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Classical polynomial inequalities

Bernstein
ITAll < nll Tall
PLOIN < =5 IPalli-1
Markov
1P 11y < n*l|Pall-1,yy
M. Riesz

H'Dr/r”cl < nH’DnHC1
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Bernstein’s inequality for trigonometric polynomials
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If T, is a trigonometric polynomial of degree at most n, then

I3l < nll Tl

Sharp at every point: Tp(x) = cos(nx + «)
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Bernstein’s inequality for trigonometric polynomials

[flle = sup [f(2)|
zeE

If T, is a trigonometric polynomial of degree at most n, then

I3l < nll Tl

Sharp at every point: Tp(x) = cos(nx + «)

Bernstein (1912) had 2n, the sharp n is due to M. Riesz (1914)
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Videnskii's inequality for trigonometric polynomials
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Videnskii's inequality for trigonometric polynomials

Videnskii (1960): if 5 € (0,7) then
cosf/2
\/sin2 B/2 —sin%6/2

[ To(O) < n I Tolli-5,8, 0 €(=5,5)

Vilmos Totik (USF and SZTE) Polynomial inequalities 4/ *



Videnskii's inequality for trigonometric polynomials

Videnskii (1960): if 5 € (0,7) then
cosf/2
\/sin2 B/2 —sin%6/2

[ To(O) < n I Tolli-5,8, 0 €(=5,5)

What if we have two or more intervals?
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E C C compact

1 unit Borel-measure on E, its logarithmic energy is

160 = [ [1og = du(z)du(e)
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E C C compact

1 unit Borel-measure on E, its logarithmic energy is

1) = [ [ tog = dutz)du(e)

|z

If this is finite for some p, then there is a unique minimizing measure ug,
called equilibrium measure of E
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Equilibrium measures

E C C compact

1 unit Borel-measure on E, its logarithmic energy is

1) = [ [ tog = dutz)du(e)

|z

If this is finite for some p, then there is a unique minimizing measure ug,
called equilibrium measure of E

Example
If C7 is the unit circle, then

duc,(e) = L

/{
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If E consists of rectifiable arcs with arc measure s, then
due(t) = we(t)ds(t)
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Equilibrium density

If E consists of rectifiable arcs with arc measure s, then
due(t) = we(t)ds(t)

we is called the equilibrium density of E

If C; is the unit circle, then

] 1
we (e") = P

Vilmos Totik (USF and SZTE) Polynomial inequalities 6/*



The general Videnskii inequality

E C [—m,m] closed
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The general Videnskii inequality

E C [—m,m] closed

Fe={e"|tcE}

(Lukashov, 2004) If 0 lies in the interior of E, then

| TH(0)] < n2mwr, ()| Talle
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The general Videnskii inequality

E C [—m,m] closed

Fe={e"|tcE}

(Lukashov, 2004) If 0 lies in the interior of E, then

| TH(0)] < n2mwr, ()| Talle

Sharp:
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The general Videnskii inequality

E C [—m,m] closed

Fe={e"|tcE}

(Lukashov, 2004) If 0 lies in the interior of E, then

| TH(0)] < n2mwr, ()| Talle

Sharp:

For any 6 lying in Int(E) there are T, # 0 such that

| TH(0)] = (1 — o(1))n2mwr ()| Talle
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An example

E:[_67B]10§ﬁ§ﬂ-

wr () 1 cosf/2
e =5 )
27 \/sin2 B/2 —sin?0/2
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An example

E:[_67B]10§ﬁ§ﬂ-

. 1 cos /2
wFE(efe) _ Z / ’
\/sin26/2—sin29/2
cosf/2
O] < 0 2 T,

\/sin? 5/2 —sin? 02
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An example

E:[_67B]10§ﬁ§ﬂ-

. 1 cos /2
wFE(efe) _ Z / ’
\/sin26/2—sin29/2
cosf/2
O] < 0 2 T,

\/sin? 5/2 —sin? 02

which is Videnskii's inequality
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Riesz' inequality on curves

G :={]z| = 1}. M. Riesz:

|PL(2)| < nl|Palle,, z€G

What is its form on Jordan curves rather than on (37
Jordan curve: homeomorphic image of (3

Jordan arc: homeomorphic image of [0, 1]
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Riesz' inequality on a system of curves

Vilmos Totik (USF and SZTE) Polynomial inequalities 10/ *



Riesz' inequality on a system of curves

Riesz:

Vilmos Totik (USF and SZTE) Polynomial inequalities 10/ *



Riesz' inequality on a system of curves

Riesz:
|P(z)| < n||Pnllc,s ze G

Vilmos Totik (USF and SZTE) Polynomial inequalities 10/ *



Riesz' inequality on a system of curves

Riesz:
|P(z)| < n||Pnllc,s ze G

(Nagy-T.) If E is a finite union of C? Jordan curves, then

Ph(2)] < (14 0(1))n27we(2)||Palle,  z€E
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Riesz' inequality on a system of curves

Riesz:
|P(z)| < n||Pnllc,s ze G

(Nagy-T.) If E is a finite union of C? Jordan curves, then

Ph(2)] < (14 0(1))n27we(2)||Palle,  z€E

Sharp: For any zp € E there are polynomials P, # 0 with

|Pr(z0)| > (1 = o(1))n2mwe(20) || Palle
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o ={z[|Tn(z)| = 1} = Ty (G)
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Hilbert's lemniscate theorem

Lemniscate: level set of a polynomial
o ={z||Tn(2)| =1} = Ty (G)

Hilbert: if v;,I;, 1 < j < m, are pairwise disjoint Jordan curves lying
exterior to one another and +; lies inside I,
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Hilbert's lemniscate theorem

Lemniscate: level set of a polynomial

o ={z[|Tn(z)| = 1} = Ty (G)

Hilbert: if v;,I;, 1 < j < m, are pairwise disjoint Jordan curves lying
exterior to one another and +; lies inside [}, then there is a lemniscate o
that separates all ; and [
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If E is a finite system of C2-Jordan curves, zy € E and € > 0, then there is
a lemniscate o lying inside E such that zy € o and

ws(20) < (1 4+ €)we(2o)

we(20) < we(2zp) is automatic
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Approximating systems of curves by lemniscates

If E is a finite system of C2-Jordan curves, zy € E and € > 0, then there is
a lemniscate o lying inside E such that zy € o and

ws(20) < (1 4+ €)we(2o)

we(20) < we(2zp) is automatic

Similar result holds for lemniscates enclosing E
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Riesz' inequality on a system of curves
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|Pr(z0)| < (1+ o(1))n2mwe(2)|Palle,  z€ E

Vilmos Totik (USF and SZTE) Polynomial inequalities 17/ *



Riesz' inequality on a system of curves

If E is a finite union of C2 Jordan curves then

|Pr(z0)| < (1+ o(1))n2mwe(2)|Palle,  z€ E

Method of proof:
@ E = (i - Riesz
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Riesz' inequality on a system of curves

If E is a finite union of C2 Jordan curves then

|Pr(z0)| < (1+ o(1))n2mwe(2)|Palle,  z€ E

Method of proof:
@ E = (i - Riesz

@ apply a polynomial inverse mapping: o = T,(,l(Cl) to conclude the
result on o for polynomials of the form P, = Qm(Ty)
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Method of proof:
@ E = (i - Riesz
@ apply a polynomial inverse mapping: o = T,(,l(Cl) to conclude the
result on o for polynomials of the form P, = Qm(Tn)

@ get rid of the special properties of P,
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Riesz' inequality on a system of curves

If E is a finite union of C2 Jordan curves then

|Pr(z0)| < (1+ o(1))n2mwe(2)|Palle,  z€ E

Method of proof:
@ E = (i - Riesz
@ apply a polynomial inverse mapping: o = T,(,l(Cl) to conclude the
result on o for polynomials of the form P, = Qm(Tn)
@ get rid of the special properties of P,
@ apply the sharp form of Hilbert’s lemniscate theorem to approximate
E by such a o
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|P(x)] < ﬁHPnH[fl,ll
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Bernstein's inequality on general compact subsets of R

Bernstein (1912)
n
P (x)| < ——]||Pnl||-
Prl = = 1Pall-1.1

Let E C R be compact,
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Bernstein's inequality on general compact subsets of R

Bernstein (1912)
n
P (x)| < ——]||Pnl||-
Prl = = 1Pall-1.1

Let E C R be compact, wg the density of the equilibrium measure on the
interior of E
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Bernstein's inequality on general compact subsets of R

Bernstein (1912)
n
P (x)| < ——]||Pnl||-
Prl = = 1Pall-1.1

Let E C R be compact, wg the density of the equilibrium measure on the
interior of E

(Baran,T.)

PO < nmwe()|IPalle,  x € Int(E)
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Bernstein's inequality on general compact subsets of R

Bernstein (1912)
n
P (x)| < ——]||Pnl||-
Prl = = 1Pall-1.1

Let E C R be compact, wg the density of the equilibrium measure on the
interior of E

(Baran,T.)

PO < nmwe()|IPalle,  x € Int(E)

Sharp: For any xg € Int(E) there are polynomials P, # 0 with

|Pr(x0)l = (1 = o(1))nmwe(x0) || Palle
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Markov's inequality

Markov's inequality (1890):

1Pll-1y < n?llPalli-1yy
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Markov's inequality

Markov's inequality (1890):

1Pll-1y < n?llPalli-1yy

P. Borwein (1981)

b
| Palli=b,—ajufa,n] < (1+ 0(1))n2mH'DHH[—b,—a]U[a,b]
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Markov's inequality

Markov's inequality (1890):

1Pll-1y < n?llPalli-1yy

P. Borwein (1981)

b
| Palli=b,—ajufa,n] < (1+ 0(1))n2mH'DHH[—b,—a]U[a,b]

What if E is more complicated than the union of two intervals of equal
length?
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Markov's inequality on a system of intervals

Let

m
E = Ulay-1, 2]
j=1
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Let My be the smallest number such that (with some fixed small > 0)
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Markov's inequality on a system of intervals
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m
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Markov's inequality on a system of intervals

Let

m
E = Ulay-1, 2]
j=1

Let My be the smallest number such that (with some fixed small > 0)

1PAll g~ ap-+mne < (1+ (1)) M| Pall

This is the asymptotically sharp Markov factor at the endpoint a,
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Markov's inequality on a system of intervals

Let

m
E = Ulay-1, 2]
j=1

Let My be the smallest number such that (with some fixed small > 0)

1PAll g~ ap-+mne < (1+ (1)) M| Pall

This is the asymptotically sharp Markov factor at the endpoint a,

Mk:27r2( lim ngw)z

x—ag, X€EE
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An example

E =[-b,—a]U]|a, b]
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An example

E =[-b,—a]U]|a, b]

Mi =My =2 b = b
LT TRy (bta)b—a) B2 — 2
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An example

E =[-b,—a]U]|a, b]

we(t) = k
/(b2 — £2)(2 - a2)
b2 b
M = My, =2 —
LT TRy (bta)b—a) B2 — 2
2
My = Ms =2 2 __ @

(2a)(b+a)(b—a) b%>—2a
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M =

M, =

1P b,—ajufae) < (1+ o(1))n?

Vilmos Totik (USF and SZTE)

An example

E =[-b,—a]U]|a, b]

we(t) = E
B - )2 = 22)
b2 b
M= T a)b—a) B2
32 a
M= bt a)b-a) P—

b
2||'D (= b,—a]U[a,b]
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Vilmos Totik (USF and SZTE) Polynomial inequalities



Jordan arcs, Bernstein

E a (C?*?) closed arc, has two sides.
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Jordan arcs, Bernstein

E a (C?*?) closed arc, has two sides. ® conformal map from C\ E onto

{lz] > 1}
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Jordan arcs, Bernstein

E a (C?7®) closed arc, has two sides. ® conformal map from C\ E onto
{lz] > 1}
Every z € E (not endpoint) belongs to both sides, z =z, = z_,

(z1) # &(z)
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Jordan arcs, Bernstein

E a (C?7®) closed arc, has two sides. ® conformal map from C\ E onto
{lz] > 1}
Every z € E (not endpoint) belongs to both sides, z =z, = z_,

O(z;) # P(z-)
R

()

D(z),
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Jordan arcs, Bernstein

we(2) = (19'(z)] + [¥'(z-)[) /27
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Jordan arcs, Bernstein

we(2) = (19°(z)] + [¥'(z-)[) /27
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Jordan arcs, Bernstein

we(2) = (19°(z)] + [¥'(z-)[) /27

If z € E not endpoint, then

Pa(2)] < (14 o(1))nmax (|’ (z¢)], |¢'(z¢)]) 1 Pall e
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we(2) = (19°(z)] + [¥'(z-)[) /27

If z € E not endpoint, then

Pa(2)] < (14 o(1))nmax (|’ (z¢)], |¢'(z¢)]) 1 Pall e

First proved for analytic arcs by Nagy and Kalmykov
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Jordan arcs, Bernstein

we(2) = (19°(z)] + [¥'(z-)[) /27

If z € E not endpoint, then

Pa(2)] < (14 o(1))nmax (|’ (z¢)], |¢'(z¢)]) 1 Pall e

First proved for analytic arcs by Nagy and Kalmykov

Sharp: if z not an endpoint of E, then for some polynomials

|Pr(2)] > (1= o(1))n max (| (z:)], [®'(z¢)]) | Pal e
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Jordan arcs, Markov
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Jordan arcs, Markov

w endpoint of E,
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Jordan arcs, Markov

w endpoint of E, E the part of E close to w
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Jordan arcs, Markov

w endpoint of E, E the part of E close to w

Q, = lim E\/|z— w| [®'(z:)|= lim E\/|z— wl| |9 (z2)|
z—=w, z€

z—=w, z€
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Jordan arcs, Markov

w endpoint of E, E the part of E close to w

Qu=lim V]|z—w||®(z1)]= Ilim ]z—w||d'(z2)

z—w, z€E z—w, z€E

1PAllz < (1 + o(1))n*205, || Pall e
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Jordan arcs, Markov

w endpoint of E, E the part of E close to w

Qu=lim V]|z—w||®(z1)]= Ilim ]z—w||d'(z2)

z—w, z€E z—w, z€E

1PAllz < (1 + o(1))n*205, || Pall e

Sharp
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Jordan arcs, Markov

w endpoint of E, E the part of E close to w

Q, = lim E\/|z— w| [®'(z:)|= lim E\/|z— wl| |9 (z2)|
z—=w, z€

z—=w, z€

1PAllz < (1 + o(1))n*205, || Pall e

Sharp
Higher derivatives:

2n_(295)"

1PS))12 < (1+ o(1))n 2k

1Palle
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