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Riesz, F. e M., 1916: If they are both Fourier-Stjelties series then they are
ordinary Fourier series
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Riesz, F. e M., 1916: If they are both Fourier-Stjelties series then they are
ordinary Fourier series

In its direct applications as well as the generalizations it has inspired, this
has proved to be one of the more important theorems of the century.
(R.B. Burckel)
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QcC, feH®) flz=mp peMX)
= p is absolutely continuous
(Fichera, 1959)

u, v harmonic conjugate in

Uy = vy

Uy, = —Vy

uls =a, vlz =8 = a, 3 are absolutely continuous

A. CIALDEA On a new concept of conjugate Laplace series



Bochner, 1944.
Multiple Fourier Series.

Stein, Weiss, 1960.
Rk,u:ﬂk (k:1,2,...,n—1)

then u, B1,...,8n—1 are absolutely continuous.

Muckenhoupt, Stein, 1965

ZakPﬁ‘(cosﬁ), i 2tw+w2 Zkak (A>0)

Ak A+1
2\ kz; PR ¥ P}t (cos )
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DMu=0 inD={zeC||z] <1}
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Nu=0 in B={xeR"||x] <1}

00 Pnh
X
u(x) =D X1 ank Yk (M)
h=0 k=1

v(ix)=7
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k-form 1
U= Us, ...5, dX*...dxk
differential d : C,:(l — C/9+1
1 0 .
du = — —ug, ...q, dx dx®...dx%
k! Ox; 1
adjoint * : C,? — C,’,Lk
xU = 1 Ut dx L dx ik
(= k)l e rink
* 1 T,
U igie = P 551..ski1..i:_ku51~~~5k

co-differential 6 : C} — CQ_,

Su= (=1 g sy

1
—(do + d0d)u = Au = Tl Aug, ...s dx®...dx*
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QCR"”
ue CHR), v e CL,(Q) are conjugate if

du = dv
du=0,dv=0

n=2: u+i(xv) is holomorphic

If ue Ci(Q), v e CL,(Q) are conjugate and ulx = o, vz = 6,
then o and 3 are absolutely continuous
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UeGQo..0CGAQ) U= u uweC()

n—1 n
dU=Y du, U= duy
k=0 k=1
U is self-conjugate if dU = dU

dup =0, dux=0u2(k=0,...,n—2), du,_1=0

U=u+v, ueCiQ), veC,(Q)

du = v

dU =46U <
ou=0,dv=0
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Particular cases:

n=2, U=uy+ up,
up = u, up = vdxdy
(9u 8u 8v 8v

dU = 46U <= u+ iv is holomorphic

n=3, U=uy+ u
Up=u, Uup= vldxzdx3 + vzdx3dx1 + V3dX1dX2

dU =0U < div(vi, va,v3) =0, grad u = curl(vy, vz, v3)
Moisil-Theodorescu system
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n=4  U=u+u+
ug = fo,
Uy = f';l(dxodx1 — dx2dx3)+
H(dx%dx® — dx3dx') + f(dxPdx® — dxtdx?),
ug = fodx%dxtdx?dx3

Ofg 4 0h _ 0 | Of _
dU =0U < { Pa " D0 0Ox 7 0% Fueter system
oOfg 4 0h 4 O _ Of _
Ox 0x3 Oxo Oxq
ofg _ 0 4 Ofh 4 Ofy
Ox3 Oxp + Ox1 + Oxp 0

(Cimmino system ...)
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U = wydx"

dU =6U <~ div(wy,...,w,) =0, curl(wy,...,w,) =0

harmonic vectors

U:Uk
dU = 46U <— dUkIO7 (5Uk20

harmonic forms
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QCR" ¥=0Q

UeCG)®...aCHQ), dU=36U

Us=aeM((X)&...d M, 1(X)
>I<U|z =ac Mo(Z) D...D M,,,l(Z)

= «, a absolutely continuous
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oo Pnh
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h=0 k=1

OO Pnh
dhk X h+2
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=S g (9 () r et )
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Xh:Xh(Qa<pl7"'aS0n*1) hz]‘""’”

L Ox  Ox
gu—a%_ dp;’

Ox ox . Ox aX
ghi=8n=—=—"X— i=1....n—1, gwp=——X—
Opi 0o

gigs =0 g =det(g)ij=1,..n

00 pnh
\/ n+h > ankYhk

hlkO

ij=1,...,n—1;

Yhk =
n—1—j i 0V " n—
Z(—l) lJ\/ggﬂﬁdcpl...J...dcp 1

h(n+h—2) = ;i
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oo 2n
D an Vi
h=1 k=0
oo 2n
ahk 1 OYh A7y
dp — dy
hz;kz(:)(njtl){sincp gy ¥ N7 Oy
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Yhk =

n—1

; n—1—j JJath 1 ~ n—1
h(n+h_2)j§_;( ) \/>g a Jdg@
12_,(%) ()= [ vnxo

+X x

1 fh=rand k=s

0 otherwise

(djhkawrs) = {
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OO Pnh

Zzahkyhk, ahk:/ f-thC/O'7 fGLz(Z)
pu

h=1 k=0

n+h-2
= 3geli oY) tam = \/T/ g N * Uk
+¥ *
oo Pnh OO Pnh
\/HT antbne = D Y (& k) Uik

h 1k0 h=1 k=0
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Brothers Riesz Theorem for Laplace series (C.)

o0 Pnh
ZZ ank Yhk; ank = / Yidp — pe M(X)
h=0 k=1 z
oo Pnh OO Pnh
3B € Myo(X \/I antnk = Y Y / BNt Dnk )i
h 1k 0 h=1 k=0

ﬂ/\§720 VyeCrly(R") : dy=00nX,
+%

= p and [ are absolutely continuous
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n+h 2
=\ / 5/\*¢hk < /thdu—h BN dYpi
4y 4y

k=1, pan)

2w 2w
/ cos h du = —/ sin h df3
0 0

2 2w
/ sin ht d,u,—/ cos h df3 (h=1,2,...)
0 0

ﬁ/\§7:0 Vy€eC®R?) : dy=0o0nX

/OZWdﬁzo

+X
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Caramuta, Silverio, C. (submitted)
n=3:

@ construction of a “conjugate Poisson kernel”;

@ Abel summability of conjugate Laplace series of measures

(L e () o)
Ll O il LB A RV du, | dx', ae xeX;
7T<z x+yl2 TV \|x -y d

@ “Riesz inequalities”;

@ Convergence in LP norm of conjugate Laplace series of functions
belonging to LP(X) (1 < p < 0);
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fELp(Z)(1<p<OO), ath/thkdU
>

oo 2h

1 8th . 8th
ZZ h+1)[ ng—SIn(,D e dﬁ]

sin
=1 k=0 ¥

converges in LP(X) iff

oo 2h

Z Z ank Yhk(p, V) converges in LP(X)
h=0 k=0

feLP(X),a>1/2 = (C,a)summability in L](X)
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Caramuta, Silverio, C. (submitted)
n=3:

construction of a “conjugate Poisson kernel”;

Abel summability of conjugate Laplace series of measures

1 2—|x— 1 i
(/ Lzﬂ M, () dMy) dx', ae. xex;
™ 5 |X+y‘ |X_.y‘

“Riesz inequalities”;

Convergence in LP norm of conjugate Laplace series of functions
belonging to LP(X) (1 < p < 00);

pointwise convergence results.
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I
/ [f(y) — F(x)]
PN

do, <
y —xPly +x 77 =

fy) - f f
/ If(y) (2X)|d0y<oo’ / £ (y)l do, < oo
s, ly—x s |y +x|

= (C,1)-summability at x.

(eg € L(X): [f(y) —f(x)] < Hly — x|")

feBV(Y), u=df, ui(D):/M/\dyi Dcx
D

(i=1,23)

XE YL : / d]ui\y < 0
T x —ylVIx+yl

= convergence at x.
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Thank you for your attention !
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