COHEN-MACAULAY HOMOLOGICAL DIMENSIONS
HENRIK HOLM AND PETER JORGENSEN

ABSTRACT. We define three new homological dimensions: Cohen-
Macaulay injective, projective, and flat dimension, and show that
they inhabit a theory similar to that of classical injective, projec-
tive, and flat dimension. In particular, we show that finiteness
of the new dimensions characterizes Cohen-Macaulay rings with
dualizing modules.

1. INTRODUCTION

The classical theory of homological dimensions is very important to
commutative algebra. In particular, it is useful that there are a number
of finiteness conditions on these dimensions which characterize regular
rings. For instance, if the projective dimension of each finitely genera-
ted A-module is finite, then A is a regular ring.

Several attempts have been made to mimic this success by defining
homological dimensions whose finiteness would characterize other rings
than the regular ones. These efforts have given us complete intersection
dimension [2], Gorenstein dimension [1], and Cohen-Macaulay dimen-
sion [8].

The normal practice has not been to mimic the full classical theory,
which comprises both injective, projective, and flat dimension for arbi-
trary modules, but rather to focus on projective dimension for finitely
generated modules. Hence complete intersection dimension and Cohen-
Macaulay dimension only exist in this restricted sense, and the same
used to be the case for Gorenstein dimension.

However, recent years have seen much work on the Gorenstein the-
ory which now contains both Gorenstein injective, projective, and flat
dimension. These dimensions inhabit a nice theory similar to classical
homological algebra. A summary is given in [3], although this reference
is already a bit dated.

The purpose of this paper is to develop a similar theory in the Cohen-
Macaulay case. So we will define Cohen-Macaulay injective, projective,
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and flat dimension, denoted CMid, CMpd, and CMfd, and show that
they inhabit a theory with a number of desirable features. The main
result is the following, whereby finiteness of the Cohen-Macaulay di-
mensions characterizes Cohen-Macaulay rings with dualizing modules.

Theorem. Let A be a local commutative noetherian ring. Then the
following conditions are equivalent.

(i) A is a Cohen-Macaulay ring with a dualizing module.
(ii) CMidy M < oo for each A-module M.
(iii) CMpd 4 M < oo for each A-module M.
(iv) CMfds M < oo for each A-module M.

Another main result is a bound for the Cohen-Macaulay dimensions in
terms of the Krull dimension dim A of the ring.

Theorem. Let A be a local commutative noetherian ring and let M
be an A-module. Then

CMpdy, M <0 <« CMpdy, M <dimA,

These results are proved as theorems 5.1 and 5.4; in fact, theorem 5.1
is somewhat more general than the first of the above theorems.

There are also some other results: Theorem 5.6 compares our Cohen-
Macaulay projective dimension to Gerko’s Cohen-Macaulay dimension
from [8], and to the Gorenstein projective dimension, see [3, chp. 4].
And propositions 5.7 and 5.8 show Auslander-Buchsbaum and Bass
formulae for the Cohen-Macaulay dimensions.

As tools to define the Cohen-Macaulay dimensions, we use change
of rings. If A is a ring with a semi-dualizing module C' (as defined
in [4]), then we can consider the trivial extension ring A x C, and if
M is a complex of A-modules, then we can consider M as a complex
of (A x C)-modules and take Gorenstein homological dimensions of
M over A x C'. The infima of these over all semi-dualizing modules
C define the Cohen-Macaulay dimensions of M. Our use of trivial
extension rings was in part inspired by [8], and there are also some
similarities to [7].

It is worth noting that while finiteness of our Cohen-Macaulay di-
mensions characterises Cohen-Macaulay rings with dualizing modules,
there are Cohen-Macaulay rings without dualizing modules, see [6].
It would be of interest to develop similar dimensions whose finiteness
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characterised all Cohen-Macaulay rings, but we do not yet know how
to do that.

The paper is organized as follows. Section 2 defines the Cohen-
Macaulay dimensions and gives an example of their computation. Sec-
tions 3 and 4 establish a number of technical tools by studying the
trivial extension ring A x C' when C'is a semi-dualizing module for A,
and giving some bounds on the injective dimension of C'. And finally,
section 5 proves all the main results as described.

Let us end the introduction with a few blanket items. Throughout,
A is a commutative noetherian ring, and complexes of A-modules have
the form

= Mgy = My — My — -

[somorphisms in categories are denoted by = and equivalences of func-
tors by ~~.

2. COHEN-MACAULAY DIMENSIONS

This section introduces Cohen-Macaulay injective, projective, and
flat dimension, and gives an example of their computation.

Definition 2.1. Let C be an A-module. The direct sum A @® C can be
equipped with the product

(a,c) - (a1, c1) = (aay, acy + cay).
This turns A & C' into a ring which is called the trivial extension of A
by C' and denoted A x C.
There are ring homomorphisms
A —- AxC — A

a — (a,0),
(a,¢) — a

whose composition is the identity on A. These homomorphisms allow
us to view any A-module as an (Ax C')-module and any (Ax C')-module
as an A-module, and we shall do so freely.

In particular, if M is a complex of A-modules with suitably bounded
homology, then we can consider the Gorenstein homological dimensions

over A x C,
GidAlxcM, GpdAGCMa and GfdAlxcM,

where Gid, Gpd, and Gfd denote the Gorenstein injective, projective,
and flat dimensions as described e.g. in [3].
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Let us briefly recall the definitions of the Gorenstein dimensions. A
complex N with H;N = 0 for ¢« < 0 has Gpd N < n if it is quasi-
isomorphic to a complex GG which has the form

= 0—-G, - Ghq1 — -

and consists of Gorenstein projective modules. The Gorenstein pro-
jective modules are the kernels of differentials in complete projective
resolutions, that is, exact complexes P of projective modules for which
Hom(P, Q) is also exact for each projective module Q.

Dualizing this gives the definition of Gorenstein injective dimension.
Finally, Gorenstein flat dimension is defined as follows. A complex N
with H; N = 0 for i < 0 has Gfd N < n if it is quasi-isomorphic to a
complex H which has the form

-—-0—-H,—>H,_ 41— -

and consists of Gorenstein flat modules. The Gorenstein flat modules
are the kernels of differentials in exact complexes of flat modules which
remain exact when tensored with an injective module.

Definition 2.2. A semi-dualizing module C' for A is a finitely gene-
rated module for which the canonical map A — Homu(C,C) is an
isomorphism, while Ext’(C,C) = 0 for each i > 1.

A semi-dualizing module is called dualizing if it has finite injective
dimension.

Note that equivalently, a finitely generated module C' is semi-duali-
zing if the canonical morphism A — RHomy(C, C') is an isomorphism
in the derived category D(A). An example of a semi-dualizing module
is A itself, so A always has at least one semi-dualizing module. On the
other hand, if A has a dualizing module, then it is necessarily Cohen-
Macaulay, as follows for instance by [3, (A.8.5.3)].

The theory of semi-dualizing modules (and complexes) is developed
in [4].

Definition 2.3. Let M and N be complexes of A-modules such that
H;M =0 for i > 0 and H;N = 0 for : < 0.

The Cohen-Macaulay injective, projective, and flat dimensions of M
and N over A are

CMidg M = inf { Gidaxc M | C' is a semi-dualizing module },
CMpdy N =inf { Gpdy,o N | C is a semi-dualizing module },
CMfdy N = inf { Gfdaxc N | C is a semi-dualizing module }.
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Remark 2.4. From the definition of the Cohen-Macaulay homological
dimensions, the connection to Cohen-Macaulayness is less than obvi-
ous, but as described in the introduction, we shall prove in section 5
that the Cohen-Macaulay dimensions have the same relation to Cohen-
Macaulay rings with dualizing modules as classical injective, projective,
and flat dimension have to regular rings.

Example 2.5. Let the ring A be local and artinian. Then it is easy
directly to compute the Cohen-Macaulay dimensions of any module.

Namely, for a local artinian ring, the injective hull E(k) of the residue
class field is a dualizing module. By [7, thm. 5.6], the trivial extension
A x E(k) is Gorenstein, and it is clearly also local and artinian.

But over a local artinian Gorenstein ring, each module is both Goren-
stein injective, projective, and flat. So if M is an A-module and we
view it an an A X E(k)-module, then

GidAle(k) M = 0, GpdAle(k) M = O, and GfdAle(k) M = O,
and hence
CMidy M =0, CMpd, M =0, and CMidy M = 0.

Remark 2.6. The result in example 2.5 is a special case of the the-
orems in the introduction, since the local artinian ring A is Cohen-
Macaulay and has Krull dimension zero.

3. LEMMAS ON THE TRIVIAL EXTENSION

This section studies the homological properties of the trivial exten-
sion A x C. This is essential for subsequent developments since our
Cohen-Macaulay dimensions are defined in terms of A x C.

Some of the material in this section is related to [7]. See in particular
[7, prop. 4.35 and thm. 5.2].

Lemma 3.1. Let C be an A-module and F' a faithfully flat (A x C)-
module.

(i) If I is an injective A-module, then Hom(F, I), with the (A X
C')-structure coming from the first variable, is an injective (Ax
C)-module. If I is faithfully injective, then so is Hom(F, I).

(ii) Each injective (Ax C)-module is a direct summand in a module
Homy (A x C, 1), with the (A x C)-structure coming from the
first variable, where I is an injective A-module.

Proof. (1) This holds because adjunction gives

HOIHAlxc(—,HOHlA(F, I)) ~ HOIHA(F R AaxcC —,I) (1)
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on (A x C)-modules.
(ii) Note first the handy special case of equation (1) with F' = A x C,
Homweo(—, Homy (A x C,I)) ~ Homa(—, I). (2)

To see that an injective (A x C')-module J is a direct summand in
a module of the form Hom4(A x C,I), it is enough to embed it into
such a module. For this, first view J as an A-module and choose an
embedding J < [ into an injective A-module I. Then use equation
(2) to convert the morphism of A-modules J < I to a morphism of
(A x C)-modules J — Homyu(A x C,I). It is not hard to check that
this last morphism is in fact injective. 0

The following lemma is closely related to [8, sec. 3], although that
paper was not phrased in terms of derived categories. The lemma and
its proof use the right derived Hom functor, RHom, and the left derived
tensor functor, ®", which are defined on derived categories.

Lemma 3.2. Let C' be a semi-dualizing module for A.

(i) There is an isomorphism
Ax C =RHomy(Ax C,C)
in the derived category D(A x C), where the (A x C)-structure

of the RHom comes from the first variable.

(ii) There is a natural equivalence
RHomxco(—, A x C) ~ RHomu(—, C)
of functors from D(A) to D(A).
(iii) If M is in D(A) then the biduality morphisms
M — RHomy (RHomu (M, C), C),
M — RHom e (RHom e (M, A x C), A x C)
are identified under the equivalence from part (ii).
(iv) There is an isomorphism
RHomuxc(A,AX C)=C
in D(Ax ().
Proof. (i) Since C' is semi-dualizing, there is a canonical isomorphism
in D(A),
A®C — RHomu(C® A, Q). (3)

Let us write out more carefully how this arises. Let C' — I be an
injective resolution of C. Then the canonical map A — Hom(C,I) is
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a quasi-isomorphism, and there is clearly a quasi-isomorphism C' —
Homy (A, I). Combining these maps gives a quasi-isomorphism

A®C — Homy(C, 1) ® Homyu (A, I),
that is, a quasi-isomorphism
A®C — Homy(C o A I). (4)
The right-hand side here is
Homa(C @ A,I) = RHomu(C & A, C),

so the quasi-isomorphism (4) represents the isomorphism (3) in D(A).
But it is easy to check that in fact, the morphism (4) respects the
action of A x C on both sides, so

Ax C =RHomy(Ax C,C)
in D(Ax C).

(ii) This is a computation,
RHOIHAlxc(—,A X O) @ RHOIHAlxc(—,RHOHlA(A X O, O))

Y RHomA((A x O)&Y, .—, C)
~ RHomy(—, C),
where (a) is by part (i) and (b) is by adjunction.
(iii) and (iv) These are easy to obtain from (ii). O

Lemma 3.3. Let C' be a semi-dualizing module for A and let I be an
injective A-module.

(i) A and C are Gorenstein projective over A x C.
(ii) Homa(A, I) = I and Homa(C, I) are Gorenstein injective over
AxC.

Proof. (i) To see that A is Gorenstein projective over A x C, by [3,
prop. (2.2.2)] we need to see that the homology of

RHOHIAlxc(A, A X C)
is concentrated in degree zero and that the biduality morphism
A — RHomyxo(RHom gy (A4, A x C), Ax C)

is an isomorphism. The first of these conditions follows from lemma
3.2(ii). The second condition holds because the biduality morphism
can be identified with

A— RHOIHA(RHOIHA(A, C), O)
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by lemma 3.2(iii), and this in turn can be identified with the canonical
morphism

A — RHomyu (C, C)

which is an isomorphism.
To see that C is Gorenstein projective over A x C' can be done by
the same method.

(ii) We will prove that Hom4(C, I) is Gorenstein injective over A x C,
the case of Homy(A, I) = I being similar.

Since C'is Gorenstein projective over A x C, it has a complete pro-
jective resolution P; see [3, def. (4.2.1)]. In particular, P is exact and
the zeroth cycle module Zy(P) is isomorphic to C. Since C' is finitely
generated, we can assume that P consists of finitely generated (A x C)-
modules by [3, thms. (4.1.4) and (4.2.6)].

Lemma 3.1(i) shows that J = Homy(P, ) is a complex of injec-
tive (A x C)-modules. It is clear that J is exact and that Zo(J) =
Homa(Zo(P),I) = Homyu(C, I), so if we can prove that Hom g, (K, J)
is exact for each injective (A x C')-module K, it will follow that J
is a complete injective resolution of Homa(C,I) over A x C' whence
Hom 4 (C, I) is Gorenstein injective over A x C; see [3, def. (6.1.1)].

But

HOIHAlxc(K, J) = HOHlec(K, HOIHA(P, I)) = HOIHA(K ®AD<C P, I),

so it is enough to see that K ® 4¢P is exact. And by lemma 3.1(ii), the
module K is a direct summand in Hom4 (A x C, L) for some injective A-
module L, and hence it is enough to see that Hom4(AX C, L)@ anc P is
exact. But P consists of finitely generated projective (A x C')-modules
which by [3, (A.2.11)] implies

HOHIA(A X C, L) R AxC P= HOHIA(HOHIAlxc(P,A X C),L),

and this is exact because L is an injective A-module while the com-
plex Homanco(P, A x C) is exact because P is a complete projective
resolution. ]

Lemma 3.4. Let C' be a semi-dualizing module for A and let I be

an injective A-module. Then there is an equivalence of functors on
D(Ax C),

RHom gnc(Homa(A x C,I),—) ~ RHoma(Homy(C, I), —),

where the (A x C)-structure of Homa(A x C,I) comes from the first
variable.
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Proof. First note that
Homa(A x C,I) ~ RHomy(A x C, I)

S RHom 4 (RHomyu(A x C,C), I)

2 (A x 0)®Y RHoma(C, )

where (a) is by lemma 3.2(i) and (b) is by [3, (A.4.24)]. Hence
RHom g xc(Homa(A x C, 1), —)
=~ RHom e ((A x C)®@4% RHom4(C, 1), —)

(é) RHom 4 (RHoma(C, T), —),
~ RHom (Homy(C, I), —)

where (c) is by adjunction. O

4. BOUNDS ON THE INJECTIVE DIMENSION OF C

This section studies the injective dimension of a semi-dualizing mo-
dule C. If this dimension is finite, then C' is a dualizing module, and
this forces the ring A to be Cohen-Macaulay.

The main result is proposition 4.5 which will be used in section 5
to show that finiteness of Cohen-Macaulay dimensions characterizes
Cohen-Macaulay rings with a dualizing module.

Lemma 4.1. Let C be a semi-dualizing module for A and let M be an
A-module which is Gorenstein injective over A x C. Then there ezists
a short exact sequence of A-modules,

0 — M'"— Homu(C,I) - M — 0,
such that
(i) The A-module I is injective.
(ii) The A-module M' is Gorenstein injective over A x C.
(iii) For each injective A-module J, the sequence stays exact if one

applies to it the functor Homa(Homy(C, J), —).

Proof. Since M is Gorenstein injective over A x C| it has a complete
injective resolution; see [3, def. (6.1.1)]. From this can be extracted a
short exact sequence of (A x C')-modules,

0—-N—->K—=M—Q0,
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where K is injective and N Gorenstein injective over Ax C, which stays
exact if one applies to it the functor Homanco(L, —) for any injective
(A x C)-module L.

In particular, the sequence stays exact if one applies to it the functor
Homyxeo(Homy (A x C, J), —) for any injective A-module J, because
Homy (A x C,J) is an injective (A x C')-module by lemma 3.1(i).

By lemma 3.1(ii), the injective (A x C')-module K is a direct sum-
mand in Homa(A x C, I) for some injective A-module I. If K @ K’ =
Homa(A x C, 1), then by adding K’ to both the first and the second
module in the short exact sequence, we may assume that the sequence
has the form

0— N — Homu(Ax C, 1) % M — 0.

The module N is still Gorenstein injective over Ax C, and the sequence
still stays exact if one applies to it the functor

HOHlec(HOHlA(A X Oa J)7 _)

for any injective A-module J.

Now let us consider in detail the homomorphism 7. Elements of the
source Hom 4(A x C, I) have the form (a,v) where A % I and C 5 [
are homomorphisms of A-modules. The (A x C')-module structure of
Homa(A x C,I) comes from the first variable, and one checks that it
takes the form

(CL, C) : (OZ, ’7) = (CLOé + X~(e)> CL*}/),
where X is the homomorphism A — I given by a +— ay(c).

The target of n is M which is an A-module. When viewed as an
(A x C')-module, M is annihilated by the ideal 0 x C, so

0= (07 C) : 77(047 7) = 77((07 C) ’ (&7 7)) = 77(X’Y(C)7 0)7 (5)
where the last = follows from the previous equation.
In fact, this implies
n(a,0) =0 (6)
for each A % I. To see so, note that there is a surjection F —
Homu(C, I) with F free, and hence a surjection C @4 F — C ®4
Hom4(C, I). The target here is isomorphic to I by [4, prop. (4.4) and
obs. (4.10)], so there is a surjection C ®4 F — I. As C ®4 F is a
direct sum of copies of (', this means that, given an element ¢ in I,
it is possible to find homomorphisms ~q,...,79 : C' — [ and elements
1y ...y 0in C with i = y1(eq) + - - - + 7(c¢). Hence the homomorphism
A % I given by a — ai satisfies

Q= Xy (er)++7e(ce) = Xm(er) T Xoye(er)s
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and so equation (5) implies equation (6).
To make use of this, observe that the canonical exact sequence of

(A x C')-modules
0 - C —- AxC — A — 0,
c — (0,¢), (7)
(a,c) — a
induces an exact sequence
0 — Homyu (A, I) — Homyu(A x C, 1) — Homu (C, 1) — 0

because I is injective. Equation (6) means that the composition of
Hom 4 (A, I) — Hom (A x C, T) and Hom4(A x C, I) > M is zero, so
Hom 4 (AxC, I) % M factors through the surjection Hom(AxC, I) —

Hom4(C, I). This means that we can construct a commutative diagram
of (A x C')-modules with exact rows,

0——= N ——Homu(Ax C,I) —~ M —=0

| |

0 M Hom(C, I) M 0.

We will show that if we view the lower row as a sequence of A-
modules, then it is a short exact sequence with the properties claimed
in the lemma.

(i) The A-module [ is injective by construction.

(ii) Applying the Snake Lemma to the above diagram embeds the ver-
tical arrows into exact sequences. The leftmost of these gives the short
exact sequence

0 — Homa(A,I) = N — M — 0.

Here the modules Hom4 (A, I) = I and N are Gorenstein injective over
A x C by lemma 3.3(ii), respectively, by construction. Hence M’ is
also Gorenstein injective over A x C' because the class of Gorenstein
injective modules is injectively resolving by [9, thm. 2.6].

(iii) By construction, the upper sequence in the diagram stays exact
if one applies to it the functor Homanc(Homa(A x C,J), —) for any
injective A-module J. It follows that the same holds for the lower row.
But taking Hy of the isomorphism in lemma 3.4 shows

Hom anco(Homy (A x C,J), —) ~ Homs(Homy(C, J), —),
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so the lower row in the diagram also stays exact if one applies to it the
functor Hom 4 (Homy(C, J), —) for any injective A-module J. O

The special case C' = A of the following lemma was first proved by
Frankild and Holm using the octahedral axiom; the present proof is
simpler. In the lemma, ¢A(A) and «B(A) denote the Auslander and
Bass classes of the semi-dualizing module C, as introduced in [4, def.
(4.1)]. By X is denoted suspension of complexes in the derived category,
and by id is denoted injective dimension of complexes as defined e.g.
in [3, def. (A.3.8)].

Lemma 4.2. Let C' be a semi-dualizing module for A. Let M be
a complex in ¢ A(A) which has non-zero homology and satisfies that
Gidawe M < oco. Write s = sup{i| H;M # 0}. Then there is a
distinguished triangle in D(A),

X*H—-Y — M —,

where H is an A-module which is Gorenstein injective over A x C' and
where

ids(C®LY) < Gidgwe M.
Proof. By [4, prop. (4.8)] we know
sup{i | Hi(C®5M) £ 0} = sup{i | KM £0} = s,
so we can pick an injective resolution of C®4% M of the form

J= 50> J, — J g — .

Then
M = RHomy (C, C®5 M) = Hom,(C, J)
where the first = is because M is in ¢ A(A).

Now, Hom(C, J) consists of A-modules which are Gorenstein injec-
tive over A x C' by lemma 3.3(ii), and if we write

n = GidA[XC M

for the finite Gorenstein injective dimension of M over A x C, it follows
from [3, thm. (6.2.4)] or [5, thm. (2.5)] that the soft truncation

- — 0 — Homu(C, Js) — -+ — Homu(C,J_p11) =G —0— ---

has G Gorenstein injective over A x C'. The truncation remains quasi-
isomorphic to M.

By iterating lemma 4.1, the module G can be embedded into the
complex

~+—=0—Hom 4 (C,Is+1)—Hom (C,Is)—+-—Homy (C,]—p41)—>G—0—--,
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where the [; are injective A-modules by 4.1(i). This complex can only

have non-zero homology in degree s + 1; let us call the (s + 1)’st ho-

mology module H so the complex is quasi-isomorphic to 57 H. Note

that the A-module H is Gorenstein injective over A x C' by 4.1(ii).
By 4.1(iii), the identity on G can be lifted to a chain map

i —> 0 0 (CJs) —>= + —> (CJpy1) —>= G —= 0 —> - (8)

Lo bl

o —> 0 —> (CJe41) —> (C)Is) —> + —> (C\_py1) —> G —> 0 —> -

where we have omitted Hom 4 everywhere for typographical reasons.
(Note that this is actually just a version of Auslander’s pitchfork con-
struction.)

If we construct the mapping cone of the chain map (8), it is a stan-
dard observation that the null homotopic subcomplex

.%O%G—G%O%.

splits off as a direct summand. The remaining complex () consists of
modules of the form Hom4(C, K) where K is an injective A-module,
and it sits in homological degrees s+ 1,...,—n + 1.

In the derived category D(A), we can replace a complex with any
quasi-isomorphic complex. Hence (8) can be viewed as a morphism
M — YT H. Given that the mapping cone of (8) is @ up to a null-
homotopic summand, this gives that there is a distinguished triangle

M—YTH - Q—
in D(A). Rotation gives a distinguished triangle
YH —-Y7'Q - M —
in D(A) where H is Gorenstein injective over A x C', and where ¥71Q
consists of modules of the form Homy(C, K) where K is an injective
A-module, and sits in homological degrees s, ..., —n.
We Clalm that with Y = X71Q, this is the lemma s triangle. It only
remains to check ids(C®LY) < Gidaxc M. But Y has the form
Y=---—0—Homuy(C,K) = -+ — Homuy(C,K_,) -0 — ---

where the K are injective A-modules, and [4, prop. (4.4) and obs.
(4.10)] give that modules of the form Hom4(C, K) are acyclic for the
functor C' ® 4 — whence

CRLY 20 ®,Y.
Moreover, [4, prop. (4.4) and obs. (4.10)] show C®4Hom4(C, K;) = K;
for each i, so

C’®Ayg..._)0_)KS_)..._)K_n_)o_)...
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The last two equations imply
ids(C®LY) < n = Gidawe M
as desired. 0
Lemma 4.3. Let C be a semi-dualizing module for A. Let M be a
complez in ¢ A(A) with non-zero homology. Write s = sup{ i | H;M #
0} and suppose that
Ext™ (M, H) =0
for each A-module H which is Gorenstein injective over A x C. Then

ids(C®LM) = Gidaxe M.

Proof. To prove the lemma’s equation, let us first prove the inequality
<. We may clearly suppose Gidaxc M < co. By lemma 4.2 there is a
distinguished triangle in D(A),

YH —-Y — M — Y[, 9)

where H is an A-module which is Gorenstein injective over A x C', and
where

ids(C®LY) < Gidgwe M. (10)
But
Homp ) (M, X" H) = Ext™ (M, H) =0

by assumption, so the connecting morphism M — YT H in (9) is zero,
whence (9) is a split distinguished triangle with Y =2 ¥*H & M.
This implies

CRLY =2 (CoLYY H) @ (CoLY M)
from which clearly follows
ids(CRLM) < ida(CRLY). (11)
Combining the inequalities (11) and (10) shows
idA(C®4M) < Gidawe M

as desired.
Let us next prove the inequality >. Let ¢t = sup{i| H;(C®4M) # 0}
and n = id4(C®4M). We may clearly suppose n < oo . Let

J:...—)O—)Jt—)..._)...—)J_n_)o_)...

be an injective resolution of C®4 M. The complex M is in ¢ A(A) by
assumption, so we get the first = in

M = RHom4(C, C®5 M) = Hom(C, J).
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Lemma 3.3(ii) implies that Homy(C, J) is a complex of Gorenstein
injective modules over A x C'. Since Homu(C, J), = Homa(C, J;) = 0
for ¢ < —n, we see
Gidgxwc M <n = idA(C(X)iM)
as desired. 0
The following lemma provides some complexes to which lemma 4.3

applies. By pd is denoted projective dimension of complexes as defined
e.g. in [3, def. (A.3.9)].

Lemma 4.4. Let C' be a semi-dualizing module for A. Let M be a
complex of A-modules which has non-zero homology and satisfies that
H,M =0 fori < 0 and that pd, M < oo. Write s = sup{i| H;M #
0}. If H is an A-module which is Gorenstein injective over A x C,
then

Ext™ (M, H) = 0.

Proof. The conditions on M imply that it has a bounded projective
resolution P, and clearly

Exti (M, H) = Ext\(Q. H)
when () is the s’th cokernel of P. Since
o= Py — P, —Q —0

is a projective resolution of () and since P is bounded, we have pd, @) <
oo. Hence it is enough to show

Ext}(Q, H) = 0

for each A-module @) with pd, ) < co. The case @) = 0 is clear, so we
assume @ # 0.
To prove this, we first argue that if I is any injective A-module then

Ext’%(Q, Homu(C, I)) = 0 (12)
for 2+ > 0. For this, note that we have
RHom (@, HomA(C, I)) = RHom4(Q, RHomy4(C, I))
(a)
=~ RHomyu (Q®4C, 1)
(b)
= RHomy (C, RHoma(Q, I))
= RHomy (C, Homu(Q, 1))
where (a) and (b) are by adjunction, and consequently,
Ext’,(Q, Homyu(C, 1)) = Ext’y(C, Homa(Q, 1)) (13)
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for each i. The condition pd, @ < oo implies id4 Hom(Q, ) < oo,
and therefore Hom4(Q, I) belongs to ¢B(A) by [4, prop. (4.4)]. Thus
[4, obs. (4.10)] implies that the right hand side of (13) is zero for i > 0,
proving equation (12).

Now set n = pd, Q. Repeated use of lemma 4.1 shows that there is
an exact sequence of A-modules

0 — H'— Homu(C, I,_1) — -+ — Homyu(C,Iy) — H — 0, (14)

where Iy, ..., I,; are injective A-modules. Applying Homy (@, —) to
(14) and using equation (12), we obtain

Exty(Q, H) = Ext}™(Q,H') =0
as desired. Here the last equality holds because pd, Q) = n. O

The following proposition uses some homological invariants for com-
plexes of modules. In particular, injective, projective and flat dimen-
sion of complexes are used. They are denoted id, pd, and fd, and the
definition can be found e.g. in [3, defs. (A.3.8), (A.3.9), and (A.3.10)].

Recall from [3, (A.5.7.4)] that when A is local with residue class field
k and C is a complex of A-modules with bounded finitely generated
homology, then

Recall also from [3, (A.6.3)] that the width of a complex of A-modules
M is defined as

widthy M = inf{i| Hy(M®%k) #0}.
The following is the main result of this section.
Proposition 4.5. Assume that the ring A is local and let C' be a semi-
dualizing module for A. Let M be a complex of A-modules which has

non-zero homology and satisfies H;M = 0 for i < 0 and fdya M < oo.
Then

idg C < Gidgye M + widthy M.

Proof. Denote by k the residue class field of A. Observe that H;M = 0
for i < 0 implies H{M®%k) = 0 for i < 0, whence widthy M >
—oo. Also, we can assume widthy M < oo, because the proposition is
trivially true if widthy, M = oo.

Since fd4 M < oo, the isomorphism [3, (A.4.23)] gives

RHom 4(k, C® M) = RHom(k, C)@5 M.
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This implies (a) in
inf{ | H;RHom(k, C®5M) #0}

@ inf{ | H(RHomu(k, C)@LM) # 0}

©) inf | H;RHoma(k, C) £ 0} +inf{i| H;(M®L%k) £ 0}

= —idy C' 4 widthy M,
where (b) is by [3, (A.7.9.2)]. Consequently,
idy C = —inf{i| HiRHomy4(k, C®3 M) # 0} + width, M
< idys(CRY% M) + widthy, M
= (%).

The condition fdy M < oo implies pdy, M < oo by [11, Seconde
partie, cor. (3.2.7)], and hence if we write s = sup{:¢| H;M # 0},
lemma 4.4 gives

Ext™ (M, H) =0
when H is an A-module which is Gorenstein injective over A x C. But
fda M < oo also implies M € ¢ A(A) by [4, prop. (4.4)], and altogether,
lemma 4.3 applies to M and gives
(*) = Gidgxc M + width4 M
as desired. ([

We will also need the dual of proposition 4.5. First an easy lemma.

Lemma 4.6. Let C' be an A-module, let I be a faithfully injective A-
module, and let M be a complex of A-modules with H;M = 0 fori < 0.
Then

GidAKC HOHIA(M, I) = GfdA[XC M.

Proof. From lemma 3.1(i) follows that £ = Homa(A x C, I) is a faith-
fully injective (A x C')-module. Hence

GidA[XC HOIHAlxc(M, E) = GfdA[XC M

follows from [3, thm. (6.4.2)].
But equation (2) in the proof of lemma 3.1 shows

Homyyo(M, E) = Homa (M, I),
so accordingly,

GidAKC HOIHA(M, I) = GfdAKC M.
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Proposition 4.7. Assume that the ring A is local and let C be a semi-
dualizing module for A. Let N be a complex of A-modules which has
non-zero homology and satisfies H;N = 0 for ¢ > 0 and idy N < oo.
Then

idy C < Gfdgwe N + depth 4 N.

Proof. Apply Matlis duality and lemma 4.6 to proposition 4.5. O

5. PROPERTIES OF THE COHEN-MACAULAY DIMENSIONS

This section contains our main results on the Cohen-Macaulay di-
mensions, as announced in the introduction. From now on, A is as-
sumed to be local with residue class field k.

Theorem 5.1. The following conditions are equivalent.

(CM) A is a Cohen-Macaulay ring with a dualizing module.

(I1) CMid4 M < oo holds when M is any complex of A-modules
with bounded homology.

(I12) There is a complex M of A-modules with bounded homology,
CMidy M < o0, fdy M < o0, and widthy M < oo.

(I3) CMidy k < oo.

(P1) CMpd, M < oo holds when M is any complex of A-modules
with bounded homology.

(P2) There is a complex M of A-modules with bounded homology,
CMpd M < o0, idy M < 00, and depthy M < oco.

(P3) CMpd, k < oc.

(F1) CMfds M < oo holds when M is any complex of A-modules
with bounded homology.

(F2) There is a complex M of A-modules with bounded homology,
CMfdy M < o0, idy M < o0, and depth, M < oco.

(F3) CMfd s k < oo.

Proof. Let us first prove that conditions (CM), (I1), (I2), and (I3) are
equivalent.

(CM) = (I1) Let A be Cohen-Macaulay with dualizing module C.
Then A x C' is Gorenstein by [7, thm. 5.6]. If M is a complex of A-
modules with bounded homology, then M is also a complex of (A x C')-
modules with bounded homology, so

GidA[XC M < oo
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by [3, thm. (6.2.7)]. As C is in particular a semi-dualizing module, the
definition of CMid then implies

CMldA M < oo.

(I1) = (I2) and (I1) = (I3) Trivial.

(I12) = (CM) When CMid4 M < oo then the definition of CMid implies
that A has a semi-dualizing module C' with

Gidgxe M < .
When
width M < oo
then M has non-zero homology. And finally, when
fd M < oo

also holds, then proposition 4.5 implies
idy C < 0.

So C'is a dualizing module for A, and hence A is Cohen-Macaulay by
3, (A.8.5.3)] and has a dualizing module.

(I3) = (CM) When CMid4 k < oo, then A has a semi-dualizing module
C with
GidA[XC k < oo.

Denoting by Faxc(k) the injective hull of k over A x C| it follows
from [9, thm. 2.22] that
RHOHlec(EAlxc(k’), k’)

has bounded homology. Denoting Matlis duality over A x C' by V, we
have

RHom e (Eaxc(k), k) = RHomawc(kY, Eaxc(k)")

o RHomAKc(k,m)

(a) T
= RHOInAxc(k,A X C) R axc A X Ca

where (a) is by [3, (A.4.23)]. Since the completion Ax Cis faithfully
flat over A x C, it follows that also RHom4xc(k, A x C') has bounded
homology, whence A x C' is a Gorenstein ring.

But then C'is a dualizing module for A by [7, thm. 5.6] and so again,
A is Cohen-Macaulay with a dualizing module.
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Similar proofs give that also (CM), (P1), (P2), and (P3) as well as
(CM), (F1), (F2), and (F3) are equivalent. For this, proposition 4.7
should be used instead of proposition 4.5. 0

Remark 5.2. In condition (I2) of theorem 5.1, one could consider for
M either the ring A itself, or the Koszul complex K(z1,...,x,) on any
sequence of elements x4, ..., x, in the maximal ideal. These complexes
satisfy fd4 M < oo and width4 M < oo, and so either of the conditions

CMidg A < 0o and CMidy K (z1,...,2,) < 00

is equivalent to A being a Cohen-Macaulay ring with a dualizing mo-
dule.

Similarly, in conditions (P2) and (F2), one could consider for M
either the injective hull of the residue class field, E4(k), or a dualizing
complex D (if one is known to exist). These complexes satisfy idy M <
oo and depth , M < oo, and so either of the conditions

CMpd, Ea(k) < oo and CMpdy D < o0
and

CMfds Ea(k) < 0o and CMfdg D < oo
is equivalent to A being a Cohen-Macaulay ring with a dualizing mo-
dule.

Remark 5.3. Our viewpoint of emphasizing the Cohen-Macaulay ho-
mological dimensions makes us think of theorem 5.1 as a main result.
However, proposition 4.5 actually implies a more precise result, namely,
if there is a complex M with non-zero homology, H;M = 0 for i < 0,
and

Gidgwe M < 00, fdg M < 0o, and widthy M < oo,

then A is Cohen-Macaulay with dualizing module C.
Similarly, proposition 4.7 implies that if there is a complex N with
non-zero homology and H; N = 0 for ¢ > 0, then either of

Gpdye N < oo, idg N < oo, and depthy N < oo

and
Gfdaxe N < o0, idy N < oo, and depthy N < o0

implies that A is Cohen-Macaulay with dualizing module C.
Theorem 5.4. Let M be an A-module. Then
CMidy M <> < CMidyM <dimA,
CMpd, M <o <« CMpd, M <dimA,
CMfdy M <o < CMfdy M <dim A.
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Proof. The implications < are trivial.
To see the implication = for CMpd, observe that when M is given
there exists a semi-dualizing module C' with

When this is finite, we have
Gpdye M <FPD(A x C)

by [9, thm. 2.28], where FPD denotes the (big) finitistic projective
dimension. But

FPD(Ax C) =dimA x C

by [11, Seconde partie, thm. (3.2.6)], and A and A x C are finitely
generated as modules over each other, so

dimA x C' = dim A.

Together, this establishes the implication = for CMpd.

The implication = for CMfd follows by a similar argument, using
that the finitistic flat dimension satisfies FFD(A x C) < FPD(A x C)
because of [11, Seconde partie, cor. (3.2.7)].

Finally, the implication = for CMid follows from the one for CMfd
using Matlis duality and lemma 4.6. 0

The following results use CMdim, the Cohen-Macaulay dimension
introduced by Gerko in [8], and Gdim, the G-dimension originally in-
troduced by Auslander and Bridger in [1].

Lemma 5.5. Let C' be a semi-dualizing module for A and let M be a
finitely generated A-module. If

GpdAIXCM < 0

then

Proof. Combining [8, proof of thm. 3.7] with [8, def. 3.2°] shows
CMdimy M < Gpd .o M.
So Gpd 4.« M < oo implies CMdim4 M < oo and hence
CMdimy M = depth, A — depth, M

by [8, thm. 3.8].
On the other hand,
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by [10, prop. 3.1}, where G-dimg M is the homological dimension in-
troduced in [4, def. (3.11)]. So G-dim¢ M is finite and hence

G-dime M = depth, A — depth, M

by [4, thm. (3.14)].
Combining the last three equations shows

CMdimy M = Gpd 4, M
as desired. U
Theorem 5.6. Let M be a finitely generated A-module. Then
CMdimy4 M < CMpd, M < Gdimy M,

and if one of these numbers is finite then the inequalities to its left are
equalities.

Proof. The first inequality is clear from lemma 5.5, since CMpd 4 M is
defined as the infimum of all Gpd,,- M.

For the second inequality, note that the ring A is itself a semi-
dualizing module, so the definition of CMpd gives < in

where the first = is by [10, cor. 2.17], and the second = holds by [3,
cor. (4.4.6)] or [5, prop. (2.11)(b)] because M is finitely generated.

Equalities: If Gdimg M < oo then CMdim4 M < oo by [8, thm. 3.7].
But Gdimy4 M < oo implies

Gdimy M = depth, A — depth, M
by [3, thm. (2.3.13)], and similarly, CMdim4 M < oo implies
CMdimy M = depth, A — depth, M

by [8, thm. 3.8]. So it follows that CMdim4 M = Gdim4 M, and hence
both inequalities in the theorem must be equalities.

If CMpd, M < oo then by the definition of CMpd there exists a
semi-dualizing module C' over A with Gpd,,~ M < co. But by lemma
5.5, any such C' has

so the first inequality in the theorem is an equality. U

We finish with two clasically flavoured results.

Proposition 5.7 (Auslander-Buchsbaum formula). Let M be a finitely
generated A-module. If CMpd, M < oo, then
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Proof. By the definition of CMpd, we can pick a semi-dualizing A-
module C' such that

But M is finitely generated, so

by [3, cor. (4.4.6)] or [5, prop. (2.11)(b)]. The Auslander-Bridger for-
mula gives

Gdimanec M = depth 4, A X C' — depth 4, ~ M.
Finally, it remains to note that
depth 4, A x C'=depth, A
and
depth 4, M = depth, M
because A x C' and A are finitely generated over each other. 0

Proposition 5.8 (Bass formula). Assume that A has a dualizing com-
plex and let N # 0 be a finitely generated A-module. If CMid4 N < oo,
then

CMidy4 N = depth A.

Proof. By the definition of CMid, we can pick a semi-dualizing A-
module C such that CMidy N = Gidawc N. By [5, thm. (6.4)], finite-
ness of Gidgwc N implies that

Gidxe N = depth 4, A x C,

since N # 0 is finitely generated over A x C, and since A x C is
finitely generated over A and so has a dualizing complex because A
does. Finally, we have

depth 4, A x C =depth, A

again. U

Acknowledgement. We wish to thank the referee for a number of
excellent suggestions.



24

HENRIK HOLM AND PETER JORGENSEN

REFERENCES

[1] M. Auslander and M. Bridger, “Stable module theory”, Mem. Amer. Math.

Soc., Vol. 94, American Mathematical Society, Providence, R.I., 1969.

[2] L. L. Avramov, V. N. Gasharov, and I. V. Peeva, Complete intersection di-

mension, Inst. Hautes Etudes Sci. Publ. Math. 86 (1997), 67-114.

[3] L. W. Christensen, “Gorenstein dimensions”, Lecture Notes in Math., Vol.

1747, Springer, Berlin, 2000.

, Semi-dualizing complexes and their Auslander categories, Trans.
Amer. Math. Soc. 353 (2001), 1839-1883.

, A. Frankild, and H. Holm, On Gorenstein projective, injective and

flat dimensions — a functorial description with applications, J. Algebra 302
(2006), 231-279.

[6] D. Ferrand and M. Raynaud, Fibres formelles d’un anneau local noethérien,

Ann. Sci. Ecole Norm. Sup. (4) 3 (1970), 295-311.

[7] R. M. Fossum, P. A. Griffith, and I. Reiten, “Trivial extensions of abelian

categories. Homological algebra of trivial extensions of abelian categories with
applications to ring theory”, Lecture Notes in Math., Vol. 456, Springer, Berlin,
1975.

[8] A. A. Gerko, On homological dimensions, Sb. Math. 192 (2001), 1165-1179.
[9] H. Holm, Gorenstein homological dimensions, J. Pure Appl. Algebra 189

(2004), 167-193.
and P. Jgrgensen, Semi-dualizing modules and related Gorenstein ho-
mological dimensions, J. Pure Appl. Algebra 205 (2006), 423-445.

[11] M. Raynaud and L. Gruson, Critéres de platitude et de projectivité. Techniques

de “platification” d’un module, Invent. Math. 13 (1971), 1-89.

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF AARHUS, NY

MUNKEGADE, BUILDING 530, 8000 ArHUs C, DENMARK

E-mail address: holm@imf . au.dk

URL: http://home.imf.au.dk/holm

DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY OF LEEDS, LEEDS LS2

9JT, UNITED KINGDOM

E-mail address: popjoerg@maths.leeds.ac.uk

URL: http://www.maths.leeds.ac.uk/ popjoerg



