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® Definitions and auxiliary results.

@ Padé approximants.
@ Hermite-Padé approximants.
® Incomplete Padé approximants.

@ Zero distribution results.
@ Zeros of Padé approximants.
@ Zeros of incomplete Padé approximants.

® Zeros of Hermite-Padé approximants.
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PADE APPROXIMANTS

o0
f(z) = Z anz", a, €C, |z| < Ro(f).
n=0

Dp,(f) is the largest disk which f can be extended as a meromorphic
function having no more than m poles.

Dm(f) = {z € C: |z| < Ru(f)}.
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PADE APPROXIMANTS

[e.e]
f(z) = anz", an€C, |z| < Ro(f).
n=0

Dp,(f) is the largest disk which f can be extended as a meromorphic
function having no more than m poles.

Dm(f) = {z € C: |z| < Ru(f)}.

Definition

p . . .
Tnm = —, defines a unique rational function.
q

Padé approximant of type (n,m) of f.. .-, ..
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PADE APPROXIMANTS

Pn,m
We denote 7, ;m =

after canceling out common factors and g, m is
Adn,m
normalized in the form:

anm(@) = [ (z—-&x) ]I <1— z >

| x|<1 IFS! Enik
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PADE APPROXIMANTS

Pn,m . .
We denote 7, = after canceling out common factors and g, m is
Adn,m
normalized in the form:

anm(@) = [ (z—-&x) ]I <1— z >

Enkl<1 (Enkl>1 Sk
It is known A .,
n,mZ
Tpom\Z) — T -1, zZ) =
nm(2) = Tn-1.m(2) Gn.m(2)qn-1,m(2)
and 1
Rm(f) Hadamard formula.

T limsup, o0 [Anm| /7
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PADE APPROXIMANTS

Let Q,(f) be the polynomial whose zeros are the poles of f in Dp,(f).

Theorem (Montessus de Ballore)

0> «F>» «E» « >

J. Minguez Ceniceros (UR) Incomplete and Hermite-Padé approximants



CONVERGENCE IN 0-CONTENT

U(B) denotes the class of all coverings of A by at most a numerable set of
disks.

o(B) = inf {Z Uil - {U;} € L{(B)} , |U;] radius of the disk U;.
i=1

o= lim op=¢,in D& nIi_}rT;oa{z € K: |on(z)—¢(z)| >} =0, KCD.
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CONVERGENCE IN 0-CONTENT

U(B) denotes the class of all coverings of A by at most a numerable set of
disks.

[e.e]

o(B) = inf {Z |Ui| : {Ui} € U(B)} , |Ui| radius of the disk U;.
i=1
o= lim op=¢,in D& nIi_}ngoa{z € K: |on(z)—¢(z)| >} =0, KCD.

Take an arbitrary ¢ > 0 and define J; = Up>m—_1Jnc Where
0 Jne is the s/6mn2—neighborhood of the set of zeros of gy m.

0 Jm—1. is the set of poles of £/6m.
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For any set B C C, we write B(e

=B\ ).
. ‘

©n = ¢ in K(e), for every compact K C D

)

o— lim =, in D.
n—o0 $n =¥
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PADE APPROXIMANTS

Theorem (Gonchar)
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HERMITE-PADE APPROXIMANTS

Definition
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HERMITE-PADE APPROXIMANTS

Definition

We cancel common factors of @ simultaneously with all the P;
Rn,m = (Rn,m,la ey Rn,m,d) = (Pn,m,la ceey Pn,m,d)/Qn,ma

where Qp m is normalized in the same way above.

Qnm H (Z—gnk H (1—€Z>.
ln k<1 |k >1 nk
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INCOMPLETE PADE APPROXIMANTS

Definition (J. Cacoq, B. de la Calle Ysern, G. Lépez Lagomasino)
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INCOMPLETE PADE APPROXIMANTS

Definition (J. Cacoq, B. de la Calle Ysern, G. Lépez Lagomasino)

Remarks:

o (n,m,m*), n>m>m* Tpm=,...,Tpm are incomplete Padé
approximants of type (n, m, m*) of f.
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Remarks:

o (n,m,m*), n>m>m* Tpm=,...,Tpm are incomplete Padé
approximants of type (n, m, m*) of f.

o Padé-type approximants where m — m* zeros of @ are fixed and m*
are left free are also incomplete Padé approximants.
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INCOMPLETE PADE APPROXIMANTS

Definition (J. Cacoq, B. de la Calle Ysern, G. Lépez Lagomasino)

Remarks:

o (n,m,m*), n>m>m* Tpm=,...,Tpm are incomplete Padé
approximants of type (n, m, m*) of f.

o Padé-type approximants where m — m* zeros of @ are fixed and m*
are left free are also incomplete Padé approximants.

© Romk, k=1,...,d, is an incomplete Padé approximant of type
(n, m|, my) with respect to f.
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INCOMPLETE PADE APPROXIMANTS

Given n > m > m*, R,  is not unique so we choose one candidate and
cancel out common factors

R o Pn,m
n,m — Q .
n,m

Normalizing Qp,m

Qn,m(z) = H (Z - gn,k) H <1 - gn,k> .

|£n,k|§1 |£n,k|>1
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INCOMPLETE PADE APPROXIMANTS
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INCOMPLETE PADE APPROXIMANTS

Is it possible that R, ,, converges in a disk D greater than Dp«(f)?
D+ (f) C D C Dp(f).
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INCOMPLETE PADE APPROXIMANTS

Is it possible that R, ,, converges in a disk D greater than Dp«(f)?
D+ (f) C D C Dpy(£).

Anm " n,m—m*
Rn,m(z) a Rn—l,m(z) - Qn’ m?Z;qQ’nfl mZi’

where A, ,, are constant and gn m—m*, deg gn.m—m= < m — m*.
1

R* () = . DE(f)={z: |z| < R:(F)}.
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INCOMPLETE PADE APPROXIMANTS

Theorem (J. Cacoq, B. de la Calle Ysern, G. Lépez Lagomasino)

J. Cacoq, B. DE LA CALLE YSERN, G. LOPEZ LAGOMASINO,
Incomplete Padé approximation and convergence of row sequences of
Hermite-Padé approximants, J. Approx. Theory, 170 (2013), 59-77.

J. Cacoq, B. DE LA CALLE YSERN, G. LOPEZ LAGOMASINO, Direct

and inverse results on row sequences of Hermite-Padé approximants, Constr.
Approx., 38
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INCOMPLETE PADE APPROXIMANTS
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o «, and a Borel measures on C
*
an —> , N — o0,

if for every continuous function f

lim /f(x dap(x /f(x da(x).
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o «, and a Borel measures on C
*
an —> , N — o0,

if for every continuous function f

lim /f(x dap(x /f(x Yda(x

o cap E is the logarithmic capacity of a compact set E C C.
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o ap and o Borel measures on C
*
an —> , N — o0,

if for every continuous function f

lim /f(x dap(x /f(x Yda(x

o cap E is the logarithmic capacity of a compact set E C C.

o Q= C\ E connected. If cap E > 0, go(z) is the generalized Green
function of Q with pole at z = .
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o a, and a Borel measures on C
*
ap — , N — 00,

if for every continuous function f

I|m /f(x )dap(x /f(x )da(x

o cap E is the logarithmic capacity of a compact set E C C.

o Q=C\ E connected. If cap E > 0, go(z) is the generalized Green
function of Q with pole at z = .

olf Cg={zeC: |zl=R}and G=C\{|z|] < R},

capCr = R, g¢(z) =log|z| — log R.
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o a, and a Borel measures on C
*
ap — , N — 00,

if for every continuous function f

I|m /f(x )dap(x /f(x )da(x

cap E is the logarithmic capacity of a compact set E C C.

©

o Q=C\ E connected. If cap E > 0, go(z) is the generalized Green
function of Q with pole at z = .

If Ck={z€C: |zl=R}and G=C\{|z| < R},

©

capCr = R, g¢(z) =log|z| — log R.

o p polynomial
1

degp

>

¢: p(¢)=0
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ZERO DISTRIBUTION RESULTS

Grothmann Theorem

0> «F>» «E» « >

J. Minguez Ceniceros (UR) Incomplete and Hermite-Padé approximants



ZERO DISTRIBUTION RESULTS

Corollary

0> «F>» «E» « >
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ZERO DISTRIBUTION OF PADE APPROXIMANTS

Tn,m

= Pnm deg pn,m < n—m, degqnm < m, Gnm # 0,
[Gnmf — po,ml(2) = Az 4.

Gn,m

Jentzsch-Szego-type Theorem
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ZERO DISTRIBUTION OF PADE APPROXIMANTS

Tn,m

= Pnm deg pn,m < n—m, degqnm < m, Gnm # 0,
[Gnmf — po,ml(2) = Az 4.

Gn,m

Jentzsch-Szego-type Theorem

We know

Anmz"

qn,m(z)qn—l,m(z)

7"'n,m(z) - 7Tn—1,m(z) =

and 1
I Anmlt/" = —= .

imsup [Anml " = 2
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ZERO DISTRIBUTION OF PADE APPROXIMANTS

1
Let A C N be such that lim |A, m|Y/" = =——— = |Apm| >0, n > N.
neN ’ Rm(f) ’
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ZERO DISTRIBUTION OF PADE APPROXIMANTS

. 1
Let A C N be such that [im |An.m| Y™ = Rl = |Apm| >0, n>N.
o Convergence in o-content, normalization of g, m (|bnm| < 1) and
Bernstein-Walsh lemma
1/n 1/n

Pn,m bn—l,m

= limsup
neN

limsup
neN

Pn,m

Cn,m n,m

CRm(f)
< cap Cr,(r) = Rm(f).

Crm(f)
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ZERO DISTRIBUTION OF PADE APPROXIMANTS

. 1
Let A C N be such that [im |An.m| Y™ = Rl = |Apm| >0, n>N.
o Convergence in o-content, normalization of g, m (|bnm| < 1) and
Bernstein-Walsh lemma
1/n 1/n

Pn,m bn—l,m

= limsup
neN

limsup
neN

Pn,m

Cn,m n,m

CRm(f)
< cap Cr,(r) = Rm(f).

Crm(f)

o Rouché Theorem

Iig/w\ ©p,m(K) =0, K C Dg,(f)compact subset.
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ZERO DISTRIBUTION OF PADE APPROXIMANTS

. 1
Let A C N be such that [im |An.m| Y™ = Rl = |Apm| >0, n>N.
o Convergence in o-content, normalization of g, m (|bnm| < 1) and
Bernstein-Walsh lemma
1/n 1/n

Pn,m bn—l,m

= limsup
neN

limsup
neN

Pn,m

Cn,m n,m

CRm(f)
< cap Cr,(r) = Rm(f).

Crm(f)

o Rouché Theorem

Iig/w\ ©p,m(K) =0, K C Dg,(f)compact subset.

4

Corollary
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ZEROS OF INCOMPLETE PADE APPROXIMANTS

an

’ Qn,m

Pom [ deg Pom < n— m", deg Qum < m. Qum £ 0,
[Qn,mf - Pn’m](z) = Azn+1 + ...

Theorem (B. de la Calle Ysern, J. Minguez Ceniceros)
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ZEROS OF INCOMPLETE PADE APPROXIMANTS

Pom | degPom < n—m* deg Qnm < m, Qum#0,

an

™ Qum { [Qunf — Prm)(2) = Az 4 ... |

Theorem (B. de la Calle Ysern, J. Minguez Ceniceros)

An,mznqn,m—m* (Z)

B Qn,m(z)Qn—l,m(z),
Dn(f) ={z: |z| < Ry(f)}.

< > < P AEr « =

Rn,m(z) - Rn—l,m(z)

1
: 1/n _
||’r1'n_)sot(1)p|A,,7m| R ()’
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ZEROS OF INCOMPLETE PADE APPROXIMANTS

1
We take A such that ng)\ |A,,7m]1/” = R

Pn,m(z)Qn—l,m(z) - Pn—l,m(Z)Qn,m(Z) = An,mznqn,m—m* (Z)

and then the leading coefficient ¢, , of Py is:
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ZEROS OF INCOMPLETE PADE APPROXIMANTS

1
We take A such that ng)\ |A,,7m]1/” = R

Pn,m(z)Qn—l,m(z) - Pn—l,m(z)Qn,m(Z) = An,mznqn,m—m* (Z)

and then the leading coefficient ¢, , of Py is:

Anm do bn—1,m leading coefficient of Q1 m,
m dm+ leading coefficient of g m—m*
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ZEROS OF INCOMPLETE PADE APPROXIMANTS

1
We take A such that ,|1|g/1\ |A,,7m]1/” = R

F%Jn(Z)C%—lﬂn(Z)'— Pn—lgn(z)CMJn(z):: Aanznann—nﬂ(z)

and then the leading coefficient ¢, , of Py is:

Ch,m =

Anm d { bn—1,m leading coefficient of Q1 m,
CUm*,

n—1,m dm+ leading coefficient of qp m—m=

o Convergence in o-content, normalization of @, » and
Bernstein-Walsh lemma

1/n 1/n
bn— m
=Py

n,m
Anﬂndm*

lim sup <7

neN

= limsup
nen

Cn,m

Crx(r) Crz(h)
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ZEROS OF INCOMPLETE PADE APPROXIMANTS

1
We take A such that ,|1|g/1\ |A,,7m]1/” = R

Pn,m(z)Qn—l,m(z) - Pn—l,m(z)Qn,m(Z) = An,mznqn,m—m* (Z)

and then the leading coefficient ¢, , of Py is:

Ch,m =

Anm do bn—1,m leading coefficient of Q1 m,

n1m dm+ leading coefficient of g m—m*

o Convergence in o-content, normalization of @, » and
Bernstein-Walsh lemma

1/n b 1/n
. . -1
limsup || —2 = limsup MP,,},,, <7
neN Cn,m Con neN An,mdm* C
Rin(f) Rin(f)
. 1/n
limsup || P,
ne P n’mHCR,*n(f) >
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ZEROS OF INCOMPLETE PADE APPROXIMANTS

Proposition (Exact rate of convergence)
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ZEROS OF INCOMPLETE PADE APPROXIMANTS

Proposition (Exact rate of convergence)

Llerr)\ {Teagz log |Pn,m(z)| — log |z| + log Rm(f)} =0, Q C C\ Dj,(f).
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ZEROS OF INCOMPLETE PADE APPROXIMANTS

Proposition (Exact rate of convergence)

Llerr)\ {Teagz log |Pn,m(z)| — log |z| + log Rm(f)} =0, Q C C\ Dj,(f).

Rouché Theorem

Iig)\ ©p,.(K) =0, K C Dg:(f)compact subset.
n
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ZEROS OF INCOMPLETE PADE APPROXIMANTS

Proposition (Exact rate of convergence)

Llerr)\ {Teagz log |Pn,m(z)| — log |z| + log Rm(f)} =0, Q C C\ Dj,(f).

Rouché Theorem

Iig)\ ©p,.(K) =0, K C Dg:(f)compact subset.
n

4

Grothmann Theorem
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ZEROS OF HERMITE-PADE APPROXIMANTS

Theorem (B. de la Calle Ysern, J. Minguez Ceniceros)
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ZEROS OF HERMITE-PADE APPROXIMANTS

R3(hi) = 3/2, Rs() = 4 R3(h) =3, Rs(R) =2
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Thank you very much for your
attention
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