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Padé approximants

f (z) =
∞∑

n=0
anzn, an ∈ C, |z | < R0(f ).

Dm(f ) is the largest disk which f can be extended as a meromorphic
function having no more than m poles.

Dm(f ) = {z ∈ C : |z | < Rm(f )}.

Definition
Let n,m ∈ Z+, n ≥ m, be given. There exist polynomials q, p such that

i) deg p ≤ n −m, deg q ≤ m, q 6≡ 0,
ii) [qf − p](z) = Azn+1 + · · · .

πn,m = p
q , defines a unique rational function.

Padé approximant of type (n,m) of f .
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Padé approximants

f (z) =
∞∑

n=0
anzn, an ∈ C, |z | < R0(f ).

Dm(f ) is the largest disk which f can be extended as a meromorphic
function having no more than m poles.

Dm(f ) = {z ∈ C : |z | < Rm(f )}.

Definition
Let n,m ∈ Z+, n ≥ m, be given. There exist polynomials q, p such that

i) deg p ≤ n −m, deg q ≤ m, q 6≡ 0,
ii) [qf − p](z) = Azn+1 + · · · .

πn,m = p
q , defines a unique rational function.
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Padé approximants

We denote πn,m = pn,m
qn,m

after canceling out common factors and qn,m is

normalized in the form:

qn,m(z) =
∏
|ξn,k |≤1

(z − ξn,k)
∏
|ξn,k |>1

(
1− z

ξn,k

)
.

It is known
πn,m(z)− πn−1,m(z) = An,mzn

qn,m(z)qn−1,m(z)
and

Rm(f ) = 1
lim supn→∞ |An,m|1/n , Hadamard formula.
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Padé approximants

Let Qm(f ) be the polynomial whose zeros are the poles of f in Dm(f ).

Theorem (Montessus de Ballore)
Let Pm(f ) be the set of poles of f . Assume that R0(f ) > 0 and that f has
exactly m poles in Dm(f ) (counting multiplicities), then

lim sup
n→∞

‖f − πn,m‖1/n
K = ‖z‖K

Rm(f ) ,

where K ⊂ Dm(f ) \ Pm(f ) is a compact subset. Additionally

lim sup
n→∞

‖Qm(f )− qn,m‖1/n = max{|η| : η ∈ Pm(f )}
Rm(f ) ,

where ‖ · ‖ denotes the coefficient norm in the space of polynomials.
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Convergence in σ-content

U(B) denotes the class of all coverings of A by at most a numerable set of
disks.

σ(B) = inf
{ ∞∑

i=1
|Ui | : {Ui} ∈ U(B)

}
, |Ui | radius of the disk Ui .

σ− lim
n→∞

ϕn = ϕ, in D ⇔ lim
n→∞

σ{z ∈ K : |ϕn(z)−ϕ(z)| > ε} = 0, K ⊂ D.

Take an arbitrary ε > 0 and define Jε = ∪n≥m−1Jn,ε where
Jn,ε is the ε/6mn2-neighborhood of the set of zeros of qn,m.
Jm−1,ε is the set of poles of ε/6m.
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For any set B ⊂ C, we write B(ε) = B \ Jε.

B B(Ε)

ϕn ⇒ ϕ in K (ε), for every compact K ⊂ D

m

σ − lim
n→∞

ϕn = ϕ, in D.
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Padé Approximants

Theorem (Gonchar)
Assume that f has at most m poles in Dm(f ), then

σ − lim
n→∞

πn,m = f , in Dm(f ).

Or equivalently,

lim sup
n→∞

‖f − πn,m‖1/n
K(ε) =

‖z‖K(ε)
Rm(f ) , K ⊂ Dm(f ) compact subset.

lim sup
n→∞

‖qn,mf −pn,m‖1/n
K = ‖z‖K

Rm(f ) , K ⊂ Dm(f )\Pm(f ) compact subset.
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Hermite-Padé approximants

Definition
f = (f1, . . . , fd ), m = (m1, . . . ,md ) ∈ Zd

+ \ {0}, |m| = m1 + · · ·+ md . For
each n ≥ max{m1, . . . ,md}, there exist polynomials Q, Pj , j = 1, . . . , d
such that

i) deg Pj ≤ n −mj , j = 1, . . . , d , deg Q ≤ |m|, Q 6≡ 0,
ii) [Qfj − Pj ](z) = Ajzn+1 + · · · .

Rn,m = (P1/Q, . . . ,Pd/Q) Hermite-Padé approximant of f and is not
uniquely determined.

We cancel common factors of Q simultaneously with all the Pj

Rn,m = (Rn,m,1, . . . ,Rn,m,d ) = (Pn,m,1, . . . ,Pn,m,d )/Qn,m,

where Qn,m is normalized in the same way above.

Qn,m(z) =
∏
|ξn,k |≤1

(z − ξn,k)
∏
|ξn,k |>1

(
1− z

ξn,k

)
.
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Incomplete Padé approximants

Definition (J. Cacoq, B. de la Calle Ysern, G. López Lagomasino)
Fix m∗ ≤ m. Let n ≥ m. Rn,m is an incomplete Padé approximant of type
(n,m,m∗) if Rn,m is the quotient of any two polynomials P and Q that
verify

i) deg P ≤ n −m∗, deg Q ≤ m, Q 6≡ 0.
ii) [Qf − P](z) = Azn+1 + · · · .

Remarks:
(n,m,m∗), n ≥ m ≥ m∗, πn,m∗ , . . . , πn,m are incomplete Padé
approximants of type (n,m,m∗) of f .
Padé-type approximants where m −m∗ zeros of Q are fixed and m∗
are left free are also incomplete Padé approximants.
Rn,m,k , k = 1, . . . , d , is an incomplete Padé approximant of type
(n, |m|,mk) with respect to fk .
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Incomplete Padé approximants

Given n ≥ m ≥ m∗, Rn,m is not unique so we choose one candidate and
cancel out common factors

Rn,m = Pn,m
Qn,m

.

Normalizing Qn,m

Qn,m(z) =
∏
|ξn,k |≤1

(z − ξn,k)
∏
|ξn,k |>1

(
1− z

ξn,k

)
.
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Incomplete Padé approximants

For m ≥ m∗,

σ − lim
n→∞

πn,m = f , in compact subsets of Dm∗(f ).

⇓

σ − lim
n→∞

Rn,m = f , in compact subsets of Dm∗(f ).

Is it possible that Rn,m converges in a disk D greater than Dm∗(f )?
Dm∗(f ) ⊂ D ⊂ Dm(f ).

Rn,m(z)− Rn−1,m(z) = An,mznqn,m−m∗(z)
Qn,m(z)Qn−1,m(z) ,

where An,m are constant and qn,m−m∗ , deg qn,m−m∗ ≤ m −m∗.

R∗m(f ) = 1
lim supn→∞ |An,m|1/n , D∗m(f ) = {z : |z | < R∗m(f )}.
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Incomplete Padé approximants

For m ≥ m∗,

σ − lim
n→∞

πn,m = f , in compact subsets of Dm∗(f ).

⇓

σ − lim
n→∞

Rn,m = f , in compact subsets of Dm∗(f ).

Is it possible that Rn,m converges in a disk D greater than Dm∗(f )?
Dm∗(f ) ⊂ D ⊂ Dm(f ).

Rn,m(z)− Rn−1,m(z) = An,mznqn,m−m∗(z)
Qn,m(z)Qn−1,m(z) ,

where An,m are constant and qn,m−m∗ , deg qn,m−m∗ ≤ m −m∗.

R∗m(f ) = 1
lim supn→∞ |An,m|1/n , D∗m(f ) = {z : |z | < R∗m(f )}.

J. Mı́nguez Ceniceros (UR) Incomplete and Hermite-Padé approximants
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Incomplete Padé approximants

Theorem (J. Cacoq, B. de la Calle Ysern, G. López Lagomasino)

R∗m(f ) > 0 =⇒ R0(f ) > 0.

Dm∗(f ) ⊂ D∗m(f ) ⊂ Dm(f )

and D∗m(f ) is the largest disk such that

σ − lim
n→∞

Rn,m = f .

Moreover, {Rn,m} is pointwise divergent in {z : |z | > R∗m(f )} except on a
set of σ-content zero.

J. Cacoq, B. de la Calle Ysern, G. López Lagomasino,
Incomplete Padé approximation and convergence of row sequences of
Hermite-Padé approximants, J. Approx. Theory, 170 (2013), 59–77.

J. Cacoq, B. de la Calle Ysern, G. López Lagomasino, Direct
and inverse results on row sequences of Hermite-Padé approximants, Constr.
Approx., 38 (2013), 133–160.
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Incomplete Padé approximants

Rm* RmRm
*
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αn and α Borel measures on C

αn
∗−→ α, n→∞,

if for every continuous function f

lim
n→∞

∫
f (x)dαn(x) =

∫
f (x)dα(x).

cap E is the logarithmic capacity of a compact set E ⊂ C.
Ω = C \ E connected. If cap E > 0, gΩ(z) is the generalized Green
function of Ω with pole at z =∞.
If CR = {z ∈ C : |z | = R} and G = C \ {|z | < R},

cap CR = R, gG(z) = log |z | − log R.

p polynomial
Θp = 1

deg p
∑

ζ: p(ζ)=0
δζ .
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Zero distribution results

Grothmann Theorem
{Pn}∞n=1 and {dn}∞n=1 are sequences such that deg Pn ≤ dn. Suppose

lim sup
n→∞

( 1
dn

log ‖Pn‖E
)
≤ 0, (1)

lim
n→∞

ΘPn (K ) = 0, K ⊂ E̊ , compact subset (2)

and there exists a compact subset M ⊂ C \ E with

lim inf
n→∞

{
max
z∈M

( 1
dn

log |Pn(z)| − gΩ(z)
)}
≥ 0. (3)

Ω = C \ E . Then
ΘPn

∗−→ µE , n ∈ N

where µE is the equilibrium measure of the set E .
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Zero distribution results

Corollary
Λ ⊂ N, {Pn}n∈Λ sequence of monic polynomials with deg Pn = n, n ∈ Λ.

lim sup
n∈Λ

‖Pn‖1/n
E ≤ cap E , (4)

and
lim
n∈Λ

ΘPn (K ) = 0, K ⊂ E̊ compact subset. (5)

Then
ΘPn

∗−→ µE , n ∈ Λ,

where µE is the equilibrium measure of the set E .
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Zero distribution of Padé approximants

πn,m = pn,m
qn,m

{
deg pn,m ≤ n −m, deg qn,m ≤ m, qn,m 6≡ 0,
[qn,mf − pn,m](z) = Azn+1 + · · · .

Jentzsch-Szegő-type Theorem

Θpn,m
∗−→ µCRm(f ) , n ∈ Λ,

µCRm(f ) is the equilibrium measure of the circle CRm(f ).

We know
πn,m(z)− πn−1,m(z) = An,mzn

qn,m(z)qn−1,m(z)
and

lim sup
n→∞

|An,m|1/n = 1
Rm(f ) .

J. Mı́nguez Ceniceros (UR) Incomplete and Hermite-Padé approximants
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Zero distribution of Padé approximants

Let Λ ⊂ N be such that lim
n∈Λ
|An,m|1/n = 1

Rm(f ) ⇒ |An,m| > 0, n ≥ N.

Convergence in σ-content, normalization of qn,m (|bn,m| ≤ 1) and
Bernstein-Walsh lemma

lim sup
n∈Λ

∥∥∥∥∥pn,m
cn,m

∥∥∥∥∥
1/n

CRm(f )

= lim sup
n∈Λ

∥∥∥∥∥bn−1,m
An,m

pn,m

∥∥∥∥∥
1/n

CRm(f )

≤ cap CRm(f ) = Rm(f ).

Rouché Theorem

lim
n∈Λ

Θpn,m (K ) = 0, K ⊂ DRm (f ) compact subset.

⇓

Corollary
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Zeros of incomplete Padé approximants

Rn,m = Pn,m
Qn,m

{
deg Pn,m ≤ n −m∗, deg Qn,m ≤ m, Qn,m 6≡ 0,
[Qn,mf − Pn,m](z) = Azn+1 + · · · .

Theorem (B. de la Calle Ysern, J. Ḿınguez Ceniceros)
{Rn,m}n≥m is a sequence of incomplete Padé approximants of type
(n,m,m∗) for f . Then, there exists a subsequence Λ ⊂ N such that

ΘPn,m
∗−→ µR∗m(f ), n ∈ Λ,

where µR∗m(f ) is the equilibrium measure of CR∗m(f ).

Rn,m(z)− Rn−1,m(z) = An,mznqn,m−m∗(z)
Qn,m(z)Qn−1,m(z) ,

lim sup
n→∞

|An,m|1/n = 1
R∗m(f ) , D∗m(f ) = {z : |z | < R∗m(f )}.
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(n,m,m∗) for f . Then, there exists a subsequence Λ ⊂ N such that

ΘPn,m
∗−→ µR∗m(f ), n ∈ Λ,

where µR∗m(f ) is the equilibrium measure of CR∗m(f ).

Rn,m(z)− Rn−1,m(z) = An,mznqn,m−m∗(z)
Qn,m(z)Qn−1,m(z) ,

lim sup
n→∞

|An,m|1/n = 1
R∗m(f ) , D∗m(f ) = {z : |z | < R∗m(f )}.

J. Mı́nguez Ceniceros (UR) Incomplete and Hermite-Padé approximants



Zeros of incomplete Padé approximants

We take Λ such that lim
n∈Λ
|An,m|1/n = 1

R∗m(f )

Pn,m(z)Qn−1,m(z)− Pn−1,m(z)Qn,m(z) = An,mznqn,m−m∗(z)

and then the leading coefficient cn,m of Pn,m is:

cn,m = An,m
bn−1,m

· dm∗ ,

{
bn−1,m leading coefficient of Qn−1,m,
dm∗ leading coefficient of qn,m−m∗

Convergence in σ-content, normalization of Qn,m and
Bernstein-Walsh lemma

lim sup
n∈Λ

∥∥∥∥∥Pn,m
cn,m

∥∥∥∥∥
1/n

CR∗m(f )

= lim sup
n∈Λ

∥∥∥∥∥ bn−1,m
An,mdm∗

Pn,m

∥∥∥∥∥
1/n

CR∗m(f )

≤ ?

lim sup
n∈Λ

‖Pn,m‖1/n
CR∗m(f )

≤ 1.
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We take Λ such that lim
n∈Λ
|An,m|1/n = 1

R∗m(f )

Pn,m(z)Qn−1,m(z)− Pn−1,m(z)Qn,m(z) = An,mznqn,m−m∗(z)

and then the leading coefficient cn,m of Pn,m is:

cn,m = An,m
bn−1,m

· dm∗ ,

{
bn−1,m leading coefficient of Qn−1,m,
dm∗ leading coefficient of qn,m−m∗

Convergence in σ-content, normalization of Qn,m and
Bernstein-Walsh lemma

lim sup
n∈Λ

∥∥∥∥∥Pn,m
cn,m

∥∥∥∥∥
1/n

CR∗m(f )

= lim sup
n∈Λ

∥∥∥∥∥ bn−1,m
An,mdm∗

Pn,m

∥∥∥∥∥
1/n

CR∗m(f )

≤ ?

lim sup
n∈Λ

‖Pn,m‖1/n
CR∗m(f )

≤ 1.

J. Mı́nguez Ceniceros (UR) Incomplete and Hermite-Padé approximants



Zeros of incomplete Padé approximants
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Zeros of incomplete Padé approximants
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Zeros of incomplete Padé approximants

Proposition (Exact rate of convergence)
For each nondegenerate continuum Q ⊂ D∗m(f ) \ ({0} ∪ Pf ), it holds that

lim sup
k→∞

‖Qnk ,m(f − Rnk ,m)‖1/nk
Q = ‖z‖Q

R∗m(f ) < 1.

lim
n∈Λ

{
max
z∈Q

1
n log |Pn,m(z)| − log |z |+ log R∗m(f )

}
= 0, Q ⊂ C \ D∗m(f ).

Rouché Theorem

lim
n∈Λ

ΘPn,m (K ) = 0, K ⊂ DR∗m (f ) compact subset.

⇓

Grothmann Theorem
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Zeros of Hermite-Padé approximants

Theorem (B. de la Calle Ysern, J. Ḿınguez Ceniceros)
f = (f1, . . . , fd ), m = (m1, . . . ,md ) ∈ Zd

+ \ {0}. {Rn,m} a sequence of
Hermite-Padé approximants of type (n,m) for f. Then, for each
k = 1, . . . , d, there exists a subsequence Λk ⊂ N such that

ΘPn,m,k
∗−→ µR∗|m|(fk ), n ∈ Λk ,

where µR∗|m|(fk ) is the equilibrium measure of the circle CR∗|m|(fk ).

J. Mı́nguez Ceniceros (UR) Incomplete and Hermite-Padé approximants



Zeros of Hermite-Padé approximants

f1(z) = 1
1− 2z + 1

3/2− z + log(3− z), f2(z) = 1
1− z + 1

2− z + log(4− z)

m = (1, 2) m = (2, 1)
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R∗3 (f1) = 3/2, R∗3 (f2) = 4 R∗3 (f1) = 3, R∗3 (f2) = 2
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Thank you very much for your
attention
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