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What is the Hamburger moment problem?

A Hamburger moment sequence is a sequence (sn)n≥0 of real
numbers of the form

sn =

∫ ∞
−∞

xn dµ(x), , n = 0, 1, . . . , (∗)

where µ is a positive measure on R. It is called normalized if
s0 = µ(R) = 1.
The Hamburger moment problem has two parts:

1) Characterize the set H(R) of Hamburger moment sequences
2) For (sn) ∈ H(R) describe how to �nd a measure µ satisfying (∗).

In 2) a di�culty occurs: There can be exactly one solution�the
determinate case
or there can be several solutions�the indeterminate case.
In the latter case, the set of solutions is an in�nite compact convex
set V of measures in the weak topology.
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A family of examples

For c > 0 consider the symmetric probability density

fc(x) = ((2/c)Γ(1/c))−1 exp(−|x |c), x ∈ R

with moments

s2n =

∫ ∞
−∞

fc(x)x2n dx =
Γ((2n + 1)/c)

Γ(1/c)
, s2n+1 = 0

(sn) is determinate for c ≥ 1, indeterminate for 0 < c < 1.

fc(x)(1 + λ cos(|x |c tan((cπ)/2))

has the same moments when 0 < c < 1, λ ∈ [−1, 1].
For c = 2 it is the Gaussian (or normal) distribution with moments

s2n = 1 · 3 · 5 . . . · (2n − 1).
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In�nite Hankel matrices

Given a sequence (sn)n≥0 of real numbers, we consider the in�nite
Hankel matrix H = {sj+k}∞j ,k=0

H =


s0 s1 s2 · · ·
s1 s2 s3 · · ·
s2 s3 s4 · · ·
...

...
...

. . .


Hamburger proved around 1920 that (sn) ∈ H(R) if and only if H
is positive semi-de�nite in the sense that

〈Hv , v〉 =
∞∑

j ,k=0

sj+kvjvk ≥ 0.

for all real sequences v = (vn) with only �nitely many non-zero
entries.
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Photo of Hans Ludwig Hamburger (1889-1956)

Interesting biography of Hamburger in MacTutor History of
Mathematics archive at St. Andrews
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The �nite truncations

An equivalent formulation is that all the �nite sections of H:

HN = {sj+k}, 0 ≤ j , k ≤ N, N = 0, 1, 2, . . .

are positive semi-de�nite matrices.
For (sn) ∈ H(R) we then have

DN = detHN ≥ 0, N = 0, 1, . . . ,

and two possibilities occur: Either DN > 0 for all N and then all
solutions to the moment problem have in�nite support, or there
exists n0 ∈ N0 such that

DN > 0, 0 ≤ N < n0, DN = 0,N ≥ n0,

and in this case the moment problem is determinate and the unique
solution is discrete with n0 mass points. (degenerate case)
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Orthonormal polynomials for non-degenerate Hamburger
moment sequences

We will only consider non-degenerate moment sequences, i.e., the
case where DN > 0 for all N.
In this case there is a unique sequence (Pn)n≥0 of polynomials such
that

1 Pn is a polynomial of degree n with positive leading coe�cient

2 ∫ ∞
−∞

Pn(x)Pm(x) dµ(x) = δnm.

This follows from the Gram-Schmidt procedure applied to the
monomials 1, x , x2, . . ..

Christian Berg Indeterminacy



A determinant formula for Pn

Pn can be calculated from the moments sn via the formula

Pn(x) =
1√

Dn−1Dn

∣∣∣∣∣∣∣∣∣∣∣

s0 s1 · · · sn
s1 s2 · · · sn+1
...

...
. . .

...
sn−1 sn · · · s2n−1
1 x · · · xn

∣∣∣∣∣∣∣∣∣∣∣
, Dn = detHn.

The polynomials Qn of the second kind are de�ned by

Qn(x) =

∫ ∞
−∞

Pn(x)− Pn(y)

x − y
dµ(y).
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The classical examples of orthogonal polynomials

The classical orthogonal polynomials are

Probability measure Moment sequence Orthogonal pol.

(1/
√
π)e−x

2
dx

{
s2n = 1 · 3 · · · (2n − 1)
s2n+1 = 0

Hermite

e−x1]0,∞[(x) dx sn = n! Laguerre

1]0,1[(x) dx sn = 1/(n + 1) Legendre

e−a
∑∞

k=0
ak

k! δk sn = e−a
∑∞

k=0
knak

k! Charlier

On the interval [−1, 1] we consider the density

(1− x)α(1 + x)β, α, β > −1.

The corresponding orthogonal polynomials are called Jacobi
polynomials. All these moment problems are determinate.
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Lognormal distribution�Stieltjes-Wigert polynomials

If a random variable X has a normal distribution, then eX follows a
so-called log-normal distribution. Stieltjes discovered that it is
indeterminate. In modern notation �x 0 < q < 1, then

sn = q−n
2/2 =

∫ ∞
0

xnwq(x)/x dx , n ≥ 0,

where

wq(x) =
1√

2π log(1/q)
exp

(
− (log x)2

2 log(1/q)

)
.

The orthonormal polynomials are

Pn(x) = (−1)n
qn/2√
(q; q)n

n∑
k=0

(
n

k

)
q

(−1)kqk
2−k/2xk ,

with (
n

k

)
q

=
(q; q)n

(q; q)k(q; q)n−k
, (z ; q)n =

n−1∏
j=0

(1− zqj).
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Three-term recurrence relation

The orthonormal polynomials (Pn) satisfy the three-term recurrence
relation

xPn(x) = bnPn+1(x) + anPn(x) + bn−1Pn−1(x), n ≥ 0, (3trl)

with the initial conditions P−1(x) = 0,P0(x) = 1.
Here

an =

∫ ∞
−∞

xP2
n(x) dµ(x) ∈ R, bn =

∫ ∞
−∞

xPn(x)Pn+1(x) dµ(x) > 0.

Conversely (Favard's Theorem 1935): Given two sequences
(an), (bn) of real numbers with bn > 0, then (3trl) and the initial
conditions determine a sequence of polynomials (Pn), which are the
orthonomal polynomials associated with a normalized
non-degenerate Hamburger moment sequence (sn).
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How to get sn from (an), (bn)?

We form the symmetric Jacobi matrix

J =


a0 b0 0 0 · · ·
b0 a1 b1 0 · · ·
0 b1 a2 b2 · · ·

0 0 b2 a3
. . .

...
...

...
...

...


Then, using the standard inner product 〈·, ·〉 in `2

sn = 〈Jnδ0, δ0〉, δ0 = (1, 0, 0, . . .).

The polynomials of the second kind (Qn(x)) satisfy (3trl) with
Q−1(x) = −1,Q0(x) = 0, b−1 = 1.
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Characterizations of indeterminacy

The following is a classical result

Theorem

Given the data (sn), (an), (bn), the following conditions are

equivalent:

(i)
∑∞

n=0

(
P2
n(0) + Q2

n(0)
)
<∞,

(ii) P(z) =
(∑∞

n=0 |Pn(z)|2
)1/2

<∞, z ∈ C.
(iii) J has de�ciency indices (1, 1) in `2.

If (i)�(iii) hold (the indeterminate case), then

Q(z) =
(∑∞

n=0 |Qn(z)|2
)1/2

<∞ for z ∈ C, and the series for

P,Q are uniformly convergent on compact subsets of C.

In the following we will only discuss the indeterminate case, hence
by Carleman's Theorem

∑
(1/bn) <∞.

Warning:
∑

(1/bn) <∞ is not su�cient for indeterminacy.
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A theorem of B, Chen and Ismail characterizing
indeterminacy

Let λN be the smallest eigenvalue of the positive de�nite matrix
HN ,

λN = min{〈HNv , v〉 | v ∈ RN+1, ||v || = 1} > 0.

Therefore λN ≥ λN+1, hence

λ∞ := lim
N→∞

λN exists, and λ∞ ≥ 0.

The number λ∞ characterizes determinacy:

Theorem (B-C-I, Math. Scand. 2002)

λ∞ = 0 (resp. λ∞ > 0) if and only if (sn) is determinate (resp.

indeterminate).
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How to �nd the measure µ in the determinate case?

By a theorem of Markov (1895) we have

lim
n→∞

Qn(z)

Pn(z)
=

∫
dµ(x)

z − x
, z ∈ C \ R

and then one shall invert the Stieltjes transform∫
dµ(x)

z − x
, z ∈ C \ R

in order to �nd the measure µ.
Of course all this can be di�cult to carry out.

In the indeterminate case this is of course even more di�cult since
there are many µ.

Christian Berg Indeterminacy



How to �nd µ in the indeterminate case

The following polynomials

An(z) = z

n−1∑
k=0

Qk(0)Qk(z),

Bn(z) = −1 + z

n−1∑
k=0

Qk(0)Pk(z),

Cn(z) = 1 + z

n−1∑
k=0

Pk(0)Qk(z),

Dn(z) = z

n−1∑
k=0

Pk(0)Pk(z).

tend to entire functions denoted A,B,C ,D, when n tends to
in�nity. They are needed in the Nevanlinna parametrization of the
set V of all solutions to an indeterminate moment problem.
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Nevanlinna parametrization of solutions ν ∈ V to
sn =

∫
xn dν(x), n = 0, 1, . . .

The formula∫
dνϕ(x)

x − z
= −A(z)ϕ(z)− C (z)

B(z)ϕ(z)− D(z)
, z ∈ C \ R ,

expresses the Stieltjes transform of any solution ν = νϕ in terms of
a parameter ϕ running through P ∪ {∞}, where P denotes the set
of Pick functions, i.e., the holomorphic functions in the upper
half-plane H with values in H.

(
A(z) C (z)
B(z) D(z)

)
Nevanlinna matrix of the moment problem

Its determinant is identically 1.
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Illustration about Pick functions, Georg Pick, 1859-1942

The Pick functions are holomorphic functions f : H→ C satisfying
=f (z) ≥ 0 for z ∈ H. They can be described as the functions of
the form

f (z) = a + bz +

∫ ∞
−∞

1 + tz

t − z
dτ(t), z ∈ H,

where a ∈ R, b ≥ 0 and τ is a positive measure on R with �nite
total mass.
Note that the formula also de�nes f in the lower half-plane and
f (z) = f (z). It is only de�ned in points z of the real axis if z is
outside the support of τ .
Examples: f (z) = a ∈ R, f (z) = z , f (z) = −1/z ,
f (z) = log(z), f (z) = zα, 0 < α < 1 both de�ned in C \ (−∞, 0].
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The set V = {νϕ | ϕ ∈ P ∪ {∞}} of solutions is big

There are many Pick functions: By looking at classes of measures τ
de�ning Pick functions one can get:

To any indeterminate moment problem, there are always �many�
solution in V of the following types (B.-Christensen, 1981):

measures with a C∞-density

discrete

continuous singular

Many in the sense of category or in the sense of dense subsets in
the weak topology.
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More about Nevanlinna matrices

Marcel Riesz (1923): A, . . . ,D have minimal exponential type, i.e.
each of these functions satisfy

∀ε > 0 ∃Cε > 0 : |f (z)| ≤ Cεe
ε|z|, z ∈ C.

B. and Pedersen (1994): A, . . . ,D,P,Q have the same order ρ and
type τ called order and type of the moment problem.

By M. Riesz: ρ ≤ 1 and if ρ = 1, then τ = 0.

B. and Pedersen (2005): If ρ = 0 then A, . . . ,D,P,Q have the
same logarithmic order ρ[1] and logarithmic type τ [1] called
logarithmic order and logarithmic type of the moment problem.
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De�nition of order, type, log-order,...

The order and type of a function f are de�ned in terms of its
maximum modulus

Mf (r) := max
|z|≤r
|f (z)|, r ≥ 0

as
ρf = inf{α > 0 |Mf (r) ≤as e

rα}

τf = inf{c > 0 |Mf (r) ≤as e
crρf }.

and logarithmic order and type as (if ρf = 0)

ρ
[1]
f = inf{α > 0 |Mf (r) ≤as r

(log r)α }

τ
[1]
f = inf{c > 0 |Mf (r) ≤as r

c(log r)
ρ
[1]
f }.
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Calculation of Nevanlinna matrices

Nevanlinna matrices and their use to describe all the solutions to
indeterminate moment problems were discovered by Nevanlinna in
1922.
The �rst explicit examples of Nevanlinna matrices were calculated
around 1994:
Ismail-Masson: Order 0, logarithmic order 1. The functions are
related to theta-functions.
B.-Valent: Order 1/4. The functions are related to trigonometric
functions of order 4.

A Question: Is it possible to calculate the order (and type) of the
moment problem directly from the recurrence coe�cients or the
moments?
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Some preliminary results about order and type

Proposition

Consider an indeterminate Hamburger moment problem

corresponding to sequences (an), (bn) from the three-term

recurrence relation. If another moment problem is given in terms of

(ãn), (b̃n), and if ãn = an, b̃n = bn for n ≥ n0, then the second

problem is also indeterminate and the two problems have the same

order and type.

Proposition

Consider an indeterminate Hamburger moment problem of order ρ
and type τ corresponding to the sequences (an), (bn) from the

three-term recurrence relation. For c > 0 the moment problem

corresponding to the sequences (can), (cbn) is also indeterminate

with order ρ(c) = ρ and type τ(c) = τ/cρ.
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Theorem (B. - Szwarc, 2014)

For a moment problem and 0 < α ≤ 1 the following conditions are

equivalent:

(i) (P2
n(0)), (Q2

n(0)) ∈ `α,
(ii) (P2

n(z)), (Q2
n(z)) ∈ `α for all z ∈ C.

If the conditions are satis�ed, the moment problem is indeterminate

and the two series indicated in (ii) converge locally uniformly.

Furthermore, (1/bn) ∈ `α and

P(z) :=

( ∞∑
n=0

|Pn(z)|2
)1/2

≤ C exp(K |z |α),

C =

( ∞∑
n=0

(P2
n(0) + Q2

n(0))

)1/2

, K =
1

α

∞∑
n=0

(|Pn(0)|2α+|Qn(0)|2α).

In particular the moment problem has order ρ ≤ α, and if the order

is α, then the type τ ≤ K.
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The Liv²ic function I

In 1939 Liv²ic considered the function

F (z) =
∞∑
n=0

z2n

s2n

which is entire of minimal exponential type for any indeterminate
problem because lim n/ 2n

√
s2n = 0. This holds by Carleman's

criterion giving that
∞∑
n=0

1/ 2n
√
s2n <∞.

Moreover, 2n
√
s2n is increasing for n ≥ 1.

Liv²ic proved that ρF ≤ ρ, where ρ is the order of the moment
problem.
We shall discuss the Question: Is ρF = ρ?
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The Liv²ic function II

B.-Szwarc, Adv. Math. 2014: The answer is yes under certain
"regularity" conditions.

Pruckner-Romanov-Woracek, Constr. Approx. 2016 Examples
where ρF < ρ.

The results of B.-Szwarc build on re�nements/extensions of work
by Berezanski�� (1956), where (bn) is assumed log-concave, i.e.,
b2n ≥ bn−1bn+1.

De�nition: We say that (bn) is regular if (bn) is either eventually
log-convex, i.e., b2n ≤ bn−1bn+1 for n ≥ n0, or eventually
log-concave, i.e. b2n ≥ bn−1bn+1 for n ≥ n0.
Examples of regular (bn) with

∑
(1/bn) <∞:

bn = nα, bn = n logα n, α > 1, bn = an
α
, a > 1, α > 0.
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Results from B.-Szwarc: Adv. Math. 2014

De�nition: For a sequence (zn) of complex numbers for which
|zn| → ∞, we introduce the exponent of convergence

E(zn) = inf

{
α > 0 |

∞∑
n=n∗

1

|zn|α
<∞

}
,

where n∗ ∈ N is such that |zn| > 0 for n ≥ n∗.

Theorem

Assume that (bn) is regular and that

∞∑
n=1

1 + |an|√
bnbn−1

<∞.

Then the moment problem is indeterminate of order ρ = E(bn).
If the order is ρ = 0, then the logarithmic order of the moment

problem is ρ[1] = E(log bn).
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Symmetric indeterminate moment problems

Consider a symmetric indeterminate Hamburger moment problem,
where an = 0. Then there are symmetric solutions µ ∈ V , but in V

there are also non-symmetric solutions.
Then

P2n+1(0) = Q2n(0) = 0

so the condition for indeterminacy∑
P2
n(0) + Q2

n(0) <∞

reduces to the behaviour of

vn := P2
2n(0), un := Q2

2n−1(0), n ≥ 1.

One possibility is

vn ≈ n−1/β, un ≈ n−1/α, 0 < α, β < 1.
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A result of B.-Szwarc from Sbornik Math. 2017

Consider a symmetric indeterminate Hamburger moment problem
with the rather precise behaviour

vn = P2
2n(0) = c1n

−1/β(1+δn), un = Q2
2n−1(0) = c2n

−1/α(1+εn),

where c1, c2 > 0, 0 < α, β < 1, |δn|, |εn| ≤ K/n for some constant
K > 0 independent of n. Let γ be the harmonic mean of α, β, i.e.,

1/γ =
1

2
(1/α + 1/β).

Then the order and type of the moment problem is determined by
the order and type of a new kind of special function Gs(z), which
we introduce next:
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Multi-zeta values

For real s > 1 and n ≥ 1 de�ne the special multi-zeta value

ζn(s) :=
∑

1≤k1≤k2<...<k2n−1≤k2n

(k1k2 . . . k2n−1k2n)−s .

Observe that the inequalities between the indices kj are alternating
between ≤ and <: k2j−1 ≤ k2j < k2j+1 ≤ k2j+2. For n = 1:

ζ1(s) :=
∑

1≤k1≤k2

(k1k2)−s <

( ∞∑
n=1

n−s

)2

.

We shall consider the entire function

Gs(z) = 1 +
∞∑
n=1

ζn(s)zn.

and we call its order ρs := ρGs
and its type τs = τGs

.
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Continuation of the result from Sbornik 2017

Consider the symmetric indeterminate Hamburger moment problem
with the rather precise behaviour

vn = P2
2n(0) = c1n

−1/β(1+δn), un = Q2
2n−1(0) = c2n

−1/α(1+εn),

where c1, c2 > 0, 0 < α, β < 1, |δn|, |εn| ≤ K/n for some constant
K > 0 independent of n.
Then the order and type of the moment problem is the order and
type of the function

G1/γ(c1c2z
2), 1/γ =

1

2
(1/α + 1/β)

hence
ρ = γ, τ = (c1c2)γ/2τ1/γ .
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Order and type of Gs(z)

It is relatively easy to prove that the order of Gs is ρs = 1/(2s).
The type τs was unknown until recently when Ivan Bochkov (St.
Petersburg, ArXiv 2018) proved

τs = B(1/(2s), 1− 1/s), (I )

in accordance with a 20 years old conjecture of G. Valent about
birth and death processes with polynomial rates.
For an entire function f (z) =

∑∞
n=0 anz

n of order 0 < ρ <∞ the
type is given by (a classical formula)

τf =
1

eρ
lim sup
n→∞

(
n|an|ρ/n

)
.

In particular

τs =
2s

e
lim sup
n→∞

(
n ζn(s)1/2ns

)
, (II ).

Bochkov proved that I = II .
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Canonical products

To see the result about order consider �rst the canonical product

Ps(z) =
∞∏
n=1

(
1 +

z

ns

)
, 1 < s, z ∈ C.

It is a classical fact that ρPs
= 1/s and type τPs

= π/ sin(π/s).
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Determination of the order ρs

Choosing k1 = k2 = l1, k3 = k4 = l2, . . . k2n−1 = k2n = ln we get

ζn(s) >
∑

1≤l1<l2<...<ln

(l1l2 . . . ln)−2s ,

which is an ordinary multi-zeta value, showing that for r > 0

∞∏
n=1

(
1 +

r2

n2s

)
< 1 +

∞∑
n=1

γn(s)r2n <
∞∏
n=1

(
1 +

r

ns

)2
i.e.,

P2s(r2) < Gs(r2) < Ps(r)2.

The �rst and third function have order 1/s and so does Gs(z2).
Therefore ρGs

= 1/(2s). Since the type of Gs(z) and Gs(z2) are
the same called τs , we get

π

sin(π/(2s))
≤ τs ≤

2π

sin(π/s)
=

π

sin(π/(2s) cos(π/(2s))
.
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Matrix inverse of the in�nite Hankel matrix H
Let

H =
{
sj+k

}∞
j ,k=0

HN =
{
sj+k

}N
j ,k=0

be the in�nite Hankel matrix and its sections only assuming that
HN is positive de�nite for all N. (determinate or not.)
It has been noticed by e.g. Aitken (paper by Collar(1939)) that the
inverse of HN is

AN =
{
a
(N)
j ,k

}N
j ,k=0

, KN(x , y) =
N∑

n=0

Pn(x)Pn(y) =
N∑

j ,k=0

a
(N)
j ,k x jyk .

In the indeterminate case we can consider

K (x , y) =
∞∑
n=0

Pn(x)Pn(y) =
∞∑

j ,k=0

aj ,kx
jyk ,

and it is true that a
(N)
j ,k → aj ,k for N →∞.
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Is HA = AH = I in the indeterminate case ?

The answer is yes for Stieltjes-Wigert polynomials, i.e.
sn = q−(1/2)n

2
, 0 < q < 1 (B-Szwarc 2011) in the sense of absolute

convergence:
∞∑
k=0

|sj+k ||ak,l | <∞, j , l ≥ 0.

We say that the moment problem has property (ac) if this holds,
and we say that property (aci) holds if in addition HA = I. (Since
both matrices are symmetric, the equation AH = I is then
automatic).
We checked that the same result holds for a number of concrete
cases.
In submitted work with R. Szwarc, we have searched for some
general results, which I will describe now.
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General results about A and H
B.-Szwarc , Constr. Approx. 2011: A is a positive de�nite trace
class operator on `2. Therefore

|ak,l | ≤ ckcl , ck :=
√
ak,k .

Furthermore, ck → 0 very rapidly, in the sense

lim
k→∞

k k
√
ck = 0

H does not de�ne an operator on `2 in the classical sense that the
columns are the images of the standard bases vectors
δk = (δk,n)n≥0. This is because

∞∑
j=0

s2j+k =∞, k = 0, 1, . . . .

In fact, s2n ≥ 1 for n su�ciently large because by Carleman
∞∑
n=0

1
2n
√
s2n

<∞.
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Some answers

We say the moment problem has property

(cs) if
∑∞

n=0 c2ns2n <∞.

(cs*) if
∑∞

l=0 cl |sl+m| <∞ for all m ≥ 0.

Theorem

For an indeterminate moment problem the following holds:

(i) (cs*) =⇒ (aci) =⇒ (ac),

(ii) (cs*) =⇒ (cs).

(iii) (ac) and (aci) are equivalent for Stieltjes problems and for

symmetric problems.

We do not know if some of the other implications can be reversed.
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Results for symmetric moment problems I

A symmetric moment problem is given by an = 0 and bn > 0.
We say that (bn) is eventually q-increasing if there exist a number
0 < q < 1 and n0 ∈ N such that

bn−1
bn
≤ q, n ≥ n0.

Theorem

Consider a symmetric moment problem given in terms of an

eventually q-increasing sequence (bn). We then have

(i) The moment problem is indeterminate of order 0.

(ii) (cn
√
s2n) is a bounded sequence.

(iii) Property (cs*) holds (and hence also (aci)).
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Results for symmetric moment problems II

The property of (bn) being eventually q-increasing can be weakened
to include indeterminate problems of order ρ > 0.

Theorem

Consider a symmetric moment problem given in terms of (bn)
satisfying

bn−1
bn
≤ e−f (n), n ≥ n0,

where f (n) > 0 for n ≥ n0 and α := lim inf nf (n) > 1. We then

have

(i) The moment problem is indeterminate of order ≤ 1/α.
(ii) Property (cs*) holds (and hence also (aci)) if k(α) < 1, where
k is certain decreasing function. In particular k(α) < 1 if

α > 1.68746.
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Examples of bn for which the previous result holds

The assumptions of the previous theorem are satis�ed for the
following sequences, where it is assumed that n is so large that the
expressions are de�ned and positive:

bn = en
γ
, 0 < γ < 1, f (n) = γnγ−1, α =∞

bn = e(log n)
γ
, γ > 1, f (n) =

γ

n
logγ−1 n, α =∞

bn = nγ , γ > 1.68746, f (n) =
γ

n
, α = γ.
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Further examples

There exists a symmetric indeterminate moment problem for which
(ac) does not hold.
Such a case is the symmetrized version of a birth-death process
with cubic rates studied by Gilewicz, Leopold and Valent in 2005.

For the symmetric moment problem with bn = (n + 1)c , which is
indeterminate i� c > 1, we have
(i) (cs*) holds if c>3/2 (improving the previous theorem from
1.68... to 1.5)
(ii) (cs) does not hold for 1 < c < 3/2.
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