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a0

2
+
∞∑
k=1

(ak cos kϑ+ bk sin kϑ)

conjugate series: −
∞∑
k=1

(bk cos kϑ− ak sin kϑ)

∞∑
h=0

2h∑
k=0

ahkYhk(ϕ, ϑ)

conjugate series: ?
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Riesz, F. e M., 1916: If they are both Fourier-Stjelties series then they are
ordinary Fourier series

µ, β ∈ M([0, 2π])
∫ 2π

0
cos kϑ dµ =

∫ 2π

0
sin kϑ dβ∫ 2π

0
sin kϑ dµ = −

∫ 2π

0
cos kϑ dβ (k = 1, 2, . . .)

⇒ µ and β are absolutely continuous

∃ f , g ∈ L1(0, 2π) :

µ(B) =

∫
B
f (ϑ) dϑ, β(B) =

∫
B
g(ϑ) dϑ
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Riesz, F. e M., 1916: If they are both Fourier-Stjelties series then they are
ordinary Fourier series

In its direct applications as well as the generalizations it has inspired, this
has proved to be one of the more important theorems of the century.
(R.B. Burckel)
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Cole-Range, 1972
(see Rudin, W.: Function Theory in the Unit Ball of Cn, 1980)

Aizenberg, A., Dautov, Sh. A.: Differential Forms Orthogonal to
Holomorphic Functions or Forms, 1983.

Malaspina, A.: A brothers Riesz theorem in the theory of holomorphic
functions of several complex variables, 2000.

Barbey, K., König, H.: Abstract analytic function theory and Hardy
algebras, 1977.

Stout, E. L.: The Theory of Uniform Algebras, 1971.

Rudin, W.: Fourier analysis on groups, 1962.

Cassisa, C., Fichera, G.: A mechanical interpretation of the Brothers Riesz
Theorem, 1990.

Koshi, S.: Recent developments on the F. and M. Riesz theorem, 1995.

C.: The Brothers Riesz Theorem: complex and real versions, 1998.
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Ω ⊂ C, f ∈ H(Ω), f |Σ = µ, µ ∈ M(Σ)

⇒ µ is absolutely continuous

(Fichera, 1959)

u, v harmonic conjugate in Ω{
ux = vy

uy = −vx

u|Σ = α, v |Σ = β ⇒ α, β are absolutely continuous
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Bochner, 1944.
Multiple Fourier Series.

Stein, Weiss, 1960.

Rkµ = βk (k = 1, 2, . . . , n − 1)

then µ, β1, . . . , βn−1 are absolutely continuous.

Muckenhoupt, Stein, 1965

∞∑
k=0

akP
λ
k (cosϑ),

1

(1− 2tω + ω2)λ
=
∞∑
k=0

ωkPλk (t) (λ > 0)

2λ
∞∑
k=1

ak
k + 2λ

sinϑPλ+1
k−1 (cosϑ)
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∆2u = 0 in D = {z ∈ C
∣∣ |z | < 1}

u(%, ϑ) =
a0

2
+
∞∑
k=1

%k(ak cos kϑ+ bk sin kϑ)

{
ux = vy

uy = −vx
v(0) = 0

v(%, ϑ) = −
∞∑
k=1

%k(bk cos kϑ− ak sin kϑ)

% = 1

a0

2
+
∞∑
k=1

(ak cos kϑ+ bk sin kϑ), −
∞∑
k=1

(bk cos kϑ− ak sin kϑ)
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∆2u = 0 in B = {x ∈ Rn
∣∣ |x | < 1}

u(x) =
∞∑
h=0

|x |h
pnh∑
k=1

ahkYhk

(
x

|x |

)
v(x) = ?
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k-form

u =
1

k!
us1 ...skdx

s1 ...dx sk

differential d : C 1
k → C 0

k+1

du =
1

k!

∂

∂xj
us1 ...skdx

jdx s1 ...dx sk

adjoint ∗ : Ch
k → Ch

n−k

∗u =
1

(n − k)!
u∗i1 ...in−k

dx i1 ...dx in−k

u∗i1...in−k
=

1

k!
δ1...........n
s1..sk i1..in−k

us1...sk

co-differential δ : C 1
k → C 0

k−1

δu = (−1)n(k+1)+1 ∗ d ∗ u

−(dδ + δd)u = ∆u =
1

k!
∆us1 ...skdx

s1 ...dx sk
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Ω ⊂ Rn

u ∈ C 1
k (Ω), v ∈ C 1

k+2(Ω) are conjugate if{
du = δv

δu = 0, dv = 0

n = 2 : u + i(∗v) is holomorphic

C. (1997)

If u ∈ C 1
k (Ω), v ∈ C 1

k+2(Ω) are conjugate and u|Σ = α, v |Σ = β,
then α and β are absolutely continuous

A. Cialdea On a new concept of conjugate Laplace series 9



U ∈ C 1
0 (Ω)⊕ . . .⊕ C 1

n (Ω) U =
n∑

k=0

uk uk ∈ C 1
k (Ω)

dU =
n−1∑
k=0

duk , δU =
n∑

k=1

δuk

U is self-conjugate if dU = δU

δu1 = 0, duk = δuk+2 (k = 0, . . . , n − 2), dun−1 = 0

U = u + v , u ∈ C 1
k (Ω), v ∈ C 1

k+2(Ω)

dU = δU ⇔

{
du = δv

δu = 0, dv = 0
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Particular cases:

n = 2, U = u0 + u2,

u0 ≡ u, u2 = v dxdy

dU =
∂u

∂x
dx +

∂u

∂y
dy ; δU =

∂v

∂y
dx − ∂v

∂x
dy

dU = δU ⇐⇒ u + iv is holomorphic

n = 3, U = u0 + u2

u0 ≡ u, u2 = v1dx
2dx3 + v2dx

3dx1 + v3dx
1dx2

dU = δU ⇐⇒ div(v1, v2, v3) = 0, grad u = curl(v1, v2, v3)

Moisil-Theodorescu system
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n = 4, U = u0 + u2 + u4

u0 ≡ f0,

u2 = f1(dx0dx1 − dx2dx3)+

f2(dx0dx2 − dx3dx1) + f3(dx0dx3 − dx1dx2),

u4 = f0dx
0dx1dx2dx3

dU = δU ⇐⇒


∂f0
∂x0
− ∂f1

∂x1
− ∂f2

∂x2
− ∂f3

∂x3
= 0

∂f0
∂x1

+ ∂f1
∂x0
− ∂f2

∂x3
+ ∂f3

∂x2
= 0

∂f0
∂x2

+ ∂f1
∂x3

+ ∂f2
∂x0
− ∂f3

∂x1
= 0

∂f0
∂x3
− ∂f1

∂x2
+ ∂f2

∂x1
+ ∂f3

∂x0
= 0

Fueter system

(Cimmino system ...)
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U = whdx
h

dU = δU ⇐⇒ div(w1, . . . ,wn) = 0, curl(w1, . . . ,wn) = 0

harmonic vectors

U = uk

dU = δU ⇐⇒ duk = 0, δuk = 0

harmonic forms
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Ω ⊂ Rn Σ = ∂Ω

C.

U ∈ C 1
0 (Ω)⊕ . . .⊕ C 1

n (Ω), dU = δU{
U
∣∣
Σ

= α ∈ M0(Σ)⊕ . . .⊕Mn−1(Σ)

∗U
∣∣
Σ

= α̃ ∈ M0(Σ)⊕ . . .⊕Mn−1(Σ)

⇒ α, α̃ absolutely continuous
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∆2u = 0 in B = {x ∈ Rn
∣∣ |x | < 1}

u(x) =
∞∑
h=0

|x |h
pnh∑
k=1

ahkYhk

(
x

|x |

)

v =
∞∑
h=1

pnh∑
k=1

ahk
(h + 2)(n + h − 2)

dYhk

(
x

|x |

)
∧ d(|x |h+2)

{
du = δv

dv = 0, δu = 0
⇒ U = u + v is self-conjugate

∗v =
∞∑
h=1

pnh∑
k=1

ahk
(h + 2)(n + h − 2)

∗
(
dYhk

(
x

|x |

)
∧ d(|x |h+2)

)
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∞∑
h=0

pnh∑
k=1

ahkYhk (x) (|x | = 1)

u(x) =
∞∑
h=0

|x |h
pnh∑
k=1

ahkYhk

(
x

|x |

)

∗v =
∞∑
h=1

pnh∑
k=1

ahk
(h + 2)(n + h − 2)

∗
(
dYhk

(
x

|x |

)
∧ d(|x |h+2)

)
∞∑
h=1

pnh∑
k=1

ahk
(h + 2)(n + h − 2)

∗
(
dYhk

(
x

|x |

)
∧ d(|x |h+2)

) ∣∣∣
Σ
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xh = xh(%, ϕ1, . . . , ϕn−1) h = 1, . . . , n

gij =
∂x

∂ϕi
× ∂x

∂ϕj
, i , j = 1, . . . , n − 1;

gni = gin =
∂x

∂ϕi
× ∂x

∂%
i = 1, . . . , n − 1; gnn =

∂x

∂%
× ∂x

∂%
.

g ijgjs = δis g = det(gij)i ,j=1,...,n

∞∑
h=1

pnh∑
k=0

√
h

n + h − 2
ahkψhk

ψhk =

1√
h(n+h−2)

n−1∑
j=1

(−1)n−1−j√g g jj ∂Yhk

∂ϕj
dϕ1 . . . ĵ . . . dϕn−1

A. Cialdea On a new concept of conjugate Laplace series 17



n = 3 :
∞∑
h=1

2n∑
k=0

ahkYhk

∞∑
h=1

2n∑
k=0

ahk
(n + 1)

[ 1

sinϕ

∂Yhk

∂ϑ
dϕ− sinϕ

∂Yhk

∂ϕ
dϑ
]
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ψhk =

1√
h(n+h−2)

n−1∑
j=1

(−1)n−1−j√g g jj ∂Yhk

∂ϕj
dϕ1 . . . ĵ . . . dϕn−1

L2
n−2(Σ) (γ, ψ) =

∫
+Σ

γ ∧ ∗
Σ
ψ

(ψhk , ψrs) =

{
1 if h = r and k = s

0 otherwise
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∞∑
h=1

pnh∑
k=0

ahkYhk , ahk =

∫
Σ
f Yhkdσ, f ∈ L2(Σ)

⇒ ∃ g ∈ L2
n−2(Σ) : ahk =

√
n + h − 2

h

∫
+Σ

g ∧ ∗
Σ
ψhk

∞∑
h=1

pnh∑
k=0

√
h

n + h − 2
ahkψhk =

∞∑
h=1

pnh∑
k=0

(g , ψhk)ψhk

(g , γ) = 0, ∀ γ ∈ C∞n−2(Rn) : dγ = 0 on Σ
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Brothers Riesz Theorem for Laplace series (C.)

∞∑
h=0

pnh∑
k=1

ahkYhk , ahk =

∫
Σ
Yhk dµ µ ∈ M(Σ)

∃ β ∈ Mn−2(Σ) :
∞∑
h=1

pnh∑
k=0

√
h

n + h − 2
ahkψhk =

∞∑
h=1

pnh∑
k=0

(

∫
+Σ

β∧∗
Σ
ψhk)ψhk

∫
+Σ

β ∧ ∗
Σ
γ = 0 ∀ γ ∈ C∞n−2(Rn) : dγ = 0 on Σ ,

⇒ µ and β are absolutely continuous
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ahk =

√
n + h − 2

h

∫
+Σ

β ∧ ∗
Σ
ψhk ⇐⇒

∫
Σ
Yhk dµ =

1

h

∫
+Σ

β ∧ dYhk

(h = 1, 2, . . . ; k = 1, . . . , pnh)

n = 2 :


∫ 2π

0
cos hϑ dµ = −

∫ 2π

0
sin hϑ dβ∫ 2π

0
sin hϑ dµ =

∫ 2π

0
cos hϑ dβ (h = 1, 2, . . .)∫

+Σ
β ∧ ∗

Σ
γ = 0 ∀ γ ∈ C∞(R2) : dγ = 0 on Σ

∫ 2π

0
dβ = 0
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Caramuta, Silverio, C. (submitted)
n = 3:

construction of a “conjugate Poisson kernel”;

Abel summability of conjugate Laplace series of measures

1

π

(∫
Σ

2− |x − y |
|x + y |2

Miy

(
1

|x − y |

)
dµy

)
dx i , a.e. x ∈ Σ ;

“Riesz inequalities”;

Convergence in Lp norm of conjugate Laplace series of functions
belonging to Lp(Σ) (1 < p <∞);
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f ∈ Lp(Σ) (1 < p <∞), ahk =

∫
Σ
f Yhk dσ

∞∑
h=1

2h∑
k=0

ahk
(h + 1)

[
1

sinϕ

∂Yhk

∂ϑ
dϕ− sinϕ

∂Yhk

∂ϕ
dϑ

]
converges in Lp1(Σ) iff

∞∑
h=0

2h∑
k=0

ahkYhk(ϕ, ϑ) converges in Lp(Σ)

f ∈ Lp(Σ), α > 1/2 ⇒ (C , α)-summability in Lp1(Σ)
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Caramuta, Silverio, C. (submitted)
n = 3:

construction of a “conjugate Poisson kernel”;

Abel summability of conjugate Laplace series of measures

1

π

(∫
Σ

2− |x − y |
|x + y |2

Miy

(
1

|x − y |

)
dµy

)
dx i , a.e. x ∈ Σ ;

“Riesz inequalities”;

Convergence in Lp norm of conjugate Laplace series of functions
belonging to Lp(Σ) (1 < p <∞);

pointwise convergence results.
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∫
Σ

|f (y)− f (x)|
|y − x |2|y + x |

dσy <∞∫
Σ+

|f (y)− f (x)|
|y − x |2

dσy <∞,
∫

Σ−

|f (y)|
|y + x |

dσy <∞

⇒ (C,1)-summability at x .

(e.g. f ∈ L∞(Σ); |f (y)− f (x)| 6 H|y − x |h)

f ∈ BV (Σ), µ = df , µi (D) =

∫
D
µ ∧ dy i D ⊂ Σ

x ∈ Σ :

∫
Σ

d |µi |y
|x − y |

√
|x + y |

<∞ (i = 1, 2, 3)

⇒ convergence at x .
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Thank you for your attention !
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