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1. Univariate higher order monotonicity

Let I C R be aninterval, f : I — R and h > 0. Put
(Enf)(s) :==f(s + h) , where defined, and

Ay :=Ep, —Ey=: =V},

i.e.

(Anf)(s) =f(s +h) = f(s) = =(Vaf)(s)-
{Ep | h > 0} commutes, hence also {Ap} and {Vj}.

Definition.

(@) f is n-1 (n-increasing)

<= Af>0 Vh>0,Vp=1,..,n

(not necessarily for p =0, i.e. f > 0 is not assumed)
(b) f is n-] (n-decreasing)

= Vif>0 Vh>0,Vp=1,...,n




Remarks
(@) f is 2-1 < f isincreasing and convex (and then

continuous on | )
(b) f is 2-] < f is decreasing and concave
(c) fis n-| < f(—s) is n-1 on —I.

(d) For I open and n times differentiable f :

fisn-t<= fP >0 Vp=1,...,n
flisn-| <= (—1)Pf(P)20 Vp=1,...,n



(i) I=R4, f(s)=s*, n<a<n+1,neNy
fis (n+1)-1,butnot (n+2)-1
) =

(i) I =Ry, f(s) :== 1+s, neN
= f,....f® > 0> fO+D
ie. f is n-7,butnot (n+1)-7

(iii) I=R, g(s) :=e7™/(1+e7°) =f(e”*) with f asin (ii)
g is n-J , but certainly not completely monotone, since

gls) =e ™™ — e (1Hls | o=(H2s = for s> 0

(iv) I=R,, f(s) = (1 —cs)}™ lneNc>0
fisn-|,butnot (n4+1)-{

(V) I=1]0,00[, f(s) = —logs is n-] Vn €N (butnot
completely monotone!)




Theorem 1.

Let n>2, f:[0,1] — Ry . Then f is n-1 if and only if there
exist uniquely determined ay, .
[0, 1] such that

..,an_3 > 0 and a measure u on

f(t) =ap+ai t+...+a,_2 t"_2+/(t—a)i1du(a), 0<t<l1.

The function f is continuous and for n > 2 (n — 2) times
continuously differentiable on [0,1[, where f(™ is

(n—m)-1, m=1,...,n— 2. The right derivative of f"~2) exists
and equals (n — 1)!- u(]0,t]) , and is therefore right-continuous
and increasing; in particular u({0}) = fr(nfl)(O) /(n—1)!. The
constants a; are given by a; = fV(0)/jl,j<n—2.




Let n>2, f:[0,1] — Ry . Then f is n-1 if and only if there
exist uniquely determined ay, . ..,a,_2 > 0 and a measure p on
[0, 1] such that

f(t) =ap+ai t+...+a,_2 t"_2+/(t—a)i1du(a), 0<t<l1.

The function f is continuous and for n > 2 (n — 2) times
continuously differentiable on [0,1[, where f(™ is

(n—m)-1, m=1,...,n— 2. The right derivative of f"~2) exists
and equals (n — 1)!- u(]0,t]) , and is therefore right-continuous
and increasing; in particular u({0}) = fr(nfl)(O) /(n—1)!. The
constants a; are given by a; = fV(0)/jl,j<n—2.

fa®) = 595 0<a<1,0<t<1 (s0 folt) =), fi = 1p
Kn:={f:[0,1] — Ry |f is n-1, f(1) =1}



K, is a Bauer simplex for n > 2, and

ex (Kn) = {f} |j=0,1,....n =2} U{f2 " |a € [0,1]}.

Each f € Ky is continuous on [0,1].




K, is a Bauer simplex for n > 2, and

ex (Kn) = {f} |j=0,1,....n =2} U{f2 " |a € [0,1]}.

Each f € Ky is continuous on [0,1].

Definition.
f is absolutely monotone (“oco-1") iff f is n-1 VneN.

Then K := [) K, is also a Bauer simplex, with
n>1

ex(Koo) = {ff 1 € No}, fg = limfy = fi = 13 -
And f:]0,1] — R, is absolutely monotone iff f is analytic
with non-negative coefficients.




K, is a Bauer simplex for n > 2, and

ex (Kn) = {f} |j=0,1,....n =2} U{f2 " |a € [0,1]}.

Each f € Ky is continuous on [0,1].

Definition.
f is absolutely monotone (“oco-1") iff f is n-1 VneN.

Then K := [) K, is also a Bauer simplex, with
n>1

ex(Koo) = {f} 1] € No}, f5° = limff =fi = 111y

And f:]0,1] — R, is absolutely monotone iff f is analytic
with non-negative coefficients.

There are counterparts for n-| functions:

Ly :={¢:[0,1] — Ry |g is n-|, g(0) =1}
Hnp:={g:Ry — Ry |g is n-|, g(0) =1}




Both L, and H, are Bauer simplices, and
ex(Ln):{gj1 j=0,....,n—2}U{gl1|1<c< o0}
where gc(s) := (1 —c¢s)+, &0 := 10}

ex(Hn) = {g/ "' [ c € [0,00]} .

The resulting integral representation for functions in H, goes

back to Schoenberg and Williamson. Functions in Hy, := (] Hy
n>1
are called completely monotone. Both H,, and L., := () L, are
n>1

Bauer simplices.

Remark. f(s) = e is extreme in H,, butnotin L.,

=1
Ze—]’ 1—s)J

j=0



Let p € M} (R%) , i.e. a probability measure.
(| —o0,a) , aeR?
(fla,00]) , aeR?

fi, i are called distribution resp. survival function of p (“d.f.”

resp. “s.f.”), with special monotonicity properties as we’ll see
now.

2. Multivariate distribution and survival functions




2. Multivariate distribution and survival functions

Let p € M} (R%) , i.e. a probability measure.

(| -oca) , aeR?

(fla,00]) , aeR?

fi, i are called distribution resp. survival function of p (“d.f.”

resp. “s.f.”), with special monotonicity properties as we’ll see

now.

Let Ay,... Ay #0,A:=A1 x...xA,,and ¢:A — R. For

a,b € A put

Dby = ¢(b)—play,ba,...,by) —...—@(b1,...,by_1,an)

+90(a17 as, b3a o 7bn) + So(ala b27 as, b47 ... abn)
+...+ (p(bl, R ,bn_z,an_l,an)
—(,0(611,612,(13,1)4, e ,bn) —...Et...+ (—1)“(,0(61)



[Note: If a; = b; for some i then DZ p=0.]

In the following: A; CR Vi:;and for a,b € A

a<b:i&=a<b Vi.

Definition.

@ is fully n-increasing (abbrev. “ LT ") iff D2y >0 forall a <b

in A, and if this also applies if some of the variables in ¢ are
fixed.

For A=R" and ¢ = i we have
D} i =p(la,b)) >0 Va<b

so that i is 1} , and this is in fact the crucial property of d.f.’s:

n



Correspondence Theorem

Let A; C R be non-empty, 1 <i < n, with

SupA; € A;Vi,A:=A; X ... XA, .For ¢ :A— R, we have
3 p€Mi(A) with p(a) = u([-0c0,a] NA) VacA

<= ¢ is { and right-continuous
n




Correspondence Theorem

Let A; CR be non-empty, 1 <i<n, with
SupA; € A;Vi,A:=A; X ... XA, .For ¢ :A— R, we have
3 pu € My (A) with p(a) = u([—o0,a)NA) VacA

<= ¢ is { and right-continuous

n

V.

If in the last definition we require D} ¢ >0 forall a > b in A,
then ¢ is called fully n-max increasing, the decisive property of
survival functions:

Suppose inf A; € A; Vi. Then

3 pe My (A) with p(a) = p([a,00]NA) VacA

<= ¢ is fully n-max increasing and left-continuous



Remark. On an abelian semigroup (S,+) a function
f: 8 — R is positive definite iff

k
Z Ci ij(Si + Sj) >0
ij=1
VkeN, V¢ eR,Vs;e€S.Now ¢:A— R, is fully n-(resp.
n-max) increasing iff ¢ is positive definite on (A, A), resp. on
(A, V).



3. Connections between 1. and 2.

The equivalence (i) <= (ii) in the following result is due to P.
Morillas.

Theorem 3.

Let n > 2,1 CR aninterval, f : 1 — R . Then there are
equivalent:

() fisn-?
(i) If ¢:{0,1}" — I is { thensois fop.

(iii) Vke {1,...,n},t€I,h >0 with t+khel

k
D},Zf(tJthxi) >0

i=1




(a)f7g n'Tag:I—>J7f:J—>R

= also fog is n-7 .

(b) f,g n-1 on I, both non-negative
= also f-g is n-1 .

Proof.

(a) follows immediately from (i) <= (ii) in the preceding
theorem
(b) If ¢:{0,1}" — I'is 1t ,thensoare foy and goyp;
n
both are positive definite, hence also

(fop) - (gop)=(f-gop.O

As a consequence, we can characterize the (univariate)
functions operating on multivariate d.f.’s:



Theorem 4.
Let f :[0,1] — [0, 1] be continuous at 1, f(0) =0, f(1)
n > 2. Then there are equivalent:
(i) fis n-1
(ii) foF isad.f ¥V n-dimensionald.f F
(iiiy f (> xi/n)isadf on [0,1]".

20



Theorem 4.
Let f:[0,1] — [0, 1] be continuous at 1, f(0) =0, f(1) =1;
n > 2. Then there are equivalent:
() fis n-7
(ii) foF isadf V n-dimensional d.f F
(iiiy f (> xi/n)isadf on [0,1]".

Another very direct connection is the following

Let u= (uy,...,uy) €10,00[", up :==ug +...upn, and let
f:[0,up] — R be given. Then f (31, x;) is 1+ on [0,u] iff
n

fis n-1 .




For n > 2 there is no d.f. on R of the form f (37 ;x;) , for
some f: Ry — R.

For, f would then be increasing, convex, and bounded, hence
constant.

22



For n > 2 there is no d.f. on R of the form f (37 ;x;) , for
some f: Ry — R.

For, f would then be increasing, convex, and bounded, hence
constant.

n-1 functions operate also on survival functions:

If f:I1—Ris n-1,and ¢ : A — I is fully n-max increasing
then so is also fo .

And for n-J functions we have:

23



Theorem 6.
Let g:[0,1] — [0, 1] be continuous at 0,g(0) =1,g(1)
n > 2. Then there are equivalent:
(i) gisn-|
(ii) go(1—G) isas.f Vn-dimensionals.f G
(iii) g (Xf,xi/n) isasfon [0,1]".

0,

24



Theorem 6.
Let g:[0,1] — [0, 1] be continuous at 0,g(0) =1,g(1) =0,
n > 2. Then there are equivalent:
(i) gisn-|
(ii) go(1—G) isas.f Vn-dimensionals.f G
(iii) g (Xf,xi/n) isasfon [0,1]".

For a s.f. G(a) = pu([a, c]) of some ;€ ML(R") we call
¥(a) :=1-G(a) = p([a, oof) =: p*(a)

the co-survival function of p . Their characteristic property is to
be

fully n-max decreasing  (“ 1} ”)

n

—Dby<0 Va>h

(plus left continuity).

25



4. Classical mean values

For x ¢ R, and te R let
n 1/t n 1/n
M;(x) := <r11 fo) for t #0, My(x) := (H xi> ,
i=1 i=1
completed by M_o(x) := minj<j<p X , Moo () := maxXj<j<nX; .

Then R > t — M;(x) is continuous, and strictly increasing for
non-constant x; . Of course M;(0) =0, M;(1) =1, and M, is
(in some sense) increasing. Is it a d.f. on [0, 1]"?

26



4. Classical mean values

For x ¢ R, and te R let

1/n

M;(x) := <Tlllzn:1xf) v for t #0, My(x) := <iﬁlxi> ,

completed by M_o(x) := minj<j<p X , Moo () := maxXj<j<nX; .

Then R > t — M;(x) is continuous, and strictly increasing for
non-constant x; . Of course M;(0) =0, M;(1) =1, and M, is
(in some sense) increasing. Is it a d.f. on [0, 1]"?

Here’s a complete answer:

Let n > 2. Then
(i) M; [[0,1]" isad.f <= te [—oo,ﬁ} U{ﬁ,...,%,l}

(i) M; is “max-infinitely divisible” (i.e. ¥/M; isa d.f. V k € N)
<=t € [-00,0].

27



Consider again the general situation where () #A; C R and
A:=A1 X...xAp, p:A— R, . If p is { and infinitely

n

divisible, i.e. /p is f# Vke N, then {9 >0} CA isa
n
subsemigroup w.r. to “A” and
logp = lim k(¢ — 1)
k—o0

isstill {4 on {p > 0}.
n

Y= —logyp

is then by definition fully n-decreasing, and ¢ > 0 for 0 < ¢ < 1.
Furthermore ¢ is negative definite and completely alternating
on the semigroup ({¢ > 0}, A) . Similarly, for a fully n-max
increasing ¢ : A — R, (typically a survival function) which is
inf. div. (called “min-infinitely divisible), its negative logarithm

1 = —log ¢ is fully n-max decreasing, i.e. | .
n

28



Look at M; for —oco <t <0 (for t = —1 this is the harmonic
mean): with s := —t we have

n

—log M;(x) = %log [rlz ; <;l> ]

where |[...] is clearly fully n-decreasing, and log is a Bernstein
function, preserving negative definiteness. Therefore M; is an
infinitely divisible d.f.

29



Look at M; for —oco <t <0 (for t = —1 this is the harmonic
mean): with s := —t we have

—log M;(x) = %log [rlz ; <;l> ]

where |[...] is clearly fully n-decreasing, and log is a Bernstein
function, preserving negative definiteness. Therefore M; is an
infinitely divisible d.f.
n 1/t
For t > 1 M(x) = <Tll > xlt> is | ,hence a co-survival
1 n

function. Of course, also M., is | .
n

All My's are (positively) homogeneous:

Mi(sx) =s-Mi(x), s>0, xeR}.

30



Let
H = {¢:R}L —R|pis ﬂ , right continuous

and homogeneous, Lp( n) =1}

H := {peM(R%)|p is homogeneous, 1([0,1") =1}
then H ~ H via p+— ji, both are Bauer simplices and
u€ ex (H) <= u = A\ for some c € C

with C := {c € R | max¢; = 1} where ). is the image of

ARy unders+—>s c¢,and Ac(x) = Ac([0,x]) = min(x;/c;) .

31



Let
H = {¢:R}L —R|pis ﬂ , right continuous
and homogeneous, Lp( n) =1}
H := {peM(R%)|p is homogeneous, 1([0,1") =1}
then H ~ H via pu — /i, both are Bauer simplices and
u€ ex (H) <= u = A\ for some c € C

with C := {c € R | max¢; = 1} where ). is the image of
A | Ry under s — s-c,and A (x) = A\([0,x]) = min(x;/c;) .

Similarly, with Z := R’ \ {oo,}, put

:={p € M (Z) | p is homogeneous, p([1,, oos]) = 1}
= {¢:RL — R | ¢ is homogeneous and U (1) =1},

32



then likewise K ~ K* via pu+— u*, and

1 1 1
ex®) = {eleec), fim (G
n

with X{/C(x) = A1/c([x, oon]®) = max(c; x;) -

)ez

33



then likewise K ~ K* via pu+— u*, and

1 1 1
ex(K) = {\c|ceC}, e <c1""’c> cZ
n

with X{/C(x) = A1/c([x, oon]®) = max(c; x;) -

Remark. Functions in K* are automatically continuous. This
does not hold for homogeneous 1 functions:
n

p(x,y) == (x+¥) - Ljg ooz (x,y) is an example.

34



then likewise K ~ K* via pu+— u*, and

1 1 1
ex(K) = {\c|ceC}, e <c1""’c) 4
n
with X{/C(x) = A1/c([x, oon]®) = max(c; x;) -

Remark. Functions in K* are automatically continuous. This
does not hold for homogeneous 1 functions:
n

p(x,y) == (x+¥) - Ljg ooz (x,y) is an example.

So in particular each mean value M; which is a d. f. allows a
spectral representation in terms of the “lower end of the scale”,
i.e. it is a unique mixture of x — min(x;/c;), c € C.

For t > 1 each M; is | , the co-s.f. of some (homogeneous)
n

measure on Z . It is a unique mixture of x — max(c;x;), ¢ € C,
i.e. from the “upper end of the scale”.

35



n=

@) t=-1

wan o] -2 L3

where v_; € M1 (C) is given by the density 4u/(1+ u)® on
both parts of ([0,1] x {1})U ({1}) x [0,1]) =C.
(b) t =0

X
Mo(y) =& = [ (Z L) dn(o
c\¢1 C
where 7o has the density 1/(4/u) on C.

oy

~—

36



(c)t=3

= (F3) - (£0Z) o

1 C2

where +;/, has density 1/(8y/u), plus % [6(170) +€(071)] :

(d) t=2
x2+y2 1 .
Ms(x,y) = =—| (x, is . We have
2(6y) =4 —5 7 I Gey) llz is 4

JETE = V3 /C [(c1%) V (c2y)]dr2(c)
1
- /()[(ux)Vy+XV(UJ’)]

du
(1+u2)3/2’

37



(e) t =1 is a special case:

+y

X
Ml(xay) = ; 5

Mi=ji, =3 (A on ({0} x B) + A on (R, x {0}))

M =", y:%()\ on ({oo} x Ry)+ A on (Ry x {oo})) .

) 1
1S both TT and U’ , N1 = E (6(1’0) + 6(0’1)

<

38



(e) t =1 is a special case:

X+
Ml(xay) = 4

) 1
is both Tzr and lzl 0 Y= 2 (5(1,0) +€00,1)

Mi=ji, =3 (A on ({0} x B) + A on (R, x {0}))

M, =7, 1/:1()\ on ({oo} xRy)+ A on (Ry x {o0})) |-

2

v

As a consequence of our general discussion above we can state
the following

Each homogeneous | function on R’} is the restriction of a
n

seminorm, i.p. it is continuous.

(... because x —— max(c;|x;|) is a seminorm for ¢; > 0).

39



5. Stable tail dependence functions

Definition.

A d.f. F on R is called a simple multivariate extreme value
distribution (function) iff

(F(tx))' =F(x) VxeR}, Vt>0

and if F has standard Fréchet margins, defined by the
(1-dimensional) d.f. exp(—1/u) for u > 0.

Then
F(x) =0 <= x; =0 for some i

Fx) <1 VxeRL
VF(x)=F(nx)isadf.VneN



and therefore

logF = lirllnn (C/IT”— 1)

isalso { on ]0,00[",logF < 0, and finally
n

1
f(x):= —logF (x) is || onR’ , homogeneousandf >0.
n

f is called a stable tail dependence function.

Theorem 8.

f:RL — R is a stable tail dependence function iff it is
homogeneous, | and f(e;) =...=f(en) =1, (e; denoting the
n

unit vectors in R").

M



1. The t-norms (fo)l/t =ntt .M, for t >1.

2. fx,y):=x+y— 75 on R}.

3. f(x,y) =1 <x+y+\/x2 +y2+219xy) , with [0 <1.

All these functions extend to norms on R".

42



6. Linearly order symmetric d.f.’s and

exchangeable Marshall-Olkin distributions

We saw above that homogeneous d.f.’s on [0, 1]" have the form

Pt = [Aldie) . v eMi©)

Then F is exchangeable if ~ is.
Let now ~ be exchangeable and concentrated on
Cn{0,1}" ={0,1}" \ {0}, equivalently

7= pew ., 3 uniformon {eq | o] =k},

with ey :=3% ;. e, 0 #a C{l,...,n},and p >0, > pr=1.
Put ¢ :=F,, , then

g min x; , k=1,.

ica
Ial =k

43



are “normalized min sums”, i.p.p1(x) = Z Xi, on(x) = mm Xj.
1<i<n

With X1y <Xy <. <Xy as ordered components of x it
turns out that

F =F, for some exchangeable v € M7 ({0,1}" \ {0})

n

iff F(x) = ) a;x; forsome q; > 0, a socalled linearly order
i=1

symmetric d.f. where the sequence f(i) := a; is characterized by

being (n—1)-},> 0 with 3> £(i) =
i=1

a4



are “normalized min sums”, i.p.p1(x) = Z Xi, on(x) = mm Xj.
1<i<n

With X1y <Xy <. <Xy as ordered components of x it
turns out that

F =F, for some exchangeable v € M7 ({0,1}" \ {0})

n

iff F(x) = ) a;x; forsome q; > 0, a socalled linearly order
i=1

symmetric d.f. where the sequence f(i) := a; is characterized by

being (n—1)-},> 0 with 3> £(i) =
i=1

Consider such a d.f.:
n
= Zai X(i)
i=1

then H(x) := —F(=x) = >  aiXj, X > X1 = ... ,is |,
i=1 n

45



showing H to be a co-s.f., therefore negative definite on
(R7., V), so that exp(—H) is an infinitely divisible s.f..
For F = ¢} and i (x) := —p(—x) we get “normalized
max-sums”

and any co-s.f. of the form
P =Y aixy  (with (@), (n—1)-1)
i=1
can be written uniquely as

n
= Pk, Pk>0.
k=1

The corresponding s.f.’s exp(—1)) are precisely those of
exchangeable Marshall-Olkin distributions.

46



7. Extended multivariate higher order
monotonicity

Motivation: if F is an m-dimensional d.f., G an n-dimensional
d.f, f:[0,1)2 — [0,1] ,when is fo (F x G) ad.f. on R™"?
Let I1,...,I; beintervalsin R, I:=1; x ... xIg, f: I — R.

Again, for s €I, h € R‘}r such that also s +h €I put

(Ehf)(s) Z:f(S + h) and Ah :=FEp —Ep =: —Vh .

Definition.
Let n = (ny,...,ng) e N f: 1 — R is called

n-1 (n-increasing)
iff
AL f(s) = (A8, .. A%, £) () 2 0

VseI,he]O,oo[d, Vp:(pl,...,pd)eNg, 0<p<n such
that Sj—|-pjhjEIj V]Sd




If instead
(VA (5) = (Vhie, - Vhte, f) (5) 2 0

f iscalled n-| (n-decreasing).
We'll say f is n times (continuously) differentiable if

olnlf

nc= o ng
Osy' ... 0sy

\n\ =np+...+nyg

exists (and is continuous). If this holds
fisn-t<< f, >0 VOosp<n

and

fis n-¢<:>(—1)|1"fp20 VOosp<n.

48



Since
(a3F) (5) = Dty
we see that
fis ff < fis 14-7
d

fis | <= —fis 13-
d

49



Since
(A3F) (5) = D5

we see that

fis ff < fis 14-7
d

fis | <= —fis 13-
d

Remark. f n-1t = f(-,s2,53,...)isn;-1 in s7, etc. The
converse doesn’t hold: let a > 0, then

f(s1,82) := (s152 —a)+

is 2-1 in s1 for fixed sy, and 2-1 in sy for fixed s; . However,
f isnot (2,2)-1 .

50



We noticed above that for n > 2
Kpi={f:[0,1] — Ry |f is n-, f(1) = 1}
is a Bauer simplex with extreme points
En = {f{) yjzo,...,n—z}u{fg;—l 0<a<1)

where fo(s) = (s —a)+ /(1 —a) for 0<a<1,fi =1y,
In analogy to dimension 1 we introduce

Kni={f:10.11" — Ry |f is n-1, f(19) =1}

Then we have a far reaching extension of the above univariate
result:

51



Theorem 9.

For n > 24 Kn is a Bauer simplex and ex(Kn) = En, ® ... ® Ep, .
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Theorem 9.

For n > 24 Kn is a Bauer simplex and ex(Kn) = En, ® ... ® Ep, .

Functions in Ky, := ()| Kn are by definition absolutely

nenNd
monotone.

Theorem 10

|

(i) f:[0,1]" — R is absolutely monotone iff f is analytic
with non-negative coefficients.

(i) K, is a Bauer simplex, and

ex(Keo,) = {fl @ ... 0fl i €No Vi) .
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We saw already that f (Z?:l xi> is { iff f is d-1; more
d

generally

d
f<2xi> is n-t <= fis |n|-1 .
i=1
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We saw already that f (Z?Zl xi> is v iff f is d-1; more
d
generally

d
f<2xi> is n-t<= fis |n|-7 .
i=1

One very important consequence of the “simplicial structure” of
n-1 functions is a clear picture about when higher order
monotonic functions operate on each other. Here a special (but
typical) basic case:

@ [07 1]d1 — [Oa 1] m-7, ’(p 5 [Oa 1]d2 — [Oa 1] n-T,and

f:00,1* — R (Im|,|n])-t = fo(pxy) is (m,n)-1
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This is an answer to our above question: Given a 2-dimensional
d.f. F and a 3-dimensional d.f. G, fo (F x G) is a 5-dimensional
d.f. provided f is (2,3)-1, f(1,1) =1, and f is continuous in
(1,1).
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This is an answer to our above question: Given a 2-dimensional
d.f. F and a 3-dimensional d.f. G, fo (F x G) is a 5-dimensional
d.f. provided f is (2,3)-1, f(1,1) =1, and f is continuous in
(1,1).

Many thanks

for your attention!
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