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TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 246, December 1978

INTERTWINING DIFFERENTIAL OPERATORS FOR
Mp(n, R) AND SU (n, n)!
BY
HANS PLESNER JAKOBSEN

ABSTRACT. For each of the two series of groups, three series of repre-
sentations U,, D,, and H, (n € Z) are considered. For each series of
representations there is a differential operator with the property, that raised
to the nth power (n > 0), it intertwines the representations indexed by —n
and n. The operators are generalizations of the d’Alembertian, the Dirac-
operator and a combination of the two. Unitarity of subquotients of
representations indexed by negative integers is derived from the intertwining
relations.

0. Introduction. Motivated by the aspects of the conformal group as a
physical symmetry group, as suggested by 1. E. Segal [11], we recently studied,
jointly with Michele Vergne, some representation theoretical aspects of
SU(2, 2) [5]. One result, that was obtained, was that powers of the d’Alem-
bertian

as well as powers of the Dirac operator ¥ (a 4 X 4 matrix for which ¥? = )
are intertwining between two series of representations of SU(2, 2). We shall
see that a similar phenomenon takes place for Mp(n, R) and SU (n, n).
Specifically, we consider an n X n matrix D =9/ axa,, with first order
differential operators as entries, corresponding to a parametrization of the
space of n X n symmetric (hermitian) matrices. We prove that det D as well

as
_| O D’
v (c(D) 0 )
where ¢(D)D = D'c(D) = (det D)I,, are intertwining between two series U,
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312 H. P. JAKOBSEN

and D,, | € Z, of representations of Mp(n, R) (SU (n, n)) in the sense that for
1>0

(det D)'U_, = U,(det D), (#)**'D_,_, = D,(™)**".  (0.1)
We shall refer to ¥ as the Dirac-type operator.

For D' and det D the equations (0.1) were expected from [5, V.5.1 and
V.6.1]. However, we shall take a somewhat different approach, which has the
equations involving c(D) above as a straightforward consequence.

We remark that as a special case of algebraic results, B. Kostant [7]
obtained quasi-invariance properties of the wave-operator []. The operators
det D/, (D*), and c¢(DY, for / € N, were studied by L. Garding [3], and the
Cauchy problem was solved. It was also noted that the principal formulas
involving (det D)’ were invariant under the transformation x — axa* of the
space of symmetric (hermitian) matrices, for a in SL(n, R) (SL(n, C)).

A basic observation in the proof of (0.1) is, that if s is the operator acting
on functions f from the space of symmetric n X n matrices (space of
hermitian n X n matrices) to C* by (sf)(s) = sf(s), then ¢(D) = [(det D), s].
We use (0.1) to prove that U_, and D_, for / > 0, act unitarily on quotient
spaces of functions modulo solutions to

(detD)'¢ =0 and ¥ '¢ =0,

respectively. The representation D, can be written as D,* @ D,” where, by
(0.1), D,* and D, satisfy

det D’c(D)D*,_, = D,”det D'c(D), and
det D'D'D_,_, = D;* det D'D". 0.2)
We use this to study a series H, of representations obtained by induction

from reducible, noncomplemented representations of the maximal parabolic
subgroup. It is proved that these representations are related to the preceding

ones by
I 0], _|D= O /I 0
[—D’ I}H'_[ 0 D,*][—D’ 1}' (03)

Ths study of the representations H, was motivated in part by the work of A.
Salam and G. Mack [10, p. 178].

The present article falls in five parts. (1) is the scalar case for Mp(n, R),
corresponding to (det D), and (2) is the scalar case for SU(n, n). In (3) the
Dirac-type operator for Mp(n, R) is related to representations obtained by
induction from reducible, complemented representations of the maximal
parabolic P_ in 2n-dimensional complex vector spaces, and (4) is the corre-
sponding for SU(n, n). Finally, in (5) representations obtained by induction
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from reducible, noncomplemented representations of P_ in 2n dimensional
complex vector spaces, are proved in many cases to be unitary (and re-
ducible). The details are carried out for SU (n, n).

The first two chapters of the present paper are essentially contained in the
author’s Ph.D. Thesis [6], written under the direction of I. E. Segal. The
author is indebted to Professor Segal for many helpful discussions. He is also
thankful to Michele Vergne for friendly help and conversations.

1. The scalar case for Mp(n, R). We shall begin with some generalities
about Sp(n, R) which is covered twice by Mp(n, R).
Sp(n, R) is the subgroup of Gl(2n, R) consisting of those matrices g that

satisfy
g[ —01,, i)”}g'=[—01,, 10] (.1
If we write g in terms of n X n blocks; g = [@ 4], then (1.1) is equivalent to
ad' — bc'=1; ab' = ba'; cd' = dc', (1.2)
and to
ad—cb=1;, a'c=c'a; b'd=dbp, (1.3)

where (1.3) is obtained by replacing g by g ™' in (1.1). The Lie algebra of
Sp(n, R) is thus [4, p. 341]

Xy X3
We let 9 = {z = x + iy|x, y real n X n matrices, x = x'; y = y’; y > 0}.
%) is then a complex domain, and Sp(n, R) acts on ) by

sp(n, R) = {

x, arbitrary; x, = xj; x; = xg}.

g-z=(az+ b)(cz+d)".

We recall from [5] that if G is a group of holomorphic transformations on %),
V a finite dimensional complex vector space, J (g, z) a continuous function
G X 9 — GL(V) which, for each fixed g in G is holomorphic in z and
satisfies

J(8182»2) =J(81,82) (822); J(l,z)=1, (1.4)
then a function K(z, w): D X % — End ¥, holomorphic in z, anti-
holomorphic in w, is the reproducing kernel for the representation

(T(8))2) =T (g7 2) ' f(57"2) (15)
on a space of holomorphic functions f: 90 — V if and only if

K(z,w) = K(w, z)*, (1.6)
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K(gz,gw) =J(8, 2)K(z, w)J (g, w)*, and (L7
2 (K2 0) > 0 (18)
ij=
forall z;in 9, v, in ¥V, i=1,2,...,n, and n in N. We let * denote the

complex adjoint of an operator. Thus, (x + iy)* = x' — iy". If g = (¢ ) isin
Sp(n, R) and z, w are in %D, we then define

J(g2)=cz+d; Jy(g2)= (" +d), (1.9)

K (z,w)=((z = w*/2)7 5 K(z,w) = ((z — w*)/2i). (1.10)

Then it follows easily from (1.2) and (1.3) that J, and J, both satisfy (1.4). By
the same relations, it also follows that fori =1, 2

Ki(gz, gw) = Ji(8 2)Ki(z, w)Ji (g, w)*. (1.11)
We shall in this section consider the one-parameter family of actions of

Sp(n, R) on the space O, of holomorphic functions on %) defined by, for
A ER,

(Un(8)f)(e) = [@etJ, (g7, ) P57 (L12)

It is easy to see that U, is holomorphically induced from the one-dimensional
representation T, (k) = det(J, (k, ) **+V/2 of the maximal compact
subgroup K (cf. [5, p. 61]).

REMARK. For noninteger A’s, we only get a projective representation; by
passing to the universal covering group, we get a proper representation. In the
sequel we shall mostly be interested in the cases where A is integer. In these
cases, we need only pass to the double covering group of Sp(n, R); the
metaplectic group Mp(n, R). We shall maintain the notation U, irrespective
of the groups.

It follows easily from (1.2) and (1.3) that

g (2% =(g2)*

for all g in Sp(n, R). (Sp(n, R) also acts on the “lower half-plane”.) In
particular, g leaves the Shilov boundary 3% of ; 3% = S = {x + iy|y =
0}, invariant, and even though the action is not globally defined, we still get
an action on measurable functions. We shall also maintain the notation Uy
for this action. It can be seen that there exists a subspace V) of C®-functions
on S, which is invariant under this latter representation, and such that the
restriction of U, to ¥V, can be imbedded into an invariant subspace of a
degenerate principal series representation (cf. [5, pp. 82-83], and below).

The space S of n X n symmetric real matrices is a real vector space of
dimension  n(n + 1). We write elements of S as x = [x,51% g=1 (Xa5 = Xup)
or just x = [x,,], and let dx denote Lebesgue measure on S corresponding to
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this parametrization. On functions from S to C, we define first order
differential operators a,5 by

Fora # B: a,f = —;— agaﬁ f. (Thus, a3 = ag,.)
5 (1.13)
Fora = B:a,f= Bx £
We let D be the differential operator, whose («, 8)th entry is
(D}, 5= Gup- (1.14)

We shall in this section study the nth order differential operator det D. The
Fourier transform is defined by
f ey =i [ e (x) dx,
s
and the inverse Fourier transform by

g(x) =71, fs el *g(k) dk.

For suitable pairs (y,, v,), and nice functions f, f = f = f. Since for any (real
or complex) matrix z,

(det D)e'" = = det ze'™ <, (1.15)

det D is in particular proportional to the Fourier transform of the multipli-
cation operator (i)" det k. This could of course also be taken to be the
definition of D.

We want to analyze whether powers of det D can be intertwining operators,
and if so, for which pairs of (U,, U,)’s.

We remark that if we take

u(x)=[(l) ﬂ €Sp(n,R) forx € X,

then (det DY U, (u(x)) = Uy(u(x))(det DY for all (\,\") and r € N, since
det D is a constant coefficient differential operator, and {u(x)|x € S} is the
translation subgroup.

Let us return to the Lie algebra. This is generated by the subalgebras

(3 s)es) o {(09)

In fact, we could replace the latter by the single element (§ §), but we shall
find it convenient to study a more general (§ §).
Specifically, fix p and g and let y be the matrix in S given by

(D} = Okdy + 8,81, (1.16)

yES}.
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For x € S and real ¢, we have
x(tyx + 1) '=x — byx
and
det(tyx + 1) =1+ ttryx
to the first order in #. Since furthermore
{0x} 0= XepXgp + XogXop
and
tryx = x5 + x,, (=2x,)
we see, that if we let
n
Yo = 2 (xapxqﬂ + xaqxpﬁ)aaﬂ
aB=1
with a, as in (1.13), and if we let ¥,, = x,, + x,,, then

(9 95 ul( 9

=Y, + (A +(n+1)/2)7,. (1.17)

We now want to compute [det D, x; b and to do this, we recall some basic
facts from linear algebra.

Let {4},; be an n X n matrix. Let C; be the determinant of the matrix M,
obtained from A by replacing the entries in the ith row and jth column by
zeros, except for a one in the (7, j)th place. Specifically,

{Mj}rs= (a’s(l - 8”)(1 - 8]&) + 8ir8js)' (118)

We call M; the (i, j)-minor, and denote by C;° the determinant of the
(r, s)-minor of M. Then,

n
det4 = 3 q;C, (1.19)

j=1
or, more generally,
n n
2 a,; Csi= 2 aisCir= 8rs det A’ and
i=1
n n

C,=> a,Cr— > a,8,C*— a,C/ +a,8,C/ + §,Cl. (1.20)

s=1 s=1



DIFFERENTIAL OPERATORS FOR Mp(n, R) AND SU(n, n) 317

We use the above relations on the differential operator det D = det[a,z].
We puti = i, r = j,. Then

det4 = 2 a,;a,,Clo (1= 8,,)
Js=1
n
+2 a a4, ,Cl (=1 +8,;)+ 8, 2 a, ;Cl.

o/ JoJ
j=1

From (1.13) we get

[aioj’ xio/o] %(8 + 8,0 )
%(8 + 8’0!0 Sjo)

[ s> xiolo]

Finally, since by construction, [C/, x; ol = 0 we get

n
[det D, xiojo] = 2 aioj%(aio’ + 9§, ioJo -‘Jo)(’v«;‘:;y (1 - 'olo)
Js=

BiaieBias )i Gy (1 = 85,

N[
/-\

..
—_

+
M= T

+ 21 7(8, + 88 )@ Gl (-1 + 8,,)
j=

+ 2 2 ’o.l(8 + 8’0/0.1/0)Cj;‘l! _1 + 8’0./0)
j=1

+ 18,010(8 + § 8,01)
j=1

%2 G CM (1_ Wo) *3 2 MC,{“;‘O(I—&W)
+; Gl (=1 + 8, )+2a,o,ono'°(—1+8Wo)

+ 38, (Clao + Cloo),

foJo olo

Using the relations (1.20), this is readily seen to give

[detD x,a,o] = %(Ciojo + Cjoio) = Gy

(121)
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We are now able to compute

n
[detD, Y,] = X [detD,x,x, + xaqxpﬁ]aaﬁ

n
= > (%pCpp + Capxqﬂ)aaﬁ+ BZ 1 (%gGCpp + Caqxpﬁ)aaﬁ
af=

a,B=1
n n
= 21 Xop0q det D+ le 8,5 det Dx g
a= -

ap ag“pa

— 3 2 Cop(8y +850,5) + X X8, detD
a=1

+
M=

n
B | 84B det Dxpﬂ - % Bz_l Caq (8pa + 8PB8‘XB)

=2Y,detD — (n — 1)C,,.

By (1.21) and the above, we thus have the relations
[detD, Yy] =2Y,detD — (n — 1)C,,
[detD, Y,] =2C,,
[detD, C,,] = 0. (122)

It follows that

det D(Yo+ (A + (n+ 1)/2)Y,,) = (Yo + A+ 2+ (n+ 1)/2)Y,,)det D
+ 2 + (n+1)/2) = (n = 1))C,,s
or, by induction, for r € N,
(detD) (Yo + (A + (n + 1)/2)Y,,)
=(Yo+ A+ (n+1)/2+2r)Y,)(det D)
+(2r(A + (n + 1)/2) + 2r(r = 1) — r(n = 1))C,, (det D)~ (1.23)

We see, that (det D)" is an intertwining operator exactly when A = — r. In
this case, A’ = r. We shall from now on consider U,, A € Z, as a repre-
sentation of Mp(n, R), even though this only is strictly necessary for n even.
The above analysis may thus be summarized as

PROPOSITION 1.1. Let r € N. Then VX € sp(n, R):
(det D)'dU_,(X) = dU, (X )(det D)". (1.24)

The point now is that the class of functions on which the equation (1.24)
can be integrated is sufficiently big to be of interest. Specifically, the vector
space V_, spanned by {(U_,(g)det(K,(, w))(x)|g € Mp(n, R), w € D,
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a—(n+1)/2€Z, and a > (n + 1)/2 — r} is invariant under U_,, and
each function f in V_, is the boundary value of a holomorphic function F,
which can be extended holomorphically across the Shilov boundary.

We remark that since the operators (det D) are boundary values of
operators acting on the space O, of holomorphic functions on %), and since
these, by exactly the same arguments as before, satisfy exactly the same
intertwining relations, we could just integrate the relation (1.24) on
holomorphic functions on ). In fact, by the above properties of ¥ _,, this
would be exactly the same as integrating it on V_,. On holomorphic
functions on D, however, it is rather obvious, that the relation can be
integrated. We shall therefore only give a sketch.

We first observe that the Lie algebra sp(n, R) is generated by the subal-

[[g g”yES} and {[_00 gHOER}.

For the first algebra, the relation can easily be integrated. Thus, since
Mp(n, R) is connected, we need only consider

c(0)=exp(g[_ol (1)})=[ cos sinﬁ]'

—sinf cosé

Clearly, the map (8, z) — c(#)z is holomorphic and hence (8, z) — f(c(8)z) is
holomorphic, if f is a holomorphic function on ). Since the same can be said
about the multipliers

det(—sin 0z + cos §) "+ P/>77

and

—((n+1)/2+7r)

det(—sin 6z + cos 9)

it follows by power series expansions that
(det D'U_, (c(8))f)(2) = (U, (c(8))det Df)(z). (1.25)

PROPOSITION 1.2 [5]. For r € N and f either a holomorphic function on D or
an element of V _, we have that

(det D)YU_,(g)f = U,()(det DY'f, Vg & Mp(n,R).  (126)

From here, we proceed as in the case of SU(2,2) [5]. We denote the
forward light cone in S by C ¥, i.e.

C* = {x € S|x >0}

Then we know from [3] or [9] that there exists a constant k, such that for all
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a>—landz € 9

f e+itrzy dety"‘a))
C+

= ky(det z/i) """ ] T4 4 (i 4 1)2),

i=1

It is also known [9, §§4.5 and 4.6] that if we let

=10}, O, ={x€S|x>0rankx=1},...,
0,1 ={xES|x >0,rankx =n— 1},

then there are semi-invariant measures y; on O; and constants d, (), such that

j(:) ity dl-l,()’) = db (j)(det Z/j)_j/z. (128)

J

The formula (1.27), together with (1.7), (1.8), (1.9), (1.10), and (1.11),
immediately gives that U, is unitary for « > —1, and (1.28) shows that
Uc—n-1y/2+js2forj=0,1,..., n — 1 has an invariant subspace, on which it
acts unitarily, namely the space of Fourier transforms of holomorphic
functions in L2((9j, ). From (1.14) and (1.27) it also follows that there are
constants C,, such that

(det DY det(x + z)” "2 = ¢, det(x + )72 (129)

forz € 9 and x € S. As in the case of SU(2, 2) [5, pp. 91-96], this is exactly
what is needed to conclude: If we define an equivalence relation on V' _, by

f~ g (detD)(f - g) =0,

and denote the equivalence classes by [-],, then, using the unitarity of U, for
r > 0 and Proposition 1.2, we get

PROPOSITION 1.3. For integers r > 0, there exists a subspace of equivalence
classes [-],, which can be given a Hilbert space structure, in which U_, acts
unitarily.

We shall end this section with a look at noninteger r’s. We do this by
Fourier transform. We consider C*® functions with compact support in the
interior of the forward light cone C*. W/ed\enote the Fourier transforms of
the operators det D, Y, Y,,, etc. by D ="det D, Y, Y,,, etc. In particular

—_T
det D = det ik, anB = iaaB, d B = ixaB.

Q
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We let p € C. Then it follows from (1.20), (1.21), and (1.22) that
[det k%, ¥y] = 2DC,, det(—i)’ p(p — l)det k=2
+ det(—i)[ D, Y, ] p det k™!
= 2det(—i)C, u(p — 1)det k*~' + 27, p det k*

— det(—i)(n — 1) pC,, det k*~".
Also, [det k*, ¥,,] = 2C, u det k*~! det(—i). Hence,
det k*(Yo + (A + (n + 1)/2)7,,)

=(Yo+ A+ (n+1)/2 +2p)7,, )det k*

+ det k*7'C,, det(—i)(2(\ + (n + 1)/2) p + 2p(p — 1) — (n — 1) p).
In particular, the last term vanishes if and only if A = — p. In this case,
A= p.

REMARK. We let dU_ . and dl}# be the two representations of the Lie
algebra obtained by Fourier transformation. They of course extend to be
representations on all C* functions in the interior of the forward light cone,
and since det k* is a bijection of C®(C*) onto itself, these modules are
infinitesimally equivalent. However, since when we took the Fourier trans-
forms, we completely neglected boundary behavior, if these in any manner
can be integrated, the result, transformed back again by the inverse Fourier
transform, will in general differ from the original U,’s by boundary terms. In
this connection we observe that if we define two C® functions fand gin C*
to be equivalent if for each point p on the boundary b(C *) there is an open
neighborhood N, such that detk*(f —g)inN,n C * is the restriction of a
C* function in N, then dU _, preserves equivalence classes.

We finally mention that for r real and positive, the closure of the operators
dU.(x), x € sp(n, R), are the differentials of a unitary representation U, in
L*(C*, det k~"dk). Then, since the map

T,: LA(C*, det k™'dk) — L*(C*, det k" dk): (T,f)(k) = HetIT 1

is unitary, we can define 7,U,T,”!, which then has generators dU _(x%),
x € sp(n, R).

2. The scalar case for SU(n, n). In view of the analysis of Mp(n, R), it is
not surprising that similar generalizations hold for SU(n, n). Due to the
strong analogy, we shall only give a sketch.

SU(n, n) is the subgroup of SL(2n, C) consisting of those matrices g that

satisfy
0 il«_[0 ]
g[—i o]g [—i 0]’
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writing g in n X n blocks, this is equivalent to

ad* — bc* = 1; ab* = ba*; cd* = dc*, (2.1
and to

a*d — c*b=1; a*c =c*a; b*d = d*b, (22)
where (2.2) is (2.1) for g ~!. The Lie algebra is given by

su(n, n) = {[2 _x;f ]

Welet D = {x + iy|x = x*;y = y*;» > 0}. SU(n,n)actson 9 by gz =
(az + b)(cz + d)~". Similarly to the case of Mp(n, R) there are functions,
defined forg = (? %) and z, w € 9D by

Ji(g2)=cz+d, Jy(82)=(zc¢*+d*, (2:3)
K (z,w) = ((z — w*)/2i)", and K,(z, w) = ((z — w*)/2i), (2.4)
which satisfy (1.4) and (1.11):
Ji(8182» 2) = J; (81 822)J; (8 2) and

= () = y¥. = y¥*
Imtrx,—O,xz—xz,x3—x3}.

K (gz,gw) = J;(8 2)K;(z, w)J; (g, w)*, i=12. (2.5)
We shall consider the representations
_ —A-n —
(Ur(8)f)(2) = (detJ (7% 2)) ~ "f(g7"2), (2:6)

forA € Z.

It follows from (2.1) and (2.2) that (gz*)* = g z, and we can thus restrict
U, to act on measurable functions on the Shilov boundary 90 = H of %;
H = {x|x = x*}.

On functions on H, we define first order differential operators a,5 to be
dual to the variables Xop 1N the parametrization of elements in H. Thus,

aaﬁ (xab) = sausbﬁ’
We let D be the differential operator whose (a, 8)th entry is

{D}a,B= aff? (27)
and we shall here consider det D. We define the Fourier transform by

f(ky =5 [ 7" (x) ax,
and the inverse by
8(x) = vo f €' "g(k) dk.
Since
(det D)e'™** = det ze" <, (2.8)
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we observe that det D is proportional to the Fourier transform of (i)” det k.

As in the case of Mp(n, R) we shall analyze for which pairs of (A, X')’s
powers of det D are intertwining operators, and exactly as in that case we are
reduced to studying the action of the subalgebra

(153

Specifically, we take {y},;, = p8,. 0, + p*8,,;,, for a fixed p € C. For x in H
and ¢ in R, we then have

y=y*}.

x(tyx + 1)_1—2 x — txyx; det(tyx + 1) =1+ ttrxy.

Since {xyx},g = pXopXyp + P*XoqX,p, and tryx = px,, + p*x,

2 WE see, that
if we put

n
Yo= 2 (pXypXss + 0* XoyXop)dup
a,B=1

and

Y, = px, + p*x,

(S 9)-2 u([) °)

We compute [det D, x; ; |, maintaining the notation from Mp(n, R):

q ’
then

=Y, + (A +n)Y,. (29

=0

n
detD = 3 g ;C, =[detD,x,;]=C
j=1

o (2.10)
Hence,

[detD, Y] =

a

[det D, PXop Xy + p*xaqxpﬁ]aaﬁ
1

n

pxaquBauB+ 2 | pCapquauB
a

M= PM=

a,

n n
+ > P* X0 Copapt > p* C,,qxpﬁaaﬁ
a,f=1 a,B=1

n n
= a px,, (det D)8, + 32_1 PCrp (AupXep = 85)

n n
+ > p*X,q(det D)8, + > p* Cog(aupx,5 — 800)
a=1 a,f=1

=2Y,,(det D) — (n — 1)[pC,, + p*C,,].
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We put C = pC,, + p*C,,. Then,
[det D, Y,] = 2Y,,(det D) — (n — 1)C;
[detD, Y,,] = C; [detD, C] = 0. (2.11)
Hence,
detD(Y, + (A + n)Y,)
=(Yo+(A+n+2)7,)detD+ A+ n— (n-1))C,
or, more generally,
(detD) (Yo + A + n)Y,,) = (Yo + (A + n + 2r)Y,, )(det D)’
+[rA+n) + (r— )r— r(n —1)]C(det D)™\ (2.12)
We see that in order for (det D)" to be intertwining, the last term must vanish,
ie. A = — r. In this case, A’ = r. Hence we have proved
PROPOSITION 2.1. For integers r > 0,
(det D)'dU_,(X) = dU,(X)(det D)" VX € su(n,n).  (2.13)

If we let V_, be the space consisting of those real analytic functions f on
H, that are boundary values of holomorphic functions on %), and for which
U _,([‘_)," &D f again is such a function, then it follows easily (cf. Chapter 1)
that we have

PROPOSITION 2.2 [S]. For rin N, fin V_,, and g in SU(n, n):

(det D)'U_,(g)f = U,(g)(det D) f. (2.14)

In this section we let C* = {x € H|x > 0}. Then it is again known from
[3] or [9] that there exists a constant k, such that fora« > —1 and z in )

n
[ eimrdety dy = ky(detz/)) " " I T(i + ). (215)
cr i=1
Likewise, it is known [9] that on the orbits Oy = {0}, O, = {x € H|x > 0,
rank x =1},...,0,_, ={x € H|x > 0, rank x = n — 1} there are semi-
invariant measures p,; such that for suitable constants c, (/)

J, € () = ep()(detz)”. (216)
These formulas imply that U, is unitary for « > —1, and that U_; forj = 1,
2, ..., n has an invariant subspace, on which it acts unitarily.

Finally, again parallel to the case of Mp(n, R) we conclude:

PROPOSITION 2.3. On a space of equivalence classes of functions whose
Fourier transforms are supported by C*; equivalence being defined by f ~ge
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(det DY (f — g) = 0, one can construct a pre-Hilbert space structure, which is
preserved by U_,, for all r in N.

REMARK. By taking Fourier-transforms, we can get the relation
(det k)*dU_, = dU, (det k)",
for any p € C, as an equation between Lie algebra representations on the

space of C*-functions whose support is compact and contained in C*; just
as in the case of Mp(n, R).

3. The Dirac-type operator. The case of Mp(n, R). There exists a
distinguished operator ¥; a 2n X 2n matrix with differential operators as
entries, for which (%) = det D. Recall from [5] that the Dirac operator
associated to

9,0 3 .3
ot 0x, ox, 0x,
o= ’
T TR N
ox, 0x, dar  dx,

and c(o) is the co-factor of o;

9 _ @ .0
a  Ox, ox, 0x,
c(0) = 3 d 3 . 9
T o, ¥ ox,

We observe that, corresponding to (1.15), ¢ is proportional to the Fourier
transform of the multiplication operator (kf)(k) = k- f(k) for k € H(2).
Likewise, c(o)’ is proportional to the Fourier transform of the multiplication
operator c(k), where c(k) is the co-factor of k; c(k) = (det k)k~'. These
observations clearly lead to a natural candidate for ¥. Finally, we make the
(key) observation; that if we promote [] to be the operator [f = (§ %)( !) on
functions f: H(2) > C? and let h and c(k) be the above defined multi-
plication operators, then [5]

[0, 7] = 2¢(o); [D, c(h)] = 20.
We shall in this chapter be concerned with two series of representations of
Mp(n, R). To avoid a repetition of the technical arguments following Propo-
sition 1.1, we shall here consider the space of holomorphic functions from )
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to C". We define, forg™! = (@ 5),A €Z,andz € 9
(cz + d) az + b
(D () = g S | (252) G-
] (' + d') b
(05 (1)) = o (g ) and

det(zc’ + d")
D,(g) = Dy (8) ® Dy (g)

We let D = D' be the operator from (1.13), extended in an obvious way to
functions from ¢ to C", corresponding to a parametrization of ) by
matrices z for which the (i, )th entry z; = z; € C. Then all the formulas
from Chapter 1 remain unchanged. We let c¢(D) be the n X n matrix whose
(i, /))th entry is C; = the determinant of M, as defined in (1.18). Thus,

i
C(D) = c(D) and D:c(D) = ¢(D): D = (det D)I,. Finally, we let ¥=
(o(p) &)- Then (¥)* = (det DY for r € N.

We want to analyze the relation between odd powers of ¥ and the
representations D,. We begin by investigating for what (A, \’), for a given
integer / > 0,

(det DYDD, (g) = (Dy* (8))(det D)D. (32)

As in the scalar case, we are immediately reduced to studying the elements
(2 o) of sp(n, R). We maintain the notation of Chapter 1. Then,

o (5 8) =4 04((3 1)

=yz + (Yo + (N + (n + 1)/2)Y,,)],, and

(9 9)- 2o ((5 9)

= —zy + (Yo + (>‘ + (n + 3)/2) Ym)I”' (33)

t=0

We consider Dzy. Since {2y}, = 8,2z, + 8,2z, we get that

{Dzy}, = 2 (9, s3iZip + 0,00,:2;,)

qs“ip“ri ps<iq®ri qs - rp

= 3 (2, + B2,a) + L (3,8, + 8,8,
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Since moreover
{[D, %]} ,,=[as Yo] = %(8xpzqﬁarﬁ + 8,2,5a55)
+ g (20p0rg s + 24p0,4a,,),
(DY, },,= (YD}, + (8,8, + 8,8,),
and
{yzD}, = g (8p,zq,aix + G,qu,.a,.s),
we get, using a,, = ag, and z,5 = Zg, that
{(@et DY D(=2p + (Yo + (A + (n + )/2)Y,)1L)}
= {(detD)yzD} + {(det D) (Yo + (A + (n +3)/2)Y,, )}
+ (det DY/ (A + (n + 3)/2 — (n + 1)/2)(8,,8,, + 8,,8,,).
To compute {(det D)yz D},,, observe that {[det D, yz]},, = 8,Cy + 6,,Cy,
It then follows easily that
{(det D)yz D} = {yz(det D)'D} _+ I(8,8,, + 8,8, )(det D"
Using (1.23), we thus get
{(@etD)'D(~2 + (Yo + A+ (n + 3)/2)1’,,,)1”)}”
= {72(det D)'D} _+ {(Yo+ (A + 2/ + (n +3)/2)Y,,)(det D)'D}
+{(2I + (n +3)/2) + 21(1 = 1) = I(n = 1)) G, (det D)'"'D}
+ (A + 1+ I)(det D)’ (8,8, + 8,8,,). (3.4)

In particular, to have (3.2) satisfied, we must have A = —1 — Jand A’ = /.

To deal with the other half of the problem, observe that if detD =
(det D)1, then

LemMMA 3.1.

C(D) =[det D, z], (3.5)
and in fact, for integers | > 0,

(! + 1)(det D)'C(D) = (det D)"*", z]. (3.6)

PROOF. (3.6) clearly follows from (3.5) which again follows from (1.21).
To complete the investigation, we need therefore only check whether, for
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g € Mp(n, R)

[(@etD)*!,z]D*_,(g) = D™ (g)[(det D)™, 2], (3.7)
This relation is trivially satisfied for g = (} 7), x € S, since [(det D)'*!, z] is a
constant coefficient differential operator. But the/sgile_r/nents, together with
those that project onto [©, 3] € Sp(n, R) generate Sp(n, R). This means that if
we put (Co f)(2) = f(—z "), then we must have
-1

I1+1 z
[(detD) ,Z] (det z)~ =1+ (+D/2

Co[ (det D), z].

Co

— V4
(det z)1+(n+3)/2

That this equation is valid follows from Proposition 1.2 since

-1
1+1 1+1 z
((det D) "'z — z(det D) ) (det z)—l—l+(n+l)/2 Co

1
(det z)—1-1+(n+l)/2 CO

= (det D)"*!

1

+z(det D)'*!
( ) (det z)—l-1+(n+1)/2

Coz
_ 1
- (det Z)l+(n+3)/2

1

C, (det D)

Co(det D) 'z

-z 1+1
= @ z)"" oY Coz(det D)

4
+ (det z)1+('l+3)/2
Z

I+1
B (det )/ +I72 Col (det D)™, z].

We have thus brought the analysis to an end. Similarly to the scalar case we
can then state

Co(det D)'*'z

PROPOSITION 3.2. Let | > 0 be an integer and let f be a holomorphic function
from D to C". Then, for all g in Mp(n, R)

V2'+'D_]_,(g)f= Dl(g)vﬂﬂf’

To settle the question of unitarity, observe that it follows quite readily from
[1], [2], and [8] that there exists a constant k, such that for « > —1 and
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z€EM:

[... ¢ e dety)" @

= ky(z/i)(det /i)~ Pp(q + 1) il T(a + (i +3)/2), (338)
i=2
and

f e“”"y(dety)a ay
C+

n—1
= k,(2/i)"\(det 2/i) " TVI0(a + (n +3)/2) IT T(a+ (i +1)/2).
i=1
By (1.8), (1.9), (1.10), and (1.11) it then follows that D, is unitary for A > —1.
We observe that since, for v € C?, De' ¥ ?p = iye’ ¥ ?v, and c(D)e’ " ?v =
@)~ le(p)e’ " ?v, it follows from (1.27) and (3.8) by analytic continuation in
a, thatforallainR, z,win 9 and v € C*:

—a((n+1)/2)

det D det( Z_:;ﬁ ) )
n . _ o\ —a—1=((n+1)/2)
-Gy 1l (a 4 irl )det( u) o,
i=1 2 !
7 — w* —a—((n+1)/2)
C(D)det( i ) 0
n . _ R —a—((n+3)/2)
=" '1I (a+"'2'1)(z iw* )det(z iw ) v, and
i=2
- —a—((n+1)/2)
D det( % ) v
_ -1 o —a—((n+1)/2)
= (ot L) (2522 a2 o (9)

By comparison with (1.28), it then follows that D _, has an invariant subspace
on which it is unitary, namely the completion of the pre-Hilbert space of all
finite linear combinations of the functions (see (1.10))

2 K, (z, w)det K, (z, w) T DDy @ K, (2, w)det K, (2, w)

with w in %), and v; in C" for i = 1, 2, in the metric given by (1.8).

Since the co-factor of a rank r matrix for r < n — 2 is zero, a similar result
for the other orbits O, will only hold true for the representations
DXjrvyyy =0, 1,...,n—2. For every integer r >0, we define

=((n+1)/ 2)02,
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equivalence classes of functions f from % to C" & C” by

[f]2r+l = [g]2r+l®V'2r+l (f - g) = 0
Then (cf. [5]) (3.9) together with Proposition 3.2 easily gives

PROPOSITION 3.3. For each integer r > 0, there exists a subspace of the
equivalence classes [-],,, which can be given a Hilbert space structure in which
D is unitary.

-1-r
4. The Dirac-type operator. The case of SU(n, n). We shall here describe
the analogue of Chapter 3 for SU (n, n). We consider functions defined on H;
it is then straightforward to translate the results to holomorphic functions on
S

Let f be a measurable function from H to C", A €Z, and x € H. We
define

-1

(D3 (1)) = de(tzjfj)w (&g ) e
(xc* + d*) ax + b
det(xc* + d*)**'*" f( cx+d )’
forg~! = (¢ %) € SU(n, n). Finally, we put
D, (g) = Dy" (8) ® Dy (8)-

Let D' be the transpose of the matrix D in (2.5), and let ¢(D) be the n X n
matrix whose (i, /)th entry is C; = C;(D) which is nothing more than the

determinant of the matrix M obtained from D as in (1.13). Then, since
Cij(D) = C;’i(D‘),

(DX (8)f)(x) = (4.1)

Dic(D) = ¢(D)D' = (det D)1,

ie. if = (.{p D, then (%) = (det DY for r € N. Again we investigate for
what (A, )

(det D)Y'D'Dy” (g) = (Dy} (g))(det D)'D* 4.2)

for a given integer / > 0, and again we are reduced to studying the elements
3 %) of su(n, n); y € H. We maintain the notation of Chapter 2 and get

oz (3 8))-a o¢((s D),
o (5 8) =4 o (5 -

=-x+(Yo+A+n+1)Y,)I,. (43)

=yx+ (Yo+ N +n)Y,)I,
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To proceed, we observe the formulas
n

{D’xy }rs = .21 @ (x'l"p Ogs + Xigh * 8y )

i=

n
{ny’}rs = .21 (psP’xqi + p*srqxpi)asi’
i
n
{[Dl’ Yo]}rs=[as” YO] = [32—1 ps’l’xqpasﬁ
n n n
+ 2 pxap8sqaa, + le p"‘8,qxpﬁa,‘Ez + 21 p*xaqupaa,,
a=1 = a=

{[Dt’ Ym]}n = (p3,,8,, + 0*8,8,,),
{[det D, yx]}, = 03, C;s + 0*8,,C,y,
{[(det D), yx]} = I(det D)'"'(08,,C,0 + £*8,,C,)- (4.4)

From these formulas, together with (2.12), it then follows that
{(@et D) D (—xy + (Yo + A+ 1+ nY,)1,))
= {yx(det D)'D'} + (A + 1+ I)(det D)’ (08,8, + p*5,,8,,)

rq=ps

rs

+{(Yo+ A+ 1+ n+21),, )1, (det D)D)

rs

+{({A+1+nm)+1(I=1)=I(n-1))C(detD)"'D'} . (45)

rs

In particular, if (4.2) is to be satisfied, thenA = — / — land X' = /.
The other half of the problem follows similarly to that of Chapter 3, once
we have noted

LeMMA 4.1. For integers | > 0,
[(det D)™, x] = (/ + 1)(det D)'c(D). (4.6)
PRrOOF. This follows by induction from (2.8).
We let V_, be the space of those functions on H with values in C" & C”
that are boundary values of holomorphic functions on ), and for every x in
H can be continued across the boundary as a holomorphic function in a

neighborhood N, of x, and which maintain this property when acted upon by
D_,_,. We can then state, similarly to the preceding cases:

PROPOSITION 4.2. For integers | > 0,g € SU(n, n),andf € V_;:

F241D_,_,(g)f = D, (g)¥**Y. @7

The question of unitarity is again settled by formulas obtainable from [1],
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[2], and [8]. Specifically, there exists a constant k, such that for « > —1 and
z€E9:

[, ¢ e @ety)” &

= ky(z/i)(det(z/))"*"'T"T(1 + ) fI F1+i+a), (48)
i=2
and

f ei trzyy (dety)“ ‘é’
C+

= ky(z/i)"'(det(z/i)) *""T(n + 1 + a) nﬁ I(i + a).

i=1
It follows again by (1.8), (1.9), (1.10), and (1.11) that D, is unitary for
A > —1. Itis easy to see, using det A = det A, that for v € C":

Dteitrxyv = l:yeitrxyv,
and
c(D)e’ Py = (i)" "¢ (p)e’ " 0.

It follows from these formulas, together with (2.15) and (4.8) that for a € R,
he Hywe 9,andv € C*:

det D det((h — w¥)/i) "o = ()" I1 (a + )det((h — w¥)/i) """,

i=1

c(D)det((h — w*)/i) " "o

= ()" H (i + a)((h — w*)/i)det((h — w*) /i)™ ""b, (49)
i=2
and
D' det((h — w*) /i) * o
= (i)(n + a)((h — w*)/i) " \det((h — w*) /i) " "v.

By comparison with (2.16), it follows that D _, has an invariant subspace, on
which it is unitary, namely that completion of the pre-Hilbert space of all
finite linear combinations of the functions (see (2.4))

h— K, (h, w)det K, (b, w)™'*"0, ® K, (h, w)det K, (h, w) "v,,

with w in 9, and v; in C" for i = 1, 2, in the metric given by (1.8), whereas for
the other orbits G)j, this only holds true for Df(,,‘j);j =0,1,...,n—2. For
every integer / > 0 we define equivalence classes of functions f from H to
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C" @ C" by

[f]21+1=[g:|21+l('1)721+I (f—g=0.

Again analogous to the proof for the case of SU(2, 2) in [S], we get, using
Proposition 4.2 and (4.9)

PROPOSITION 4.3. For each integer | > 0, there eixsts a subspace of the
equivalence classes [+),;,, which can be given a Hilbert space structure, in which
D_,_,is unitary.

5. A combination. We conclude this article with a study of a series of
representations obtained by induction from noncomplemented finite dimen-
sional representations of the maximal parabolic subgroup P_.

We shall give the details for the groups SU (n, n), whereas the correspond-
ing results for Mp(n, R), due to the large similarity, are omitted.

For SU (n, n),

r-(e o)

and hence there are some very natural representations of P_, namely

m(“ aRJ)=(“ agq)@aaf+ﬂ (5.1)

c c

det a is real and ca* = ac* },

Similarly to the preceding cases, the induced representations obtained from g,
yield actions on measurable functions on H (see [5]) since H can be identified
with the subgroup {({ T)|]x € H} of G (which is mapped onto an open dense
subset of G/ P_). The actions H,(g) thus obtained are

(H, (8)f)(x)
(ex + d)*
—c* (ex +d)™!

dma+@“”4%%%}(u)

if g=! = (@ %), and if f is any measurable function from H to C*".
We note thatif z € D and if g = (¢ 3) € G, then

det(cz + d) = det(zc* + d*). (5.3)
This fact is trivially true on the subgroup

P {5 )

and on (! 7)) € G. These elements generate the group, and hence, by (2.5),
the assertion follows for all g in G.

det a is real, and ab* = ba*]
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In terms of the representations studied in Chapter 2 and Chapter 4,

_ Dl:l(g) 0
H’(g)"(—c(g-')*v,(g) D*(g))’

and from (5.3) it follows, that if we let O(2n) be the space of holomorphic
functions from ¢) to C?”, then we can think of H, as an action on that space,
with (5.2) as boundary value. We shall do that, and omit the technicalities of
passing to the boundary. In this connection, we recall that it was observed in
the preceding chapters, that the differential operators D, ¢(D), and det D can
be extended to operate on holomorphic functions on ) in such a way that
the intertwining relations remain valid.

(5.4)

LEMMA 5.5. Let I be an integer and let f be a holomorphic function from %) to
C". Then

D’( det z/'*" f(=2 —l))

T detz"“' f(_ _l) + det z 1+n( ff)( z" - (56)

Prook. Since D¥ is a matrix with first order differential operators as entries,
and since (det z)~/ is a scalar valued function, the formula will follow from
(4.7) (with [/ =0), once we have proved that for any vector v € C",
D'(det z~'v) = — Iz~ 'det z~'v. This, however, follows from (4.9).

PROPOSITION 5.7. Let I be an integer. Then for all f in O (2n) and all g in G,
[ l 0 ] D~ (g) 0 f
-D 1] —c(g)*Ui(g) D (g)

| DZi(8) 0 I 0
‘[ 0 Dﬁ(g)M—D’ ) 8

PrOOF. We need only check the relation for g=' = (2 7). For this element,

the only nontrivial equation in (5.8) is (5.6).

In (5.8) the operator [/, 9] is clearly invertible on O(2n) when / 0.
Hence, by Chapter 4, one can put a Hilbert space structure K; on a subspace
of O(2n) in which H, is unitary for/ > 1.

When / = 0, in addition to (5.8), we also have

0 0 0 0
[—D’ 0]H0=H0[_DI O] and

[Do:l D(<))+][—OD' g]=[—OD' gHDO:I D(H' ¢
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In this case, we see that K5 = {(‘;) € 0@2n)} and Ky = {(‘fpi) € 0(2n)|D'p*
= 0} are invariant subspaces. The restriction of H, to K" is D,", which is
unitary on a subspace. On K; /K;', H, is equivalent to the representation
D, in the space of solutions to D'p = 0. Again there is a subspace on which
H, is unitary. Finally, there is also a subspace of O(2n)/K, =
©@2n)/Ky")/(Ky /Ky"), where H, is unitary, because H,, there is equivalent
to Dy'.
As for the case —/ < 0, it follows from (4.7) that any operator of the form

0 8, det D'~ 'c(D)
L8, = — (5.10)
8,det D'D 0
has the property that
D-,_ 0 D, 0
Eis.5, ( 0’ 1 sz) = ( ;) 1 D )Ez,s,,sz- (5.11)
Hence, if we define, for any complex number a,
D, = ( detD'  [det D, z] )
a det D'D’ det D/
_ ( detD’  Idet D'"'¢(D) ) 6.12)
a det D'D’ det0' /) '

then we get from (5.8) and (5.9):

PROPOSITION 5.13. For any nonnegative integer 1, and for all g in G

D, H_,(g) = H (8D,
REMARK. D[,O = (D]’())l.
The trivial fact, that (§' 22) commutes with the representation

D-, O
for any pair of complex numbers v, and v,, is, by (5.8), translated into

COROLLARY 5.14. Let M,, = [} 2_ ||, where x is an arbitrary complex
number. Then

H,(g)M,, = M, H (g)
for any integer | and for all g in G.

We observe that, either by using (5.8) to find the Hilbert space structure K,
that makes H, unitary for / > 1, or directly from (2.1) and (2.2), it follows
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that if we define, for z and w in 9 and B8in C,

(@ = why2i 1/2i o aem
Fis )= | 0 e — weyaiy | SE T2
(5.15)

and if J,(g, z) is the automorphic factor for which
T
(H (8))2) =T (g7 2) f(g™'2)
then
PROPOSITION 5.16. F, 5( gz, gw) = J/(8, 2)Fy5(z, w)J, (8, w)*.

From (4.8) and (2.15) it finally follows that there are constants K;, such
that, forl > 1
(/2)- k! 1/2i

F 5(z,w) = K, det k'e! z=wDk gk
1 (2 W) 'fc[ -1/2i  (2-B)-k/(I+n)

(5.17)

and hence, since
(/2)k! 1/2i
-1/2i @2-B)-k/(+n)

is a positive operator (when k € C*) if and only if B > (n + 1)/41, we get,
using (1.8),

PROPOSITION 5.18. For | > 1 and B > (n + 1)/4l, Fi4 is the reproducing
kernel for the representation H, in K,.
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