νz−νΓ

(
ν +

3
2

)
Hν(z)

and

wν(z) =
√
π2νz

1−ν
2 Γ

(
ν +

3
2

)
Hν(
√

z).

Clearly the functions fµ, gµ, hµ, uν , vν and wν belong to the class A.

Árpád Baricz (Babeş-Bolyai University) Lommel and Struve functions August 26, 2015 6 / 18



•We define three functions related to sµ− 1
2 ,

1
2
:

fµ(z) = fµ− 1
2 ,

1
2

(z) =
(
µ(µ+ 1)sµ− 1

2 ,
1
2

(z)
) 1
µ+ 1

2 ,

gµ(z) = gµ− 1
2 ,

1
2

(z) = µ(µ+ 1)z−µ+
1
2 sµ− 1

2 ,
1
2

(z)

and
hµ(z) = hµ− 1

2 ,
1
2

(z) = µ(µ+ 1)z
3−2µ

4 sµ− 1
2 ,

1
2

(
√

z).

Similarly, we associate with Hν the functions

uν(z) =

(√
π2νΓ

(
ν +

3
2

)
Hν(z)

) 1
ν+1

,

vν(z) =
√
π2νz−νΓ

(
ν +

3
2

)
Hν(z)

and

wν(z) =
√
π2νz

1−ν
2 Γ

(
ν +

3
2

)
Hν(
√

z).

Clearly the functions fµ, gµ, hµ, uν , vν and wν belong to the class A.
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Lemma (Á. Baricz, S. Koumandos)

Let

ϕk (z) = 1F2

(
1;
µ− k + 2

2
,
µ− k + 3

2
;−z2

4

)
where z ∈ C, µ ∈ R and k ∈{0, 1, . . . } such that µ− k is not in {0,−1, . . . }. Then, ϕk

is an entire function of order ρ = 1.

Consequently, the Hadamard’s factorization of ϕk is
of the form

ϕk (z) =
∏
n≥1

(
1− z2

z2
µ,k,n

)
,

where zµ,k,n is the nth positive zero of the function ϕk and the infinite product is
absolutely convergent. Moreover, for z, µ and k as above, we have

(µ− k + 1)ϕk+1(z) = (µ− k + 1)ϕk (z) + zϕ′k (z),

√
zsµ−k− 1

2 ,
1
2

(z) =
zµ−k+1

(µ− k)(µ− k + 1)
ϕk (z).
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Lemma (Á. Baricz, S. Ponnusamy and S. Singh)

If |ν| ≤ 1
2 , then the Hadamard factorization of the real entire function

Hν : R→ (−∞, 1], defined by Hν(x) =
√
π2νx−ν−1Γ

(
ν + 3

2

)
Hν(x),

reads as follows

Hν(x) =
∏
n≥1

(
1− x2

h2
ν,n

)
, (1)

where hν,n stands for the nth positive zero of the Struve function Hν . The above infinite
product is absolutely convergent and if |ν| ≤ 1

2 and x 6= hν,n, n ∈ {1, 2, . . . }, then the
Mittag-Leffler expansion of the Struve function Hν is as follows

Hν−1(x)

Hν(x)
=

2ν + 1
x

+
∑
n≥1

2x
x2 − h2

ν,n
. (2)
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•We also recall that by definition the real entire function φ, defined by

φ(z) = φ(z; t) =
∑
n≥0

an(t)
zn

n!
,

is said to be in the Laguerre-Pólya class

if φ(z) can be expressed in the form

φ(z) = czd e−αz2+βz
ω∏

n=1

(
1− z

zn

)
e

z
zn , 0 ≤ ω ≤ ∞,

where c and β are real, zn’s are real and nonzero for all n ∈ {1, 2, . . ., ω}, α ≥ 0, d is a
nonnegative integer and

∑ω
n=1 z−2

i <∞. If ω = 0, then, by convention, the product is
defined to be 1.

Lemma (Á. Baricz, N. Yağmur)
The zeros of the Lommel function sµ− 1

2 ,
1
2

and its derivative interlace when µ ∈ (−1, 1),

µ 6= 0.

Lemma (Á. Baricz, N. Yağmur)

The zeros of the function Hν and its derivative interlace when |ν| ≤ 1
2 .
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Proof.

It is known that the zeros of Hν are all real and simple when |ν| ≤ 1
2 , see Steinig.

Thus,
the function x 7−→ Hν(x) =

√
π2νx−ν−1Γ

(
ν + 3

2

)
Hν(x) belongs to the Laguerre-Pólya

class of real entire functions (since the exponential factors in the infinite product are
canceled because of the symmetry of the zeros ±hν,n, n ∈ N, with respect to the
origin) and thus it satisfies the Laguerre inequality (see Skoovgard)(

H(n)
ν (x)

)2
−
(
H(n−1)
ν (x)

)(
H(n+1)
ν (x)

)
> 0, (3)

where |ν| ≤ 1
2 and x ∈ R. On the other hand, we have that

H′ν(z) =
√
π2νz−ν−2Γ

(
ν +

3
2

)[
zH′ν(z)− (ν + 1)Hν(z)

]
,

H′′ν (z)

Γ
(
ν + 3

2

) =
√
π2νz−ν−3

[
z2H′′ν (z)− 2(ν + 1)zH′ν(z) + (ν + 1)(ν + 2)Hν(z)

]
,

and thus the Laguerre inequality (3) for n = 1 is equivalent to

π22νx−2ν−4
[
x2 (H′ν(x)

)2 − x2Hν(x)H′′ν (x)− (ν + 1) (Hν(x))2
]
> 0.
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Árpád Baricz (Babeş-Bolyai University) Lommel and Struve functions August 26, 2015 10 / 18



Proof.

It is known that the zeros of Hν are all real and simple when |ν| ≤ 1
2 , see Steinig. Thus,

the function x 7−→ Hν(x) =
√
π2νx−ν−1Γ

(
ν + 3

2

)
Hν(x) belongs to the Laguerre-Pólya

class of real entire functions (since the exponential factors in the infinite product are
canceled because of the symmetry of the zeros ±hν,n, n ∈ N, with respect to the
origin) and thus it satisfies the Laguerre inequality (see Skoovgard)(

H(n)
ν (x)

)2
−
(
H(n−1)
ν (x)

)(
H(n+1)
ν (x)

)
> 0, (3)

where |ν| ≤ 1
2 and x ∈ R. On the other hand, we have that

H′ν(z) =
√
π2νz−ν−2Γ

(
ν +

3
2

)[
zH′ν(z)− (ν + 1)Hν(z)

]
,

H′′ν (z)

Γ
(
ν + 3

2

) =
√
π2νz−ν−3

[
z2H′′ν (z)− 2(ν + 1)zH′ν(z) + (ν + 1)(ν + 2)Hν(z)

]
,

and thus the Laguerre inequality (3) for n = 1 is equivalent to

π22νx−2ν−4
[
x2 (H′ν(x)

)2 − x2Hν(x)H′′ν (x)− (ν + 1) (Hν(x))2
]
> 0.
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Proof.
This implies that

(
H′ν(x)

)2 − Hν(x)H′′ν (x) >
(ν + 1) (Hν(x))2

x2 > 0 (4)

for |ν| ≤ 1
2 and x ∈ R, that is, the function x 7−→ H′ν(x)/Hν(x) is decreasing on

(0,∞)\ {hν,n : n ∈ N} .

Since the zeros hν,n of the Struve function Hν are real and
simple, H′ν(x) does not vanish in hν,n, n ∈ N. Thus, for a fixed k ∈ N the function
x 7−→ H′ν(x)/Hν(x) takes the limit∞ when x ↘ hν,k−1, and the limit −∞ when
x ↗ hν,k . Moreover, since x 7−→ H′ν(x)/Hν(x) is decreasing on (0,∞)\ {hν,n : n ∈ N}
it results that in each interval (hν,k−1, hν,k ) its restriction intersects the horizontal line
only once, and the abscissa of this intersection point is exactly h′ν,k . So the zeros hν,n
and h′ν,n interlace. Here we used the convention that hν,0 = 0.
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simple, H′ν(x) does not vanish in hν,n, n ∈ N. Thus, for a fixed k ∈ N the function
x 7−→ H′ν(x)/Hν(x) takes the limit∞ when x ↘ hν,k−1, and the limit −∞ when
x ↗ hν,k .

Moreover, since x 7−→ H′ν(x)/Hν(x) is decreasing on (0,∞)\ {hν,n : n ∈ N}
it results that in each interval (hν,k−1, hν,k ) its restriction intersects the horizontal line
only once, and the abscissa of this intersection point is exactly h′ν,k . So the zeros hν,n
and h′ν,n interlace. Here we used the convention that hν,0 = 0.
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Theorem (Á. Baricz, N. Yağmur)

Let µ ∈ (−1, 1) \ {0}, ξµ,1 and ξ′µ,1 be the first positive zeros of sµ− 1
2 ,

1
2

and s′
µ− 1

2 ,
1
2
.

1 If µ 6= − 1
2 , then r c

α(fµ) is the smallest positive root of the equation

1 +
r s′′

µ− 1
2 ,

1
2

(r)

s′
µ− 1

2 ,
1
2

(r)
+

(
1

µ+ 1
2

− 1

)
r s′

µ− 1
2 ,

1
2

(r)

sµ− 1
2 ,

1
2

(r)
= α.

2 r c
α(gµ) is the smallest positive root of the equation

1
2
− µ+ r

( 3
2 − µ

)
s′
µ− 1

2 ,
1
2

(r) + r s′′
µ− 1

2 ,
1
2

(r)( 1
2 − µ

)
sµ− 1

2 ,
1
2

(r) + r s′
µ− 1

2 ,
1
2

(r)
= α.

3 r c
α(hµ) is the smallest positive root of the equation

3
2
− µ+

√
r

( 5
2 − µ)s′

µ− 1
2 ,

1
2

(
√

r) +
√

r s′′
µ− 1

2 ,
1
2

(
√

r)

( 3
2 − µ)sµ− 1

2 ,
1
2

(
√

r) +
√

r s′
µ− 1

2 ,
1
2

(
√

r)
= 2α.

Moreover, we have that r c
α(fµ) < ξ′µ,1 < ξµ,1, r c

α(gµ) < γµ,1 < ξµ,1 and
r c
α(hµ) < δµ,1 < ξµ,1, where γµ,1 and δµ,1 are the first positive zeros of g′µ and h′µ.
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Theorem (Á. Baricz, N. Yağmur)

Let |ν| ≤ 1
2 . Moreover, let hν,1 and h′ν,1 denote the first positive zeros of Hν and H′ν ,

respectively.

Then, the following assertions are true:

1 The radius of convexity of order α of the function uν is the smallest positive root of
the equation

1 +
r H′′ν (r)

H′ν(r)
+

(
1

ν + 1
− 1
)

r H′ν(r)

Hν(r)
= α.

2 The radius of convexity of order α of the function vν is the smallest positive root of
the equation

−ν + r
(1− ν)H′ν(r) + rH′′ν (r)

−νHν(r) + rH′ν(r)
= α.

3 The radius of convexity of order α of the function wν is the smallest positive root of
the equation

1− ν +
√

r
(2− ν)H′ν(

√
r) +

√
rH′′ν (

√
r)

(1− ν)Hν(
√

r) +
√

rH′ν(
√

r)
= 2α.

Moreover, we have the inequalities r c
α(uν) < h′ν,1 < hν,1, r c

α(vν) < ςν,1 < hν,1 and
r c
α(wν) < σν,1 < hν,1, where ςν,1 and σν,1 are the first positive zeros of the functions v ′ν

and w ′ν , respectively.
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Proof.

If |ν| ≤ 1
2 , then the Hadamard factorization of the transcendental entire function Hν ,

defined by

Hν(z) =
√
π2νz−ν−1Γ

(
ν +

3
2

)
Hν(z),

reads as follows

Hν(z) =
∏
n≥1

(
1− z2

h2
ν,n

)
,

which implies that

Hν(z) =
zν+1

√
π2νΓ

(
ν + 3

2

) ∏
n≥1

(
1− z2

h2
ν,n

)
, (5)

where hν,n stands for the nth positive zero of the Struve function Hν . The infinite sum
representation of the function H′ν is

H′ν(z) =
(ν + 1)zν

√
π2νΓ

(
ν + 3

2

) ∑
n≥0

(−1)n (2n + ν + 1)

(ν + 1)22n
( 3

2

)
n

(
ν + 3

2

)
n

z2n, (6)

which can be rewritten as
√
π2νΓ

(
ν + 3

2

)
(ν + 1)

z−νH′ν(z) = 1 +
∑
n≥1

(−1)n (2n + ν + 1)

(ν + 1)22n
( 3

2

)
n

(
ν + 3

2

)
n

z2n.
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Proof.

The above entire function is of growth order ρ = 1
2 since as n −→∞

n log n
log (ν + 1) + 2n log 2 + log

( 3
2

)
n + log

(
ν + 3

2

)
n − log(2n + ν + 1)

−→ 1
2
.

Applying Hadamard’s Theorem we can write the infinite product representation of H′ν
as follows

H′ν(z) =
(ν + 1)zν

√
π2νΓ

(
ν + 3

2

) ∏
n≥1

(
1− z2

h′2ν,n

)
(7)

where h′ν,n denotes the nth positive zero of the function H′ν . Using (5) and (7) we have

zH′ν(z)

Hν(z)
= ν + 1−

∑
n≥1

2z2

h2
ν,n − z2

, 1 +
zH′′ν (z)

H′ν(z)
= ν + 1−

∑
n≥1

2z2

h′2ν,n − z2
.

and consequently

1 +
zu′′ν (z)

u′ν(z)
= 1 +

z H′′ν (z)

H′ν(z)
+

(
1

ν + 1
− 1
)

zH′ν(z)

Hν(z)

= 1−
(

1
ν + 1

− 1
)∑

n≥1

2z2

h2
ν,n − z2

−
∑
n≥1

2z2

h′2ν,n − z2
.
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Proof.

Now, suppose that ν ∈ [− 1
2 , 0]. By using an elementary inequality for all z ∈ Dh′

ν,1
we

obtain the inequality

Re
(

1 +
zu′′ν (z)

u′ν(z)

)
> 1−

(
1

ν + 1
− 1
)∑

n≥1

2r 2

h2
ν,n − r 2

−
∑
n≥1

2r 2

h′2ν,n − r 2
,

where |z| = r .

Moreover, observe that if we use another elementary inequality then we
get that the above inequality is also valid when ν ∈

[
0, 1

2

]
. Here we used that the zeros

hν,n and h′ν,n interlace. The above inequality implies for r ∈
(
0, h′ν,1

)
inf

z∈Dr

{
Re
(

1 +
zu′′ν (z)

u′ν(z)

)}
= 1 +

ru′′ν (r)

u′ν(r)
.

On the other hand, the function Uν :
(
0, h′ν,1

)
−→ R, defined by

Uν(r) = 1 +
ru′′ν (r)

u′ν(r)
,

is strictly decreasing since
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where |z| = r . Moreover, observe that if we use another elementary inequality then we
get that the above inequality is also valid when ν ∈

[
0, 1

2

]
. Here we used that the zeros

hν,n and h′ν,n interlace. The above inequality implies for r ∈
(
0, h′ν,1

)
inf

z∈Dr

{
Re
(

1 +
zu′′ν (z)

u′ν(z)

)}
= 1 +

ru′′ν (r)

u′ν(r)
.

On the other hand, the function Uν :
(
0, h′ν,1

)
−→ R, defined by

Uν(r) = 1 +
ru′′ν (r)

u′ν(r)
,

is strictly decreasing since
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Proof.

U ′ν(r) = −
(

1
ν + 1

− 1
)∑

n≥1

4rh2
ν,n(

h2
ν,n − r 2

)2 −
∑
n≥1

4rh′2ν,n(
h′2ν,n − r 2

)2

<
∑
n≥1

4rh2
ν,n(

h2
ν,n − r 2

)2 −
∑
n≥1

4rh′2ν,n(
h′2ν,n − r 2

)2 < 0

for ν ∈
[
0, 1

2

]
and r ∈

(
0, h′ν,1

)
, and also we have U ′ν(r) < 0 for ν ∈

[
− 1

2 , 0
]

and r > 0.
Here we used that the zeros hν,n and h′ν,n interlace for all n ∈ N, |ν| ≤ 1

2 and

r <
√

hν,nh′ν,n we have that h2
ν,n
(
h′2ν,n − r 2)2

< h′2ν,n
(
h2
ν,n − r 2)2

. Since
limr↘0 Uν(r) = 1 > α and limr↗h′

ν,1
Uν(r) = −∞, in view of the minimum principle for

harmonic functions it follows that for z ∈ Dr4 we have

Re
(

1 +
zu′′ν (z)

u′ν(z)

)
> α

if and only if r4 is the unique root of

1 +
ru′′ν (r)

u′ν(r)
= α

situated in
(
0, h′ν,1

)
.
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Árpád Baricz (Babeş-Bolyai University) Lommel and Struve functions August 26, 2015 18 / 18



References

1 Á. BARICZ, D.K. DIMITROV, H. ORHAN, N. YAĞMUR, Radii of starlikeness of some
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2 Á. BARICZ, D.K. DIMITROV, I. MEZŐ, Radii of starlikeness and convexity of some
q-Bessel functions, arXiv:1409.0293.

3 Á. BARICZ, S. KOUMANDOS, Turán type inequalities for some Lommel functions of
the first kind, Proc. Edinb. Math. Soc. (in press), arXiv:1308.6477.

4 Á. BARICZ, S. PONNUSAMY, S. SINGH, Turán type inequalities for Struve
functions, arXiv:1401.1430.

5 Á. BARICZ, R. SZÁSZ, Close-to-convexity of some special functions and their
derivatives, Bull. Malays. Math. Sci. Soc. (in press), arXiv:1402.0692.

6 Á. BARICZ, R. SZÁSZ, The radius of convexity of normalized Bessel functions of
the first kind, Anal. Appl. 12(5) (2014) 485–509.
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7 Á. BARICZ, N. YAĞMUR: Geometric properties of some Lommel and Struve
functions. Ramanujan J. (in press), arXiv.1410.5217.

8 S. KOUMANDOS, M. LAMPRECHT, The zeros of certain Lommel functions, Proc.
Amer. Math. Soc. 140 (2012) 3091–3100.

9 J. STEINIG, The real zeros of Struve’s function, SIAM J. Math. Anal. 1(3)
(1970) 365–375.
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