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We study the large exceedance probabilities and large exceedance paths
of the recursive sequence V,, = M, V,,_1 + QOn, where {(M, On)}is ani.i.d.
sequence, and M7 is a d X d random matrix and Q is a random vector,
both with nonnegative entries. We impose conditions which guarantee the
existence of a unique stationary distribution for {V},} and a Cramér-type con-
dition for {M,,}. Under these assumptions, we characterize the distribution of
the first passage time Tf :=inf{n : V;;, e uA}, where A is a general subset
of RY, exhibiting that TMA Ju® converges to an exponential law for a certain
o > 0. In the process, we revisit and refine classical estimates for P(V € uA),
where V possesses the stationary law of {V,;}. Namely, for A C R?, we show
that P(V € uA) ~ Cqau~% as u — oo, providing, most importantly, a new
characterization of the constant C4. As a simple consequence of these esti-
mates, we also obtain an expression for the extremal index of {|V},|}. Finally,
we describe the large exceedance paths via two conditioned limit theorems
showing, roughly, that {V},} follows an exponentially-shifted Markov random
walk, which we identify. We thereby generalize results from the theory of
classical random walk to multivariate recursive sequences.
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1. Introduction. The goal of this paper is to describe the extremal behavior
and tail asymptotics, and to develop certain conditioned limit theorems, for the
multivariate recursive sequence

(1.1 Vi=M,V,_1+ Oy, n=12,..., Vo~ v,

where {(M,, Q,)} is an i.i.d. sequence, M is a d x d random matrix with nonneg-
ative entries, and is Q1 a nonnegative random vector, and the initial measure y in
(1.1) is supported on the nonnegative orthant and independent of {(M,, O,)} (typ-
ically taken to be point mass at v € [0, 00)?). We allow for an arbitrary dependence
structure between M| and Q1.

Motivated by branching processes in random environments with immigration,
as considered by Solomon [47, 48], the recursive sequence (1.1) was originally
studied in the fundamental paper of Kesten [28]. Assuming that the top Lyapunov
exponent for {M,} is negative, then the Markov chain {V,} has a unique station-
ary distribution; and if V is a random variable possessing the stationary law of
{V,,}, then it is shown in [28] that under appropriate moment and irreducibility
conditions,

(1.2) P((w, V) >u) ~ Cpu™® as u — 0o,

for any vector w € (0, oo)d and some constant %, > 0.

Recently, there has been a renewed interest in Kesten’s estimate. For example,
the asymptotics in (1.2) have been shown to characterize the stationary tail decay
in the GARCH(p, ¢) financial time series model or, analogously, the ARMA(p, ¢q)
process with random coefficients; cf. [19, 38]. The process (1.1) is also relevant for
the study of random walk in random environment (cf., e.g., [30, 50]), and in a va-
riety of other problems related to branching processes and Mandelbrot cascades;
cf. [11, 24, 33] and references therein. Furthermore, in recent years, the scope of
Kesten’s method has broadened to include more general fixed-point equations in

R; namely equations of the form V 4 (V), where F : R — R is a random func-
tion independent of V, and F(v) &~ Mv for large v, where M is a random variable
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in R; cf. [4, 18, 23, 39]. (Here, 4 denotes equality in distribution.) Moreover,
generalizations to Markov-dependent recursive sequences (satisfying different as-
sumptions from those we consider here) have been obtained in [14, 17, 44].

It is natural to ask whether this theory may be extended to reveal more refined
path properties of the process {V,}. In fact, some characteristics of {V,,} over large
excursions can essentially be inferred from those of the Markov random walk
{(X,,Sp):n=0,1,...}, defined by

(1.3) X, = 120 S, =log|M,, --- M1 Xo|
. s 0 NN ,
"My - My X ! &1Hn 170
where | - | denotes a norm in R?, and X( can be taken to be the projection of Vy

onto the unit sphere. While the rough equivalence between {V,} and {¢5 X,,} has
been utilized by numerous authors, including Kesten [28], the correspondence be-
tween these processes has typically only been employed to obtain estimates such
as (1.2), and not to characterize more detailed path properties. In contrast, our
approach will be to quantify this discrepancy using Markov nonlinear renewal the-
ory, as developed in Melfi [34, 35], yielding—after accounting for the small-time
behavior—estimates which show that {V,,} is closely approximated by {5 X,} in
a manner which we characterize mathematically. Consequently, it is natural to ex-
pect that, over a large excursion, the random walk structure inherent in {(X,, S,)}
may be exploited to yield deeper properties of {V},} which mimic known attributes
of Markov random walk. Following this approach, we shall reexamine Kesten’s
estimate, then extend the approach to obtain related asymptotic results relevant in
extreme value theory, and, ultimately, derive certain path estimates conditioned on
a large excursion, showing quantitatively that the path of {V},} under a large ex-
cursion resembles a Markov random walk, but in an exponentially-tilted measure
(which we will identify as the “«-shifted measure” below).

We start by revisiting (1.2), establishing under appropriate conditions that, for
any set A C [0, 00)? with positive distance to the origin,

(1.4) P(V cuA) ~ LEO,(A)ZF“ as u — 0o,
A (o)

for a universal constant C and a measure £,. In particular, we obtain a new rep-
resentation of the constant C as the oth moment of a certain power series derived
from {(M,, Q,)} and the time-reversed products of {M, }; see (2.9) and (2.10) be-
low. The formula we derive can be viewed as a multidimensional extension of a
central result in [18]. (For related one-dimensional estimates, see also [12, 21] and
the discussion in Section 2.3 below.) From (1.4), we immediately conclude that
V is multivariate regularly varying, as could only be deduced from (1.2) with the
help of the Cramér—Wold device; cf. [6, 8]. We emphasize that this additional step
is not needed in our method.
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Following a similar approach, we then examine the extremal behavior of {V,,}.
Specifically, letting A C (0, o0)“ have a positive distance to the origin and setting
TuA =inf{n : V,, € uA}, we study the growth rate of TuA as u — 0o. We show that

A
(1.5) lim P(TL <z| W= v) =e K11 2>,
u— 00 u“

where « is given as in (1.2) and K 4 is a constant which we also characterize, relat-
ing this constant explicitly to C and to the pre-factor appearing in the asymptotic
expression, as u — oo, for the hitting probability of the set uA by {¢5 X,}. As
a special case, setting A = {x : |x| > 1}, we then conclude that {|V}|} belongs to
the maximum domain of attraction of the Fréchet distribution. However, it should
be emphasized that (1.5) is actually a stronger result, yielding the directional de-
pendence of {V,,} and suggesting a natural extension of classical extreme value
theory to this multidimensional setting. Note that (1.5) characterizes the first pas-
sage times of the “forward” iterates {V},} (in the sense of Letac [32]), which are
qualitatively different from the “backward” iterates. In one dimension, the back-
ward iterates are perpetuities, and the first passage times of these sequences have
recently been studied in [9], yielding very different results from those we obtain
here. In contrast, (1.5) is qualitatively similar to reflected random walk, and (1.5)
can be viewed as an extension, to our setting, of a classical result due to Iglehart
[27] and some of its extensions, for example [20]. In particular, (1.5) sharpens ear-
lier work, largely restricted to one-dimensional recursions, in [11, 19, 41, 42]; cf.
Remark 2.9 below.

The key to establishing (1.4) and (1.5) is a proposition, where we study the
behavior of {V,} over cycles emanating from, and then returning to, a given set
D C [0, 00)?. Drawing an analogy with reflected random walk, these returns to I
play the role of Iglehart’s [27] returns of a reflected random walk to the origin.
Letting 7 denote the first return time to ID, then for any suitable function g and any
m e {l,2,...}, we consider in Proposition 4.1 the limit behavior of

VTA VTA+m
MaEI:g( uu yeeny uu )I{TuA<‘[}

V():v] as u — oo.

If g = 1, then this quantity represents the rescaled probability that {V,} enters the
set u A before returning to ). Moreover, for general g, we show that the post- TMA—
process behaves as {¢5" X,,}, but starting with the stationary overjump distribution.
This idea is then extended in the final section of the article to include the path
behavior prior to time TMA, drawing a close analogy to the trajectory of {5 X, } in
the «-shifted measure.

Namely, we develop two conditioned limit theorems. In the first, we study the
empirical law of {log|V, | — log|V,_1]} conditioned on {TuA < 1}, showing that
this empirical law converges weakly in P(-| TMA < 1)-probability to the distribution,
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under stationarity, of S in the «-shifted measure. We also establish a result con-
cerning the joint distribution of {V;,, Vj, 41, ...} conditioned on {TMA < t}, where
1, grows “slowly” compared with u.

We emphasize that we shall develop our limit theorems without assuming that
the process {V,} is Harris recurrent, and thus—while we shall often draw upon the
theory of Harris recurrent chains and these methods will play an important role in
our analysis—our approach will ultimately not require this standard assumption
from Markov chain theory, which is unnatural in our setting. We circumvent this
requirement by introducing a smoothing technique, where the sequence {Qy,} is
“smoothed” for some k € {1, 2, ...}, thereby ensuring that the resulting process
is Harris recurrent, yet the effect of this smoothing is negligible in an asymptotic
limit. This technique could also be adapted to other recursive sequences satisfying
a stochastic fixed-point equation (as considered in the one-dimensional setting in
[18]). To obtain a general theory without Harris recurrence, we shall, instead, rely
throughout the article on the recently-developed theory of Guivarc’h and Le Page
[25], which exploits spectral gap properties on special function spaces for matrix
products under weak regularity conditions. While the theory in [25] is developed
for invertible matrices, a formulation for matrices with nonnegative entries, as we
shall consider here, has recently been given in [10].

We now turn to a precise statement of our main results.

2. Statement of results.

2.1. Notation. Let Ny :={1,2,...} denote the positive integers. For given
d € N4, assume that R? is endowed with the scalar product (-, -) and canonical
orthonormal basis {e;}. Set RZ = {x e R? : (x,¢;) > 0,1 <i <d).

Let | - | denote a norm in R%, and assume throughout the article that | - | is
monotone, that is, if x,y € Ri satisfy y — x € R‘i, then |x| < |y|. Let Sé-1 .=
{x e R : |x| = 1} denote the unit sphere and Si_l = Ri N S4=1; and for any
x € R?\ {0}, let ¥ denote its projection onto the unit sphere, namely

=) :=|x| x.

Set B-(y)={xeR?:|x —y| <r},r >0; and Bt (y)=B,(y) ﬂRi.

For any subspace .7 of Ri, let () denote the collection of Borel sets on .7;
and let E°, E, E¢, and 9 E denote the interior, closure, complement and boundary
of E € (), respectively. For any measure v on . C R%, denote the support of
v by suppv. Also, denote the set of bounded continuous real-valued functions on
a space E by %5 (E), equipped with the norm | f | := sup{| f(x)| : x € E}.

Let 91 denote the collection of d x d matrices with nonnegative coefficients,
and let ||m|| denote operator norm, that is, [|m|| :=sup, cse—1 [mx|, m € 9.

Now suppose that {V,,} and {(M},, Q) : n € N} are defined as in the previous
section; in particular, each (M,,, Q) is ani.i.d. copy of (M, Q), where the random
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matrix M takes values in 9 a.s., Q takes values in Ri a.s., and we allow the pair
(M, Q) to have an arbitrary dependence structure. Denote the probability laws of
(M, Q), M and Q by u, puy and g, respectively. Assume that {(M;, Q;) :i =
1,...,n}is adapted to a given filtration {%#, :n=1,2,...}.

2.2. Basic assumptions. We first introduce certain restrictions on {M,}.

Allowable and positively regular matrices. We say that a matrix m € 91 is
allowable if it has no zero row or column. Moreover, if the coefficients of a given
matrix m € 9 are strictly positive, then we write m > 0 and say that m is positively
regular. Also write 9° = {m € M : m > 0}. As a standing assumption, we shall
always assume that there exists an n € Ny such that

N:=inflneNy: M,---M; >0} <o0 a.s.;

thus, ultimately, the product M,, - - - M is positively regular with probability one.
This assumption will be subsumed in the stronger Hypothesis (H;), given below
(cf. [26], Lemma 3.1, or [10], Lemma 6.3).

Nonarithmetic distributions for random matrices. Next, we need a generaliza-
tion of the notion of a nonarithmetic distribution to the setting of random matrices.
To this end, let I'j; denote the smallest closed subsemigroup of 99t which contains

SUpp [y -

DEFINITION 2.1. We say that @y is nonarithmetic if the additive group gen-
erated by {log ||m| : m € 'y N 9N°} is dense in R.

It is shown in [13], Lemma 2.7, that this condition implies that of Shurenkov
[45], which is closer to the condition imposed on one-dimensional Markov ran-
dom walks, but not easily verified in the setting of random matrices. It is worth
observing that, alternatively, we could replace log |m|| with the Frobenius eigen-
value of m in Definition 2.1; thus, our definition is in agreement with the one given
by Kesten in [28].

We are now prepared to introduce our basic assumptions on the distribution
function s of M.

HYPOTHESIS (H{). s is nonarithmetic and s {m : m is allowable} = 1.

Next, we turn to certain moment conditions that will be imposed on the pair
(M, Q). Let

D= {9 zo:/Em lm]|% e (dm) < oo} ={0>0:E[|M|’] < oo};
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and let m” denote the transpose of m. Then for any 6 € © and any f € %, (Si_l),
set:

Py f (x) = E[|Mx|’ f (Mx)];

P o) =B M x|’ £ (MTx)];
A(0)= lim (E[|M,--- M, TEREE
A(®) =log A(6).

In the following lemma, we describe the left-invariant measures and right-
invariant functions associated with the operators Py and P,

LEMMA 2.2. Assume 0 € ® and jupy{m : mis allowable} = 1. Then A(0) is
the spectral radius of Pp, and there is a unique probability measure ly on Si_l
and a unique, strictly positive function rg € 6 (Si_l) with [ rg(x)lg(dx) =1 such
that

2.1 logPy =A(O)lg and Pyrg =A(0)ry.

Furthermore, the function ry is max{0, 1}-Holder continuous; and thus, ry is
bounded from above and below by finite positive constants.

Similarly, the spectral radius of P equals 1(0), and there exists a pair (I, rj)
which has the equivalent properties, relative to P}, as those possessed by (ly, rg)
relative to Py. Moreover,

(2.2) re(x) = C/Si‘ (x, y)‘)l;(dy), Vx € Sf';__l,
for ¢ = (f(x, y)*1;(dx)lg (dy))~!. Likewise, (2.2) also holds if (rg, 15) is replaced
with (ry, lp).

In the above lemma, we have written lg Py for the application of the adjoint
operator P, to the measure /y; that is, ly Py is the unique measure satisfying

i F(x) o Po)(dx) = /S (Pof(x))lg(dx)  forall fe%,(SI).

d—1
+

The proof of Lemma 2.1 can be found in [10], Proposition 3.1; see also [25],
Theorem 2.16, for an analogous result in the setting of invertible matrices.
For any allowable matrix m, now define i (m) :=inf _qs-1 [mx]|.
+

HYPOTHESIS (H,). There exists an o > 0 such that A(«) = 1, and the follow-
ing moment conditions hold:

E[|I M max{|log | M|

,Jlogi(M)|}] <oo and E[|Q|*] < c0.
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The shifted distribution. We shall utilize the constant « in (H3) to employ a
change of measure, as developed in the multidimensional framework by Kesten
[28]. Namely for m € 901, 6 € © and any n € N, define
_|mx|? re(mx)

(@) ro(x)
Note by an application of Lemma 2.2 that

o d—1
P, (x, m) xeSi.

fpfi(x, Wy mOp® ((dm, dgi)_) =1, xesil,

Moreover, the system of probability measures /JLz’ .= pﬁ (x, )u®" is a projective
system; hence by the Kolmogorov extension theorem, there exists a unique proba-
bility measure P? on (9 x IEEE’F)N+ having marginals MZ, - When the random vari-

ables {(M,, Q,) :n=1,2,...} are generated by the measure Pg rather than the
true underlying probability measure, we write Eg [-]. We shall refer to this measure
as the “0-shifted measure.”

It is worth observing that, although {(M,,, O,) :n=1,2,...} is assumed to be
i.i.d. in the unshifted measure, this sequence will be Markov-dependent in the -
shifted measure, for any 8 > 0. However,

(23)  ne(E):= /E ro(x)lp(dx) yields that PV := P? 19 (dx)

Sd71
4
is shift-invariant, that is, the sequence {(M,, Q,)} is stationary under P?; cf. Sec-
tion 3.1 of [10]. This is an important observation, as it will allow us to apply the
results of Hennion [26] on products of random matrices; cf. Section 4 below. Fur-
thermore, by Lemma 6.2 of [10], ]P’g <P forall x e Si_l; and we shall use this
result frequently to infer convergence PY-a.s., for arbitrary x € Si‘l, by proving

P?-a.s. convergence.

In the 0-shifted measure, the limit behavior is described through the following
generalization of the Furstenberg—Kesten theorem, which may be deduced from
[26], Theorem 2, together with [10], Theorem 6.1.

LEMMA 2.3. Assume that (Hy) is satisfied and let 6 € ©, and suppose that
(Hy) holds with 6 in place of «. Then for x,y € Sfl[l, we have PY-a.s. that:

1 1 R
lim —log|M,---Mix|= lim —log||M,---M;||=A"(®) =E[S];
n—-oon

n—-oon

n—oo

1
lim sup”;l{mfn}log(y, M, ---Mix)—A'@®)

:x,yeSi_1}=0.

Here, A’(9) is interpreted as a one-sided derivative if 6 € 9. Note A’(0) <
0, since A is convex and A(0) = A(«x) = 1; thus, the top Lyapunov exponent
associated with {M,,} is negative. Together with the moment assumptions in (Hy),
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this guarantees the existence of a unique stationary distribution for {V,,} (cf. [28]),
which is given by the law of

(2.4) Vi=01+Y M- My Q.
k=2

The Markov random walk. The process {M,} induces a Markov random walk
on Si_l x R, obtained by setting

(2.5) Xp=M,---MiXo)", Sp =log|My - -- M1 Xol, n=12,...,

for some initial state X € Si_l and Sy = 0. In contrast to (1.3), in some contexts
we will need to take X to be different from Vy, but still independent of {(M,,, On)}.
This process will play an important role in the sequel. Note that in the 6-shifted
measure, {X,} has a unique stationary distribution given by the measure 1y in
(2.3); see [10], Theorem 4.11.

Probability measures. We introduce the following conventions to describe
conditional probabilities which depend on the initial values of Xy and Vj. Write

Py()=P(|Vo=v), PiO)=P(|Xo=x), Pl ,()=Pi(|Vo=v),

and use the same notation for the corresponding expectations. When condi-
tioning on an initial distribution Vg ~ y, write P, (-) = JPy()y(dv), IP’9 ) =
J P} ,()y(dv), and finally set P§ (-) =P} (-). We note that while Workmg in the
0- shlfted measure, we will generally need to specify both Xg and V) in these equa-
tions, and we will typically take Xo = Vo. The reason for the asymmetry comes
from the observation that, due to the Markov dependence in the 6-shifted mea-
sure, the initial state does affect the law of {M,,}, and hence that of {V,,} under P?.
Finally, we note that we will sometimes suppress the dependence on (x, v) when
these values are clear and simply write P*-a.s.

In this termlnology, the change of measure can be written as follows: for all
neNi, xe S %, and any bounded measurable function f : Sd U (o x R4 D,

—asS,
ra(x)E?\f, |: e(X )f(XOv VOv Ml Ql’ ---vMﬂ’ Qn)j|

[f(x7 v, My, Q1,..., My, Qn)]

(2.6)

2.3. Tail estimates for {V,}. We now turn to our first main result, where we
revisit and extend Kesten’s well-known theorem in [28].

Let 7 denote the stationary distribution of {V,}, which is given by the law of
the random variable V defined in (2.4). Now fix a set D C Ri where 7 (D) > 0,
and let 7y denote the stationary distribution of {V, } restricted to D, that is,

2.7) mE)=—0>pD—, Ee€ B(RY).
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Also let T denote the first return time of {V,,} to ID; namely,
t=inf{n e N, : V, e D}.
Next, let 1= (1,..., DT, and define
(2.8) Yi= lim (M;"---M1)~,  n=12...

n—oo
Note that if & € ®, then the limit on the right-hand side exists P?-a.s., since this
product constitutes a backward sequence of an iterated function system and the
maps {M,} act as contractions on Si‘l; cf. [26], Section 3. Moreover, the law of
Y; is given by

N (E) ::/Erg(x)zg(dx), Ee (ST,

where 7 and [; are given as in Lemma 2.2 (cf. [25], Theorem 3.2; [10], Proposi-
tion 3.1).

The condition (R). Recall that under (H;), the measure ;7 is nonarithmetic,
and hence M,, - - - M is positively regular for sufficiently large n w.p.1, implying
that for some positive integer k and some s > 0,

(€59) Myp---M2Q1 > s1 with positive probability.

Now if k > 1, then it is natural to introduce the k-step process; namely, fix k € N,
and for all n € N, set

kn
M, = Mkn"'Mk(n—1)+1 and Q, = Z My -+ Mi410;.
i=k(n—1)+1

Note as a consequence of these definitions that

an:M\nd(n—l)'i‘Q\n’ n=12,...,

where Qn — 51> 0 with positive probability. It is worth observing here that the
stationary distributions of {Vy,} and {V,,} are, of course, identical.

Finally, let %O(Ri \ {0}) denote the set of bounded continuous functions on
Ri \ {0} which are supported on R‘j_ \ B, (0), for some r > 0.

THEOREM 2.4. Assume that Hypotheses (H1) and (Hy) are satisfied, and

suppose that D = B¥(0), where r has been chosen sufficiently large such that
(D) > 0.If f € 6o(RL\ {0}) and k = 1 in (R), then

\% C
(2.9) Mlingo u“E[f(;)} = @) Jei Re‘“sf(esx)la(dx)ds,
+ X
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where

Yl9 i i “
(2.10) C:/Dra('ﬁ)E‘gv[< I—}—Z 7z )Q()IM-!?JM]W) l{r:oo}:|7T(dU).

If k > 1 in (R), then the theorem still holds, but the constant C is then computed
with respect to the k-step chain {Vi,} generated by {(M;, Q;)} rather than with
respect to the 1-step chain {V,}.

If {V,} is a Harris recurrent chain, then we may always take k = 1; see Propo-
sition 5.2 below. Moreover, if Q > 0 with positive probability, then we may again
take k =1.

More generally, when dealing with the k-step chain, we observe that the stop-
ping time 7 in (2.10) must now be computed with respect to that chain (rather than
the 1-step chain), and the drift factor A’ (@) in (2.9) must be replaced with the drift
of the k-step chain, namely kA’ («); cf. Remark 5.3 below.

REMARK 2.5. For another representation of (2.9), let £, be the measure on
]Ri \ {0} defined by the equation:

/SilxRe‘ fle@x)la(dx)ds = /R sy | OB (@)

+

Then (2.9) gives the vague convergence (of measures on Ri \ {0}) toward C /A ().

In particular, for any measurable set A C Ri which is bounded away from zero
and satisfies £, (0 A) =0, it follows from the Portmanteau theorem that

. o _
(2.11) ull)rgou P(V eud)= e )S «(A).

Furthermore, note that for any ¢ > 0 and any measurable £ C S‘i—l with
Io(0E) = 0, the sets E' := {x € Rﬂ{ s |x| > t,x/|x| € E} are £4-continuous.
Hence, for all E ¢ ST~! with [, (0 E) =0,

1%
. o e _ —o
(2.12) ulinéo” JP’(|V| > tu, Vi € E) = aw(a)t Iy (E).
Thus we infer the weak convergence
Vv
(2.13) lim P(—e-]|\/|>u>=>la(-).
U— 00 |V|

REMARK 2.6. Let C (v) denote the expectation in (2.10), that is, C =
o ra(v)C(v)rr(d v). Then we have two further representations for C(v) First, by
Lemma 3.6 below, it will follow that

S Val N\
(2.14) C(v) = lim E¢ [<—~) 1 }
KA TR VA VA
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Moreover, it will follow by combining Corollary 4.2 [noting C(v) = rq (6)5 (v)]
with Lemma 6.1 that

~ PV, ,0< Vo=
(2.15) ) = lim (Val>u0<n<7lVo=v)
u—o0 P(S, > logu, for somen € N| Xg =)

The latter expression shows that C (v) describes the discrepancy between the prob-
ability of a large exceedance of {V,} occurring over a cycle, and the probability of
ruin for the corresponding Markov random walk.

We conclude this section with a brief comparison of our result to some re-
cent one-dimensional representations. As noted in the Introduction, (2.10) can
be viewed as a generalization of a result of Collamore and Vidyashankar [18]
to the multidimensional setting. Alternatively, building upon Goldie [23], it
is shown in Buraczewski et al. [12] that in the one-dimensional setting (and
its generalization to the class of similarities described there), we have C =
(o) (oz))_1 limnﬁoon_lEHVnP‘ ]. Finally, a further one-dimensional representa-
tion was derived in Enriquez et al. [21], expressed in terms of expectations of per-
petuity sequences under a delicate conditioning on the process. The proofs of these
one-dimensional results are all quite different and, therefore, it is not transparent
how they can be easily unified.

2.4. Extremal estimates for maxima and first passage times. Our next objec-
tive is to study the probability of a large exceedance occurring over a single cycle
emanating from, and then returning to, a given set D C R4 , and, in this way, to
characterize the distribution of the first passage time

(2.16) T, :=inf{n e Ny : |V, | > u},
or more generally,
2.17) TMA =inf{n e N4 : V,, e uA} where A C {x € Ri Dlx| > 1},

and we assume that the set A satisfies the following regularity property.

DEFINITION 2.7. We say that a set A € Z(R?) is a semi-cone if A C ]Rf’|r \
Bi(0)and x €e 0A = {rx:t > 1} C A.

Now suppose that A is a semi-cone, let {S,} be defined as in (2.5), and set

da(x)=inf{r > 1:1x € A},  xeST!
SA =S8, —logda(X,), n=0,1,2,...;
(2.18) . . i
re (x) =rq(x)(da(x))", x eS¢

Pa=|xe Si_l tda(x) < 00}.
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As a consequence of Kesten’s renewal theorem, it will be shown in Lemma 6.1
below that if 34 = Si_l, then

(2.19) P(M, -+ M Vo € uA, for some n € N | Vo= v) ~ ro (¥)Dau""

as u — 0o, where

e—O{S
(2.20) Dy :=/ 0 (dx,ds)
Sd IXR+ o ( )

and the measure o will be specified below in Section 3.3. Essentially, (2.19) is
the ruin estimate for the Markov random walk {(X,, S,f‘) :n=0,1,...} under the
initial state Xo = ¥, and o* corresponds to the stationary excess distribution for
this process. Indeed, if A is a semi-cone and d4 is continuous, then it follows
immediately from the definitions that e X, EuA < S >u-dy (X,), and hence,
on the left-hand side of (2.19),

M,,"-Ml%euA & eS"XneuA & S,f>logu.

Now if P4 # Si‘l, then (2.19) will still hold and this defines the constant D4,
although the identification of D4 is less explicit in that case [i.e., there is no equiv-
alent of (2.20)]. However, D4 can nonetheless be interpreted as the ruin constant
for the Markov random walk; see Section 6 below.

Finally, let C be defined as in (2.10), and set

2.21) C(v):ra(ﬁ)E‘g‘v[<|v|+Z Oi) o |Qf|\41 |> 1{1200}]

is

THEOREM 2.8. Suppose that Hypotheses (H) and (Hy) are satisfied and D =
B (0), where r has been chosen sufficiently large such that (D) > 0. Assume that
A is a semi-cone and d 4 is continuous. Then for any v € Ri \ {0},

(2.22) lim u®P(TA < 1| Vo=v)=DsC(v).
u—oo

Furthermore, assuming that k = 1 in (R), we have that the normalized sequence
{TuA /u®} converges in distribution; more precisely,

TA
(2.23) lim ]P(uia <z| V():v) R

u— o0

forallv ERQ{ \ {0}, where K4 =CDy.

As in Theorem 2.4, the assumption k = 1 is not necessary if {V,} is Harris
recurrent or if Q > 0 with positive probability.



LARGE EXCURSIONS FOR MULTIVARIATE RECURSIVE SEQUENCES 2077

REMARK 2.9. For one-dimensional recursions, related estimates have previ-
ously been given for the distribution of max{V; : 1 <i < nl/ “u} as n — oo; cf.
[19], Theorem 2.1, or [41]. However, in the multidimensional setting, the only
result we are aware of is that of Perfekt [42], who studies the componentwise
maxima, namely

(max Vi, ..., max Vd) asn — Q.
1<i<n 1<i<n

Note that the componentwise maxima need not be achieved simultaneously; hence
Perfekt’s results do not coincide with ours. Moreover, in all of these references,
additional conditions are assumed which we do not impose here; in particular, in
their formulations it must be assumed that Vi ~ 7.

REMARK 2.10. As a particular application of the previous theorem, we now
determine the extremal index of {|V}|}. Integrating with respect to the measure 7
in (2.23), we obtain that

TA
lim P(i<z‘Vo~n>=1—e_KAz, z>0.

u— 00 u® —
Set A = {x : |x| > 1}. Then it easily follows with u = n'/*w and z = w™* that

(2.24) lim ]P’( max |Vi| <n'/%w | Vo ’\'7‘[) — o Kaw™
n—00 \l<i<n

Moreover, for this choice of A, it follows by Theorem 2.4 that

C
(2.25) lim nP(|V|>n'/%w) = w%.
n— 00 Ol)»/(Ol)

Then reasoning as in [31], Section 2.2, we conclude from (2.24) and (2.25) that
the extremal index of {|V, |} is given by

(2.26) ® =a) (@)Da.

For a related result in the one-dimensional setting, see [18], Proposition 2.2.

2.5. The path and empirical law under a large exceedance. We conclude by
examining the path behavior of {V,,} prior to a large exceedance. Motivated by
classical results for random walk (e.g., Section XI1.6.(d) of [22] or more recent
work in [5, 7]), it is natural to expect that, conditioned on {TMA < t} (where 7 is the
return time to any m -positive set D), {V,} should behave as its “associate,” which,
in our setting, translates to the process {¢" X,,} under the o -shifted measure.

However, in our problem, we cannot anticipate that the behavior of {V,} will
mimic that of {¢5" X,,} over the entire trajectory. For this reason, we introduce an
“initial” level ¢,,, where ¢, = o(u) and ¢, 1 00 as u — oo, and study the trajectory
of {V,,} subsequent to its exceedance over the level g,.
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THEOREM 2.11. Suppose that Hypotheses (H1) and (H) are satisfied, and
assume that A is a semi-cone and the function d4 is bounded and continuous on
Si_l. Let m e Ny, and let g : (Ri)mJrl — R be 6-Holder continuous for some
0 <min{l, a} and also bounded. Set

I, =T, where ¢, = o(u) and &, /' 00 as u — oo.

Then for all v € R4,

Vv \%
lim Ev[g< Iy e I”+m)‘TuA<r:|
U—00 Vi, | Vi, |

(2.27)
= EY(g(Xo, 51 X1, ..., e5 X,n)Jo(dx, ds).

S‘_{__l XR+

The class of 8-Holder continuous functions is a separating class, and thus for
all m € N, we then deduce the weak convergence

\% \%
]P’(( b 1”+m>e-|TuA<t>
Vi, Vi,

= g, P%((Xo, S Xy, ..., eS'"Xm) €-)o(dx,ds),

for any given V).
Finally, we conclude by studying the empirical law of {log|V,,| — log|V,—1l}.

THEOREM 2.12. Suppose that Hypotheses (H1) and (H») are satisfied, and
assume that A is a semi-cone and dp is bounded and continuous on Si_l. Then
forany v e Ri and any bounded Lipschitz continuous function g : R — R,

o ey ) el [ <]

U p=l1

(228)  lim EU[

Thus the empirical law of {(log|V,| — log|V,—1])} converges weakly, in
IP’U('|TL;“ < 71)-probability, to @"‘(51 €-).

By comparing with [10], Theorem 6.1, we see that (2.28) agrees precisely with
the empirical law, without conditioning, of the Markov random walk {(X,, S,)}

under the «-shifted measure.
3. Background.

3.1. Preliminary results from Markov chain theory. We start by deriving an
analog of the drift condition from Markov chain theory.
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LEMMA 3.1. Assume that (Hy) and (H») are satisfied. Then for any 0 < 6 <
min{1, e}, there exist positive constants t < 1 and L < oo such that for D" := {v €
RY : v < L},

G0 E[Val’re(V) | Zuci] < t1Vaoi're(Vam)  forall Vg e RE\ D'
In particular, for T :=inf{n € N : V,, € DT}, there exists B < oo such that

(3.2) E[|Val?1piom | Vo=v] < Bt" 0|’ forallveRS \D'.

PROOF. Let 8 € (0, 1). By applying equation (2.2) of Lemma 2.2, then using
subadditivity and a further application of (2.2), we obtain that for some ¢ € (0, c0),

E[|Val?re (Vi) | Zu_1]

=cE[ [ v V)"l | Foci
:
(3.3)
< B[ [ (0 M Vo) + (00 Q)5 | Vit |

+
<E[IMy V1116 (M Vi—1)~) | Vaz1] + E[1Qa1°].
The first term on the right-hand side equals
\Vae11? Porg(Vu—1) = |Vu—1 P20 10 (Va—1),

and so the required estimate follows under Hypothesis (H3), choosing 6 such that
0 <6 < min{c, 1}.

Using that ry is bounded from above and below by finite positive constants (by
Lemma 2.2), (3.2) is then obtained by iterating (3.1). [

LEMMA 3.2. Suppose (Hy) and (Hy) are satisfied, and let D = Br+(0) for
some r > 0 such that 1(D) > 0. Let DT = {v e R‘fr :|v] < L}, where L is chosen
such that (3.1) is satisfied and such that D > D. Then there exist constants t €
(0, 1) and B < oo such that for t =inf{n € N, : V,, € D},

(3.4) sup P(t >n| Vp=v) < Bt" foralln € N4

veDf

PROOF. From (3.1), it follows that, starting from an initial state Vj ¢ DT, {V.}
returns to DT at a geometric rate; for a proof, see [37], Theorem 15.2.5. Thus it
suffices to show that

3.5 sup P(r >n | Vo=v)<(l—y)

veDF
for some s > 0 and n € Ny. To establish (3.5), we use Proposition 4.3.1 of
[11], which precisely describes supp r. Namely, there exists a set . with ./ =
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supp such that the following holds: For each vy € ., there exists [ € N and
my,..., My €SUPP UM, 1, - -, q] € Supp o such that
l
h: v+—>ml---m1v+2m1-"mi+161i
i=1
is a contraction on Ri with vy as the unique fixed point. Hence, using that D is
compact, we obtain that for any § > 0, there exists j € N, such that |4/ (v) — vg| <

8/2 for all v € D', Then, from continuity and the definition of the support, we
conclude that

(3.6) inf P(|V;; —vol <8 | Vo=v) > 0.
veDf
Since D is open in Ri and (D) > 0, and hence D N suppw # &, it follows that
DN.¥ # & as well. Now let vy € D N . and choose § > 0 such that Bs(vg) € D.
Then (3.5) follows from (3.6) with k =1[j. O
For an arbitrary w-positive set D, define the return times x¢ = 0 and
ki =inf{n > k;_1 : V,, € D}, i=1,2,...,

and let 7; := k; — kj—1. Set Np(n) = >} _; In(V). Using that {V,,} is stationary
and ergodic when Vj ~ 7, we infer the following strong law of large numbers for
{k;}, which is standard.

LEMMA 3.3. Suppose that (H{) and (Hy) are satisfied and 7w (D) > 0. Then
form-a.e.v e R4,

ND(n)>_1 1
n (D)
and p(-) :=n(-) /7 (D) is invariant for the process {V,, :i =0,1,...}.

(3.7) lim £ = lim <

=Eqp 1] Py,-a.s.,

Now let P denote the transition kernel of {V,;}. We conclude this section with
two results which hold under the following additional Hypothesis (H3) (which will
ultimately be dropped in our main theorems by utilizing a smoothing argument).

HYPOTHESIS (H3). Assume the following conditions:

(i) There exists a -positive set F' such that, for each v € F, P (v, -) has an ab-
solutely continuous component with respect to some o -finite nonnull measure ®.
(i) (suppm)° # .

Note that under (H3z), it follows from [3], Theorem 2.1(b) and Theorem 2.2(b)
that {V},} is an aperiodic, positive Harris chain on Ri. Once this is observed, the
following result is also standard; cf. [37], Theorem 15.0.1.
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LEMMA 3.4. Assume that (Hy), (Hy) and (H3) are satisfied. Then {V,,} is an
aperiodic, positive Harris chain on Rj’_. Moreover, {V,} is \r-irreducible, regular
and geometrically recurrent.

LEMMA 3.5. Suppose that (Hy), (H) and (H3) are satisfied, and let D C Ri
be chosen such that t (D) > 0. Let t := inf{n € N : V,, € D} denote the first return
time of D. Then for any m -integrable function h,

(3.8) /h(v)n(dv):IE[h(V)] [ ] HD[Z h(V;) }
7T]DJ

i=0

PROOF. See [40], Proposition 5.9 and the discussion just prior to [40], Corol-
lary 5.3. For a closely related result, see the proof of [15], Theorem 2.1. [J

3.2. Quantifying the discrepancy between {V,} and {5 X,}. Set

(3.9) ZHZL and Z(O):Z?:IMH"'Mi—HQi
|Mn"'M1X0| n |Mn...M1X0|

for all n € N. [Thus Z\” = (V,, — Vi)/|M,, - -- M1 Xo|.] Also introduce the short-
hand notation:

MM,:=M,---M and II}:=M,---M;.

LEMMA 3.6. Assume (Hy) and (Hy). Then:

(1) sup,en |Zn| < 00 P*-a.s. and sup,, . 1Z] < 0o P*-as.
(i1) Suppose v € Rf{_ \ {0}. Then in IP"(’{U -measure, the sequence {Z,} converges
in law to a random variable Z, and | Z,| = |Z| a.s., where

¥.. 0:) 10i]
3.10 P% -
(3-10) =l '+Z LX) ma e

Moreover, | Z| is strictly positive and finite ng -a.s. Similarly,

o ~
(3.11) 1im|z,§0>{zz< H O1) 'QL' P§ -a.s
n—00 = (Y, Xi) [TL 0
(ii1) Let F C Ri \ {0} be a bounded set and let T’ be any {.%,}-stopping time

such that sup, . P(t" > k|Vp = v) < Btk k e N, for some finite constant B and
t € (0, 1). Then for any v € R4\ {0},

(3.12)  supE§ [suplZ 1“1 />n}] <00 and supEf [|Z|"1(p—c0)] < 00,

veF neN veF
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(iv) Forv e Ri \ {0}, we have the L'-convergence

(313) nli)HéOE(gu[“Zﬂal{T/zn} — |Z|a1{‘r/=oo}|] =0.

Note that by Lemma 3.2, the condition in (iii) holds, in particular, for T’ =7 :=
inf{n e Ny : V, € D} with F =D\ {0}.

PROOF. For any vector x € R?, let x) = (e;, x) denote the ith component
of x, and set 1= (1, ..., l)T. Also, except in part (iii), fix Vy = v throughout the
proof.

First, recall that any P{ , is absolutely continuous with respect to P ([10],
Lemma 6.2), and hence the convergence of {Z,} in law, or the convergence of
{1Z,1} @“—a.s., implies the respective convergence under IP’;U. Thus it is sufficient
to prove the convergence results in parts (i) and (ii) with respect to the measure Pe,
under which the sequence {(M,, Q,) :n =1,2,...} is stationary (cf. Section 2
above), thus allowing us to apply Hennion [26].

(i) Suppose m € 9, and let x,, be chosen such that |[m| = |[mxy]|. Since m is
nonnegative, an elementary argument shows that x,, can, in fact, be chosen such

that x,(é) > 0 for all i. Then for any x € Siﬁl,

m| = (minx)jmi] = (minx(?) mn| = (minx7) fm].
Thus

1
Il for all x eSi_l and all m € 9.

|mx| ~ min; x()

Recall the stopping time I := inf{n € Zy : I1, > 0}, which is finite P-as.
by (Hp). [Since wjps is equivalent to @“(Ml € -), (Hy) holds equally well for
P (My € -). Then Lemma 3.1 of [26] yields finiteness of 91.] Identifying Qg :=
Vo = v yields

iz =y i @l g~ TG, 110

=5 MaXol — =5 T X |TT; Xol
(3.14) .
<Zfl ITT7, 111 Qi N X”: 1 | 10;| '
~ o I Xl Xol 45 min; Xl.(f) IT1; Xo|

By [10], Lemma 6.3, €;(x) := infuen (|17, x|/ T, ) > 0 P¥-as., ¥x e S

Also X7 = (IT; X0)V/|T1; Xo|, implying X"’ I1; Xo| = (I1; X0)¥ = (e, IT; Xo).
This identifies the denominator in the second sum of (3.14), and shows that this
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denominator is positive for i > 91. Hence

N 00
10| 10|
Zy _— e —
Sup 12n] = Z¢,<X>|on| 2 i e T

X il >
=L G K] T

Since 9 < oo P%-a.s., it suffices to focus on the second sum. By Lemma 2.3,
we have that P*-a.s.,

+

(3.15)

1
(3.16) lim supH Lin<n log(y, Tux) — A'(@)| : x,y esi—l} =0.

Furthermore, by a Borel-Cantelli argument, P (log|Q;i| > éi i.0.) =0, for all
8 > 0. Thus, given ¢ € (0, A’(«)), there exists a finite integer ko such that, for
alli > kgand all j €{1,...,d},

(3.17) log|Q;| —log(ej, T1; Xo) < —(A'(ar) — )i P*-as.

Since (3.17) holds uniformly in j, substituting (3.17) into (3.15) establishes part
(i) of the lemma, where we also use that |Z,(,0)| <|Z,| for all n € N. '

(ii) Following [26], let o(IT}) denote the spectral radius of 17, and let R}, and
L! denote the right and left eigenvectors corresponding to the maximal eigenvalue
in modulus, that is,

7R, =o(T})R, and (I})'Lj =o(T})L,,  1<i<n.
Note that the Perron-Frobenius theorem assures that R! and L! have nonnegative

entries. We further assume the following normalization: |L}| =1, (Li, Rl) = 1,
1 <i <n.Let {Y;} be defined as in (2.8). Then we will show

(¥, 0i) 10il |
>Z(:)<Y,,X,)|HiX()| B

. . Aa_
(3.18) lim (e, Zy) — lej, R} P*-as.,

for all 1 < j <d. The sequence {IA?’,&} converges in distribution as n — oo ([26],
Theorem 1(ii)(b)); hence we obtain the convergence, in distribution, of {Z,} to
(Y, 0i) 10l

(Yi, Xi) [T1; Xo

n
_ 51
2= lm R, Jim 2
Moreover, since |I§,i| =1, (3.18) yields (3.10), that is, lim, 00 | Z,| = | Z] Pe-as.
In the same way, (3.11) is obtained by setting Q¢ =0
To establish (3.18), first recall (with the identification Qg := Vy = v) that Z,, =
> i—o(IT{ 1 Qi /|1, Xol), and observe that

2": ey M1 Qi) | _ i T 11Qil
[T1, Xol ITT7,  Xi|ITT; Xol

i=|n/2]+1 i=(n/2)+1 " i+1
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and the right-hand side tends to zero as n — 0o, by the proof of part (i) [in
particular, (3.15)]. Since Y; is a unit vector with nonnegative entries, (Y;, X;) >

d~'min; X l.(j ). Hence we also have

~ n Y;, O; : n d ,
e &) 3 W00 1o | § 101
i=|n/2]+1 (Yi, Xi) |I1; Xo i=ln/2)+1 mlnj |TT; X0|
Thus, to establish (3.18) [and part (i1)], it is enough to show that P -a.s.,
/2], o2l 5 _
619 am |3 ) g SO0 l0d | _
n=ee i=0 |H X0| i=0 <Y15Xl> |H1XO|

Then by the triangle inequality, it is sufficient to establish the following.

SUBLEMMA 3.7. The following limits hold P-a.s.:
[n/2]

e . Li+1’ . 1
G20) aim 30 [CL @D i L Q0 o
oo il MaXol (L, X;) [T Xo
Ln/2] Bi+1 i+1
i» R L+ 0, Yii1. O;
(3.21) lim Z (ej, Ry ><< }:l+1 0i) _ (Yit1 Ql)) —0:
n=oo = iXol \ (L™, X;)  (Yig1, Xi)
[n/2]
(3.22) lim e RN _ (e R = 0.
n—00 ;0 ITT; Xol (Yi+1,Xi)(< iR = e Ra)

PROOF OF THE SUBLEMMA. For (3.20), observe by [26], Corollary 1, that
i (Mo ROL )

I 0 RS @ L

where a ® b is the rank-one matrix with (e;, (a ® b)e;) = (e;,a)(b, e;). From
(3.23), we infer the asymptotic identities

(3.23) P%-as.,

(3.24) lim ((ej, M7 0i) ey, R Qi)) _o:
(3.25) lim ('Hl“X"' _ 'RZHHLZH’X")) _
' oo\ Il IR @ L

Combining (3.24) and (3.25), we conclude that
n—>00 |HnX0| n—00 |Hi+1X'||H'XO|
1 —~
(L : - 0i) P%-a.s.,
(Ll+ X;) 1 Xol

showing, in particular, that the individual terms in (3.20) — 0 P-a.s.

(3.26)

= lim (e;, R\ 2



LARGE EXCURSIONS FOR MULTIVARIATE RECURSIVE SEQUENCES 2085

To prove that the sum in (3.20) converges to zero, we now invoke a dominated
convergence argument. Since 1 is finite a.s., it suffices to focus on summands
with i > 91, where we can assume that all components of X; are positive, as the
remaining terms form a finite sum. Observe that

(Lt Tymax; 01 104l
(LZH,I)minj Xl.(J) B min; Xl.(])’

(3.27)

and, therefore,

Ln/ 2J

sup Z o X —(ej, n) ?+1 l . X
n [ H | 0l (LyTh, X;) T Xol
(3.28)
= ST 5
<2sup Z . L <0 P¥as.,

noi—m min; Xl(l) IHZX()l

by part (i) [where we have used the calculation in (3.14) to handle the first term on
the left-hand side]. Thus, using a dominated convergence argument [applied point-
wise on the space where (3.25) and (3.28) hold], we deduce that (3.20) follows
from (3.25).

Next, we turn to (3.21). It follows by Lemma 3.3 of [26] that, under @“, the
sequence {Lﬁl“} converges a.s. as n — oo to Y; 1. Hence, by a dominated conver-
gence argument, we conclude that (3.21) holds.

Finally, to establish (3.22), note by Proposition 3.1 of [26] that

(329) R = Ry = Ry = (TRy) | < 2¢(TTfyy),

where ¢(-) is bounded above by one and tends to zero P as. as (n—1i)—> o0
([26], Lemma 3.2). Then (3.22) follows, once again, by the dominated convergence
theorem. This completes the proof of the sublemma and, consequently, part (ii) of
Lemma 3.6. [

PROOF OF LEMMA 3.6 (CONTINUED). We now return to the proof of main
lemma, where it remains to verify that (iii) and (iv) hold.

(iii) Let m € N and By = maxy y(ry(x)/7r4(y)) € (0, 00). Then for o > 0,

Egv [(:251 |Zn Il{r’zn})a]

le “
[ K

=(ra@))‘lﬂ-za,,[m(xm)mmxm (sup<|v|+2 ﬁ*ff' {fzk_l})) }

k=1
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o
< BIE6v|:(SUP<|HmXO”U| + Z|Hn+1Xn| . |HZ+1Qk|1{r/>k—1}>> }

k=1

o
< sp( I 1 | 10tesion ) | where 00
n<

k=0
Now suppose that o > 1. Then by Minkowski’s inequality,

m o 1/
(E [(Znnmn gl - |Qk|1{r/zk—1}> D
k=0

m

1 1 1o 1/
< > EOI DY @O 1D (ol + Bl Q1) Y p,
k=0
where py := P,(t’ > k — 1). Now by [10], Corollary 4.6, E[||IT,[|*] < By €
(0, 00), for all n. Moreover, E[|Q;|*] < co by (H); and by the assumption of part
(iii), px < B3t* for some ¢ € (0, 1) (uniformly in v). Combining these estimates
yields

o0 o
B [sup 1201 Yz | < B1 B3 (01 + E[1011°) (Z<B3,k>““) <o,
ne

k=0

and this bound is uniform over v € F, for any bounded set F' C R1 \ {0}.
If @ < 1, then we use the subadditivity, namely the inequality |x + y|¥ < |x|% +
[y]* in place of Minkowski’s inequality, and then proceed as before.
Now it follows from part (ii) that |Z,|*1{z/>n) —> |Z|*1z/=o0) P¥-a.s. as
n — 0o. Consequently,
sup E§ [|Z|*1(r/=o0)] < sup Ef, [sup | Z, %1 />,,}]
veF veF neN
(iv) The almost sure convergence |Z,|*1{/>p) — |Z|%1jr/=o0) Was obtained in
part (ii), and it was shown in part (iii) that {|Z,|*1{;/>,)}nen is uniformly inte-
grable, and the L'-convergence follows. [

3.3. Markov nonlinear renewal theory. Set ¥, = inf{n € N} : S, > logu}.
Assuming (H) and (H»), then Kesten [28], Theorem 2, proved that there is a prob-
ability measure o on Si_l x (0, 00), namely the asymptotic overjump distribution,
for which we have the weak convergence

(3.30) (Xz,,Sg, —logu) = o(:) as u — 00.

If the function d4 is bounded and continuous, and we define S,f‘ =3, —
logda(X,) and Tf =inf{n € N, : S,’? > logu}, then only minor modifications
are needed to deduce that for a certain probability measure o,

(3.31) (Xs,. 52 —logu) = 0*()  asu— oo.
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In this section, we apply the Markov nonlinear renewal theory developed by
Melfi [34, 35] to obtain the asymptotic overjump distributions for the processes
{V,} and {VnA}, where

V
(3.32) vA=_—2 _ neNl.
da(Vy)

First, recall the definitions of T, TMA in (2.16), (2.17) and note that it follows
from the definitions that TMA =inf{n e N, : |VnA| > u}.

THEOREM 3.8. Assume (Hy) and (Hp). Let d4 € ‘5;,(81_1). Then for all f €
(ST x (0,00)) and all x € ST and v € RL\ {0},

. o 7 |VTu| _
633 fim B (Ve )| = o, F O d)

where g is given as in (3.30). Moreover, the same result also holds if (o, Vr,) is
replaced with (04, VTAA).

PROOF. We need to verify conditions_ I, dI) and (III) of [35], Theorem 3,
for the process {(Wiogu, Ziogu» Riogu) = (V1,,10g|V7,|,log|V7,| —logu)}.

Condition (III), namely tightness of {VTM}, is satisfied since Sflfl is compact.
The validity of Conditions (I) and (II) is proved below in Lemmas 3.9 and 3.11,
respectively. Then (3.33) follows from [35], Theorem 3.

Turning to the case where (o, VTu) is replaced with (Q AA) we need to
check the validity of Conditions (I') and (IT) for {( 10g|VA|)} By (3.32),

VA V Thus, for f(x,s) = (x,s —logda(x)), we have that {(V,, log|VA|)} =
{f(Vn, log |V, )} and {(X,, S,f‘)} = {f(Xn, Sy)} [using (2.18)]. Hence (I') can be
deduced from Lemma 3.9 below. Finally, since d4 is bounded, the tightness of
{log | V;‘A | —logu} = {log| VTMA | —logdyu (VTMA) —logu} follows from Lemma 3.11.

O

Write 0, for the Prokhorov distance on the space of probability measures on
(S9! % [0, 00))™.

LEMMA 3.9. Assume (Hy) and (Hy). Then for all m € N,

5 V1, +6\"
on(# (P e ), <175 B (008081 )

converges to zero as u — oo in P*-probability.

PROOF. Using the Markov property,
P*((Vr, 4. 1og |Vr, 14| —10g V1, 1), <4< € - | P1,)
=P%, v, ((Vi,log |Vie| = 1og [Vol) | <<, € )-
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By [25], Lemma 3.5, the total variation distance between PY , and ]P’"‘ is bounded
above by B|x — y|® for some B < oo, where @ = min{c, 1} (The proof in [25]
is for invertible matrices, but carries over to nonnegative matrices.) Then, as total
variation distance is an upper bound for the Prokhorov distance,

O (P, v, (Vi log [Vel = log [Vol);y € ). P, ((Xi, SO, &)
< B|X1, — Vr,|*
+om (B, v, ((Vi. log | Vi| — log [Vol)je €), By ((Xk, SOi=; €4)).

It will be proved in Lemma 3.10 below that | X7, VT”| tends to zero in P¥-
probability. We thus consider only the last term. Fix the initial values (VTu, Vr,) =

(v, v), and introduce the notation V1 = Q1 and k(o) = Zj=1 Mj10;.
Then standard estimates yield, for all v € Ri \ {0},

P% (|(Ve. log [Vil =108 [Vol)| < — Xks S 12kzm oo = & | Vo=1)

e B & ©
<P%(2 >cl < E[|v,7]*],
<r(23 e ) < i S RO

k=1

for some universal constant B, where we used Chebyshev’s inequality and bound-
edness of ry in the last inequality. Hence

V
(Vk, log M)k 1 — (Xk, Sy ‘

lim sup IP’Q‘(
Y Vol

”ﬁoovzlvlzu

- | to=) =0

o0

Recall that convergence in probability implies convergence in the Prokhorov met-
ric. Since P¥(T, < oo) =1 and |Vr,| > u, we infer the P*-a.s. convergence;
namely, as u — 00,

| Vil
<P(‘X/Tu VTu ((Vk, log W)k 1 ‘>’ P%Tu ((Xk’ Sk)l]?:l € )) - O D

LEMMA 3.10. Forall x € ST" and Vo = v e RL \ {0},
(3.34) Jim_ X7, — Vr,|=0  inP% -probability.

PROOF. Let w =u/2, and decompose the process based on its behavior prior
and subsequent to the time T,. Recalling that I} := M, - -- M; and using the tri-
angle inequality, we see that P (| VTu Xr,| > 8) can be written as

u El
pe ( HT +1VTw+Zl L Hig1 Qi
* IV, |

Tu Tu Tu
7 1 Vr, +Y re i @ 4V,

|Vr,| I V|

(HT +1XTw) ' > 8)

> g ‘ ﬁ}w)]
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~ £
+]P’§[<|( T,,,+1VTu) (H%HXTW) | > 5)

=0 + L.
To compute (1) as u — oo, we apply Proposition 3.1 of [26], which yields

sup |(IT74 %)™ — (T p) | < 2e(TT7)

x,yeSflf
for a function ¢(-) which is bounded above by one and tends to zero Pe-as. as
(n — i) — oo ([26], Lemma 3.2). Since P is absolutely continuous with respect
to the measure P¥ ([10], Lemma 6.2), it follows that c(l'[;” +1) — 0 P¢-a.s. for
all x € Sd ! and hence

(3.35) I(u) <P% <2c( T +1) ) N\ O as u — 00.
Now consider I (1) as u — oco. Standard estimates yield
(3.36) I (u) < B2 []P’V (LO)' > f)}
Tw u|1'[Tu V()| 2

Next, recall by Lemma 3.6(i) that 70 .= = sup,, N Vi O)|/|l'I Xo|) < 00 @“—a.s.,
and this quantity does not depend on the initial value, V. Using that ]P"‘ () <

B}P’O’( ) for some universal constant B ([10], Lemma 6.2), we then obtain that

337 Lo <5 tim (20 =€) 2o

The following lemma concludes the proof of Theorem 3.8.
LEMMA 3.11. {Vy, —logu}ys1 is tight under P*.

PROOF. A sufficient condition is given in [35], Section 5.2: Letting &, :=
log|V,| — S, and supposing that {{7, },>1 and {&g, },>1 are tight under P*, then it
follows that {Wr, — logu},>1 is tight.

Now by Lemma 3.6,

— logZ P%a.s.,

for a finite random variable Z. Since T, and ¥, are stopping times with respect to
the filtration {.%,} and tend to infinity as u — oo, we deduce that

. _ o _ ; - @ _
ull)néoéru =logZ P%-a.s. and uli)rrolo&u =logZ P%-a.s.

Thus, in particular, the families {£7,},>1 and {5, },>1 converge in distribution
under P* and are consequently tight. [J

The last result concerns the first passage times in the «-shifted measure.
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LEMMA 3.12. Assume that d4 is bounded and continuous. Then
g L 1
u—=ologu  M(w)

(3.38) in P“-probability.

PROOF. By definition, V,, = Z,e5n and VnA =V, /dA(Vn), and consequently
(3.39) log|VA| = S, + |Z,| — logda(Vy) := Sy + &,.

Recall that sup, .y Z, is finite a.s., by Lemma 3.6. Since d4 is bounded, it follows
that the sequence {&;} in (3.39) is slowly changing [as defined in [46], equation
(9.5)]. Now by Lemma 2.3, S,/n — A/(«) a.s., and hence log |[VA|/n — 1/ ()
a.s. The result then follows by reasoning as in [46], Lemma 9.13. [J

4. Characterizing the large exceedances over cycles.

4.1. Proposition 4.1 and its consequences. Recall that T denotes the return
time to a set D = Br+(0), where 7 (D) > 0, and TMA = inf{n : V, € uA} =
inf{n : |VA| > u}, where VA :=V, /ds(V,) [cf. (3.32)]. Also recall that r2 (x) :=
re(x)(da(x))%, x e ST

We say that a function g : (]RED’"+1 — R is almost 6-Holder continuous if

4.1) 8o, ..., vp) = 8o, ..., V) 1{ju,|>8)

for some § > 0 and 6-Holder continuous function g.

PROPOSITION 4.1. Assume (Hi) and (Hp) are satisfied. Let m € N and
g: (Rfﬁ)m+l — R be a bounded almost 0-Holder continuous function for 60 <

min{l1, o}, and assume that the function da is bounded and continuous on Sﬂ"r_l.
Then for any v € Ri \ {0},

Vra Vra
lim u“E[g( L L +’")1{TMA<,}

u—0o0 u u

V():v]

= ra(?j)E(axv [|Z|a1{r:oo}]

e—(XS
X / rA(x)IE[g(eSOXO, e eS’"Xm) | Xo=x, So=1s+logda(x)]
o

X QA(dX, ds).
Recall that o is the asymptotic overjump distribution related to {VTAA }, while
on the left-hand side of the above equation, we evaluate g for the proéess {V}
(not {V:A}) at a sequence of times commencing at the time 7,A. This explains the
additional term “logd4 (x)” in the expression for So; namely, it arises when trans-
forming VTiA to Vra.
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As a corollary, we specialize to the case where g = 1 [in (4.2)], and then to the
case where we also have d4 =1 [in (4.3)]. We use the shorthand notation C (v) =
To (TJ)E‘;U[|Z|"‘1{,:OO}] (which is equivalent to the definition given in Section 2)
and employ the change of measure in the second identity [namely (4.3)].

COROLLARY 4.2. Under the assumptions of Proposition 4.1, we have that for
any v € RflF \ {0},

. A e—O(S A
4.2) ull)ngo uP(T) <t | Vo=v)= C(v)/ r&“(x)Q (dx,ds),
and
V \%
lim M“E[g(i,..., M)I{T“<,} Vozv]
u— oo u u

(43) e—a(Sm-i-s) s 4
=C /‘E“[i X0y ..., X ] dx,ds).
(v | EY X g(e'Xo,....e m) |0(dx, ds)
4.2. Proof of Proposition 4.1. 'We will rely on the following.

LEMMA 4.3. Assume the conditions of Proposition 4.1. Then:

(1) Forallv e Ri \ {0}, we have the L'-convergence
@4 lim lim E§ ([ 2741 Y70 <o) = 1 Zal*LuerpyLnzn)| ] =0

(ii) For u > 0, define

1 [Vral\ —« Vra Vra
6, = ( T ) E|:g( L e L +m) ‘QTA].
ra(XTuA) u u u u

Then, independent of n, we have P*-a.s. that

Jim B 1640711,
4.5)

= / reA_(x)E[g((eS”Xn)Tzo) | Xo=1x, S0 =s +logda(x)]o” (dx, ds).

PROOF OF LEMMA 4.3. (i) By Lemma 3.2, t satisfies the assumptions in
Lemma 3.6(iii). Thus, this result is a direct consequence of Lemma 3.6(iv),
where the Ll—convergence | Zn|*Vn<cy = | Z]¥1(z=c0} is proved. It follows that
|Z,,|*1{,<¢) constitutes a Cauchy sequence in L', yielding the assertion.

(ii) Let n € N4. Then by the Markov property,

Ea[ﬁu |9ﬂ]1{n§TMA} = ]Eo)l(n,Vn [QSM]I{HETuA} P*-a.s.
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As limy,_, o l{nfTuA} =1 P%-a.s., it suffices to determine lim,—, o EY ,[&,] and
show that this quantity is independent of x and v.
Forall v € Ri and u > 0, set

A
Gu(v) =E[g(vv R Hmv + L)}? G(U) ZE[g(U, Hlv’ cer Hmv)]a
u

where V,ff’) =", 1'[;-"“ Q; form > 2 and V](O) := Q1. Now consider the decom-

position:

Voral\ —@ Vira Vira
1005 () () ()]
' ’ l"a(XTMA) u u u

o Vora Voyal\—@ Vora
Ei,v[r( tA) 1 (I T |> G<%)} =10 + ).

re(Xza) ra(Vea) \

STEP 1. We begin by showing that I; (u) — 0 as u — o0. Let g be a 6-Holder
continuous function with g(vo, ..., Um) = &(vo, ..., Um)1{ju,|=s)- Then

(v + (VO /1)) — g ((Tv)inp)|
< [8((Mav + (VO /u))n_y) — &((Tav)po) (1, 0/)
+ 1gloo (15.00) (| TTmv + (V. /1)) = 15,00y (ITTmv1))

1 m
=B STV 4 110 (115,000 ([T v + (VA2 /1) [) = 115,00) (1T 0]))

n=1
for some constant B arising from the 6-Holder continuity of g. Let (M™*, Q%)
be a pair of random variables that is independent of the sequence {(M,, O,)},
where the P¥-law of (M*, Q*) is given by P((T1,,, V,,(P)) € -). Upon setting By =
max, gd-1 (ro(y))~! and using that (| VTMA |/u)~® < 1, we obtain that

1 " 0
Ty (u) < u—eBleE[Z|Vn(0)| ]

n=1

Via *
(4.6) +Bz|g|m(P§v(M*—T“ L2 28)
’ u u
VTA
_pgv<M*_u zé)).
’ u

Since the 6-moment of Vn(o) is finite, the first term tends to zero as u —
0. For the second term, use the P“-convergence (M*, Q*/u) = (M*,0) and
(VTAA, loglVf‘A| —logu) = QA (by Theorem 3.8). Let (X, §) ~ QA be a random
vector independent of (M*, Q*) under P¥. Solving (3.32) for V,, we have that
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Vra Ju = ds(X)eSX. (Here, X describes the limiting direction of Vf‘A Ju and S
the limiting logarithmic overjump, as log |VTAA| —logu = S.) Since the sequences
{(M*, Q*/u)} and {Vra/u} are independent, they converge jointly in distribution.
Hence, under P*,

V A * V A
T2 L L X0SMX and MR o gy (XS MEX.
u u

M

u
Thus, the second term in (4.6) vanishes if [§, 00) is a continuity set for d4(X) x
S *
e’ | M*X]|.

We now show that [§,00) is a continuity set. Since M™* is independent
of (X,S), it suffices to show that for any allowable matrix m, the event
{da(X)eS|mX| = 8} has probability 0. Now for each fixed y Sfi[l, the equa-
tion h(s) :=ds(y)e’|my| =6 has a unique solution s, € R. Hence

P*(da(X)eSmX| =8) = fd A0t (dy.ds) =0,

SET xR ’

since the radial component of the overjump distribution is absolutely continuous

with respect to Lebesgue measure (as can be seen from the representation of o4 in

equation (1.16) of [29]).

Thus, having shown that [§, oo) is a continuity set, we conclude by the Port-
manteau theorem that for all x € Sffl and v € Ri \ {0},
we T

Vra * A
]P’§U< d 0 28)—P§v< 28)
’ ’ u

M*_“ + =
— P*(da(X)e® | M*X| > 8) —PY(da(X)e’ | M*X| > ).

u u
Hence the second member of (4.6) also vanishes as u — oco. Thus I;(u) — 0 as
u — 00.

STEP 2. Now turn to I>(«). Using Theorem 3.8, again invoke the convergence
((V;‘A)N, log| V{,‘A | —logu) = o under P*. Moreover, by Lemma 3.10, using the

continuity and boundedness of r,, we have that ra(VTu) /7« (X7,) tends to one in
P“-probability. Hence by Slutsky’s theorem, the quantity inside I>(u#) converges
in law, and identifying this limit distribution, we deduce that

~ A
ra(Vra) 1 [VZal\ —« Vira
lim Ir(u) = lim E;‘;U[ bl ~ ( L ) G(L)}
1—> 00 u—oo % ra(Xleq)ré?(VTA) u u

—as

e
B S4'xRy rd(y)
Recalling that G(v) = E[g(v, [T}v, ..., [1,,v)], the assertion follows. [

G(da(y)e'y)o* (dy, ds).

PROOF OF PROPOSITION 4.1. Note that {V,,} is transient in the «-shifted mea-
sure, and thus TMA < 00 a.s.; cf. Lemma 3.12. Hence, employing the change of
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measure only over the random time interval [0, TuA] (namely the “dual” change of
measure of [18], Section 4, which we denote by the superscript &), we obtain that

VTA VTA+m
I/ta]E|:g< uu g ey uu )1{TMA<.[}

—aS. A
y e T VTA VTA-i-m
=u°r EEQ[il E[( e ) 2 H
(V) 8y ra(XTuA) {TA<T) ™| 8 u U ‘ TA

Now substitute the quantity &, of Lemma 4.3(ii) into the previous equation. Not-
ing that Z, = V,, /|11, Xo| = (Vn/eS”), n € N, we obtain after a little algebra that

VTA VTA+
MaE[g( uu yeeey & m)l{TuA<.[}

u

V0=v]

Xo= 1]
4.7)

=Ty (ﬁ)E?y [lZTuA |a®M1{TuA<T}]‘
For n € N, the right-hand side can be further equated to
ra MES [(1Z741Vpa <oy = 1 Z0* Vpy<p2y Lin=r)) G

(4.8)
+ o (TDE:{, [|Zn |a1{n§TL;4}1{n§t}Ea[Q5u |3?n]],

where we have replaced E‘gv[-lﬂn] with E“[-|.%,] in the last expectation, since
this conditional expectation depends only on (X, V;;), and not on the initial values
(Xo, Vo) once (X, V,,) has been specified. Moreover, the superscript Z can now
be dropped, since the change of measure over the random time interval [0, ]
coincides with the usual «-shifted measure for JTA -measurable random Varlables

To analyze the quantity in (4.8), we first take the limit as u — oo and then as
n — o0o. By part (i) of Lemma 4.3 and the boundedness of &, we deduce from
(4.7) and (4.8) that

Via Vra
lim u“E[ < L s L +m>1{TA<.L.}
(49) u— o0 u u u

V0=vi|

= lim hm o (D)EF [1Zn]" L <7y linze) E“[&,|Fu]].

n—>oo

Now by Lemma 3.6(iii), {|Z,|*1{,<¢}} is uniformly integrable. Denote by & the
right-hand side of (4.5). Since &, is bounded by b~!|g|oc and T2 4 0o P*-as., it
follows by Lemma 4.3(ii) that

VTA VTA+m
ull)HgOMO‘EI: ( ELEEE » )I{TuA<r} V():U]
G100 = tim ro(MEG, [1Z0l" lnze) lim 17 E* (60l 7]

= ra MEG, [ 1im_1Z,[" =) 8] = ra OEG [|1 21— J6. [
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In some cases, it is useful to consider functions g which depend on the infinite
path (Vza, Vzayy,...), or to consider functions ¢ which need not be bounded.
Moreover, it is also useful to have uniform upper bounds. In these situations, a
variant of the above proposition is useful.

PROPOSITION 4.4. Suppose that g : (Ri)N — [0, 00) is a nonnegative mea-
surable function, and set

- 1 |Vpal\ —« Vra
o () S((22),) )
I’a(XTMA) u u k=0 u

Further, assume that for some finite constant B and some % > 0,

4.11) sup &, <B  P%-a.s.
u>vU

Then for any bounded set F C Ri \ {0}, there exists a finite constant L, not de-
pending on B, such that

Vira
(4.12) 0 < sup sup u“E[g(( L +k)k O)I{TMA<.[}
>

u>% veF u

Vo=v] <BL.

Moreover, if (4.11) holds and limsup,,_, ., &, =0 P¥-a.s., then

. Vraik
*-13) "lggouaE[g(( u )kzo)l{T”AQ}

PROOF. Repeating the argument in the proof of Proposition 4.1 leading to
(4.9), we obtain that

Vra
0 < sup sup u“E[g(( L +k> )I{TA<.[}
u=% veF u  Jrk=0/ "

< Bry (V) sup ]Ef{v [SuII\)I |Z, |“1{n§r}],

veF ne

T

V()Zv:|

which is finite by Lemma 3.6(iii) and the boundedness of ry. The boundedness of
&, then allows us to use the dominated convergence theorem in order to deduce
(4.13) from (4.9). O

4.3. Toward the proof of Theorem 2.4. We now restrict our attention to the
case where d4 = 1; thus TMA =T, r(f =ry, and QA = .

In order to establish Theorem 2.4 in the subsequent section, we first prove a
proposition which, together with Lemma 3.5, will link the tail properties of V' to
the renewal measure associated with {(X},, S,;)}. As before, we use the shorthand
notation C(v) =rg (G)Eg’v [ Z|*1{r=00}].
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PROPOSITION 4.5. Assume (Hy) and (Hy) are satisfied. Let 6 < min{l, o}
and let f be a nonnegative bounded 0-Holder continuous function. Then for all

veRY\ {0},
V0=vi|

—1 V.
lim u“E[ f(—l)l{v”zu}
u— o0 u
0
00
:C(U)/d 1 Eg|:ZF(XiaSi+S)i|Q(dX,dS),
S+7 XR+

(4.14)

i=
i=0
where F(x,s) = (e”% f(e’x)/ra(x))1]0,00) (5) is directly Riemann integrable.

We note by [36], Section 6.1, that, if F is directly Riemann integrable [as de-
fined in [10], equation (7.1)], it follows that on the right-hand side of (4.14),

o0

(4.15) sup supE? [Z|F(Xi, S; + s)|:| < oo.
xesdlseR - Li—p

We shall deduce Proposition 4.5 from Corollary 4.2. However, to do so, we need

to handle the remainder terms, which we study in the following.

LEMMA 4.6. Let h be a bounded measurable function such that h(x) = 0 for
all x € B; (0), for some § > 0. Then for all v € Ri \ {0} and all m € N,

—1-T,
. . O Vtk
(4.16) mh_)mooulggo u“IE|: kZ h(T>I{Tu+m<r} Vo = v:| =0.
=m
Moreover, if F C ]Ri \ {0} is bounded, then
rr—1 V.
(4.17) limsupsupu®E| Y h(—l)1{|v,-|>u} Vo=v | <oo.
U—>00 yeF Li—0 u
Furthermore, for all v € Ri \ {0},
r1,+m V.
. . l
(418) mh_)mooull)rgo u“E Z h<7>1{Tu<T§Tu+m} ‘ VO = U] =0.
- I=T

PROOF. STEP 1. First, we establish (4.16).
By equation (4.12) in Proposition 4.4, it suffices to prove that

V1, 4k
T

is bounded above by B(m, % ), where the sequence {B(m, %)} tends to zero as we
first let % — oo and then let m — co. By employing the Markov property and the

t—1-T,

- 1 Vr, 1N 7¢
sup &, := sup (' T"') E|: Z

u=>Y u=>Y roz(XTu) u —m

-
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boundedness of r,, we see that it is enough to show that, for a suitable sequence
B(m, ),

sup sup H,(v)

u>% v:lv|>u

(4.19) :=sup sup E Yol “’Tzlh Vi 1 Vo=v
.= sup 1Y) » {m<t} | VO =

u=% vi|v|>u u k=m

<Bm,%).

Now let DT = {v € ]Rd lv| < L} be defined as in Lemma 3.1, and set 7 :=

infln e N_ : V, € ID)T} Recall that h(x) = 0 for all x € B; (0). Hence, for
0 <6 <min{l, ¢} and |v| > u,

—a /T —1
H,(v) < |h|ooIE[<| u()l) (Z v, >6u) + Z 1{|Vk|>8u}) ‘ Vo= v}

k=t

P
< |h|oo< . ) S Gu) B [IVel 11y
k=m

T
+ |hleo sup Ey |:Z 1{|Vk>8u}:|-
k=0

weD¥
The first sum can be estimated further by employing Lemma 3.1; namely,

W7 o o -6 0
sup | — 2(8’4) Ev[|vk| l{ﬁ>k}]

v:v|>u u k=m

- B( (|v|>9—“> " B "
—( sup (— =— ,
=57 iolou\ u 1—7 801—1

and this last term tends to zero as m — oo. For the second term, note that equation
(3.4) of Lemma 3.2 implies that sup,,.pt E[7| Vo = w] < co. Hence, we can apply
a dominated convergence argument to infer that

T T
sup sup E, [Z 1{|Vk|>8u}} < sup E, [Z 1{|Vk|>5%}:| -0 as % — oo.
u>% yweht k=0 weDT k=0

Combining these estimates establishes (4.19), and (4.16) follows.

Finally, (4.17) is a direct consequence of (4.19) (with m =0 and § = 1) com-
bined with (4.12).

STEP 2. Turning to (4.18), we apply the second part of Proposition 4.4. Using
that 2 = 0 on Bjs(0), it is now sufficient to show that for any m € N,

Ty+m

5o 1 (VR
6““ra<xn,)( u ) E[Z

1=T

V.
h(j)‘1{|V,<|>6u}1{Tu<r§Tu+m} ‘ fn,}
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is bounded uniformly in u and tends to zero P¥-a.s. as u — oo. As the prefactors
are bounded, it suffices to estimate

Ty+m
E[ >

i=T

h(j)‘l{m>8u}1{Tu<rsn,+m} | fn]
(4.20)

T+m
< |h|ooE|:E|:Z 1vi|>5u) 9}]1{Tu<z}

i=t

y}

Let6 € (0,a). Thenforallk =0,...,m
P(|Veikl > 8u | Ve = v) < sup(8u) PE[|Vi|? | Vo =]
veD

velD

k
<59yt (suPE[IIHkIIQ] ol + Y R[IE Qj|9]>
j=1

<Bu™*

for some finite constant B; (dependent on m). Substituting this estimate into (4.20)
and then into the definition of &, above (4.20), we obtain that 6 < Bomu~? $ 0
as u — 00, some By < 00. Thus, by Proposition 4.4,

Tu+
lim M“E{ th<v )1
{Ty<t<T,+m}

u—o0

Vo_v:| 0, Vm e N,

and (4.18) follows. [

PROOF OF PROPOSITION 4.5. Let g(v) := f(v)1{jy>1}, and note that g is an
almost 6-Holder-continuous function. Now

u’E, [Z f( )1{|v|>u}i|—u E, [

and the right-hand side can be decomposed into three terms, namely

> f( )1{|V1|>u}1{T <r}}

i=T,

t—1-T,

V. V.
u ZE [ ( T"+k>1{Tu<z}]+u“Ev[ > g( T;+k>1{Tu+m<r}:|

k=m+1

Ty+m V.
- ”aEv[ Z g(j>1{Tu<T§Tu+m}:|'

i=t

(4.21)

On the right-hand side of (4.21), the last two terms tend to zero, by Lemma 4.6,
when taking first the limit # — oo and then m — oo. Next, by Corollary 4.2,
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equation (4.3), we obtain for the remaining term that
m
) Vr,+k
i (2 )t

m efoz(S,- +s5)
—C(v) / ] [ Y
Si-Ixr, ;:) ro(Xi)
It remains to show that F'(x, s) := (e™** f(e*x)/rq(x))1[0,00) (s) is directly Rie-
mann integrable, which, by (4.15), will allows us to take the limit as m — oo. Since
o 1S bounded from below, it follows that for some positive constant b,

V()Zvi|

f(€Si+SXi)1{S,«+szo}]0(dx, ds).

_ 1
F(s):= sup |F(x,s)| < Elflooe_“sl[o,oo)(s).

d—1
xeSY

Since the right-hand side is a decreasing integrable function, we conclude that F
is (univariate) directly Riemann integrable. But F is obtained from F by taking
the supremum over all x € Si_l, so it follows immediately that F' is (multivariate)
Riemann integrable. [J

5. Proof of Theorem 2.4. In this section, we provide the proof of Theo-
rem 2.4, first under the additional hypothesis (H3) of Section 3, which is then
removed by approximating {V,,} from above and below by smoothed processes for
which (Hj3) is satisfied.

To establish Theorem 2.4, we apply Proposition 4.5 directly, except that we
must identify the integral in (4.14). This is done in the following lemma.

LEMMA 5.1. Let g: Si_l X R — R be a directly Riemann integrable func-
tion. Then

fIEg |:§)g(Xi, Si +s)1{Sf+s>0}i|Q(dx,ds) = ﬁ/‘g(xvs)ﬂa(dx) ds.

The crucial point is to identify g as the stationary Markov delay distribution,
that is, the initial distribution for {(X}, S;)} under which the renewal measure
(restricted to Si_l x Ry) equals n, ® ds. This identification can be done along
identical lines to the proofs of Theorem 3 and Corollary 3 in [2]. For this reason,
we omit the proof and refer the reader to the arXiv version [16] of our article for
the details.

We now establish Theorem 2.4 under the additional Hypothesis (H3) of Sec-
tion 3.

PROPOSITION 5.2.  Assume that Hypotheses (H1), (H2) and (H3) are satisfied,
and suppose thatD € A (Rff_) is bounded and w (D) > 0. Then for any f € 6y (Ri \
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{0,
(5.1 lim u“‘E[f(K)} = ¢ e f(e'x)ly(dx)ds

’ U— 00 u )»/(O[) S(Jlr—l <R o ’
where C is given as in (2.10). Equivalently, we have the weak convergence

\%
(5.2) ull)rgo u“IP’(|V| >tu, — € ) 7% () forallt > 0.

VI
PROOF.  We first prove the result under the additional assumption that f* satis-
fies f(x) = f(x)1{jx|>,) for some r > 0, where f is a 6-Holder continuous func-
tion with 6 < min{1, }, that is, f is almost #-Holder continuous.
STEP 1. First, assume r = 1, thatis, f(x) = f(x)1{x>1). Since (H3) is satisfied,
it follows from Lemma 3.5 that

E[f(%)l{wm} = Em:[r] /DE[IX_; f(%)hw,-zm
(5.3) .
=fDEE§ f(%)lnv,-m}

where t denotes the first return time of {V,,} to D. Moreover, from Lemma 3.3 we
have that 7 (D) = (EHD[‘L'])_I, where p(-) =7 (- N D) /7 (D).

Now apply Proposition 4.5 and the identity (5.3) separately to the positive and
negative parts of f to obtain that

R VA
Jim_ u E[f<;>1{V|zu}]

_ /H))C(v)</SilxR+ E® {Z F(X;, S, +s):|Q(dx,ds))n(dv),

i=0
where F(x,s) = (e”% f(e’x)/rq(x))1[0,00). Note that Proposition 4.5 actually
holds conditional on {Vy = v}, where v € Ri \ {0}; and to extend this result
so that it holds conditional on {Vy ~ mp}, we have applied a dominated con-
vergence argument together with the bound provided by (4.17) of Lemma 4.6.
Moreover, we have used that 7 ({0}) = 0, which follows since 7 is the law of
V.= Z,fozl My Mr—1Qx—1 # 0 w.p.1. Next, observe by Lemma 5.1 that

/IE;'; [Z F(X;, S; +s):|g(dx,ds)
i=0

o) (o)

Vo = v:| np(dv)

Vo= v}m@(dv),

54

1 e—OlS
N(a) J re(x) /

55 -1 -
N(a)/F(x,s)na(dx)ds

1 —0os N
@ fe f(e’x)ly(dx)ds,

using that ny (dx) = ry (x)ly(dx) [cf. (2.3) and the discussion there].

(€’ x)ng(dx)ds
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Also, by applying Lemma 3.6(ii), we obtain that
(5.6) /DC(v)n(dv) = /}Dro,('ﬁ)IEg‘u[IZI“l{r:m}]n(dv) =C,
where C is given as in (2.10). Then (5.4), (5.5) and (5.6) imply that
. 14 } ~(V

Jim u“E[f(;)} = lim M“E[f<;)1{|wzu}]
_ C
C N(o) JsiTxr,

(5.7)
e f(e'x)ly(dx)ds

for any bounded, almost 8-Holder continuous function f satisfying the represen-
tation f(x) = f (x)1{jx|>1), where f is 6-Holder continuous.

The validity of (5.1) for f with f(x) = f(x)1{|x|zr}, for general r > 0, then
follows by applying (5.7) to the function ﬁ(x) =r~%f(rv).

STEP 2. It remains to remove the assumption that f is almost #-Holder contin-
uous, needed to apply Proposition 4.5 in the above argument. To this end, observe

that for all r > 0,
Vv Vv
T = u“IP’(— €., Vi > r)
u u

defines a family of uniformly bounded measures on Ri \ B;f(0), where the bound-
edness follows by employing (5.1) with f(x) = 1jx>), which is an almost 6-
Holder continuous function. The Fourier characters x — ¢/ Y} are bounded Lip-
schitz continuous functions for any y € R¢; then fHr(x):= el ) 1{x|>r} is almost
6-Holder continuous for any 6 < min{1, a}. Let £, be the measure on Ri \ {0}
defined by the equation

e % f(e’x)l,(dx ds=/
fs‘ilxR S (€ x)la(d) RY\

+

J ()L (dx),
0}

and let 2(({) denote its restriction to a measure on Ri \ BrJr (0). Then, based on
what we have proved so far, by considering real and imaginary parts separately we
may infer the convergence, as u — 0o, of
C
A (a)
for all y € R?. Then the Lévy continuity theorem yields the weak convergence
TLY) = )chx) f{), for any r > 0. Now if f € %O(Rfi \ {0}), then there exists r > 0
such that f is supported on (B,+ (0))€. Hence
14 C
; o V= 1 (r) —
Jim B 7 ()| = Jim, [ e = o [ oz,

that is, (5.1) holds. Finally, the equivalence of (5.1) to (5.2) follows from Theo-
rem 2 in [43]. U

/e”x’y)TLg’)(dx) = uaE[ei<“_lv’y>1{|V|Zm}] — /e”x’y)ﬂg) (dx),
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5.1. Smoothing. To remove Hypothesis (H3), we employ a lower and upper
approximation, where the approximating sequences are smoothed so that (H3) is
satisfied by these sequences.

We begin by constructing the lower approximating sequence. First, recall the
condition (&) introduced just prior to the statement of Theorem 2.4. Also, from
this discussion in Section 2, recall the definitions

n
(5.3 M, =My - - Mi(n—1)+1, Op:= Z My, - - M1 0;,
i=k(n—1)+1

for all n € N4.. Now let k € N be chosen such that (£) holds. Then {(M,, On)}
is an 1.1.d. sequence under P, and with positive probability, 0 — s1 > 0 for some
s > 0. Let B, = {Qn — sl > 0}, and let x, . = (—¢)x, for an ii.d. sequence
{xn}, independent of {(Mn, Qn)} such that x; has a nondegenerate absolutely
continuous distribution concentrated on [0, 1]¢ (and thus X1, 1s concentrated on
[—e, 01%).

For each n, set Qn 6= Qn +1g, xn.c and note that, conditioned on the event B,,,
Qn ¢ has a continuous distribution function. Then since the event B,, occurs with
positive probability, the distribution function of 0 n.e has an absolutely continuous
component with respect to Lebesgue measure.

Now set
(5.9) Vn,s = M\n anl,e + Qn,s» n=12,...; VO,S =VW.
Then {V,, ¢} forms the smoothed lower sequence. Let
—~~ m —_— — o~
(5.10) Ver=01e+ ) M-+ M1 Q.
k=2

and note that the law of V; is the stationary distribution of the process {V; .},
which we denote by ;.

A smoothed upper sequence is constructed analogously, now choosing Xy 1=
€ Xns SO that th1s random variable is concentrated on the interval [0, £]¢. For each
n, let Q =0, + 1, x;. Then set Vi =V and

o0
VE=M, VS + 05  n=1,2,...; VE= Q5+ ) M- M1 0f.

Let ¢ denote the distribution of V¢.

REMARK 5.3. At this stage, it should be emphasized that this smoothing con-
struction only affects the random quantity O,, and not M, and so the function
A is unchanged. Thus, in particular, the solution « to the equation A(«) =0 and
the corresponding invariant function r, and invariant measure /, are the same as
for the unsmoothed process. Moreover, since M, 1 =Mp---M; and AM(a) = 1, the
factor A’ («) must now be replaced with kA’ («); cf. Lemma 2.3.
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REMARK 5.4. Observe that if k > 1 in (R), then the evolution of the lower
and upper smoothed sequences cannot be compared to the dynamics of the process
{V,.}, but to that of the k-step chain {V}, : n € N}, which at time » is equal to

n
n::Mn"'M1V0+ZMn“'Mi+lQi-
i=1

<

We then have the sandwich inequality
Vie < Vv, < Ve where V, = Vj,.

For the remainder of this section, we consider the k-step chain {Vn}, defined in
terms of {(M;, Q;)}. This k-step chain has the same stationary law, but different
dynamics, compared with the 1-step chain {V,}.

For any x € Si_l and F C Si_l, let d(x, F) = inf{|x — y| : y € F}; and for a
given set E C Sfl[l, let

2 2
Eez{xeSil:d(x,E)f—g} and Egz{xeSilzd(x,Ec)>—8}.
s s

LEMMA 5.5. Let ¢ > 0. Then under the assumptions of Theorem 2.4:

(i) The approximating sequences {Vy ¢}nen and {V?},en each satisfy Hypoth-
esis (H3).
(i) For all u > 0, we have the sandwich inequality

% \% Ve
P(|vg| >u,——¢ Eg) 5P(|V| >u,— € E) < IP<|V8} >u,—— € ES).
| Vel VI Vel
PROOF. (i) To verify part (i) of (H3), let P; denote the transition kernel of

the process {V, .} in (5.9). Recall that x. is independent of M and Q Hence, by
construction,

P:(v,E) = P(Mv+ Q € E, B) + o P(Mv+ Q +y € E, B)P(x. € dy)
e

=P (v, E)+ P (v, E).

The kernel P . is obtained by the convolution of IP’(]\//f v+ Q € -, B) with the prob-
ability measure P(x, € -), which, by assumption, is smooth; thus P, (v, -) itself
has a Lebesgue density for all v € Ri. Hence part (i) of (H3) is satisfied with ®
taken to be Lebesgue measure and F = Rﬂ.

Since 7, is the stationary distribution of the Markov chain with transition ker-
nel P, it follows that m, has a continuous component with respect to Lebesgue
measure. Hence, (supp :)° # & and part (ii) of (H3) is satisfied.

The verification for the process {V,’} is analogous.
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(i1) By construction,
w —_— _—
(5.1 V- Va=—11531X1,s—ZMl“'MkIIB%kHXk—H,s,

since Qk — ’Q\k,g = 1p, x.. [Here, we define By in the same way as B, but with
respect to the pair (Mg, Q).] Consequently, setting Mg to be equal to the identity
matrix and recalling that x is supported on [—¢, 0]¢, we obtain that

Oo — —
> (M- MyDlg,,,|.

(5.12) |V —Ve| <e¢
k=0
Moreover,
o0 - R o0 g N
(5.13) V=Y Mo My Qpy1| = sy (Mo Mc)1g,, |.
= k=0
This implies that
Vv Ve 1 V—-Vve 2
(5.14) | — — Ly e v <> 2
Vi ver— IVI VIve| \4 s
Hence,

Vé‘ Vg 2e \% Vv
cE, = d( ,EC> — = d(— EC) 0 = —E€E.
Vel ©F Vet ) T v e ) o V]

Furthermore, by (5.11), we also have that |V;| > u = |V | > u. Consequently,
% Vv

(5.15) IP’(|VS|>M,—86E8>§P(|V|>u,—eE).
Vel VI

The remaining inequality of part (ii) is established analogously. [

Since Hypothesis (H3) is satisfied for the two approximating sequences in
Lemma 5.5, it is natural to apply Proposition 5.2 to these sequences, yielding upper
and lower bounds for P(|V| > u, V/|V| € E) as u — o0.

Let |28| be defined the same as the random variable | Z| in Section 3.2, but with
respect to the process {(1\//7,-, Qi,g) :i=1,2,...}; namely,

~ Vi, (0ie)™) |0l
(5.16) | Ze| = |v| + = ;?) o ljﬁﬁl § -as.,
Z:

where

Yi:i= lim (MM 1)",  n=1,2,...,

n— o0
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and X\i = (]\//7,- e IT/I\lv)N. Then, with E = Si_l, we obtain by Proposition 5.2,
Lemma 5.5, and Remark 5.3 that

C ce
L <u®liminfP(|V| > u) <limsupu®P(|V|>u) < ————,
ak)/ (@) u—00 100 ak)/ (@)

where, in view of Lemma 3.6(ii), we have

Co = [ @S, [1Z.1" L oo e @)

and
(o :/DrO,(E)E‘gU[|28|“1{,s:oo}]ns(dv).

In what follows, we will generally write T = 7(ID) to emphasize the dependence of
this quantity on the choice of D. However, it is important to observe from Propo-
sition 5.2 that C, and C® are universal constants, not dependent on the choice
of D.

The next lemma shows that these constants converge to the required constant C
in (2.10) as ¢ | O.

LEMMA 5.6. Assume the conditions of Theorem 2.4. Then for any set D =
B (0) with (D) > 0,
(5.17) C. //C and C*\ C ase— 0,

where C is independent of the choice of D and has the representation

(5.18) C= /D o DB [1 211 020y 7 (V).

PROOF. To establish the result, we will show
(5.19) limC, > C(D) and lim C®<C(D),
e—>0 e—0

where C (D) represents the quantity on the right-hand side of (5.18). Note that
these limits necessarily exist, since C;, —C? are monotonically increasing [as fol-
lows from the monotonicity, in &, of V; and V¢ and (5.2)]. Then (5.19) yields
limg—9Ce = C(D) =1limg_, C®.

STEP 1. We begin by establishing that lim,_, C, > C (D). Set

Ho(0) = rq WES [1Ze1" 1y 5)—og):  HO®) =raWES [1 211, 5)—00))-
Then we need to show that
(5.20) liminf/_ H,(v)7.(dv) 2/_H(v)7r(dv).
e—>0 JD D

We will prove below that: (i) H. (v) + H(v) as ¢ — 0; and (ii) for all ¢ > 0, the
function v — H.(v) is lower semicontinuous.
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Assume that (i) and (i1) hold, and fix g¢ > 0. Since H,(v) is a monotone increas-
ing sequence as ¢ |, 0,

C. > /_ Hg,(v)me(dv) for all ¢ < gq.
D

As the function v = Hg,(v) is lower semicontinuous and bounded from below by
0, and 7, = 7 [cf. (5.11)], in then follows from the Portmanteau theorem ([49],
Theorem 1.3.4(iv)) that

hmlnng > hmlnf/ g0 (Ve (dV) > / 5o (V)T (dV).

Now let &g — 0 and use the monotone convergence H, 1 H to infer by the mono-
tone convergence theorem that

liminf C, > hm _H. (v)(dv) = / H )7 (dv) = C(D).
e—0 —-0JD D

It remains to prove (i) and (i1). In order to obtain (i), observe that |Vy e| in-

creases monotonically to |V,,| as ¢ — 0. Thus, if the process {Vn} enters I, then so

does {V, .}, for all ¢ > 0. Hence, we trivially obtain that 1 {z(D)=c0} >1 1, (B)=oc0)>

where 7(D), 7.(D) are the first passage times of {V 1, {Vn ¢} into D, respectively.
Conversely, observe that if (D) = oo, then V := (Vl, Va,.. ) € (DN, which
is open. Now V. := (Vi ¢, Vae,...) converges to V a.s. in the product topol-
ogy (as x is supported on [—e, O]d). It follows that V. € (ID)C)N for sufficiently
small ¢. Consequently, 1 (r(B)=o0) = liminfe o 1 {7, (B)=oo}- Thus we conclude that
I{I(D) oo} = =lim,_,¢ 1{r (B)=oc0) and, moreover, the convergence is monotone, that

is, 1, (D)=cc} T 17 (B)=ccy a8 € = 0. Furthermore, as Q. increases  component-

wise to Q we deduce from (5 16) and Lemma 3.6(ii) that |Z | 4 |Z| as ¢ — 0.
Also, by Lemma 3.6(iii), |Z [“1 {r(D)=00) is an integrable upper bound for the fam-

ily {IZg |“1 - (D):oo}}€>0’ and thus we obtain the monotone convergence H,(v) 1

H(v) as e — 0, forall v € D.

To obtain (ii), observe that if v — v, then V(v) converges to V(0), where
V:=(Vie, Vage,...), and by writing V(v), we emphasize the dependence of this
quantity on its initial state. Then by repeating the argument given above, we obtain
that D closed = 1 5)=o0y = liminfy, 51,0 5 5. Where, once again, (D, -)
denotes the dependence on the initial state. From the representation (5.16), we de-
duce that the function v Z(v) is continuous a.s. [namely, this series converges
a.s. by Lemma 3.6(i)]. Then we may apply Fatou’s lemma and use the continuity
of r, to infer that H, is lower semicontinuous.

STEP 2. To establish the second inequality in (5.19), we proceed as before, now
using (i’) the convergence

HS(U) = ra(v)EgvH/Z\erl{ﬁ(D):oo}] N\ ra(U)Egv[l/Z\WI{I(D):oO}] = H°(v)
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and (ii") the upper semicontinuity of H¢(v), which follows since we consider
now the hitting time of an open set. Furthermore, Lemma 3.6(iii) yields that
sup,ep He, (v) < B, for some finite constant B. Then we may apply the Portman-
teau theorem ([49], Theorem 1.3.4(v)) to infer that

limsup C? < limsup Hso(v)ng(dv)zf H%(W)m(dv),
D D

e—0 e—0

for all &9 > 0, and thus, letting £g — 0 and using (i),

limsupC8§/DH°(U)Jr(dU)=C(D).

e—0

STEP 3. It remains to show that if D = B, (0), where 7(D) > 0, then, in the
first equation in (5.19), we in fact have that lim,_.q C, > C(ID). To this end, let
{ri} be chosen such that r; 1 r as i — oo, and set D; = B;'[T 0). If {‘7,1} avoids
D, then it also avoids each ]Dl" so we trivially obtain that 1 (r(D;)=c0} = 1z ()=oc}-
Conversely, V, e D = V,, € I); for sufficiently large i. Thus, lim; _, oo I{T(Di):oo} =
1{z(D)=oc}- Now lim,_, o C; is a universal constant, independent of the choice of the
set D in (5.19). Consequently, we conclude by (5.19) that

Jim Ce = lim C(0p) = tim [ ru @5, 17115, o (@)
(5.21)
= [ @S 121V 0y} () = CD),

as required. [J

PROOF OF THEOREM 2.4. It follows directly from Proposition 5.2 and Lem-
mas 5.5 and 5.6 that for any E € %’(Siﬁl),

t~*limsuply (E¢)

Vv
(5.22) 1iminfu°‘]P’(|V| > tu, — € E) >
U—00 akd (o) e—0

V]

and

%
(5.23) 1imsupu°‘]P’<|V| >tu, — € E> <

u—0o0 |V|

£~ liminfl, (E°).
(@) a0 «(E7)

Now if [, (0 E) =0, then
limsuply(E.) = lim 'gfla (E®) =14(E).

e—0 &~

Hence, the two bounds coincide, and thus, for all measurable E C S‘i‘l with
lo(OE) =0,

1%
lim u“IP’(lVl >tu,— €E 17, (E).
u—>oo

V| ) = akM ()
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By the Portmanteau theorem, this implies the weak convergence

1%, () as u — 0o,

v
(5.24) M“P<|V| >tu, — € )
VI ar/(a)

for all # > 0, which is equivalent to (2.9) by Theorem 2 of [43]. [

6. Proof of Theorem 2.8. Next, we turn to the proof of Theorem 2.8.
Throughout this section, assume that the set A is a semi-cone.

We begin by identifying the constant appearing in the ruin problem for the ran-
dom walk {(X,, S,f)}. For this purpose, define

TA=infln eN: M, --- M Vp € uA).

LEMMA 6.1. Suppose that (H1) and (H»>) are satisfied, and assume that d 4 is
bounded and continuous on Si_l. Then for all v € Ri \ {0},

(6.1) hm uP(TA < 00 | Vo =) —ra(v)/ 04 (dx, ds) == re(¥)Da,

A()

where o2 is the asymptotic overjump distribution of the process {(X,, S,’;‘)}.

PROOF. Converting to the a-shifted measure, we obtain that for any v € Ri \

{0},

—oz(S —logu)

Lta]P)(Tf <0 | V() = 'U) = ra(ﬁ)E%‘ [6 ZA ( &A(Xiz:‘))_ll{ff)<oo}]’
using the definitions of SA and r . To characterize the limit on the right-hand side,
use the weak convergence (3.31), which holds due to Kesten’s renewal theorem.

O

To establish the weak convergence of {TMA /u®}, the main idea will be to study
the excursions of {V,} over cycles emanating from the set ID. For this purpose, we
introduce the random variables

U= max VA i=1.2,...,

Ki—1 <Nn=Kj

where VnA =V,/d A(Vn) and {«;} denote the successive return times to D; that is,
ki =1inf{n > x;_1:V, €D}, i € Ny; ko =0. For n € N, also set

//nU=max{U1,...,Un}; %n=max{VlA,...,VnA}.

Recall that { TMA <N}=/{ VnA > u,some n < N}. Thus, {///nU > u} describes the
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event that TMA occurs by the random time «,,, while {.#},, > u} describes the event
that T} occurs by the deterministic time 7.

PROPOSITION 6.2. Suppose that (H1) and (Hj) are satisfied, and suppose
that there exists m € Ny such that (H3) holds for the m-skeleton {V,,,, : n € N}.
Assume that D € % (Ri) is bounded and 7 (D) > 0, and suppose that the function

da is bounded and continuous on Si_] . Then for all v € Rﬁ'_ \ {0},
(6.2) nll)rrolo ]P’(,///,ZU <n'y|Vy= v) = exp{—KaEq,[t]u"%},

where K4 = CD4 and C is given as in (2.10).

Unless explicitly noted, we assume throughout the rest of this section that
Vo = v for a fixed v € RZ \ {0}, that is, P = P,.

PROOF. Set u,, =n'/®u. Then for any / € Ny,

[
S PWUi>up)— Y, PWUi>un, Uj>up)
i=1 I<i<j<l
(6.3)
l
<P(AY > up) <Y PU; > up).

i=1

Now fix k € Ny. We begin by calculating Zf(:"i PU; > uy), as n — oo, for
the sequence [(n) = |n/k]. By equation (4.2) of Corollary 4.2 and the Markov

property, we have that for all i e N, and w € Ri \ {0},
lim nu®PU; > uy, | Vi, |, = w)
n—o0

= lim nu®P(TA <7 | Vo= w)
n—oo
(6.4) —as

~ e
= ra (@B, 121V r=oe]

00 QA(d)C, ds)

= H(w)=C(w)D4y.

Under Hypotheses (H3z), {Viu, : n > 0} is a positive aperiodic Harris chain
(Lemma 3.4). Then {V,}, and hence {V,;}, are positive m-periodic Harris
chains (cf. [1], Theorem 8.3.7), and the invariant measure of {V,,} is @p (cf.
Lemma 3.3). If y; denotes the law of V,,, i € N, then Harris recurrence gives
that |n_1 !_1¥i —7pltv — 0asn — oo, where | - [Ty denotes the total variation
distance; see [37], Theorem 13.3.4. Set

H,(w) =nu®*PU; > u, | Vo = w).
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Using (4.17) with h = 1, we have sup{H, (w) : w € D\ {0}, n € N} < B < 0c0. Now
nu*PU; > uy) = [p Hy(w)yi—1(dw), and

k /K
‘_ > muPW; = w) — [ Hwymdw)
n = D

k [n/k]
< /D Hn<w)(; ; Vit —mm)(dw)
(6.5) -
- /D (Hy(w) — H(w))mo(dw)
k n/k]
<B|- ; Yi—1 — 7D TV+/D]Hn(w) — H(w)|mp(dw).

The second term tends to zero as n — oo by dominated convergence and the fact
that H,(w) — H(w), by (6.4). Thus, the left-hand side of (6.5) tends to zero as
n — 00, and hence, using (6.4),

Ln/k
1
lim Y uPUi > up) =~ / H (w)mp(dw)
n—00 4 k Jp
(6.6) =1

. & w(dw) _ KAE (7]
=k /Dc(w) D .k

since C = [ C(w)m(dw) and Er[t] = (r(D))~! (by Lemma 3.3). Substituting
this equation into (6.3), we deduce that for any k € N,

KAE
(6.7) limsup ([, 4| > un) < Aim[r]u_“.

n—oo k

Note that the right-hand side is independent of Vy Ri \ {0}, and hence the same
calculation yields the asymptotic behavior of the maximum over any block of com-
parable length; in particular, for limsup,_, oo P(U|jn/kj+1,---» U(j+1n/k) > tn |
ngcun/u)’ j=0,...,k— 1. Hence, letting k — oo, we conclude by (6.7) that

(1 N
k

as k — oo. Moreover, again using the upper bound provided by Lemma 4.6 (uni-
form in the initial state), we obtain that for any positive integer k,

k
limsupP(.ZY <u,) < > — exp{—KaEy[t]u""}

n—oo

1
(6.8) lim sup Z PU; > up,Uj > up) = 0<%) as n — oo.

=00 y<icj<in/k]
Finally, using (6.6) and (6.8) in (6.3), we see that we also have
liminf (2, <un) = exp{—KaExm [tlu="}. O
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LEMMA 6.3. Suppose that (H{), (Hy) and (H3) are satisfied and dy is
bounded and continuous. Then for any A > 0, there exists a constant § > 0 such
that
(6.9) limsup]P( max 5|=///m—<//l,,| >n1/°‘A) <A.

n

n— 00 [m—n|<

PROOF. Letk € N. Then ., = max{.#,, VA

n+1,...,VA }, and hence

n—+k

My < My < My, +maX{V‘L§H,..., Vﬁk}.

n n
Since VA 1=V, /da(V,,), it follows that
(6.10) max | Moy — My <bmax{|Vip_ns)+1l, -, [Vintnsl},

|m—n|<né

where b = max{(da(x))"!:x € Si_l} < 00. We now determine the maximum on
the right-hand side, conditioned on {V|,_,5 = v}. Set

my, = |n+nd] — (ln—ns] +1) <2ns,

and observe that as an upper bound, it is sufficient to study .#,,, conditioned on
{Vo =v}.

LetD C ]Ri be chosen such that 7 (D) < A /2, and let v € D\ {0}. Since .#, <
Y and m, < 2n8, we obtain from Proposition 6.2 (with A = {x € RL : |x| > 1})
that

limsup P(.4,,, > n'"*A | Vo =)

n—oo
(6.11) <1—exp{—KaEq[t]-25A7%}
=2KAE, [T]AT% where ¢ € (0, §),

and the right-hand side is < A /2 when § is chosen sufficiently small. Note that

(6.11) holds for all v € D \ {0}. Finally, let y,, denote the distribution function

of V|,—ns;. By the positive Harris recurrence of {V,,} (Lemma 3.4), we have that

|vn — |Tv — 0 as n — oo. Then, using Fatou’s lemma, we deduce that
limsupIP’< max | My, — My > nl/"‘A)

n— 00 |m—n|<né

< 1imsup(yn(}D)c) + |y — 7TV —|—/ P( Ay, > n YA | V= v)n(dv))
D

n—oo

o A
<n(D )+5n(D) <A. 0

PROOF OF THEOREM 2.8. Assuming that d4 is bounded, the first asser-
tion follows from Corollary 4.2, equation (4.2), and the uniformity provided by
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Lemma 4.6. To remove the assumption that d4 is bounded, see Step 4 below. To
establish the remaining assertion, we proceed in four steps.

STEP 1. First, assume that d4 is bounded and continuous and that (Hj3) is satis-
fied. We claim that

—o

(6.12) lim ]P’(%n < nl/au) = e_KA“ ;

n—oo

that is to say, we can transfer the result for maxima over cycles (Proposition 6.2)
to the process of running maxima, namely to .#,.

To establish an upper bound for limsup,,_, ., P(#, < n'/®y), observe that, by
definition, .Z 15]@(;1) corresponds to the value of {.#;} during its last visit to D in
the time interval [0, n]. Thus,

(6.13) P( My > n"*u) > P(AY, () > u).

To replace the random time Np(n) by a fixed time, observe by Lemma 3.3 that
forall § > 0,

(6.14) IP’(‘ND:”) —n(D)‘zé)aO as 1 — 00,

Sett, =n(@ (D) —4) and 2, = {|(Np(n)/n) —x(D)| < &}, and note that Np(n) >
|z, ] on 2,,. Then

(6.15) P oy > 0" u) = P | > n'"u) — P(Q).

Then combining (6.13), (6.14) and (6.15) and applying Proposition 6.2, we con-
clude that for all § > 0,

LiminfP(.4, > n'*u) > lim P | >n'"u)
n—o00 n

n—oo

=1—exp{—KaEq[t](m(D) — 8)u"“}.

Hence, letting § | 0 and recalling that 7 (D) = (Eﬂm[f])_l (Lemma 3.3), we obtain
that

(6.16) lim sup P(.#, §nl/“u) <exp{—Kau"“}.
n—0o0
To establish the corresponding lower bound for P(.#, < n'/®

for any A > 0,
P( Ay, > nl/“u) < P(//}VJD(”) >n/%u— A))
+ (|4, — ///ﬁm(n)} > nl/“A).

u), observe that

(6.17)

Reasoning as before, we see that the first term on the right-hand side satisfies

(6.18)  limsupP(y ) >n"/*(w— A)) <1 —exp{—Ks(u—A)"}.
n—o0
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Now to quantify the second term on the right-hand side of (6.17), recall that
M ]i,]D(n) is the value of the process {.#} during its last visit to ID in the inter-
val [0, n]. Since «; denotes the time of the ith visit to I, it follows by definition

that .#Z ]f,]D ) = ///,(ND(,I). Moreover, for any § > 0, we obtain by Lemma 3.3 that

?(

Set Q,, = {|(kny (/1) — 1| < 8}. Then

KNp@m)
n

1‘25)—)0 as n — oo.

P(|. o — //ng(nﬂ >n'/%A) < P(| My — %Ig]])(n)| >n'/%A; Q) + ()

f]P’( max |///m—,///n|>n1/“A)+o(1)

|m—n|<né
as n — 0o. Hence by Lemma 6.3,
(6.19) limsup (|4, — My | >n'/*A) < A.
n—oo

Finally, substituting (6.18) and (6.19) into (6.17) and letting A — 0, we conclude
that liminf,,_, oo P(#, < n'/*u) > exp{—K ou~%}. Together with (6.16), the as-
sertion follows.

STEP 2. Next, we remove the additional assumption (H3), but still assume that
the function d4 is bounded and continuous.

To remove (Hs), we employ the smoothing argument introduced in Section 5.
Let {(A//I\n, Qn) :n=0,1,...} be defined as in (5.8). Then, since we are assuming
here that k = 1 in (8), it follows that (M,,, 0,) = (M, Q,) for all n € N,.. This
yields V,, o <V, < V7 forall n € N4.

By repeating the computation leading to (5.14), we obtain

~ ~ 2¢e ~ ~ 2¢
|Vn,5_Vn|§? and |V,f—Vn]§? foralln € N,.

Since d4 is assumed to be continuous on the compact set Si_l, it is, in fact,
equicontinuous. Hence, there is a sequence §(¢), tending to zero as € — 0, such
that

lda(Vie) —da(Vi)| <8(e) and  |da(VE)—da(V,)| <8(s)  foralln e N,.
Since A C{v:|v]|>1}=ds > 1, we have
Vol < uda(Vy)
= |Viel Suda(Vi) Sudp (Vo) +ud(e) < uda(Vyo)(148()).
Thus, P(#, <u) <P(AM, . <u(l+35(¢))). Similarly, for all n € N,
(VE| <uda(VEY(1—8(e)) = |Val <uda(VE) —ub(e) < uda(Vy),
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and we obtain that P(.#, < u) > P(.#; <u(l — 6(¢))). Using these upper and
lower bounds together with Step 1, we conclude that

exp{—K*®(u — 8(¢)) ™)
(6.20) <liminfP(., <n'/*u)
< limsupP(.y < n"/u) < exp|—Ke(u+ () ™).
n—oo

for constants K, := C.Dj4 and K¢ := C® Dy, where C, and C? are given as in
Section 5. By Lemma 5.6, this yields (6.12).

STEP 3. We now relate the behavior of the maxima to the behavior of the first
passage times. Recall that V, e uA < |V,| > uda(V,) & IVnAI > u. Hence, for all
neNy and all u > 0,

(6.21) P(TA <n) =P(|V| > u,some 1 <i <n) =P(A, > u).
Then by (6.12) and (6.21), lim, oo P(T1,, <n)=1-— e~ Kaw™ and setting

u=n"w and z = w™¥ yields
TA

(6.22) lim IP’(L < z) =1— e Kaz z>0.
U— 00 u

STEP 4. Finally, suppose that 34 :={x € Sfi[l 1da(x) < oo} # Siﬁl. For any
L>1,set

%@:{weRi:|w|zL} and A =AU.%..

First, observe that d y; (x) :=inf{t : tx € #1} =L, Vx € Si_l. Hence, letting
1 be defined as in (2.18), we have that r;//Z (x) = L%r4(x) 1 00 as L — 0o (uni-
formly in x, by Lemma 2.2). Now in general, the constant K 4 is proportional to
D 4, where the latter constant was characterized in Lemma 6.1. Using this charac-
terization, we see that r(fﬁ (x)1 o0, Vx = foL J 0 as L — oo. Consequently,

AL

. T,
(6.23) A(L) := lim (

u
U—>00 u%

§z>\0 as L — oo.

Since

we conclude that for all z > 0,

TAL TA TA
lim ]P’( < z) —A(L) < hminfﬁb(i < z) < 1imsup1p(i < z)
U—00 u% U—00 u¥ U—>00 u%

Ap
. Ty
< lim IP’( < z) + A(L).
uO[

u— o0




LARGE EXCURSIONS FOR MULTIVARIATE RECURSIVE SEQUENCES 2115

Thus, by (6.23) and Step 3,

A
ulggolP’(% < z) =1- Lli_)mooexp{—(CDAL)z} :=1—exp{—(CDx)z}.
Observe that D4 :=1lim;_, o D4, exists, since Dy, = uo‘IP’(TﬁL < oo | Vg~ mp)
is a decreasing sequence; namely, it represents the hitting probability of a decreas-
ing sequence of sets.

It remains to identify D, as the ruin constant in this case. Arguing as before,
we have that for all u > 0,

[uP(TAL < 00 | Vo =v) — u®P(T2 < 00 | Vo =v)| <u®P(T/L < 00| Vo =),
which tends to zero as L — o0. Thus, by another sandwich argument,

lim u®P(T4 < oo | Vo=v) = lim ( lim u®P(TA < oo | Vo= v))

u— o0 L—o00 \u—>00

=ry(V) lim DAL=ra(l7)DAa
L—o0

which gives the required identification of D4 as the constant in the ruin problem
for the Markov random walk; cf. Lemma 6.1.

To conclude the proof, observe that the same reasoning yields (2.22) for un-
bounded functions d4; namely, one can again introduce the family Ay, = A U %,
for L > 1, and argue that the hitting probability of the set .#7—now prior to the
return time T—becomes asymptotically negligible as L — oco. The argument is
entirely identical, so we omit the details. [

7. Determining the path of large exceedance. We conclude by providing
the proofs of Theorems 2.11 and 2.12. (For a stronger version of Theorem 2.11,
allowing paths of infinite length, see the arXiv version [16].)

PROOF OF THEOREM 2.11. It follows by Theorem 2.8 that

Jim Bl ) =€

e—(){S A
dx,ds)=C()Dy,
rg)(x)Q (dx,ds) (v)Dy

where C(v) =1y (G)Eg‘v [1Z]1%1{z=00}] and Dy is given as in (2.20). Thus, to estab-
lish the result, it suffices to show that

. Vi Vi+m
lim u“E[ < L. )1 ]
wnoo Sy T, )T

=C(v)Dy /]Eg[g(Xo,eS‘Xl, e Xy)]o(dx, ds).

(7.1)
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To verify (7.1), proceed as in the proof of Proposition 4.1, first converting to the
«-shifted measure to obtain that

VI VI +m
u*E |:g( Lo, )1 A }
NI vy, ) =T
—aS,. A
7.2 - e T Vi, Vi,
(7.2) =u°‘ra(v)IEg’v|: g( AU +m>1{TA<.[}:|
ra(X7A) "\ |V, Vi, | u

=raME§ [|Z7al"Gulirap)],

where Z,, := |Vn|/eS",n =0,1,...,and

73 &, = <'V€A'>‘“(dA<XTuA>)“ (Vzu Vzﬁm)
' T\ da(Vrn ) S\, vl )

[The term (d4 (XTuA )/da (VTuA )¢ arises when replacing | VTMA | =% /rg (XTMA) with
|VTAA |~/ r(;? (X THA)’ as can be seen directly from the definitions (2.18) and (3.32).]
The right-hand side of (7.2) can be written as the difference of two terms, namely

ra ME§ [(1Z721" V78 <oy — 1 Zal“ V<1 0y L n<r)) B4

(7.4)
+ 1o (TDEISZU [lZn |a1{n§TMA}1{n§r}Ea[®u |9n]]

As in the proof of Proposition 4.1, we may then apply Lemma 4.3(i) and use the
uniform boundedness of {&,} to conclude that the first term in (7.4) tends to zero
as u — oo and then n — oo.

Thus, it suffices to analyze the second term in (7.4). Reasoning again as in the
proof of Proposition 4.1, it suffices to show that

. . Vi Vi+m
o o _ o u U o _
Now to establish (7.5), introduce a further conditioning on %}, ,, inside E*[&,|
Zn]. Then by the nonlinear renewal theorem (Theorem 3.8) together with
Lemma 3.10,

1 <IV£A|>—a<dA(XTuA)>aroé(VTuA)

D(u) :=E§ |: ~ ~ }
( ) Xiy+msVig+m r&A(VTMA) dA(VTMA) r&A(XTuA) {Iu+m<TuA}

u

converges to D4 in P*-probability. Then on {n < T},

Vlu V1L¢+m):|
Vil v

uli)rgoEa[ﬁulﬁn] = uli)rgoEg‘(n,Vn |:(D(u) — DA)g<

) Vi Vi+m
+ lim D4E$ |:g( "L >] P¥a.s.,
u=oo X Vi S\ 1y, | V2|
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and the first term on the right-hand side vanishes by dominated convergence. This
completes the proof of (7.5), and hence the theorem. [J

PROOF OF THEOREM 2.12. It suffices to show that

| Val

TA
e Zg<1°g<|vn_1|>> ~Els(s0]

U pn=1

limsup u®E, |:

u— 00

I{TMA<‘E}:| - 0

For simplicity, introduce the shorthand notation g := R [g(S1)] and X} :=

=i g(log|V;| —log|V;_1]).

Let {¢,},>0 be a sequence such that ¢, = o(u) and ¢, 1 oo as u — oo. Let
Yy=u—egyand J, = Tyﬁ, and set By = maxy y(rq(x)/r¢(y)). Then from a change
of measure argument, we infer that

o 1 TuA
u’E FEI — Mg l{TuA<‘L’} V():U
u
—ot(STA—logu)
N e i I 714
= I"a(l))]Egv [W le - Mg l{TuA<‘E}i|
u u
1, 1 1 _za
< BJE¢ [—2 e ]+BlE"‘ H—E oy ]
6,, Ju 1 8 61) ]u 1 TMA 1

=1 (u) +I(u).
A
First, consider I (). Note |Ju_12{“ — (TMA)_IElT“ | is bounded above by
1 1 TA
—
" ‘(J T;‘) !
By Lemma 3.12, (J,/logu) — (M (a))~! and (T2 — J,)/logu) — 0 in P%-

probability. Hence, the term inside the expectation in I»(u) tends to zero in P*-
probability, and furthermore is bounded above by 2|g|. Thus,

A TA —J,

L
J_(El -Z")

u

<2 “18loo-

u

limsupl,(u) =0.

u—0oo

To study I (u), observe that |J,~ ! X" — ugl is bounded above by

g<l°g<|lvnvn|1|>> = 80 = 5n-1)

By Lemma 3.12, J, 1 oo a.s. as u — oo. The second term tends to zero P*-a.s.,
by [10], Lemma 6.1. Next, use the Lipschitz continuity of g to infer that for some
finite constant By, the first term is bounded above by

1 JLt
g

=1

‘]Lt
> (S — Su1) — 1g).

n=1

+

Ju

J,
B u
=5 2 (ltog [Val = Tog Vi = (Sy = Su-0)])-

U p=1
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Also, it follows directly from the definitions [as given in (2.5) and (3.9)] that
(7.6) |10g [Val —log |[Va—1] — (Sp — Sn—1)| = |10g |Zn| — log |Zn—1||-

Now by Lemma 3.6, {|Z,|} converges a.s. to the proper random variable |Z| (and
thus forms a Cauchy sequence). Then by Césaro’s theorem,

. L
(7.7) lim sup - Z|10g |Zn| —log|Zn—1]| =0 a.s.,
u

—00
U p=1

and we conclude by an application of Fatou’s lemma that limsup,,_, ., I; (#) =0
P%-a.s. This establishes (2.28). O
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