Kobenhavns Universite_t _ _ _
Examination in Mathematics 3MI

Solutions to selected questions (sketched).

Exercise 2 (15 points). Let a = (a,)5%, be a complex sequence which belongs
to 4 = L4(No, P(Np), i), where y is the counting measure. Assume that ||a||} =
15%. Prove that

e}

n=0

Solution: Let b = (b,)52 be the complex sequence with b, = 5=. Then b € {y3,
where 4/3 is the dual exponent to 4. A small computation shows that ||b|| =
(}—2)3/4, and the result now follows from the stated norm of a in conjunction with
Holder's Inequality. One must, however, also introduce the sequence |a| = (|a,|)5%,

and observe that |a| has the same ¢4 norm as a.

M‘_

Exercise 3 (20 points). Let (X,E, 1) be a measure space. Let A, B,C € E
satisfy

WAUB) =2, p(A\C)="

oA =2 wB)=5 wC)=3

(i) Determine u(A N B).
(ii) If, furthermore, p(C'\ (AU B)) = 2, prove that (BN C) = ;
(iii) Let By D By 2 --- D By 2 ... be a decreasing sequence of measurable
sets, and assume Vn : u(B,, \ Bny1) = 27". Determine

1 (UnZy (Bn \ But1)) -

(iv) Let C; D Cy O -+ D Cy D ... be a decreasing sequence of measurable
sets, and assume that it now are the measures of the following set-differences;
Vn : p(Cp \ Chig) = 27", that are given, but where furthermore you are

informed that 1(C \ C5) = 1. Determine

1 (UpZ1(Co \ Cig)) -
(v) Is the number computed in (iv) always equal to u(C1)? - Explain!

Solutions to (iv) and (v): We have that
(Cn \ Crrz) = p(Ch \1Cn+1) + 11(Crs1 \ Crga)
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which is the basic observation. Then,

S (O Cus) = 3 5=
n=1 n=1

— Z w(Cp \ Chir) + Z #(Crir \ Chyo)

— Z'“(C" \ Cpi1) + Z (Cp \ Cry1) — p(Cr \ Co),

from which the result follows. _
Another good idea is to use either the first or the second equality below:

Uzozl(cn\cn'i‘l) - UZOEN,n odd(Cn\Cn+2> (01\02) ( neN,n even(Cﬂ \ CTH-?)) .

Since
Cr =U2,(Cp\ Cryr) U (M2, C)  (disjoint union),
and we do not assume u(N2,C,) = 0, we cannot in general find the measure of
C in this way.

Exercise 4 (15 points). Let Vo € R: f(z) = %, Determine

lzmn_,OO/ f( {
n

Exercise 5 (25 points). Let XY be non-empty sets and let ¢ : X — Y be a
function from X to Y.

(i) Let Dx be a Dynkin system (also called a o-class) in X. Prove that

Dy ={FePY)|¢ (F) e Dy}
is a Dynkin system in Y.
(ii) Let Ex and Ey be o-algebras in X and Y, respectively, and set

Ey = {F € By | ¢ }(F) € Ex}.
Prove that Ey is a o-algebra in Y.
(iii) Let Ex C P(X) be defined by
Ex ={¢"'(F) | F € Ey}.

Prove that IEX is a o-algebra in X.
(iv) Let Ky be a generating system for Ey. Prove that

Ky = {¢7"(K) | K € Ky}

is a generating system for Ey.
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Solution to (iv): It is clear that Kx C Ex, hence it will generate a o-algebra
(Kx) ]EX C EX If ]EX =+ EX then

Ky C By — {FeBy | ¢ '(F) € Ex} #REy,
and by (ii), this is a contradiction.

Exercise 6 (15 points). a) Let g € Lo(R,B, dx), where dx denotes the Le-
besgue measure on R. Prove that the function

Ft) = ,/R (a2 + t21+ yi7z (@) dr

belongs to C1(IR) and argue (or prove) that it actually belongs to C°°(R).
b) Let ) € S be a Schwartz function on R. Prove that

/ ( [éwe e dt) dz = (V27)*(0),

where ¢ denotes the Fourier transform of 1. You must carefully justify all steps in
the computation.




