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Bernstein’s inequality for trigonometric polynomials

‖f ‖E = sup
z∈E

|f (z)|

If Tn is a trigonometric polynomial of degree at most n, then

‖T ′

n‖ ≤ n‖Tn‖

Sharp at every point: Tn(x) = cos(nx + α)

Bernstein (1912) had 2n, the sharp n is due to M. Riesz (1914)
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Videnskii (1960): if β ∈ (0, π) then
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Videnskii’s inequality for trigonometric polynomials

Videnskii (1960): if β ∈ (0, π) then

|T ′

n(θ)| ≤ n
cos θ/2

√

sin2 β/2− sin2 θ/2
‖Tn‖[−β,β], θ ∈ (−β, β)

What if we have two or more intervals?
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I (µ) =

∫ ∫

log
1

|z − t|dµ(z)dµ(t)

If this is finite for some µ, then there is a unique minimizing measure µE ,
called equilibrium measure of E

Example

dµ[−1,1](t) =
1

π
√
1− t2

dt

Example

If C1 is the unit circle, then

dµC1(e
it) =

1

2π
dt

Vilmos Totik (USF and SZTE) Polynomial inequalities 5 / *



Equilibrium density

Vilmos Totik (USF and SZTE) Polynomial inequalities 6 / *



Equilibrium density

If E consists of rectifiable arcs with arc measure s, then
dµE (t) = ωE (t)ds(t)

Vilmos Totik (USF and SZTE) Polynomial inequalities 6 / *



Equilibrium density

If E consists of rectifiable arcs with arc measure s, then
dµE (t) = ωE (t)ds(t)

ωE is called the equilibrium density of E

Vilmos Totik (USF and SZTE) Polynomial inequalities 6 / *



Equilibrium density

If E consists of rectifiable arcs with arc measure s, then
dµE (t) = ωE (t)ds(t)

ωE is called the equilibrium density of E

Example

If C1 is the unit circle, then

ωC1(e
it) ≡ 1

2π
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The general Videnskii inequality

E ⊂ [−π, π] closed

ΓE = {e it t ∈ E}

Theorem

(Lukashov, 2004) If θ lies in the interior of E , then

|T ′

n(θ)| ≤ n2πωΓE (e
iθ)‖Tn‖E

Sharp:

Theorem

For any θ lying in Int(E ) there are Tn 6≡ 0 such that

|T ′

n(θ)| ≥ (1− o(1))n2πωΓE (e
iθ)‖Tn‖E
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An example

E = [−β, β], 0 ≤ β ≤ π

ωΓE (e
iθ) =

1

2π

cos θ/2
√

sin2 β/2− sin2 θ/2
,

|T ′

n(θ)| ≤ n
cos θ/2

√

sin2 β/2− sin2 θ/2
‖Tn‖E ,

which is Videnskii’s inequality

Vilmos Totik (USF and SZTE) Polynomial inequalities 8 / *



Riesz’ inequality on curves

Vilmos Totik (USF and SZTE) Polynomial inequalities 9 / *



Riesz’ inequality on curves

C1 := {|z | = 1}. M. Riesz:

Vilmos Totik (USF and SZTE) Polynomial inequalities 9 / *



Riesz’ inequality on curves

C1 := {|z | = 1}. M. Riesz:

|P ′

n(z)| ≤ n‖Pn‖C1 , z ∈ C1

Vilmos Totik (USF and SZTE) Polynomial inequalities 9 / *



Riesz’ inequality on curves

C1 := {|z | = 1}. M. Riesz:

|P ′

n(z)| ≤ n‖Pn‖C1 , z ∈ C1

What is its form on Jordan curves rather than on C1?

Vilmos Totik (USF and SZTE) Polynomial inequalities 9 / *



Riesz’ inequality on curves

C1 := {|z | = 1}. M. Riesz:

|P ′

n(z)| ≤ n‖Pn‖C1 , z ∈ C1

What is its form on Jordan curves rather than on C1?

Jordan curve: homeomorphic image of C1

Vilmos Totik (USF and SZTE) Polynomial inequalities 9 / *
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C1 := {|z | = 1}. M. Riesz:

|P ′

n(z)| ≤ n‖Pn‖C1 , z ∈ C1

What is its form on Jordan curves rather than on C1?

Jordan curve: homeomorphic image of C1

Jordan arc: homeomorphic image of [0, 1]
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Riesz’ inequality on a system of curves
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(Nagy-T.) If E is a finite union of C 2 Jordan curves, then
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Hilbert’s lemniscate theorem

Lemniscate: level set of a polynomial

σ = {z |TN(z)| = 1} = T−1
N (C1)

Hilbert: if γj , Γj , 1 ≤ j ≤ m, are pairwise disjoint Jordan curves lying
exterior to one another and γj lies inside Γj , then there is a lemniscate σ
that separates all γj and Γj
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Approximating systems of curves by lemniscates

If E is a finite system of C 2-Jordan curves, z0 ∈ E and ǫ > 0, then there is
a lemniscate σ lying inside E such that z0 ∈ σ and

ωσ(z0) ≤ (1 + ǫ)ωE (z0)

ωE (z0) ≤ ωσ(z0) is automatic

Similar result holds for lemniscates enclosing E
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Theorem

If E is a finite union of C 2 Jordan curves then

|P ′

n(z0)| ≤ (1 + o(1))n2πωE (z0)‖Pn‖E , z ∈ E

Method of proof:

E = C1 – Riesz

apply a polynomial inverse mapping: σ = T−1
N (C1) to conclude the

result on σ for polynomials of the form Pn = Qm(TN)

get rid of the special properties of Pn

apply the sharp form of Hilbert’s lemniscate theorem to approximate
E by such a σ
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Markov’s inequality (1890):

‖P ′

n‖[−1,1] ≤ n2‖Pn‖[−1,1]

P. Borwein (1981)

‖P ′

n‖[−b,−a]∪[a,b] ≤ (1 + o(1))n2
b

b2 − a2
‖Pn‖[−b,−a]∪[a,b]
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Markov’s inequality

Markov’s inequality (1890):

‖P ′

n‖[−1,1] ≤ n2‖Pn‖[−1,1]

P. Borwein (1981)

‖P ′

n‖[−b,−a]∪[a,b] ≤ (1 + o(1))n2
b

b2 − a2
‖Pn‖[−b,−a]∪[a,b]

What if E is more complicated than the union of two intervals of equal
length?
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Markov’s inequality on a system of intervals

Let

E =
m
⋃

j=1

[a2j−1, a2j ]
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Let

E =
m
⋃

j=1
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Let Mk be the smallest number such that (with some fixed small η > 0)

‖P ′

n‖[ak−η,ak+η]∩E ≤ (1 + o(1))n2Mk‖Pn‖E
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Markov’s inequality on a system of intervals

Let

E =
m
⋃

j=1

[a2j−1, a2j ]

Let Mk be the smallest number such that (with some fixed small η > 0)

‖P ′

n‖[ak−η,ak+η]∩E ≤ (1 + o(1))n2Mk‖Pn‖E

This is the asymptotically sharp Markov factor at the endpoint ak

Theorem

Mk = 2π2

(

lim
x→ak , x∈E

√

|x − ak |ωE (x)

)2
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An example

E = [−b,−a] ∪ [a, b]
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ωE (t) =
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π
√

(b2 − t2)(t2 − a2)
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=

b

b2 − a2
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An example

E = [−b,−a] ∪ [a, b]

ωE (t) =
|t|

π
√

(b2 − t2)(t2 − a2)

M1 = M4 = 2
b2

(2b)(b + a)(b − a)
=

b

b2 − a2

M2 = M3 = 2
a2

(2a)(b + a)(b − a)
=

a

b2 − a2

‖P ′

n‖[−b,−a]∪[a,b] ≤ (1 + o(1))n2
b

b2 − a2
‖Pn‖[−b,−a]∪[a,b]
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Jordan arcs, Bernstein

E a (C 2+α) closed arc, has two sides.
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Jordan arcs, Bernstein

E a (C 2+α) closed arc, has two sides. Φ conformal map from C \ E onto
{|z | > 1}
Every z ∈ E (not endpoint) belongs to both sides, z = z+ = z−,
Φ(z+) 6= Φ(z−)
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Jordan arcs, Bernstein

E a (C 2+α) closed arc, has two sides. Φ conformal map from C \ E onto
{|z | > 1}
Every z ∈ E (not endpoint) belongs to both sides, z = z+ = z−,
Φ(z+) 6= Φ(z−)

z
+

z
-

F(z
-
)

F

F(z
+
)E

C
1
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Jordan arcs, Bernstein

ωE (z) = (|Φ′(z+)|+ |Φ′(z−)|)/2π
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Jordan arcs, Bernstein

ωE (z) = (|Φ′(z+)|+ |Φ′(z−)|)/2π

Theorem

If z ∈ E not endpoint, then

|P ′

n(z)| ≤ (1 + o(1))nmax
(

|Φ′(z+)|, |Φ′(z+)|
)

‖Pn‖E
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If z ∈ E not endpoint, then

|P ′

n(z)| ≤ (1 + o(1))nmax
(

|Φ′(z+)|, |Φ′(z+)|
)

‖Pn‖E

First proved for analytic arcs by Nagy and Kalmykov
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Jordan arcs, Bernstein

ωE (z) = (|Φ′(z+)|+ |Φ′(z−)|)/2π

Theorem

If z ∈ E not endpoint, then

|P ′

n(z)| ≤ (1 + o(1))nmax
(

|Φ′(z+)|, |Φ′(z+)|
)

‖Pn‖E

First proved for analytic arcs by Nagy and Kalmykov

Sharp: if z not an endpoint of E , then for some polynomials

|P ′

n(z)| > (1− o(1))nmax
(

|Φ′(z+)|, |Φ′(z+)|
)

‖Pn‖E
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Jordan arcs, Markov
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Jordan arcs, Markov

w endpoint of E ,
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Jordan arcs, Markov

w endpoint of E , Ẽ the part of E close to w

Ωw = lim
z→w , z∈E

√

|z − w | |Φ′(z+)| = lim
z→w , z∈E

√

|z − w | |Φ′(z−)|
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Jordan arcs, Markov

w endpoint of E , Ẽ the part of E close to w

Ωw = lim
z→w , z∈E

√

|z − w | |Φ′(z+)| = lim
z→w , z∈E

√

|z − w | |Φ′(z−)|

Theorem

‖P ′

n‖Ẽ ≤ (1 + o(1))n22Ω2
w‖Pn‖E

Vilmos Totik (USF and SZTE) Polynomial inequalities 25 / *



Jordan arcs, Markov
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Jordan arcs, Markov

w endpoint of E , Ẽ the part of E close to w

Ωw = lim
z→w , z∈E

√

|z − w | |Φ′(z+)| = lim
z→w , z∈E

√

|z − w | |Φ′(z−)|

Theorem

‖P ′

n‖Ẽ ≤ (1 + o(1))n22Ω2
w‖Pn‖E

Sharp

Higher derivatives:

‖P(k)
n ‖

Ẽ
≤ (1 + o(1))n2k

(2Ω2
w )

k

(2k − 1)!!
‖Pn‖E
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