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Abstract

In this talk the radii of convexity of some Lommel and Struve functions of the first kind
are presented. For both of Lommel and Struve functions three different normalizations
are applied in such a way that the resulting functions are analytic in the unit disk of the
complex plane. Some results on the zeros of the derivatives of some Lommel and
Struve functions of the first kind are also deduced, which may be of independent
interest.
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Abstract

In this talk the radii of convexity of some Lommel and Struve functions of the first kind
are presented. For both of Lommel and Struve functions three different normalizations
are applied in such a way that the resulting functions are analytic in the unit disk of the
complex plane. Some results on the zeros of the derivatives of some Lommel and
Struve functions of the first kind are also deduced, which may be of independent
interest.

The talk is based on a joint work [arXiv.1410.5217] with Nihat Yagmur:

@ A. Baricz, N. Yagmur: Geometric properties of some Lommel and Struve functions.
Ramanujan J. (in press).
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e Let D, be the open disk {z € C: |z| < r}, where r > 0. As usual, with .4 we denote
the class of analytic functions f : D, — C which satisfy the usual normalization
conditions f(0) = f/(0) — 1 = 0. Let us denote by S the class of functions belonging to
A which are univalent in D, and let K(«) be the subclass of S consisting of functions
which are convex of order « in D,, where 0 < o < 1.
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the class of analytic functions f : D, — C which satisfy the usual normalization
conditions f(0) = f/(0) — 1 = 0. Let us denote by S the class of functions belonging to
A which are univalent in D, and let K(«) be the subclass of S consisting of functions
which are convex of order « in D,, where 0 < o < 1.

e The analytic characterization of this class of functions is

zf"(2)
f(2)

K(a):{feS:Re<1+ )>aforallzeD,},

and we adopt the convention K = K(0).
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e Let D, be the open disk {z € C: |z| < r}, where r > 0. As usual, with .4 we denote
the class of analytic functions f : D, — C which satisfy the usual normalization
conditions f(0) = f/(0) — 1 = 0. Let us denote by S the class of functions belonging to
A which are univalent in D, and let K(«) be the subclass of S consisting of functions
which are convex of order « in D,, where 0 < o < 1.

e The analytic characterization of this class of functions is

zf"(2)
f(2)

K(a):{feS:Re<1+ >>aforallzeD,},

and we adopt the convention K = K(0).

e The real number

zf"(2)
f(2)

rg(f):sup{r>0:Re(1+ )>a forallZG]D),},

is called the radius of convexity of order « of the function f. It is worth mentioning that
re(f) = rs(f) is the largest radius such that the image region f(IDy<(r)) is a convex
domain in C.
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e In this talk our aim is to consider two classical special functions, the Lommel function
of the first kind s,,,, and the Struve function of the first kind H, .
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e In this talk our aim is to consider two classical special functions, the Lommel function
of the first kind s,,,, and the Struve function of the first kind H,.. They are explicitly
defined in terms of the hypergeometric function 1 F by

Zu+1 .u—z/+3 /~L+V+3, z2
S“’V(Z)i(M—V+1)(M+I/—|—1)1F2(1 5 , 5 v,Z)y
H(—p+v—3)¢Nand
( )u+1 3 3 22 3
V(Z) \/?r( )1F2<1127V+21_4 5 —V—EgN
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e In this talk our aim is to consider two classical special functions, the Lommel function
of the first kind s,,,, and the Struve function of the first kind H,.. They are explicitly
defined in terms of the hypergeometric function 1 F by

zH p—v+3 p+v+3 2
e e R G =

2 ' 2 "4
H(—p+v—-3)¢Nand

v+41 2
H(2) = —2) )15( 2,u+9;—z—), oSN

Vi@ 2 2

SH»V(Z) =

Observe that
SVW(Z) = 2u—1\/7?r (y + %) HV(Z)-

A common feature of these functions is that they are solutions of inhomogeneous
Bessel differential equations.
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e In this talk our aim is to consider two classical special functions, the Lommel function
of the first kind s,,,, and the Struve function of the first kind H,.. They are explicitly
defined in terms of the hypergeometric function 1 F by

z#H1 p—v+3 p+v+3 2
e e R G =

2 ' 2 "4
H(—p+v—-3)¢Nand

(3" 3 3 =z 3
H.(2) = JEr (T )1F2< 2’V+§'_Z)’ —v— - ¢gN.

SH»V(Z) =

Observe that ]
SVW(Z) = 2u—1\/7?r (y + E) HV(Z)-
A common feature of these functions is that they are solutions of inhomogeneous
Bessel differential equations. Indeed, the Lommel function of the first kind s, is a
solution of
2w (2) + 2w/ (2) + (22 — P)w(z) = 2"

while the Struve function H, obeys

2w (2) + 2w/ (2) 4+ (2° — P)w(z) =
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e In 1970 Steinig investigated the real zeros of the Struve function H,, while in 1972 he
examined the sign of s,, . (z) for real 1, v and positive z. He showed, among other
things, that for 1« < } the function s, has infinitely many changes of sign on (0, cc).
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e In 1970 Steinig investigated the real zeros of the Struve function H,,, while in 1972 he
examined the sign of s,, . (z) for real 1, v and positive z. He showed, among other
things, that for ;. < % the function s,,,,, has infinitely many changes of sign on (0, o). In
2012 Koumandos and Lamprecht obtained sharp estimates for the location of the zeros
1 1 when p € (0,1).

22

of s,
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e In 1970 Steinig investigated the real zeros of the Struve function H,,, while in 1972 he
examined the sign of s,, . (z) for real 1, v and positive z. He showed, among other
things, that for ;. < % the function s,,,,, has infinitely many changes of sign on (0, o). In
2012 Koumandos and Lamprecht obtained sharp estimates for the location of the zeros
of S, 1.1 when 1 € (0,1). The Turan type inequalities for S, were established

recently by Baricz and Koumandos, while those for the Struve functlon were proved by
Baricz, Ponnusamy and Singh. Geometric properties of the Lommel function Su-1.1

and of the Struve function H,, were obtained by Baricz, Dimitrov, Orhan and Yagmur.
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e In 1970 Steinig investigated the real zeros of the Struve function H,,, while in 1972 he
examined the sign of s,, . (z) for real 1, v and positive z. He showed, among other
things, that for ;. < % the function s,,,,, has infinitely many changes of sign on (0, o). In
2012 Koumandos and Lamprecht obtained sharp estimates for the location of the zeros
of S, 1.1 when 1 € (0,1). The Turan type inequalities for S, were established

recently by Baricz and Koumandos, while those for the Struve functlon were proved by
Baricz, Ponnusamy and Singh. Geometric properties of the Lommel function Su-1.1

and of the Struve function H,, were obtained by Baricz, Dimitrov, Orhan and Yagmur.

o Motivated by those results, in this talk we are interested on the radii of convexity of
certain analytic functions related to the classical special functions under discussion.
Since neither s;k%%, nor H, belongs to A, first we perform some natural
normalizations.
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o We define three functions related to S,

(ST
ST
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e We define three functions related to S 11"
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e We define three functions related to S 11"

9u(2) =9, 3 1(2)=plp+1)z""2s, 4 1(2)
and 3—2u
h(z)=h,_ ;s 1(2)=p(u+1)z s, 1 1(V2)
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e We define three functions related to S 11"

f(2) = f,_34(@) = (ulu+ s,y 4(2) " F,

and ey
11(2)=plp+1)z % s, 1(\/2)

H—3:3 H—3%:3
Similarly, we associate with H, the functions

h.(z)=h
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e We define three functions related to S 11"

(@) =1,_;1(2)= (u(u+ s,

and -
h(z)=h, 1 1(2)=p(p+1)z % s

11
H—3:3 H—3%:3

Similarly, we associate with H, the functions

u(z) = <\/7r2”r (u + g) Hu(z)> -
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e We define three functions related to S 11"

(@) =1,_;1(2)= (u(u+ s,

and -
h(z)y=h, 1 1(2)=pp+1)z * s, _11(V2).

H—3:3 H—3%:3
Similarly, we associate with H, the functions

u(z) = <\/7r2”r (u + g) Hy(z)> -

vu(2) = /m2"z7"T <I/ + g) H.(z)
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and -
h(z)y=h, 1 1(2)=pp+1)z * s, _11(V2).

H—3:3 H—3%:3
Similarly, we associate with H, the functions

u(z) = <\/7r2”r (u + g) Hy(z)> -

vu(2) = /m2"z7"T <I/ + g) H.(z)
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w,(2) = Nl (y + g) H.(VZ).
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o We define three functions related to SW%,%:

and -
h(z)y=h, 1 1(2)=pp+1)z * s, _11(V2).

H=32:3 H—5,3
Similarly, we associate with H,, the functions

u,(z) = <\/7r2”r (u + g) H,,(z)) o ,

vo(2) = /m2"z7"T <I/ + g) H.(2)

and

W, (z) = 72"z 2T (y + g) H,(VZ).

Clearly the functions £, g,., h., u., v., and w, belong to the class A.
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Lemma (A. Baricz, S. Koumandos)

Let

_ u—k+2 u—k+3._272
wk(z) = 1F2 (1v 5 5 g

wherez € C, p € R and k € {0,1, ...} such that u — k is not in {0, —1,...}. Then, ¢«
is an entire function of order p = 1.

Arpad Baricz (Babes-Bolyai University) Lommel and Struve functions August 26, 2015 7/18



Lemma (A. Baricz, S. Koumandos)

Let

_ p—k+2 u—k+3._272
wk(2) = 1F2 <1, 5 5 g

wherez € C, p € R and k € {0,1, ...} such that u — k is not in {0, —1,...}. Then, ¢«
is an entire function of order p = 1. Consequently, the Hadamard’s factorization of ¢y is

of the form
z2
QDK(Z):H<1_22 )7

n>1 w,k,n

where z, k. n is the nth positive zero of the function ¢k and the infinite product is
absolutely convergent.
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Lemma (A. Baricz, S. Koumandos)

Let

_ p—k+2 u—k+3__i2
wk(2) = 1F2 <1, 5 5 g

wherez € C, p € R and k € {0,1, ...} such that u — k is not in {0, —1,...}. Then, ¢«
is an entire function of order p = 1. Consequently, the Hadamard’s factorization of ¢y is

of the form
Z2
QDK(Z):H<1_ ) )7

n>1 Zik,n

where z, k. n is the nth positive zero of the function ¢k and the infinite product is
absolutely convergent. Moreover, for z, i and k as above, we have

(1 — k + 1)kt (2) = (1 — k + 1)or(2) + 24(2),

z,ufk+1

VZs, i y4(2) = T TS I
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Lemma (A. Baricz, S. Ponnusamy and S. Singh)

If|v| < }, then the Hadamard factorization of the real entire function
H, : R — (—o0, 1], defined by H,(x) = v/72"x*~'T (v + ) Hu(x),
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Lemma (A. Baricz, S. Ponnusamy and S. Singh)

If|v| < }, then the Hadamard factorization of the real entire function
H, : R — (—o0, 1], defined by H.,(x) = /72"x*~'T (v + 3) H.(x), reads as follows

Ho(x)=]] (1 —h’fn) 1)

n>1

where h, , stands for the nth positive zero of the Struve function H, .
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Lemma (A. Baricz, S. Ponnusamy and S. Singh)

If|v| < }, then the Hadamard factorization of the real entire function
H, : R — (—o0, 1], defined by H.,(x) = /72"x*~'T (v + 3) H.(x), reads as follows

HV(X)=H<1 —hxf) (1)

n>1

where h,,, stands for the nth positive zero of the Struve function H,,. The above infinite
product is absolutely convergent and if [v| < } and x # h,.n, n € {1,2,...}, then the
Mittag-Leffler expansion of the Struve function H,, is as follows

HV_1(X) . 2v +1
el e

H. (x) @

2Xx
o .
e A
v
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e We also recall that by definition the real entire function ¢, defined by

o2 =o(zit) = an(t)%:,

n>0

is said to be in the Laguerre-Pdlya class
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e We also recall that by definition the real entire function ¢, defined by
zn
o2 =zt = an(t)
n>0

is said to be in the Laguerre-Pdlya class if ¢(z) can be expressed in the form

w
_az? zZ z
$(z) = cz%e™** +BZH(1 —Z—> esn, 0<w< oo,
n

n=1

where ¢ and j are real, z,’s are real and nonzero foralln e {1,2,...,w},a>0,disa
nonnegative integer and "% _, z? < oco. If w = 0, then, by convention, the product is
defined to be 1.
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e We also recall that by definition the real entire function ¢, defined by
zn
o2 =zt = an(t)
n>0
is said to be in the Laguerre-Pdlya class if ¢(z) can be expressed in the form

o(2) = czde_a22+BZH (1 - 5) e, 0<w< oo,

Z,
n=1 n

where ¢ and j are real, z,’s are real and nonzero foralln e {1,2,...,w},a>0,disa
nonnegative integer and "% _, z? < oco. If w = 0, then, by convention, the product is
defined to be 1.

Lemma (A. Baricz, N. Yagmur)

The zeros of the Lommel function s
p#0.

=i and its derivative interlace when p € (—1,1),
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e We also recall that by definition the real entire function ¢, defined by

o2 =o(zit) = an(t)%r;,

n>0

is said to be in the Laguerre-Pdlya class if ¢(z) can be expressed in the form

w
—az? z z
#(z) = cz%e "Z+’32H(1—Z—)ezm 0 <w < oo,
n
n=1

where ¢ and j are real, z,’s are real and nonzero foralln e {1,2,...,w},a>0,disa
nonnegative integer and "% _, z? < oco. If w = 0, then, by convention, the product is
defined to be 1.

Lemma (A. Baricz, N. Yagmur)

The zeros of the Lommel function s
p#0.

=i and its derivative interlace when p € (—1,1),

Lemma (A. Baricz, N. Yagmur)

The zeros of the function H,, and its derivative interlace when |v| < }.

o
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Proof.

It is known that the zeros of H,, are all real and simple when |v| < 1, see Steinig.
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Proof.

It is known that the zeros of H,, are all real and simple when |v| < 1, see Steinig. Thus,
the function x — H,(x) = va2"x~ "' (v + 3) H.(x) belongs to the Laguerre-Pélya
class of real entire functions (since the exponential factors in the infinite product are
canceled because of the symmetry of the zeros +h, », n € N, with respect to the

origin)

v
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Proof.

It is known that the zeros of H,, are all real and simple when |v| < 1, see Steinig. Thus,
the function x — H,(x) = va2"x~ "' (v + 3) H.(x) belongs to the Laguerre-Pélya
class of real entire functions (since the exponential factors in the infinite product are
canceled because of the symmetry of the zeros +h, », n € N, with respect to the
origin) and thus it satisfies the Laguerre inequality (see Skoovgard)

(1200)" - (HE=000) (H00)) > 0, @

where || < I and x € R.

v
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Proof.

It is known that the zeros of H, are all real and simple when |v| < %, see Steinig. Thus,
the function x — H,(x) = va2"x~ "' (v + 3) H.(x) belongs to the Laguerre-Pélya
class of real entire functions (since the exponential factors in the infinite product are
canceled because of the symmetry of the zeros +h, », n € N, with respect to the
origin) and thus it satisfies the Laguerre inequality (see Skoovgard)

2
(#00)" = (H00) (r00) > o, @
where |v| < 1 and x € R. On the other hand, we have that

H,(2) = V72" 27V 72T <,, + g) [zH),(z) — (v + DH.(2)]

H'l/l(z) _ v_—v—3 20 q/ . ” ’ y y
m*ﬁz z [Z H.(2) —2(v +1)zH,(2) + (v + 1)( +2)H,,(z)],

v
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Proof.

It is known that the zeros of H, are all real and simple when |v| < %, see Steinig. Thus,
the function x — H,(x) = va2"x~ "' (v + 3) H.(x) belongs to the Laguerre-Pélya
class of real entire functions (since the exponential factors in the infinite product are
canceled because of the symmetry of the zeros +h, », n € N, with respect to the
origin) and thus it satisfies the Laguerre inequality (see Skoovgard)

(HP0) ~ (1 (0) (D 00) > 0, ®

where |v| < 1 and x € R. On the other hand, we have that

H,(2) = V72" 27V 72T <y + g) [zH),(z) — (v + DH.(2)]

Hrl/l(z) _ v_—v—3 2y o » / v y
m*\/ﬂ & [2 H,(2) = 2(v + 1)zH,(2) + (v + 1)( +2)H,,(z)],

and thus the Laguerre inequality (3) for n = 1 is equivalent to

w22 X2 [xz (H.,(x))? = X°H, (x)HZ(x) — (v + 1)(Hu(x))2] > 0.

O

Arpad Baricz (Babes-Bolyai University) August 26, 2015 10/18



Proof.
This implies that

2
(HL(X))2 —H, (xX)H, (x) > W -0 @

for [v| < 1 and x € R, that is, the function x — H,,(x)/H.(x) is decreasing on
(0,00)\ {hy.n: N € N}.
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Proof.
This implies that

2
(H.,(x))? = H, (x)H.(x) > w

>0

for [v| < 1 and x € R, that is, the function x — H,,(x)/H.(x) is decreasing on
(0,00)\ {hv,n : n € N}. Since the zeros h,, of the Struve function H, are real and

simple, H;,(x) does not vanish in h, ,, n € N.

(4)
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Proof.
This implies that

2
(H,(x))? — H,()HL(x) > w

>0 (4)
for [v| < 1 and x € R, that is, the function x — H,,(x)/H.(x) is decreasing on
(0,00)\ {hv,n : n € N}. Since the zeros h,, of the Struve function H, are real and
simple, H;,(x) does not vanish in h, ,, n € N. Thus, for a fixed k € N the function

x — H,,(x)/H.(x) takes the limit co when x \ h, x—1, and the limit —oco when

X /‘ hy’k.
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Proof.
This implies that

2
(H,(x))? — H,()HL(x) > w

>0 (4)
for [v| < 1 and x € R, that is, the function x — H,,(x)/H.(x) is decreasing on
(0,00)\ {hv,n : n € N}. Since the zeros h,, of the Struve function H, are real and
simple, H;,(x) does not vanish in h, ,, n € N. Thus, for a fixed k € N the function

x — H;,(x)/H. (x) takes the limit co when x \ h, x_1, and the limit —co when

x 7 h, k. Moreover, since x — H;,(x)/H. (x) is decreasing on (0, c0)\ {h..» : n € N}
it results that in each interval (h, x—1, h, k) its restriction intersects the horizontal line
only once, and the abscissa of this intersection point is exactly f;, 4.
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Proof.
This implies that

2
(H,(x))? — H,()HL(x) > w

>0 (4)
for [v| < 1 and x € R, that is, the function x — H,,(x)/H.(x) is decreasing on
(0,00)\ {hv,n : n € N}. Since the zeros h,, of the Struve function H, are real and
simple, H;,(x) does not vanish in h, ,, n € N. Thus, for a fixed k € N the function

x — H;,(x)/H. (x) takes the limit co when x \ h, x_1, and the limit —co when

x 7 h, k. Moreover, since x — H;,(x)/H. (x) is decreasing on (0, c0)\ {h..» : n € N}
it results that in each interval (h, x—1, h, k) its restriction intersects the horizontal line
only once, and the abscissa of this intersection point is exactly h;, ;. So the zeros h,
and h;, , interlace. Here we used the convention that h, o = 0. O

v
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Theorem (A. Baricz, N. Yagmur)

Letp € (—1,1)\ {0}, &..1 and &, ; be the first positive zeros ofslh% 1 and SL—l
, il

Q Ifu+# -1, thenr(f,) is the smallest positive root of the equation

=

4
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Let e (—1,1)\ {0}, £.,1 and &, ; be the first positive zeros ofs, ;1 and S, 11
’ 2’2
Q Ifu# —%, then ré(f,.) is the smallest positive root of the equation
rs_y 1(r) rs, i ()
fptme sy (L) e
Su_%,%(r) p+ 3 S,k%,%(r)
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Theorem (A. Baricz, N. Yagmur)
Let e (—1,1)\ {0}, £.,1 and &, 1 be the first positive zeros of S,_y,3 and s;_%

=

QI —1 then ré(f.,) is the smallest positive root of the equation
1% 2 w

/! /
rs#_%’%(r)_’— 1 » rs#_%,%(r):a'
s/ (r) w3

11
H—35,%

14

@ rS(g.) is the smallest positive root of the equation
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Let e (—1,1)\ {0}, £.,1 and &, 1 be the first positive zeros of 1.1

11 ands

QI —1 then ré(f.,) is the smallest positive root of the equation
1% 2 w

rsi s 1(r) rs, s 1(r)
- +< 11—1> A1 R
Su_%,%(r) p+3 SH,%,%(")

@ rS(g.) is the smallest positive root of the equation

3
1 (5_#)SL,%,%(")‘F’SZ,%,%(")
R (e P (O R (s R
2= W34 -t

=

1
H—75,
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Theorem (A. Baricz, N. Yagmur)
Let e (—1,1)\ {0}, £.,1 and &, 1 be the first positive zeros of 1.1

Q Ifp# —1, then rS(f,) is the smallest positive root of the equation
2 122

14 G

/
S._11
r=32:2

© ri(g.) is the smallest positive root of the equation
i
(§ —p) s (n+ rs;’f1 1 (r)
. 3.3

1—M+f d K322 =@
1 ; .
2 (E_“) SH_%,%(I’)—FFS”_%)%(I’)

© ri(h,) is the smallest positive root of the equation
i

11 ands

/! /
rs#_%,%(r)+ 1 » rs#_%,%(r):a'
(r)

=

1
H—75,
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Theorem (A. Baricz, N. Yagmur)

Let e (—1,1)\ {0}, £.,1 and &, 1 be the first positive zeros of 1.1 ands’

1
n—3%,
0 h 1% 7é —%, t”en Ia(’u) iS t”e Sl”a”est pOSltlve IOOt of the equaﬁo“

rs’ 4 4(r) rs 4 4(r)
fptme sy (L) e
S (I’) /L+§

11
H—35,%

© ri(g.) is the smallest positive root of the equation
i

3 / 7
1, LT s, (0
2 (§—u)s“_%,%(r)+rs;_%)%(r)
© rS(h,) is the smallest positive root of the equation
3, AGES A0
5 Mt = 2a.
2 T G s,y WD VS, (VD)

Moreover, we have that r§(f.) < &, 1 < &u1,

=
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Theorem (A. Baricz, N. Yagmur)

Let e (—1,1)\ {0}, £.,1 and &, 1 be the first positive zeros of 1.1 ands’

1
n—3%,
0 h 1% 7é —%, t”en Ia(’u) iS t”e Sl”a”est pOSltlve IOOt of the equaﬁo“

rs’ 4 4(r) rs 4 4(r)
fptme sy (L) e
S (I’) /L+§

11
H—35,%

© ri(g.) is the smallest positive root of the equation
i

3 / 7
1, LT s, (0
2 (§—u)s“_%,%(r)+rs;_%)%(r)
© rS(h,) is the smallest positive root of the equation
3, AGES A0
5 Mt = 2a.
2 T G s,y WD VS, (VD)

Moreover, we have that r(f.) < &, 1 < &u1, ro(Gn) < Yut < €un

=
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Theorem (A. Baricz, N. Yagmur)

Let e (—1,1)\ {0}, £.,1 and &, 1 be the first positive zeros of 1.1 ands’

1
n—3%,
0 h 1% 7é —%, t”en Ia(’u) iS t”e Sl”a”est pOSltlve IOOt of the equaﬁo“

rs’ 4 4(r) rs 4 4(r)
fptme sy (L) e
S (I’) /L+§

11
H—35,%

© ri(g.) is the smallest positive root of the equation
i

3 / 7
1, LT s, (0
2 (§—u)s“_%,%(r)+rs;_%)%(r)
© rS(h,) is the smallest positive root of the equation
3, AGES A0
5 Mt = 2a.
2 T G s,y WD VS, (VD)

Moreover, we have that r5(f.) < &, 1 < &u1, 1a(Gn) < Yu,1 < Eu and
ra(hu) < 01 <&ua,

=
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Theorem (A. Baricz, N. Yagmur)

Let e (—1,1)\ {0}, £.,1 and &, ; be the first positive zeros ofs, ;1 and S, 11
, i

=

Q Ifu#— %, then ré(f,.) is the smallest positive root of the equation

rS330 [ rs, 3,40
14 5 G s 7 —1 S G = a.
w3 p—%.%

11
H—35,%

(S

© ri(g.) is the smallest positive root of the equation
i

(F-ns, s (N+rs)_

§§
1_
(2 u)SH_%,%(f)-i-I’SH_

——puAtr
o KT

(VN +Vrs, ; (V1)
SN Vs (VD)

3
S—pu+Vr

G- ms,
2 B

S,

Moreover, we have that r5(f.) < &, 1 < &u1, 1a(Gn) < Yu,1 < Eu and
ré(hu) < 6u1 < .1, where v, 1 and 6,1 are the first positive zeros of g;, and h;,.

MA M—
[ I
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Theorem (A. Baricz, N. Yagmur)

Let|v| < % Moreover, let h, 1 and h;, ; denote the first positive zeros of H,, and H;,,
respectively.

V.
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Theorem (A. Baricz, N. Yagmur)

Let|v| < %. Moreover, let h, 1 and h,, ; denote the first positive zeros of H, and H;,,
respectively. Then, the following assertions are true:
@ The radius of convexity of order o of the function u,, is the smallest positive root of

the equation
rHy(r) T\ rH() _
gt () e =

y
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Let|v| < %. Moreover, let h, 1 and h,, ; denote the first positive zeros of H, and H;,,
respectively. Then, the following assertions are true:
@ The radius of convexity of order o of the function u,, is the smallest positive root of

the equation
rHy(r) T\ rH() _
R +<1/+1 1) H()

© The radius of convexity of order o of the function v,, is the smallest positive root of
the equation
(1 =)HL (1) + rH)(r) _

Iy (o w0
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Theorem (A. Baricz, N. Yagmur)

Let|v| < % Moreover, let h, 1 and h;, ; denote the first positive zeros of H,, and H;,,
respectively. Then, the following assertions are true:
@ The radius of convexity of order o of the function u,, is the smallest positive root of

the equation
rHy(r) 1 rH,(r)
"R +(v+1 1) ()

@ The radius of convexity of order o of the function v, is the smallest positive root of
the equation

_ (1 =H (1) + rHI(r) _
YR L)
© The radius of convexity of order o of the function w,, is the smallest positive root of
the equation
2 — v)H, (V) + VIHI(VT)
1—v+r ( Z = = 2a.
(1 = v)H (V1) + VH,(VT)
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Let|v| < % Moreover, let h, 1 and h;, ; denote the first positive zeros of H,, and H;,,
respectively. Then, the following assertions are true:
@ The radius of convexity of order o of the function u,, is the smallest positive root of

the equation
rHy(r) 1 rH,(r)
"R +(v+1 1) ()

@ The radius of convexity of order o of the function v, is the smallest positive root of
the equation

(1 =H (1) + rHI(r) _
TR ()

© The radius of convexity of order o of the function w,, is the smallest positive root of

the equation
5 (2 = v)H, (\/r) + /rH,(V/T)
1 ﬁ“_’/)“u(\ﬁ)"‘\ﬁwu(\ﬁ) 2

Moreover, we have the inequalities rS(u,) < h,; < h,1,
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@ The radius of convexity of order o of the function u,, is the smallest positive root of
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rHy(r) 1 rH,(r)
"R +(v+1 1) ()
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the equation

_ (1 =H (1) + rHI(r) _
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© The radius of convexity of order o of the function w,, is the smallest positive root of
the equation
2 — v)H, (V) + VIHI(VT)
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Moreover, we have the inequalities ri(u,) < h,; < hy 1, re(vo) < 1 < hy 1
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Theorem (A. Baricz, N. Yagmur)

Let|v| < % Moreover, let h, 1 and h;, ; denote the first positive zeros of H,, and H;,,
respectively. Then, the following assertions are true:
@ The radius of convexity of order o of the function u,, is the smallest positive root of

the equation
rHy(r) 1 rH,(r)
"R +(v+1 1) ()

@ The radius of convexity of order o of the function v, is the smallest positive root of
the equation

_ (1 =H (1) + rHI(r) _
YR L)
© The radius of convexity of order o of the function w,, is the smallest positive root of
the equation
2 — v)H, (V) + VIHI(VT)
1—v+r ( Z = = 2a.
(1 = v)H (V1) + VH,(VT)

Moreover, we have the inequalities r5(u,) < h,; < h, 1, ré(v) < 1 < h, 1 and
fg(W,,) <oyt < /’lu,17
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Theorem (A. Baricz, N. Yagmur)

Let|v| < % Moreover, let h, 1 and h;, ; denote the first positive zeros of H,, and H;,,
respectively. Then, the following assertions are true:
@ The radius of convexity of order o of the function u,, is the smallest positive root of

the equation
rHy(r) 1 rH,(r)
"R +(v+1 1) ()

@ The radius of convexity of order o of the function v, is the smallest positive root of
the equation

_ (1 =H (1) + rHI(r) _
YR L)
© The radius of convexity of order o of the function w,, is the smallest positive root of
the equation
2 — v)H, (V) + VIHI(VT)
1—v+r ( Z = = 2a.
(1 = v)H (V1) + VH,(VT)

Moreover, we have the inequalities r5(u,) < h,; < h, 1, ré(v) < 1 < h, 1 and
ré(wy) < o1 < hy 1, wheres, 1 and o, 1 are the first positive zeros of the functions v,,
and w,,, respectively.
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Proof.

If |v| < 3, then the Hadamard factorization of the transcendental entire function .,
defined by

Ho(2) = Vm2°z7"7'T (y + g) H.(2),

reads as follows
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If |v| < 3, then the Hadamard factorization of the transcendental entire function .,
defined by

Ho(2) = Vm2°z7"7'T (y + g) H.(2),

reads as follows

Hu(z):H<1 —:;n>,

Arpad Baricz (Babes-Bolyai University) Lommel and Struve functions August 26, 2015

14/18



Proof.

If |v| < 3, then the Hadamard factorization of the transcendental entire function .,
defined by

Ho(2) = Vm2°z7"7'T (y o g) H.(2),
reads as follows

Hu(z):H<1 _hz;,,)’

which implies that
zu+1

22>
< 1- =),
(-7

where h, , stands for the nth positive zero of the Struve function H,..

H.(z) =
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Proof.

If |v| < 3, then the Hadamard factorization of the transcendental entire function .,
defined by

Ho(2) = Vm2°z7"7'T (y + g) H.(2),

reads as follows )
V4
H(2)=1]] (1 - hT) ;
v,n

which implies that
zu+1

22
- e (7)) ®

n>1

where h, , stands for the nth positive zero of the Struve function H,.. The infinite sum
representation of the function H;, is

H.(2) = VT (v+3) = (v+1)22n (g)n (v+ 2),1

which can be rewritten as

)

(v+1)z¥ Z (=1)"@n+v+1) 2 ®)
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Proof.

If |v| < 3, then the Hadamard factorization of the transcendental entire function .,
defined by

Ho(2) = Vm2°z7"7'T (y + g) H.(2),

reads as follows )

oIl ()

which implies that
zu+1 2

V4
Vr2T (v+3) H (1 B T> ©

where h, , stands for the nth positive zero of the Struve function H,.. The infinite sum
representation of the function H;, is

H.(2) =

S (H1)Z ()" @n+v+1) o
HV(Z)_ﬁZVr(V+g)nZZ()(V+1)22n(g)n(V+g)nz 7 v

which can be rewritten as

V'l (v+ 3) S VH (2) — Y'@n4+v+1) o
w+1) H.(2) = 1+§( +1 22 () (w+8)
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Proof.

The above entire function is of growth order p = % since as n — oo

nlogn

1
Hi
log (v + 1) +2nlog2+log (3), +log (v + 3), —log(2n+ v + 1) 2
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Proof.
The above entire function is of growth order p = % since as n —» oo

nlogn
—
log (v + 1) +2nlog2+log (3), +log (v + 3), —log(2n+ v + 1)

N =

Applying Hadamard’s Theorem we can write the infinite product representation of H;,

as follows )

(v+1)z¥

H,(2) = < , ) )
fz” I/“r 2) n>1 huzn

where h;, , denotes the nth positive zero of the function H;,.
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Proof.

The above entire function is of growth order p = % since as n —» oo

nlogn
3 3) _ —
log (v +1) +2nlog2 +log (3), +log (v +3), —log(2n+ v + 1)

N —

Applying Hadamard’s Theorem we can write the infinite product representation of H;,

as follows )

(v+1)z¥

H,(2) = (1-%) ™
f2” I/“r 2) n>1 h1/2n

where h;, , denotes the nth positive zero of the function H;,. Using (5) and (7) we have

zH,(2) _ zH/(2)
H,(2) +1_Zh2 —= "tHGo - Zh/? —z

n>1 n>1

and consequently
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Proof.

The above entire function is of growth order p = % since as n —» oo

nlogn 1

— .
log (v +1) +2nlog2 +log (3)  +log (v + 3), —log(2n+ v + 1) 2

Applying Hadamard’s Theorem we can write the infinite product representation of H;,

as follows ( ) )
+1)z" z
H(z) = —— 1 )2 (1 - ) 7
@)= e +3) g nz, )
where h;, , denotes the nth positive zero of the function H;,. Using (5) and (7) we have
zH,(2) zH) (2)
e R T -
Hy( ) =v+ & h2 — o0 A H;,(Z = h/2 22

and consequently

zH/(2) 1 zH,(2)
1 =1 1
Tui T TG ( +1 > H,(2)
_ 1 > 3 27° 3 27°
(u+1 L S, — 22 p h?2, — z2

=
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Proof.

Now, suppose that v € [—— 0]. By using an elementary inequality for all z € ]D)h, we
obtain the inequality

zuy) (2) 2r?
> = —
Re<1—|— u,(2) > 1 1/+1 Z ?,,,— Zh’z —r2’

n>1 n>1 ¥

where |z| = r.
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Proof.

Now, suppose that v € [—— 0]. By using an elementary inequality for all z € ]D)h/ we
obtain the inequality

zu)(2) 2r?
>1- S _
(14 5F) > - () S T

n>1 "” n>1 " wn

where |z| = r. Moreover, observe that if we use another elementary inequality then we
get that the above inequality is also valid when v € [0, %] Here we used that the zeros
h..» and hj, , interlace.
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Now, suppose that v € [—— 0]. By using an elementary inequality for all z € ]Dh/ we
obtain the inequality

zu;)(2) op2
Re ( 1 2 >1-— _ 7
e< - uy(2) I/+1 Z 12/n— Zh,’f,,—rz

n>1 n>1

where |z| = r. Moreover, observe that if we use another elementary inequality then we
get that the above inequality is also valid when v € [0, 2] Here we used that the zeros
hy.» and h,, , interlace. The above inequality implies for r € (0, h, 1)

AR (- 5@)) = e
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Proof.

Now, suppose that v € [—— 0]. By using an elementary inequality for all z € ]D)h/ we
obtain the inequality

zu)(2) 2r?
>1- S _
(14 5F) > - () S T

n>1 V” n>1 ¥

where |z| = r. Moreover, observe that if we use another elementary inequality then we
get that the above inequality is also valid when v € [0, 2] Here we used that the zeros
hy.» and h,, , interlace. The above inequality implies for r € (0, h, 1)

AR (- 5@)) = e

On the other hand, the function U, : (0, h;, ;) — R, defined by

ruy(r)

uy(r)’

U(r) =1+

is strictly decreasing since
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Proof.

1 4rk? 4rh?
LJL r — _ (: _ 1 ) v,n _ v,n
( ) I/+1 Z (hyzj,n_rz)z Z (hL%n_rz)z

n>1

4rh? , 4rh?,
< SEELEL S () —_L .Y
I S ook

n>1

v
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Proof.

1 4rh’ 4rhi?
Uz// r — _ < _ 1) v,n _ v,n
v 1) L - P 2 (- T
4rh? , 4rh?,
< N <0
; (12— r?)° Zz; (h2, —r?)°

forv e [0,4] andre (0,h,4),

v
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Proof.

1 4rk? 4rh?
Ul/, r — _ < _ 1) v,n _ v,n
( ) I/+1 Z (hyzj,n_rz)z Z (h{?’n_rz)Z

n>1 n>1

4rkz , 4rh’2,
< —r -y —21 <0
; (1, —r2)? 22‘1 (h2, — r?)?

forv € [0,%] and r € (0, h,, ) , and also we have U, (r) < 0 for v € [-3,0] and r > 0.

y.
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Proof.

1 arh? 4rh/?
Ul/, r — _ < _ 1) v,n _ v,n
( ) v+1 ; (hﬁ’n_rz)z g (hizz,n_rz)z
4rhZ 4rh?,
< - ) ———— <0
; (1, —r2)? 2;1 (h2, — r?)?

forv € [0,%] and r € (0, h,, ) , and also we have U, (r) < 0 for v € [-3,0] and r > 0.
Here we used that the zeros h, , and h,, , interlace for all n € N, |v| < % and

r < /hynh., , we have that hZ , (2, — r2)2 < hZ, (K2, — r2)2 :

y
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Proof.

1 4rh’ 4rhi?
Ul/,(r) _ < _ 1) v,n _ v,n
v+1 ; (hﬁ,n _ ,2)2 g (thn _ ,2)2
arhs , 4rh?,
I s

n>1 n>1 (h:,%n - I'Z)

A

forv € [0,%] and r € (0, h,, ) , and also we have U, (r) < 0 for v € [-3,0] and r > 0.
Here we used that the zeros h, , and h,, , interlace for all n € N, |v| < % and

r < /hynh., , we have that hZ , (2, — r2)2 h2, (R, — r2)2 . Since

im0 Up(r) =1> aandlim, ~y U, (r) = —ooc, in view of the minimum principle for
harmonic functions it follows that for z € Dy, we have

4
Arpad Baricz (Babes-Bolyai University) Lommel and Struve functions August 26, 2015 17/18




Proof.

1 4rh’ 4rhi?
Ul/,(r) _ < _ 1) v,n _ v,n
v+1 ; (hﬁ,n _ ,2)2 g (thn _ ,2)2
arhs , 4rh?,
I s

n>1 n>1 (h:,%n - I'Z)

A

forv € [0,%] and r € (0, h,, ) , and also we have U, (r) < 0 for v € [-3,0] and r > 0.
Here we used that the zeros h, , and h,, , interlace for all n € N, |v| < % and

r < /hynh., , we have that hZ , (2, — r2)2 h2, (R, — r2)2 . Since

im0 Up(r) =1> aandlim, ~y U, (r) = —ooc, in view of the minimum principle for
harmonic functions it follows that for z € Dy, we have

Re (1 + Zi”((zz))) >a

4
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Proof.

U.(r)

1 4rhZ , 4rh?%,

R Can k) D D P
n>1 ( v,n r ) n>1 (hu,n —r )

arhz , arh2,
Z h2 22 - Z 2 2\2 <0
n>1 ( v,n r ) n>1 (hu,n —r )
forv € [0,%] and r € (0, h,, ) , and also we have U, (r) < 0 for v € [-3,0] and r > 0.
Here we used that the zeros h, , and h,, , interlace for all n € N, |v| < % and
r < /hynh., , we have that hZ , (2, — r2)2 <hZ,(h,— r2)2 . Since
im0 Up(r) =1> aandlim, ~y U, (r) = —ooc, in view of the minimum principle for
harmonic functions it follows that for z € Dy, we have

Re (1 + ZLLIJ:((ZZ))) >a

A

if and only if rs is the unique root of

ruy(r) _

uy(r)

situated in (0, A/, ;) . 0
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