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IMPORTANCE SAMPLING TECHNIQUES
FOR THE MULTIDIMENSIONAL RUIN PROBLEM
FOR GENERAL MARKOV ADDITIVE SEQUENCES

OF RANDOM VECTORS

BY J. F. COLLAMORE

ETH Ziirich

Let {(Xn, Sn):n=0,1,...} be a Markov additive process, where {X;}
is a Markov chain on a general state space and Sy is an additive component
on RY. We consider P{S;, € A/e, some n} as ¢ — 0, where A C RY is
open and the mean drift of {S,} is away from A. Our main objective is
to study the simulation of P{S, € A/e, some n} using the Monte Carlo
technique of importance sampling. If the set A is convex, then we establish
(i) the precise dependence (as & — 0) of the estimator variance on the
choice of the simulation distribution and (ii) the existence of a unique
simulation distribution which is efficient and optimal in the asymptotic
sense of D. Siegmund [Ann. Statist. 4 (1976) 673-684]. We then extend our
techniques to the case where A is not convex. Our results lead to positive
conclusions which complement the multidimensional counterexamples of
P. Glasserman and Y. Wang [Ann. Appl. Probab. 7 (1997) 731-746].

1. Introduction. There has been much recent interest in developing simula-
tion techniques for estimating “rare event” probabilities; formally, these are prob-
abilities P(C,), for small &, where P(C;) — 0 as ¢ — 0. When direct Monte Carlo
methods are used to estimate such small probabilities, one runs a numerical ex-
periment involving # trials and computes the proportion of times that the event
C, occurs. However, under this direct approach, one then obtains that the error
of the estimate /" oo as ¢ — 0 when compared with the estimate [cf. Asmussen
(1999), page 45]. The subject of rare event simulation consequently deals with
alternative methods for simulating such probabilities which, in various contexts,
are efficient and which remain effective in the asymptotic limit as ¢ — 0. In many
one-dimensional problems, mainly involving i.i.d. sums which, in the event C,, at-
tain some region in R!, effective simulation techniques are well known; however,
in higher dimensions—as we shall soon explain—the situation is somewhat more
complicated.

The objective of this article will be to study rare event simulation in the context
of the following multidimensional boundary crossing problem: Let S, 52, ... be
a sequence of random variables in R?, and consider the hitting probability of a
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region A/e = {x/e:x € A} by {S,}; namely, consider

A
(1.1) P{Sne——, somen}:P{Tg(A)<oo} as e — 0,
€
where
. A
(1.2) T¢(A) = mf{n :Sp € —}.
&

It will be assumed that the mean drift of {S,} is directed away from A, so that the
probabilities in (1.1) will tend to zero as € — 0. Our objective will be to develop a
numerical regime based on importance sampling which yields an efficient estimate
for (1.1), for any fixed &, and which has certain optimality properties as ¢ — 0.

Analytically, the first work on problems of this type seems to have appeared
in Lundberg (1909). Here, a stochastic model for the capital fluctuations of an
insurance company was introduced, and the risk faced by a company under this
model was studied. Under Lundberg’s model, an insurance company gains capital
from a constant stream of premiums inflow, and loses capital as a result of i.i.d.
claims arising at a Poisson rate. These assumptions imply that the total capital
gain by time ¢, denoted S;, is a Lévy process. Assuming that this process has
positive drift, the ruin problem then considers P{S; < —1/¢, some ¢ > 0}, that is,
the probability that a company with an initial capital of 1/¢ will ever have negative
total capital, or incur ruin. A classical result due to Cramér (1930) states

1 —R/e
(1.3) P1S; <——, somet>0; ~Ce ase — 0
£

for certain constants C and R.

Cramér’s result and techniques were later extended to more general processes
and adapted in other applied areas, such as queueing theory and sequential
analysis. An extension of (1.3) to higher dimensions was given in Collamore
(19964, b). There it was shown that if A is an arbitrary open subset of R? and
S1, 52, ... are the sums of an i.i.d., Markov or more general sequence of random
variables, then

(1.4) lim e log P{T?(A) < oo} = — inf I»(v),
e—0 veA

where I» is the support function of the d-dimensional surface {o: Ap (o) < 0}
and A is the cumulant generating function of {S,/n}. Further distributional
properties of T¢(A) were explored in Collamore (1998). This multidimensional
problem is relevant, for example, to applications in insurance and finance, where it
is often of interest to measure risk which is associated with several dependent
capital factors. Also, (1.4) serves as a preliminary study for certain queueing
network problems that can be modelled as a reflected random walk in R? [cf.
Borovkov and Mogulskii (1996)].
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While (1.3) and (1.4) provide useful asymptotic results, which [for (1.3)] may be
quite accurate when the limit is removed from the left-hand side, these estimates
give no indication about the rate at which the convergence to the limit actually
takes place. To circumvent this problem in a closely related problem in sequential
analysis, Siegmund (1976) introduced the numerical technique of importance
sampling [cf. Hammersley and Handscomb (1964), pages 57-59]. According to
this technique, one observes by the Radon—Nikodym theorem that

dP
P(C) = Eq (E(Z)ﬂc(z)),

(1.5)
where Z ~ Q, 1 = indicator function on C.

Then P(C) is computed by simulating & def %(Z)RC(Z) under the distribution

Q and averaging the empirical samples of &. In the context of the standard two-
sided boundary crossing problem in sequential analysis, Siegmund showed that
a judicious choice of Q leads to a much-reduced variance for the estimator &
compared with direct Monte Carlo simulation. Moreover, he showed that there
is a unique choice of Q which, in an appropriate asymptotic sense, is optimal.
Extensions of Siegmund’s algorithm to other large deviations problems in R! were
later given, for example, in Asmussen (1989), Lehtonen and Nyrhinen (1992a, b)
and Bucklew, Ney and Sadowsky (1990). Related developments can also be found,
for example, in Cottrell, Fort and Malgouyres (1983), Chen, Lu, Sadowsky and
Yao (1993), Sadowsky (1993) and Bucklew (1998).

The difficulty of extending Siegmund’s algorithm beyond the one-dimensional
setting was documented by Glasserman and Wang (1997). Here it was shown that
there is no hope of obtaining results like Siegmund’s for the multidimensional
problem in (1.1) when A = {(, v):u > 1l orv > 1} C R and E(S}) = — (i1, i42),
where p; > 0. In particular, from a reasonable class of importance sampling
regimes, they showed that various regimes lead to unbounded relative error for the
estimator as ¢ — (. Similar “counterexamples” in a queueing context were given
in Glasserman and Kou (1995). These counterexamples show that the much-used
technique of minimizing the variational formula in Mogulskii’s theorem [Dembo
and Zeitouni (1998), Theorem 5.1] does not lead to any sort of efficient simulation
regime in general. In this paper, we will show that if the set A C R? in (1.1) is
convex, then a natural analog of Siegmund’s algorithm can be developed for the
multidimensional problem in (1.1).

A related work is Sadowsky (1996), which established certain necessary and
sufficient conditions for efficient importance sampling of P{S,,/n € A}, where A is
a subset of a Banach space. A sufficient condition is established under hypotheses
which roughly amount to the existence of a “dominating point” [see Ney (1983),
where dominating points are defined and their existence is studied]. There are,
however, some substantial differences between the results and general approach
of Sadowsky’s paper and those given here. First, our problem and techniques
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are very different; for example, the rate function I» in (1.4) is neither strictly
convex nor differentiable, nor are its level sets compact. Hence our analysis is
quite distinct from that used for sample means or other classical large deviations
theorems, such as, for example, Mogulskii’s theorem, and the rate functions and
optimal importance sampling regimes we obtain are, of course, different. Second,
Sadowsky works with arbitrary sequences satisfying the large deviation principle.
In practice, one would usually like to simulate using an explicit transformation
on the increments S; — So, S» — S1, ..., rather than on S, itself, and it is not
evident when this can be done in the framework of general sequences. Thus,
an additional objective of this paper is to propose a wide and very natural
class of processes—the Markov additive processes in general state space—where
such explicit transformations can be achieved. (In our problem, it appears that
such transformations cannot be obtained for the more general “Gértner—Ellis”
sequences.)

We now turn to a more precise statement of our results. Let {(X,,§,) :n =
0,1,...} be a Markov chain on S x R?, where S is a general state space, with
transition kernel of the form

P((Xu41.6ns1) € EXT | X, =x} = P(x, E xT).

We are interested in the behavior of the sums S, =& +---+&,, n=1,2,...
(So = 0). The process {(X,, Sy):n=0,1,...} is a Markov additive process. The
simplest examples are when S, Sy, ... are the sums of an i.i.d. sequence of random
variables, or the sums of functions of a finite state Markov chain. More generally,
we may take &,11 = F(X,, X,+1), where {X,,} is a Markov chain on a general
state space, S, and F(x,y) is a deterministic or random function for any given
x,y €S. Our objective is to estimate

A
P{T*(A) < o0} =P{Sn € —, somen € Z+}
e

using importance sampling.

The importance sampling technique suggests that we simulate P{7*(A) < oo}
using another Markov additive sequence {(X w8 :n=0,1,. ..} having transition
kernel @ = P{(Xn+1,$n+1) e ExT| Xn = x}. An adaptatlon of (1.5) then
becomes

P{T®(A) < oo} =Eg(€a,c)

for some “estimator” &g . that is computed from the @-distributed sequence of
simulated random variables {Xo, ..., X72(4); S0, ..., STe(4)}. The main ObJeCtIVC
is to choose @ so that it minimizes Var@ (8q,¢) as ¢ = 0, or equivalently E@(é”@ )
ase — 0.

Under the assumption that A is convex, our first result provides a large
deviations estimate of the form

. 2 .
(1.6) lim s log Eq (65 ;) = — inf Ly (v).
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for some subset 2 of 0 A and some “rate function” I %, . This establishes the precise
correspondence between @ and the decay (or growth) rate of E(é’é, o) ase— 0.

The implication of this estimate is made clear in Example 3.1, where the level sets

of f(@) défE(Sé .) are described by an explicit asymptotic formula. [For sample

means of a uniformly recurrent Markov chain in R, a related “second-moment”
estimate was established in Bucklew, Ney and Sadowsky (1990).]

From (1.6) we may draw several conclusions. Equation (1.6) provides, for
example, information about the robustness of a simulation regime under small
perturbations of @. More important, (1.6) shows that an efficient simulation regime

should be one which maximizes (over all simulation distributions @) the rate

function appearing on the right-hand side, namely, J(Q) def infyen Lxcq (v). If A

is convex, then we show that there exists a unique choice of @ which maximizes
J(@). Furthermore, under this optimal distribution we show that simulation is
indeed efficient in the sense that it has “logarithmic efficiency” and very often
“bounded relative error;” this will be achieved using a convexity result given below
in Lemma 3.2. It will be shown that the optimality we obtain is quite general
and extends to the case where the simulation distribution is allowed to be time-

dependent.
Finally, we show that if A is a general set, then it is possible to partition A into
a finite subcollection, Ay, ..., A4;, and simulate independently along the elements

of this subpartition. We show that a useful partition can always be obtained. The
basic idea is to partition A along the level sets of the function I» in (1.4). The
estimator we obtain will generally be efficient and in some main cases will have
“bounded relative error.” [All of the above results can easily be generalized to
finite time-horizon problems of the form P{T¢(A) < K /¢}, K < 00; the required
modifications follow along the lines of Collamore (1998).]

We will establish our results in some generality, at the level of Markov additive
processes in general state space, as studied in a large deviations context by Ney and
Nummelin (1987a, b), de Acosta (1988), de Acosta and Ney (1998) and references
therein, following along the lines of the seminal papers of Donsker and Varadhan
(1975, 1976, 1983). Thus, our results differ from known importance sampling
results given, for example, in Siegmund (1976), Asmussen (1989) and Lehtonen
and Nyrhinen (1992a, b), which focus on i.i.d. sums or the sums of a finite state
space Markov chain, and in Bucklew, Ney and Sadowsky (1990), where sums of
a general state space Markov chain are considered, but under a strong uniform
recurrence condition. The usefulness of this general approach is illustrated in
Example 3.2, where our results are applied to the ARMA(p, ¢) time series models.
These models can be viewed as Markov additive processes in general state space,
but they do not satisfy the uniform recurrence condition assumed, for example, in
Bucklew, Ney and Sadowsky (1990). The mathematical difficulty inherent in the
study of general Markov additive processes lies in the absence of a corresponding
Perron—Frobenius theory, which is the basis for the analysis of finite or uniformly
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recurrent Markov chains. Our extension to general Markov additive processes will
be achieved using the theory of nonnegative operators, as given in Nummelin
(1984); therefore our approach is similar to that of Ney and Nummelin (1987a, b).
However, in our case, we will make use of abstract renewal properties, and—in
contrast with Ney and Nummelin’s work—our renewal structure will not generally
coincide with the inherent renewal structure of the Markov additive process or of
the simulated process.

In the next section, we introduce Markov additive processes in general
state space and provide some necessary background on these processes and on
nonnegative kernels. The main results are stated formally in Section 3 and proved
in Section 4.

2. Background.

2.1. Markov additive processes: definition and regenerative property. Let
{X,:n=0,1,...} be a Markov chain on a countably generated general measurable
space (S, §). Assume {X,,} is aperiodic and irreducible with respect to a maximal
irreducibility measure ¢.

To this Markov chain adjoin a sequence {&,} such that {(X,,§,):n=0,1,...}
is a Markov chain on (S x RY, 8 x R4 ) with transition kernel

def

2.1) P(x, ExT)=P{(Xpt1,6041) € E x T | X =x},

forall x €S, Ee 4, T € R4 , Where R4 denotes the Borel o -algebra on R4,
Let §, denote the o-algebra generated by {Xo,..., X,, So,...,S,}; and let
Sp=&14+--+&,n=1,2,...,and So = 0. The sequence {(X,,, S,):n=0,1,...}
is a Markov additive process.

A @-irreducible Markov chain always has a minorization [Nummelin (1984),
Theorem 2.1]. Following Ney and Nummelin (1987a, b), we will work with a
hypothesis which extends this minorization to Markov additive processes.

Minorization.

(M) For some family of measures {h(x,['):T" € R4} on R4, x € S, and some
probability measure {V(E x I'): E€ 4, T'e R%} on S x R4,

h(x,)*v(E x-)<Px,ExT) forallxe$S, Ec4, I'e R

(The symbol * denotes convolution. We will often abbreviate the left-hand side
by h ®v.) As in Ney and Nummelin (1987a, b), we will generally assume that
either v(dy x ds) = v(dy)ne(ds) or h(x,ds) = h(x)ne(ds), where neg denotes a
measure on R4 having point mass at the origin; in other words, we will assume the
slightly stronger condition:
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(M) One of the following minorizations holds:
h(x, THYv(E)<Px,ExT) or h(x)v(ExT)<P(,E xTI),

where {h(-)} is a family of measures on R4, for each x € S (respectively,
a function on S), and v(-) is a probability measure on S (respectively, on
S x R9).

In a few situations, we will strengthen this minorization to the following.

(R) av(ExT) <P(x,ExT) <bv(ExTD),forallx € 8, E € 8, € R%, where
v is as in (M), and a, b are positive constants.

When (fR) holds, the Markov additive process is said to be “uniformly recurrent.”
This strong recurrence condition is satisfied, for example, if S,, denotes the sums of
functions of a finite state Markov chain, but it is often not satisfied for more general
processes, such as the AR(p) processes of Example 3.2 below. We emphasize,
however, that condition (YR) will not be required for the main results of this paper
given below in Theorems 3.1 and 3.3.

Under (M), a regenerative structure can be deduced for the Markov additive
process:

LEMMA 2.1.  Let {(X,, Su)}n>0 be a Markov additive process satisfying ().
Then there exist random variables 0 < Ty < Ty < - -- and a decomposition &r, =
&, +&7.i=0,1,..., with the following properties:

@) {Ti41—T;:i=0,1,...} arei.id. and finite a.e.;
. (ii) the random blocks {XTn'~’XT1+1—1’5/T/,’5T1'+1’~-"‘§Tz+1—1’$/T,+1} are
independent;

(iii) Po{(X7,, %) € Ex I |Fr-1,65 =v(A xI') for all E € 8 and

I'"eRrq.

For Harris recurrent Markov chains, this lemma was established by Athreya and
Ney (1978) and Nummelin (1978). The extension to Markov additive processes is
in Ney and Nummelin (1984).

REMARK 2.1. (i) If the function 4 in (907) is independent of x, that is, if the
lower bound of ({R) holds, then P{T; = n, some i | Sn_l} > a, where a is the
positive constant in (R). Thus, in particular, E(T;4+; — T;) <o00,i =0,1, ..., and
E(To) < Q.

(i) If h(x,ds) = h(x)nep(ds), then S}l =0,i=0,1,.... If vidy x ds) =
v(dy)ne (ds), then S/T’l =0,i=0,1,....[See Ney and Nummelin (1984).]

Futher properties of Markov chains in general state space can be found in
Nummelin (1984), Revuz (1975) and Meyn and Tweedie (1993). Further properties
of Markov additive processes can be found in the large deviations papers of de
Acosta (1988), de Acosta and Ney (1998) and especially Ney and Nummelin
(1987a, b).
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2.2. Nonnegative kernels, eigenvalues and eigenvectors. We will also need
certain facts about nonnegative kernels, which we now summarize and apply in
the context of Markov additive processes. For details, see Nummelin (1984).

Let {K(x, E):x €S, E € 4} be a o-finite nonnegative ¢-irreducible kernel on
a countably generated measurable space (S, 4). For any function 4: S — R and
any measure v on (S, 4), let

Kh(x):/K(x,dy)h(y), vK(E)=/v(dx)K(x,E),
(h ®v)(x, E) = h(x)v(E), vh(E):va(dx)h(x), vh = vh(S).

Assume
2.2) h®v<K.

Define

o0 o0
GO =3 p"K", G =Y p"(K-h®V),
=0

n=0

(o.¢]
by=v(K —h®@v)"'h,  b(p)=1" p"by.

n=1

For any irreducible kernel K, there exists a constant R such that 0 < R < oo, and
G is “finite” for p < R and “infinite” for p > R [Nummelin (1984), pages 27—
28]. The constant R is called the convergence parameter of K. A kernel K with
convergence parameter R is said to be R-recurrent if G® (x, E) = oo for x €S,
@(E) > 0, and R-transient if this is not true. It can be shown that K is R-recurrent
if and only if 5(R) = 1.

A function r: S — [0, 00] (not = o0) is p-subinvariant if pKr < r, and
invariant (with unique eigenvalue A = p~!) if pKr =r. If R > 0 is the
convergence parameter of K, then the existence of invariant and subinvariant
functions for K can be obtained under (2.2), as follows. If p < R or if p = R
and K is R-transient, then a p-subinvariant function exists [given by r(x) =
(G®R)(x)]. If K is R-recurrent, then an R-invariant function exists [given by
r(x) = (RGyOh)(x)]. [See Nummelin (1984), Proposition 5.2 and Theorem 5.1.]

A

Now specialize to the transformed Markov additive kernel & («), where (for any
kernel K)

R()=R(x, E: o) déf/de““)K(x,E xds), «cRi xeS Ees,
R

(Ak (oz))—1 = the convergence parameter of K (o), and Ag () =logAg (a).
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Let {T;};>0 and {(§/, £/)}i>0 be given as in Lemma 2.1, and let

d d
T:T'l"i‘l_Ti’ ST=($E+1+"'+$T,+1—1)+$%+E§"t+1’
V(e &) =E,[e*5)787] foralla eRY, ¢ €RR,
U, ={a:¥(a,¢) =1, some ¢ < oo}

Observe that (M) = fz(oz) ® V() < Js(oz), where (for any function /# and any
measure V)

fz(x;a):/ e n(x, ds), f)(E;oz):/ N (E x ds).
R4 R4

Thus, under (9N), the theory for nonnegative kernels may be applied to P ().
This leads to certain representation formulas and other regularity properties for
the relevant eigenvectors and eigenvalues, which we now describe.

LEMMA 2.2. Let {(Xy,Sy):n =0,1,...} be a Markov additive process
satisfying (ON).

@) If a € U, then !/3(0() is (Ao (@)~ -recurrent. Moreover, the eigenvalue
Ao (o) and invariant function r p (o) satisfy the following representation formulas:

2.3) Yl Ap@) =1,  rp(xie)=Ee®50)-4r@h]

(i1) If dom v is open, then dom A p is open, and on dom A » we have « € U,
and A p(-) analytic, and rp(x; -) is finite and analytic on a set F C S, where
p(F°) =0. )

(iii) If (CR) holds and o € dom A p, then Lp() is an eigenvalue of P (o),
and the associated invariant function rg (o) is uniformly positive and bounded
on dom A » (in particular, if V(@)rp () = 1, then a < Ap(a)rp (x; o) < b).

For the proofs, see Ney and Nummelin [(1987a), Sections 3 and 4], and Iscoe,
Ney and Nummelin [(1985), Lemma 3.1].

REMARK 2.2. Using the split-chain construction described in Ney and
Nummelin [(1984), page 7], the quantities A () and r» (-; @) can be evaluated
from (2.3) using direct simulation.

REMARK 2.3. If the lower bound of (%) holds and r» () is a p-subinvariant
function for P (), then rp () > pa(P(a)rp(a)). This implies that rp(«) is
uniformly positive.

Let P(x, ) <€ Q(x,-), for all x € S, and define

P

2
2.4) Kao(x,dy xds)= (Z—;(x, y X s)) Q(x,dy x ds).
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LEMMA 2.3. Assume (IN). Then the following hold:

Q) (P, ExT)2 <Ko, ExTD),forallx €S, Ec$andT € R%.
(i) (Ap(@))? < Axy(a), for all € RY. Moreover, if o € U, and (Ap())?
= Ao (20t), then

re(y; a)

(2.5) Q(x,dy x ds) = e/*) =122 @
re(x; o)

P(x,dy xds), P-ae.(y,s),
for ¢ a.e. x, where rp(a) is the (Ap(a))™'-invariant function for 33(01).
Conversely, if « € U, and Q is defined by (2.5), for all x € S, then (Lo (a))? =
Ao (2a).

(iii) If @ is definedasin (2.5)and a, B € U,, then Ly, (a0 +B) = Ap(@)Ap(B),
and the associated invariant functions satisfy the equation ry,(a + B) =

re(@)ry(B).

PROOF. Part (i) is established using Holder’s inequality.
For (ii), assume A, (200) < 00, and let rx, be a (Ax, (200)) ! -subinvariant
function for Kq (2a). Apply Holder’s inequality to the integral

dP
[ (1200 252y x 9@, dy x ds)

to obtain
(2.6) P@)rycg Q) ? < hgcq2a)Pr g, 2a)/2.

Thus rx, Q)% is a (u Ka (2a))~1/2-subinvariant function for Js(a). Hence
(Ap (oz))2 < Axq (20)) [Nummelin (1984), Proposition 5.2].

Now suppose o« € U, and (Ap (@)?= Axq(2a). Thenby (2.6), 75, (204)1/2 isa
(Ap ()" !-subinvariant function for Jla(a). It follows that rp(x) =
C(rx, Qa))'/? ¢ a.e., for some positive constant C [Nummelin (1984), Theo-
rem 5.1]. Then there is equality in (2.6), namely equality in Holder’s inequality,
and—after normalizing so that @ is a probability measure—this implies (2.5).

Conversely, note that (2.5) implies

)1 (x5 )

Kao(x,E xT) =/ A (a)e (%S P(x,dy x ds)
r

@7 Ex re(y; o) )
forall E€ 8, T e R“,

and hence

2.8) RKaQa)(rp@)” = (Ao @) (rp@)’.

It follows that (A (@0))? = A e 2).
To establish (iii), repeat (2.7) and (2.8) with “re(a)re(B)” in place of
“rp(@). O
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3. Main results.

3.1. Notation, hypotheses and estimation results. Given a Markov additive
process {(X,, Sp):n =0, 1, ...}, we would like to evaluate P{7T*(A) < oo}, where
T¢(A) is defined as in (1.2). Suppose that we simulate for this quantity using
simulated random variables {(X¢, §¢):n =0, 1, ...} with transition kernel

Q¢ (x, ExT)=P[(X:, &5, ) e Ex T | Xt =x}.

Px, )KL Q" (x,.),forallneZy, s> 0and x €S, then

P{T*(A) < oo}

k—1 dP
G.1) —Zf( d (xn,xn+1xsn+1>>

o\ L d@n-e

x Q% (xo, dx; x dsy) -+ QY (1, dxy x dsp),

where P37 denotes all paths which first hit A/e at time k, that is,

1
A
(3.2) q:si={(xo,...,xk;so,...,sk):Zs,- € ;forlzkbutnotforl<k}.

j=1
It follows from (3.1) that
T¢(A)—1
def dP
(33) 8@,8 = < l—[ dam 8()(‘s X£+1 X én-l—l)) (T£(A) <00}
n=0

is an unbiased estimator for P{7T¢(A) < oo}.
The efficiency of this estimator is measured by its variance, which we will study
in an asymptotic sense as ¢ — 0. Since Var(€g ) = E(S‘é,s) — (E(é’@,g))z, and

E(€g,s) = P{T*(A) < oo}

has the asymptotic characterization given in (1.4) [Collamore (1996a), Theo-
rems 2.1 and 2.2], it is sufficient to study the asymptotic behavior of

B4 DG =3 / K (xo, dvy x dsy) -+ KT G, doxg x dise),

where, for all n, ¢,

J{ZQ’S(xna dxn+1 X dsp1)
3.5)
2

dJ
- (W(xn,xnﬂ x sn+1)> Q™° (xp, dxpi1 X dspi1).
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Our objective will be to give estimation results for E(E:@ .) as e — 0, and
optimality results descrlblng which transition kernels @ for the simulated random
variables minimize E(é’c2 g ase— 0.

We first introduce some additional notation and hypotheses, as follows. Let

cone(C)={¢v:¢ >0, ve C} forany C C RY,

cones(C) = {¢v:¢ >0, |lv—wl| <8l|lw|, somew € C} foranys >0,
S
6= cone(Suppv i) with v, T as in Section 2,
T

L —(vi(a,v) <0, alla €C} forany C CRY,
H(a,a) ={v:{a,v) >a} for anyae]Rd and a € R,
Lof ={v:f(v)<a} forany f: R - Randa R,
dom f ={v: f(v) <oo} forany f: R? - R.

For any nonnegative ¢@-irreducible kernel K, let I%O(a) =1, K o) =
K@)K" Ya),n=1,2,...,and

Ag (o) = l1msupn_1 log K"(Xo,S; ),
n—0o0

AL (@) = sup n~log K" (X0, S; @),
n>N

Ix (v) = sup{{e, v) 1 € LoAk}, Dg =dom g,
I€@w) =supl{e, v) v € LA}, DY =domI,
Ix(v) = sup{{c, v):ex € LoAk), respectively IK)(~);

where, as in the previous section, (A k(@)™ is the convergence parameter of
I%(a) and Ak (a) =logAig (o). In the definitions of Ik, Il(f) and Ig, we follow
the convention that the supremum over the empty set equals —oo

For any set C, let 1¢(v) denote the indicator function of C (1 for v € C; 0 for
v ¢ C); let 1iC denote the relative interior of C; and let dC denote the relative
boundary of C. For any function f, let f* denote the convex conjugate of f. [For
definitions, see Rockafellar (1970).]

Next we turn to certain regularity conditions on the Markov additive process
{((X,,S2):n=0,1,...} and the set A which we will often need to impose. If, for
example, S;, S7, ... are the sums of an i.i.d. sequence of random variables, or the
additive sums of a Markov additive process which satisfies (9R) under both & and
a™f =@, then

Af,&(a) <oo foralla e domj_\,x@.

For general Markov additive processes, this property need not necessarily hold,
but we will often assume that the following weaker condition is satisfied.
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HYPOTHESIS.
1) X
(H1) AK@ (@) < 00, forall o € LoA -

A second assumption which we would like to impose is that the mean drift of
the process is directed away from the set A. Now, under natural conditions,

(3.6) L) =0 & Eg(S)=v,

where 7 is the stationary measure of the Markov chain {X,}; this is true, for
example, if (JR) holds and 0 € dom A », or alternatively if (9') holds and the
set domr is open [Ney and Nummelin (1987a), Lemma 3.3 and Lemma 5.2].
From (3.6), we then see that the central tendency of S;, Sy, ... is along the mean
ray {¢v:¢ >0and v € LoA%}. In fact, we will assume slightly more, namely that
the set A is disjoint from a small §-cone about this mean ray, or more formally:

(H2) clANcones(LoA%) =2, for some § > 0.

DEFINITION. We say that a family of probability measures {Q"°(x, E x I"):
E € 8, T' € R%) belongs to the class Cq if @4 (x, ) = Q(x,-) for all x € S,
independent of n and ¢, and P (x, -) K Q(x, -), forall x € S.

DEFINITION. If A C R4, then we say that v € cl A — {0} is an exposed point
of A if the line segment {v:0 < ¢ < 1} does not intersect cl A.

THEOREM 3.1. Let A be a convex open set intersecting 1S, O ¢ int A. Let
A denote the exposed points of A. Assume that {(X,, Sy):n=0,1, ...} satisfies
(ON) and has initial state X = xo. Suppose that simulation is performed with a
kernel @ € Cy. Then the following hold:

(i) Lower bound.

(3.7) liminfe logE(€3 ) > — inf I, (v).
e—0 ’ vel

(ii) Upper bound. Assume, in addition, that the following holds:

(€) inf, [_\x@ (o) <0, (H1) is satisfied and A N cones (Q(i()j_\gzc@)l = o, for some
6> 0.

Then, for ¢ a.e. xg,

(3.8) lim supelogE(éi“(;2 ) < — 1nf I,x@ (v).

e—>0

If the lower bound of (R) is satisfied, then in place of (€) it is sufficient to assume
AN (OC()AJ(@) = J; and then (3.8) holds with 1, in place of IJC(Q
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REMARK 3.1. (i) Some conditions under which Iy, = i](‘a are described in
the discussion following Lemma 3.2. However, it is known in the context of large
deviations for Markov additive processes that these bounds need not be the same
in general; see de Acosta and Ney [(1998), Section 4].

(i1) Since (Jier;vQQ)l ={vilx,(v) <0}, “AN (c[ioA,K(ﬂ)L = @&” holds as
long as inf{/y,(v):v € A} > 0. The weakening of this assumption to the case
where E(S‘ZQ, ¢) exhibits exponential growth as ¢ — 0 is apparently not possible, in
general.

The stronger condition “A N cones (LoA J(@)‘L = &, for some § > 0” is
similar to, and in fact a strengthening of, condition (H2) (for @ ¢ clA). In
particular, 2(LoAp) D °C0[_\JC(9 [Lemma 2.3(ii), since A Ko = Axgl It follows
that Jﬁol_ggc2 DLolp ={¢v:¢ >0, veLoA}).

REMARK 3.2. If the lower bound of (fR) holds, then as an upper bound we
actually obtain

3.9) E(S‘é ¢) < const- exp{—a‘l inf Iy, (v)}.
’ ve

REMARK 3.3. If S, =& +---+&,, where {§,} is ani.i.d. sequence of random
variables, then the quantities A » and A x,, which determine the rate functions on
the right-hand sides of (3.7) and (3.8), can be simplified. In this setting, Ap = A p
may be identified as the cumulant generating function of &,, namely,

Ap(a) =log / 40 P (ds),
]Rd

where & is the probability law of &,, and similarly for A x,. Furthermore, any
discussion of invariant functions may be dropped; that is, we may always take
re(na)y=1andry,(;a)=1.

EXAMPLE 3.1. Let S, = & + -+ + &, where {£,}4ez, C R? is an iid.
sequence of normal random variables with mean m = (u, u) and covariance
S = (CIX‘;), where © >0 and —1 <o < 1. Let A = {(v1,v2):v; < —1 and vy <
—1}. We consider the simulation of P{7¢(A) < oo} using an exponentially tilted

distribution of the form
(3.10) Qp(ds) = eP51=22B) p(dy).

By Lemma 2.3(iii), & € LoAx, < Ap(B) + Ap(a — B) < 0. Since the
cumulant generating function for a Normal(m, §) random variable is A p(x) =
(o, m) + %(a, Sa), it follows from a straightforward computation that

2 _\? _
(3.11) £0Ax@5={&:<1+o>(al+%—ﬂl) +<1—a)<az—ﬂz>25b},
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where b = —(1 + 0) 8% — 2/2uB; — (1 — 0) B3 +22/(1 + o), and @, B denote
the values of &, 8 in a coordinate system which has been rotated by angle = /4

Our objective is to apply Theorem 3.1 to analyze the dependence of E(&2 Xa )
on . Thus we would like to study

(3.12) J(B) =~ Jnf Ixq, (V)

as a function of B. [If J > 0, the right-hand side of (3.8) must be taken to be
infinity.]

Suppose for simplicity that i = 1/+/2 and o = 1/2. The function J(8) can
then be analytically computed from (3.11) for all values of 8. For example, if r is
a sufficiently large positive constant, then the level sets where J(8) = —r < 0 are
given by '

s (i) ()

A graph of the level sets of J over all of R? is given in Figure 1.

FiG. 1. Leta=inf{J(B):B € R2}, where J is defined as in (3.12). The figure illustrates the level
linesr =a+0.25,a+0.5,a+0.75,..., with By on the horizontal axis, and By on the vertical
axis; J is seen to increase rapidly to the left of its minimum at (—4/3,0). The black area indicates
the region where J = oc.
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The minimum value of J occurs at the maximum 7 for which the right-hand
side of (3.13) > O, that is, r = 8«/5/3, and for this r we obtain by (3.13) that
B = (—4/3,0). At the other extreme, the points where J = oo are all contained
in the complement of the zero-set LoAp» = {@:3(@ +2/3)* + &5 < 4/3}. This
illustrates the general fact that J(8) tends to be smaller on £LoA » as compared
with (LoA p)E.

EXAMPLE 3.2. Let {Y,},ez, be an ARMA(p, q) process in R4, namely,
Yo=—1 Y1+ +¢pYn—p) + W, +0W, 1+ -I-Qan_q

for constants ¢1, ..., ¢p, 61, ..., 6, satisfying appropriate regularity conditions, as
given in Brockwell and Davis [(1991), Chapter 3]. For simplicity, take {W,},cz,
to be i.i.d. Normal(0, S). As in Meyn and Tweedie [(1993), page 28], we may
then write Y, = F(X,), where {X,} is a Markov chain taking values in Rl
I = max{p, g + 1}, and this Markov chain can be shown to satisfy (9t) [take
h(x) = const - 1, (x), where O, = [—¢, €]'].

Assume that the past history of the process is known or, equivalently, that
the initial state of the Markov chain is Xo = xo, for some xg € R, Let m €
RY — {0O}and &, =Y, +m; and let S, =&+ ---+ &,, n > 1, and Sy = 0. Then
{(X,,S,):n=0,1,...} is a Markov additive process.

A simple computation gives

o
(3.14) Ap(a)={a,m)+ Y W;la, Sa)
j=0
for certain constants {W;} [cf. Brockwell and Davis (1991), Theorem 3.1.1].
Next we observe that actually A » = A . To this end, note that

1
Ap(a) =limsup — log E[e 5" 19 (X,,)]
n—>oo N
(3.15) |
= limsup—logE[e(”’S”>]lAbn (X lo,(Xn)],
n—oo N
where b € (0,1), Ay = [—vka, vka]?, and a is a suitably large positive
constant; the last step was obtained by an application of Holder’s inequality to
(e<“’S")]l@£(X,,))(]lAlcm (X |pn)))- Moreover,

1 _
(316)  ~logE[e " 5m g, (X,) | Xipn) = %] = (1 = b) A (@) + A (),

where A, (x) — 0 as n — oo, uniformly for x € Ap,, and Ap (@) — Ap(a).
Substitute (3.16) into (3.15), let n — oo and then » — 1 and apply Holder’s
inequality once more to obtain A p (&) = Agp (@), for all .

Also, by a direct computation, r(x; o) = exp{{c, x)} for some c € R
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Suppose that we simulate using an exponentially tilted distribution of the
form (2.5) (with “B” in place of “a”). A repetition of the above argument yields
AJCaﬁ (a) = AJ(@ﬂ (@) =Ap(B)+ Ap(x — B), by Lemma 2.3(iii). We may now

proceed as in the previous example to determine the interdependence of E(SZ2 5 e)
and Qg.

For further applications to Markov and semi-Markov processes, see, for
example, Iscoe, Ney and Nummelin (1985), Ney and Nummelin (1987a) and Meyn
and Tweedie (1993).

3.2. Optimality. Our next objective is to find an optimal @ € Gy which
maximizes the decay rate on the right-hand sides of (3.7) and (3.8). For this
purpose, first recall from (1.4) that the decay of P{T¢(A) < oo} is governed by
the rate function /5.

To obtain an optimal simulation regime for the multidimensional problem, a
very essential role will be played by the following.

LEMMA 3.2. Let A CR? be a convex set intersecting 1i&. Suppose that
the probability law of Sy/n satisfies the large deviation principle with rate
function Ip = A%. Assume that domAgp is open and (H2) is satisfied. Let
a =infycq Ip (V). Then the following hold:

(1) an element ag € 0(LoAp) determines a hyperplane which separates A
and Lglp, with A C {v:{ag,v) >a}and Lylp C {v:{ag,v) <a}l;
(ii) there exists a unique element vy € cl A such that 1 (vg) = a;
(iii) infyep Ip (v) =infyega 19 (V) = (@0, vo);
(iv) ifint & # &, then oy is the unique element of the subgradient set d1p (vg);
(v) the gradient of Ap at og points in the same direction as vo, that is,
vo = 0VAgp(ag) for some constant o > 0.

The proof of Lemma 3.2 is given in Collamore [(1996a), Lemma 3.2; (1998),
Lemma 2.2]. The uniqueness in (iv) is obtained from the strict convexity of A p
[Collamore (1996b), page 38, Ney and Nummelin (1987a), Corollary 3.3]. If
dom A » is open and (90V') is satisfied, then a sufficient condition for the probability
law of §,/n to satisfy the large deviation principle with rate Ip = A% is that
Ap = Agp. [See Ney and Nummelin (1987b). The generating function A » is the
same as that appearing in the Gértner—Ellis theorem, as given, e.g., in Dembo and
Zeitouni (1998), Theorem 2.3.6.]

In our next theorem, we will work with a hypothesis which extends this
condition “Ap = A »” to the kernel Kg.

HYPOTHESIS.
(H3) Ag()=Ax()for K= and K = Kg.
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A sufficient condition for (H3) to hold is any one of the following:

(1) Si,S2,... are the sums of an i.i.d. sequence of random variables, or the
additive sums in a Markov additive process {(X,,S,):n =0,1,...} where the
state space of {X,,} is finite.

(i) {(X,, S,):n=0,1,...} is a Markov additive process on a general state
space, and the lower bound of (fR) is satisfied.

(iii) {(X,, Sy):n =0,1,...} is a Markov additive process on a general state
space, and the entire state space is an “s-set.” [See Ney and Nummelin (1987a, b).]

There are, of course, other situations where (i)—(iii) are difficult or impossible
to verify, but (H3) nonetheless holds. For example, this condition was verified
directly for ARMA(p, q) processes in Example 3.2. [As with hypothesis (H1), it
would actually be enough to assume that Ag = Ak on LoAk, for K = & and
K =Xg.]

A second condition which is needed in Lemma 3.2 is that the domain of A »
is an open set. A sufficient condition for this to hold is that domy is open
[Lemma 2.2(ii)].

Our present objective is to apply Theorem 3.1 and Lemma 3.2 to obtain an
optimal simulation distribution which maximizes the decay rate on the right-hand
sides of (3.7) and (3.8). To this end, first note by Lemma 2.3(ii) that LoA x, C
2(LoAp). Hence Iy, (v) <21p(v) forall v € R?. Now focus on this inequality
at the special point v = vg of Lemma 3.2(ii). By Lemma 3.2(iv) and Rockafellar
[(1970), Theorem 23.5]

(3.17) LoAp N{a: {a —ag, vg) >0} = {ao}.

Since LoAx, C 2(LoAp), it follows from (3.17) that the only way to obtain
the equality Ix,(vo) = 21p(vo) (= 2{(ap, vo)) is to have 2ap € LoAx,- By
Lemma 2.3(ii), this occurs precisely when @ = @*, where

y o (¥ ao)

(3.18) Q*(x,dy x ds) = €90
re(x; ao)

P(x,dy x ds).

Hence
(B.19) Ixgo(vo) <2Ip(vg) withequality & & = Q* for P ae. (y,s),

where @* is given by (3.18) [¢ a.e. x, in the sense of Lemma 2.3(ii)]. From (3.19)
and Lemma 3.2(ii), it follows that if @ # @*, then

(3.20) inf Iy, (v) < 2Ip(vo) =2 inf Ip (v).
vEA veA

Conversely, suppose that @ = @*. Then by Lemma 2.3(iii), LoA g« = {& +
ag:a € LogAp}. Hence

(3:21) I+ () = (a0, V) + Ip (V).
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It follows from Lemma 3.2(i), (iii) that
(22 2inflp@) =inf L. (v) (= inf Iy, (v) by (H3)).

Finally, we observe that the hypothesis “A N COneg(cﬁoAJ{@)‘L = J, some
8 > 0” in the upper bound of Theorem 3.1 is satisfied for @ = @*. To this end,
note by (3.21) that Lolx . C {v:({ap,v) < 0}. Since Lolx,. is a closed convex
cone, it follows that {v: (ao, v) < 0} U {0} is itself a §-cone about Lol x . Which
is disjoint from A, by Lemma 3.2(i). Thus this hypothesis is satisfied.

We have arrived at the following.

THEOREM 3.3. Let A be a convex open set intersecting int S. Assume that
dom A » is open and (H1)—(H3) and (ON') are satisfied. Let xo denote the initial
state of {X,}; and let Q* be the kernel defined in (3.18). Suppose that simulation
is performed using a kernel @ € Cqy. Then the following hold:

(i) For ¢ a.e. xg,

(3.23) liminfslogE(é‘é ¢) = lim slogE(é‘é* o)
e—0 ’ e—0 ’

Moreover, if there is equality in (3.23), then @ = Q* for P a.e. (y,s) and ¢ a.e. x.

Conversely, if @ = Q* for P a.e. (y,s), all x € S, then there is equality in (3.23).

Thus @* is essentially the unique kernel in Co which minimizes E(Sé2 o) ase— 0.
(ii) For ¢ a.e. xq, ’

. 2 _ A .
(3.24) algr(l)alog E(ég+.) = 21}2/1; Iy (v).

Equations (3.24) and (1.4) imply that simulation performed under the distribu-
tion @* has “logarithmic efficiency” [Asmussen (1999), page 46]. Moreover, by
Remark 3.2 and a sharp form of (1.4)—available for the case that {£,} is i.i.d. and
A is convex with smooth boundary [Borovkov (1997)]—one actually obtains the
stronger property of “bounded relative error,” that is,

lims Var(€q,e)
1 up —— <<
8—->0p E(8@,8)2

It is natural to expect that this stronger property also holds at least under (R). This
property of “bounded relative error” is the strongest known property for nontrivial
rare event simulation problems; see Asmussen (1999).

In the next theorem, we show [under (fR)] that the optimality of @* € Cy is, in
fact, more general and extends to time-dependent simulation regimes of a larger
class C,, defined as follows.
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DEFINITIONS. (i) We say that a family of probability measures {Q"*(x, E x
I'):E e 8, I e R4} belongs to the class C if @™°(x, -) = Q" (x, ) forall n >0,
e>0, x €8, for some family {Q® (x, E x T'): E € 8, I' € R%}; and

Px,)<QD(x,.) forallx eSands>0.

(ii) We say that a family {@Q™¢(x, E x ') : E € 8, I" € R%} belongs to the class
C, if it belongs to €, and

QY (x,)=@Q@ N (x,.) forallxeSands>g— A,

where g is the constant given in Lemma 3.2(v) and A is any positive constant.

The significance of the constant ¢ is made clear in Theorem 2 of Collamore
(1998), where it is shown that asymptotically ¢T¢(A) — @ in probability,
conditioned on {T¢(A) < oo}; thatis, o/¢ is the “most likely” first passage time of
the process {(X,, Sp,):n=0,1,...} into the set A/e.

We note that the scaling of the form @™¢ = @"® coincides with the standard
large deviations scaling appearing in Donsker and Varadhan (1975, 1976, 1983),
Freidlin and Wentzell (1984) and essentially all subsequent work; it appeared in
the context of the present problem in Collamore (1998).

For notational convenience, we will from now on write “@ € C” to mean that
the family {@Q™?(x, E xI'): E € 8, T € R?)} belongs to the class C, and likewise
for members of C,.

DEFINITION. Let @ € C. Then we say that #q is a continuity point of @ if for
any A > 0 there exists a positive constant y such that, for all { — 5| <y,

QV(x,) «@©®(x,) forallxes,
and for any n and ¢ with [ne —1p| < y,

d@®
(325)  Egpr [log( s

®
)(X +1x§,;"+1)):|§K<oo forall x €8,

Xos Xop1 X$n+l)):| A,

d@
(3.26) E, [log(da(t

where {(X,S;):n =0,1,...} denotes a Markov additive process having the

transition kernel @* in (3.18) and * is the stationary measure of {X}.

For example, if (R) holds and @ € C has the form
ro(y; o)
re(x;ar)

where «; = f(¢) for some continuous function f: [0, c0) — int(dom A »), then
all points t € [0, co) are continuity points of @.

(327 QY(x,dy x ds) = lus)~ Ao @) P(x,dy x ds),
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DEFINITION. We say that A C R? is a semicone if v € 9A = {tv:¢ > 1} C
int A; that is, the ray generated by any point on the relative boundary of A is an
interior ray of A.

THEOREM 3.4. Let A be a convex open semicone intersecting int S. Assume
that dom A p is open and (H2) and (R) are satisfied. Let xq denote the initial state
of {Xn}, and let Q* € Cq be the kernel defined in (3.18). If simulation is performed
using a family of measures @ € C, then, for ¢ a.e. xg,

(3.28) lim infe log E(&3,) > lim ¢ log E(82: ,).
£—> ’ £—> ’

Moreover, if we do not have QW = @Q*, P a.e. (v,5), ¢ a.e. x, at all continuity
points of Q in [0, o], then there is strict inequality in (3.28). Thus, @* is essentially
the unique element of C, which minimizes E(é’é’ o) ase—0.

If @ # @* at a continuity point #y which is outside [0, ¢], then we do not
necessarily obtain strict inequality in (3.28); thus, the logarithmic-level optimality
of @* in Theorem 3.4 cannot be extended from C, to C.

REMARK 3.4. In fact what needs to be minimized in the above discussion is
the number of random variables that need to be generated, that is,

(3.29) elog[Var(€3 )Eq(T%(4))] ase—0

[cf. Siegmund (1976), page 676, or Collamore (1996b), Lemma 5.2]. However, if
A is a semicone, then

(3.30) lim elogEg(T°(A)) =0
e—0

[Collamore (1996b), Lemma 5.3]. Thus simulation under @* is efficient and
optimal.

If A is not a semicone, then the situation is more complicated; in particular,
we need not have (3.30) in this case. It may then be preferable to simulate with
@ € G, where @ = @* for ¢ € [0, o], but @) £ @* for ¢ > ty, some 1y > 0. By
a judicious choice of @, one may often obtain both (3.30) and (3.24).

3.3. General sets. Finally, suppose that A is an arbitrary open subset of R?.
In this case, we will show that A can be partitioned into subsets Ay, ..., A,
and that the techniques of Theorem 3.1 can be applied to efficiently simulate
P{T?(A) < o0, eSte(a) € Ai}, fori=1,...,1.

For any @ € dom A p, let

Y—Agp (@) re(y; )

Qu(x,dy x ds) = '®*
re(x; o)

P(x,dy x ds).
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Let B C A, and let 3} denote the paths which first hit A/ at time k, as defined
formally in (3.2). If simulation is performed using a kernel @ € Gy, then

P{TS(A) < 00, 8ST€(A) S B}

k=1,
(3.31) —Z/ ( i (xn,xn+1 X sn+1))]lB(8Sk)

X (Q(Xo, dx1 X dsl) v (fl(xk_l, dxk X dsk).

Hence
T¢(A)—1
def dP
63 &a®E ] ( da(Xn,XnHX§n+1))]1B(8ST6(A))
n=0

is an unbiased estimator for P{7°(A) < co, &Sr¢(a) € B}, where (X, 8,):n=
0,1, ...} denotes a Markov additive process having transition kernel @.

PROPOSITION 3.5. Let A > 0and A C R¢, and suppose that dom A p is open
and (H2) and the lower bound of (R) are satisfied. Let xqg denote the initial state
of {Xy}, and let a = infycp Ip (v). Then the following hold.:

(i) For some finite subset {ay, ..., a1} of 3(LoAp), the collection {H (v, a
A):i=1,...,1} is an open cover for A.

(i) Let Ay =ANH(a,a— A), Ay = (AN H(xy,a — A)) — Ay, and so on
for As, ..., A;. Then {Ay, ..., A} is a partition of A, and, for each i,

(3.33) E(é’éai’g(Ai)) < Cexp{—28_1(32£ Ip(v) — A)/e] @ a.e. xg

for a certain positive constant C. In the event that A is a finite union of disjoint
convex sets {AY, ..., Ay}, then instead we may take A; = A, and (3.33) holds with
A=0.

REMARK 3.5. If (9V) and condition (€) in the statement of Theorem 3.1 are
satisfied, then it is not necessary to assume that the lower bound of (1) holds.
However, in this case we must replace (3.33) with logarithmic asymptotics, as
given in (3.8).

4. Proofs. We now introduce some further notation from convex analysis.
For any convex function f, let f*, cl £, f0*(-), 0" f, dom f and 3f(-) denote
the convex conjugate of f, the closure of f, the recession function of f, the
recession cone of f, the domain of f and the subgradient set of f, respectively.
For any convex set C, let

0, eC,
6C(v)=[oo Z¢c
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and let C°, 0*C, affC, riC and 9C denote the polar of C, the recession cone
of C, the affine hull of C, the relative interior of C and the relative boundary of C,
respectively. [For definitions, see Rockafellar (1970).]

Also, we adopt the same terminology that was already introduced at the
beginning of Sections 2 and 3.

4.1. Proof of Theorem 3.1: upper bound. The proof of the upper bound is
based on the following convexity lemma, which shows that the separation property
described in Lemma 3.2(i) is in fact quite general.

LEMMA 4.1. Let A C R? be a convex open set, and let f be a closed convex
function. Let I (v) = sup{{a, v):a € Lof} and a = infyecp I (v). Assume that A
intersects dom I, but A N (Lo f)+ = 3. Then there exists 0 € Lo f such that

“4.1) Ac{v:(0,v)>a} and L, C{v:(0,v)<al.

PROOF. Note that (Lo f )L = £ol. Since A does not intersect this zero-set
and / is a positively homogeneous convex function, the sets A and £,/ are convex
with no common points in their relative interiors. Hence there exists a separating
hyperplane [Rockafellar (1970), Theorem 11.3], that is, for some 8 € R¢ — {0},

“4.2) AcC{v:(B,v)>b} and Lyl C{v:(B,v)<b},

where b € R; in fact, b > 0 because the definition of I implies 7(0) = 0, so
0eL,l.

Let ¢ > 0, and define J =1 — c. Then £LoJ = L1, and J* =8,,7 + ¢
[Rockafellar (1970), Theorem 12.2]. An application of Theorems 13.5 and 9.7
of Rockafellar (1970) then gives

(4.3) (B =inf{(J*y)(B) |y > 0ory =07},

where (J*y)(-) = yJ*(-/y), for all y > 0, and J*O* is the recession function
of J*.

Note that J*(-) € {c, 00} = J*0T(.) € {0, 00} [Rockafellar (1970), Theo-
rem 8.5]. However, we cannot have J*07(B8) = 0. Otherwise, (4.3) would imply

f'_‘ecl(ﬁ) =0 for all ¢ > 0; then L.I C {v: (B, v) <0} for all ¢ > 0; and since A

is open, we would then obtain A N dom / = &, by (4.2), which is contrary to hy-
pothesis. Therefore J*0(B8) = oo; thus the point y = 0" can be removed from
the infimum in (4.3).

Since J*(-) € {c, 00}, we now conclude from (4.3) that, for all ¢ > 0,

(4.4) 8% 1(B)=yc, wherey = inf[f : g € £of}.

Setting ¢ = a when a > 0 yields £,1 C {v:(B,v) < ya}. Since b > 0, we
conclude that the constant b in (4.2) is greater than or equal to ya, for any a > 0.
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Next suppose b > ya’, where a’ > a. Then L, I C {v:(B,v) < b}. By (4.2) it
follows that infyea I (v) > a’, which contradicts the definition of a. Therefore
b = ya. Also observe that y > 0, because otherwise (4.2) and (4.4) would once
again imply A Ndom/ = &, contrary to hypothesis. The required result now
follows from (4.2) by setting 6 = 8/y. U

Proof of Theorem 3.1 (Upper bound). If @ = &, then the result follows
trivially from (1.4); we will assume from now on that this is not the case.

First assume that condition (€) in the statement of the theorem is satisfied.
Under this general assumption, the eigenvectors rx, need not be uniformly
positive. Consequently we start by introducing an augmented kernel, K é, whose
eigenvectors do have this positivity property. Namely, for any A > 0 define

4.5) Jfé(x, dy xds) = Kq(x,dy x ds) + Any (dy)ne(ds),

where 7y, denotes a measure on S having point mass at xo and ne denotes

a measure on R? having point mass at the origin. For shorthand notation, let

(Aa (o))~ ! denote the convergence parameter of KX 3 (o) and A A (o) =logha ().
We begin by establishing the following.

ASSERTION.  To(e) & lima_0 Aa(@) < A g (@), for all o € LoA g

PROOF. Note

(K (x0,S; )

4.6) . _

= 2 / @D g (xo, dxy x ) -k § (g, g X -),
Sk x R4

where §© = Xq and gV = Any ne, and J consists of all elements of the form
(@i1,...,ix), where eitheri; =0 or 1. Fix @ € LoA 5, and N € Z, and let

logby = N[AY), (@) — A (@] [<ocoby (H].

Observe that any product D « - .- % g% which has n “Any,ne” terms contains

at most n + 1 products consisting of j consecutive “K g) terms where j < N.
Consequently, for a product containing n “Any ne” terms,

/ e(a,S)g(il)(xO, dxy X )sk--% g(ik)(dxk_l, dxg X -)
Skx R4
.7 n+1 Angy (N) k—n

Summing all terms in (4.6) gives Aa(a) < )»%; (a) + by A, by the definition
of the convergence parameter. Letting A — 0 and then N — oo establishes the
assertion. [J
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Let I' = clI'g. We now apply Lemma 4.1 with f(e) =I'(e) — ¢, ¢ < 0, and
I =J© where

J© () =sup{{a, v) :x € L'} forany c € R.

Assume, for the moment, that the assumptions of the lemma are satisfied (we
will verify these later), and let 6 be the element obtained in the lemma when
f(a) =T (a) — c. Then I'(9) < c; and by the assertion, there exists a A > 0 such
that A (6) < 0. Moreover, there exists a (A (#))~!-subinvariant function rx (6)
for the kernel J%é (6) [Nummelin (1984), Proposition 5.2 and Theorem 5.1, or
Section 2.2 above]. Define

e ra(dy; 0)
ra(x;0)
Since 7A(0) is (Aa(0))~'-subinvariant and A (f) < 0, Ry is itself a Markov

additive subprobability kernel.

Let % denote the paths which first hit A /e at time 7°(A) = k. Then by (3.4)
and the definition of X2,

(4.8) Ro(x,dy x ds) = Kg (x,dy x ds).

o0
REDY fgp HB (xovdixy x dsp) - KB (e, dxi x disi)
k=1 k

X[ ralxo;0)e!
4.9) =
X Jy

ra(xi; 0)

0,514+st)

X Ro(xg,dx1 x ds1) - Ro(xp—1,dxp X dsg).

Note that ra(-; ) is uniformly positive [Remark 2.3, since (4.5) yields a
minorization Any,nel. Also, ra(:;6) < 0o ¢ a.e. [Nummelin (1984), Propo-
sition 5.1]. Thus the ratio (ra(xo;0)/ra(xk;0)) in (4.9) is deterministically
bounded.

Next observe by Lemma 4.1 that (6, S7s(4)) > inf{J(c) (v):v € A}/e. Hence the
integrand in (4.9) is less than or equal to const - exp{— infyec 4 J ) (v)/¢}. Since Ry
is a subprobability kernel, we then obtain upon letting ¢ N\ 0 in (4.9) that
(4.10) limsupelogE(65 ,) < — inf JOw).

e—0

It remains to show
. . ©) S
4.11) Clg%{vlgg J (v)} = inf Ty (v).
Observe that I'(0) > 0 [Lemma 2.3(ii), since & # @]. Hence (L)1 N\ (Lo
as ¢ /0. It follows under (&) that
4.12) A ﬂconeg/(cﬁcl")L =@ forallc € [cg,0), for some s’ > 0andcy < O.
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Since (L)L = L£oJ @, this implies
(4.13) AN coney(LoJ Q)= forall c € [cg, 0).

Now J(© is bounded away from zero on (coneg (LoJ ©y)e nS?-1, Since J© is
positively homogeneous, it follows that its level sets are compact on the restricted
set (coneg (LoJ ©))¢. Hence, if a denotes the limit on the left-hand side of (4.11),
then the sets cl A N L,J© are compact and decrease monotonically as ¢ 7 0 to

AANLID CclANL,Ix,.

Since the left-hand side is nonempty, we conclude

. . (c) . T
(4.14) lim { inf J© (v)} > Jinf Ty (v).

c—>0lveA
Also, since 1, Xq 18 positively homogeneous,
(4.15) inf{Ixo(v):veclA} =inf{Ix,(v):v e},

provided that the infimum on the left is greater than or equal to 0. As Lol Kog =
(LoA J{Q)'L is disjoint from A, we see that this infimum is indeed nonnegative.
Consequently, (4.11) follows from (4.14) and (4.15).

Finally, we need to verify that the conditions of Lemma 4.1 are actually satisfied
when f(a) = I'(@) — ¢, for ¢ < O sufficiently large. To this end, note that I' is
convex, since [by Lemma 4.2(ii) below] it is the limit of convex functions. Also, if
¢ < 0 is sufficiently large, then by Lemma 4.3(i) below,

1% SriDp =1i6.

[The last step follows from Theorem 13.5 of Rockafellar (1970), as noted in the
remark following Theorem 2.1 of Collamore (1996a).] Then dom J © 5 ’D(JC&Q =

A NdomJ®© = . Since (4.12) holds, we conclude that the hypotheses of the
lemma are satisfied for sufficiently large ¢ < 0.

If the lower bound of (R) is satisfied [instead of condition ()], then we may
apply the measure transformation (4.8) directly with K¢ in place of X é, and
Lemma 4.1 directly with f = Ak, and I = Ix,. The uniform positivity of rx,
is obtained from Remark 2.3.

4.2. Proof of Theorem 3.1: lower bound. We begin by introducing a splitting
and truncation of K g, as follows.

Let 4 ®v be a minorization as in (9'), with & < 1, and note under (M) that
either v(dy x ds) = v(dy)ne(ds) or h(x,ds) = h(x)ne(ds), where ne is a point
mass at the origin. Thus (A ®v(-))? = g®u(-), where g = h? and u = v2. Hence
by Lemma 2.3(i), (g ®v) < K. This implies the minorization

(4.16) 8(0) ® file) < Kg (o) forall c.
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Define
Ka(x,dy x ds) — (g@u)(x,dy x ds)
1 - g(X, Rd)

Kao(x,dy x ds) = (=0),

and observe by this definition that
(4.17) Kao(x,dy x ds)=(geu)(x,dy x ds) + (1 — g(x, Rd))ﬁ@(x dy x ds).

Enlarge (S, 8) to (g %), where S =S x {0,1,2,...} and & is the natural
extension of 4 to S and for M € Z define truncated versions gus, Ay, JC@ s

JC@ by
), ds) = M 1o()1 d
(e, ), S)_(M——I—l) 0Ly wye ()85, ds),
w((@y, ), ds) = 11Dy e (5)e(dy x ds),

Kol ((x,0), @y, j) x ds) = 11D L0, (DL pg 4y (5)

M

et

x Kag(x,dy x ds)| A M,

K (0, D), (dy, j) x ds) = g @um((x, ), (dy, j) x ds)
+ (1= g, RD)KG ((x, 1), (dy. j) x ds).

Note that JCgI is strictly increasing,
4.18) KM ((x xN), (E x N) x I <XKq(x,ExT) forallEc4, I'e R?
(where N denotes the set of natural numbers), and
4.19)  K¥((x xN),(ExN)xT) S Kgx,ExT) asM— oo.

Also, it follows from our construction that X é‘f is irreducible with respect to a
maximal irreducibility measure ¢y 7 ¢ as M — oo.
The kernel J(g’ has a minorization, namely g ®uy < X é}f , which implies

(4.20) gm(@) ® iy () < KM () forall a.

For shorthand notation, let (A (e))~! denote the convergence parameter of
Kl (@), Ay (@) =log Ay (@), Dy =D o and 17 = 1“”

Our main reason for introducing the above truncation is because the transformed

kernel X é‘f (o) has eigenvectors which are bounded, and the following regularity
properties also hold.

LEMMA 4.2. Let JCg, Ka, Am, Ay and A i, be defined as above. Then the
following hold.

() Ay is convex, analytic, strictly increasing, and Ay (a) /' A xqo(a) as
M — o0, for all o.
(i1) A g, is convex and lower semicontinuous.
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(iii) For any o, there exists a (Ay (oz))_l-invariant function, ry(-; o), for the
kernel X g’ (o). Moreover, the function ry;(+; ) is positive and bounded.

PROOF. (i) Following Iscoe, Ney and Nummelin [(1985), Lemma 3.4],
introduce the generating function

1/fM(0l, ;)

o0

= Z/ eIy e(KY — gmepm)" " @gum)(dx, dy x ds)
4.21) = seR9, x,yeS

o0
—tnn " n R —1a
=Y e @) (K (@) — gm@) @ in (@) gu(@).
n=1
Then A pr(o) = inf{¢ : Yy (@, £) < 1} [Nummelin (1984), Proposition 4.7(i)]. Note
by the construction of K g’ that the individual terms and number of nonzero terms
in the summand on the right-hand side of (4.21) are finite; consequently,

(4.22) Vo, Ay () = 1.

The convexity of Ay, follows from (4.22) and the convexity of 7. Since iy,
is analytic on R?*1, the analyticity of Ay follows from (4.22) and the implicit
function theorem. Finally, the convergence Ay ' A %, is obtained as in Ney and
Nummelin [(1987b), Lemma 3.3(i)]. (From this argument, we also see that A s is
strictly increasing, since Jfé’l is.)

(if) A x, is convex because [by (i)] it is a limit of convex functions, and lower
semicontinous since the analytic functions Ay / Ay, as M — oo.

(iii) Since (4.22) holds, X é‘{[ is (Ap () '-recurrent [Nummelin (1984),
Proposition 4.3]. Hence a (A (er)) ™! -invariant function exists and is given by

423) ry(e) =Yy e "D (ZM (0) — 24(e) @ fim(@))" gur (@)
n=0

[Nummelin (1984), Theorem 5.1]. By the construction of X é” , the sum and
individual terms on the right-hand side are finite; hence 77 (-; @) is bounded. The
positivity of rp(-; o) is obtained from Nummelin [(1984), Proposition 5.1]. [

LEMMA 4.3. Let the kernels P, K gf and Kg be defined as above. Then the
following hold.
Q) If LoAp # @ and LeAscq # D, then D C D5 .
(i) If Loy Ay # @ and LcAyq # 2, then D 7 D5 as M — oo,
(i) If LoAgeq # @ and v € 0D, then I (v) N\ I5) (v) as M — 0.
() If LAy # D and v € riQ(C), then the supremum in the definition of 11(‘;)

is achieved at a point 0 € 3(LoAyr) Naff D' . Moreover, if ¢ > infy Ay (a), then
oV Ay (0) = v for some nonnegative constant p.
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PROOF. (i) Note
(4.24) @) =0+ (LpAp) and (DR)° =0T (LeAxg)

[Rockafellar (1970), Theorem 14.2, applied to 8%, 5, and &% , xg> DY Rock-
afellar (1970), Theorem 8.7, 07 (8 £,4,), 0T (8. xg) May be identified with
0T (LpAp), 0T (LeAxy), Tespectivelyl. Now set b = ¢/2. Since L Ay, C
2(LejpAg) [Lemma 23(ii)], it follows from (4.24) that (D5%/?)° 5 (DR )
hence Q(Jf)/ 2 @e(f()@ For a general b > inf, A p(ct), observe that 07 (LpAp) =

07 (Le/a A p) [Rockafellar (1970), Theorem 8.7]; hence D% = 9%/?,
(i) The proof is analogous to (i), once it is observed that

(4.25) (0" Axg) = (O Apr)
M

[Rockafellar (1970), Corollary 8.3.3 and Theorem 8.7].
(iii) First assume v € int@&%. Let

Wi ={o € LAyt (@v) > I )}, W={aeLechxg: (@v) =I5 0).

Since LAy \ LA g, monotonically as M — oo, (yy Wy =W = 3[;82 (v)
[the last step follows from Theorem 23.5 of Rockafellar (1970)]. Now v €
int@f;?@ = 81;?2? (v) is a nonempty compact set [Rockafellar (1970), Theo-
rem 23.4]. Hence the convergence Wy, N\, 'W implies

Wy Clz:ilz—w| <A, we W}, M > some My(A), for any A > 0.

Thus 7} (v) < I3 (v)+ Allv]l, all M > Mo(A). Conversely, LoAy D LoA o =>
189 () = I (v), for all M. We conclude that I (v) \y I5¢), (v).
Next assume v € ri@&?@. Then v € aff Q(C)Q, and hence [by (ii)] v € aff @5‘? for

sufficiently large M. Thus (e, v) = 0, all @ € (aff D) )* and all & € (aff D))",

M > some My. Using this fact, we may then proceed as in the previous paragraph,

replacing I}% , 11(‘;) with their restrictions to aff @g?@

(iv) Let v, ]\M, I z(v? and @5&) denote the restrictions of v, Ay, [ l(v? and

D9 to aff D). Then v € intD'). Hence 317 (v) # & [Rockafellar (1970),
Theorem 23.4]. This implies

def

426)  T9®E sup (B,7)=(f,0) forsomeb ed(L.Ap)

ﬁeocc]\M
[Rockafellar (1970), Theorem 23.5]. Since (a, v) = 0 for all & € (aff D7)+, (4.26)
also holds with 7 ]f,;) in place of 19 etc., and 0 in place of g, where = 6 on
aff D) and 6 =0 on (aff D).
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Finally observe by (4.26) that v is normal to c,CC]\ M at 6; hence v is normal
to LAy at 0. If ¢ > inf, Ay (a), then it follows from Corollary 23.7.1 of
Rockafellar (1970) that v = pV A 31 (0), for some constant p > 0. [

LEMMA 4.4. Let {(X,,S,):n=0,1,...} be a Markov additive process on
S x R! satisfying (). Let P denote its transition kernel, and assume that
the additive components {&,} and regeneration times {t;} are bounded and
E, (S1) =0, where 7 is the stationary distribution of {X,}. Then, for any A >0
and K > 0,

A
4.27)  lim slogP{ max |Sn|z—}=— inf { inf tAjo(E)} <0,
=0 0<n=|K/z| € e Kje]lv=A4 !

where (A (o))~ is the convergence parameter of e73(01).

PROOF. See Collamore [(1998), Theorem 1]. Since A%H(v) =0 & v =
E (S1) =0, the right-hand side of (4.27) is less than 0.

We remark that hypothesis (H2) of Collamore (1998) is not needed when the
time interval (= [0, K] in this case) is bounded, and hypothesis (HO) of that paper
is satisfied by the results of Ney and Nummelin (1987b). The “s-set” assumption
in Theorem 2 of Ney and Nummelin (1987b) is not needed, because {£,} and
{t;} are bounded; hence r# (-; @) is uniformly positive for all «, by Lemma 2.2(i),
and inspection of the proof shows that the “s-set” condition is unnecessary in that
case. [

Proof of Theorem 3.1 (Lower bound).

Case 1: LoAy, # @. Let v e AN1iDy, — {0}. Then v € riDy for
sufficiently large M [Lemma 4.3(ii)]. Assume M has been chosen so that this is
true. Then by Lemma 4.3(iv), there exists 6 € d(£LoA ») and a positive constant p
such that pVA 7 (0) = v.

Define

ey 0) oy
(4.28) Ro(x,dy x ds) = ———— Kg (x,dy x ds),
ru(x;0)
and observe that A 37 (0) = 0 = Ry, is itself a Markov additive probability kernel.

Let 9B; denote the paths which first hit A/e at time 7°(A) = k, and let

Xo = (x0, 0). Then, by (3.4) and (4.18),

o0
B€3.02 Y [ Go.dey x dsp) - K oo x dso)
k=1 k

(01t ) (Ros 0)

ru(xi; 0)

0 e
(4.29) =

X Ro(Xo, dxy x ds1) -+ Ro(xg—1,dxy X dsg).
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To analyze the quantity on the right-hand side, note that Ex, (§,) = VA 4 (0) =
v/p, where 7y is the stationary distribution of {X,} under Ry [Ney and Nummelin
(1987a), Lemmas 3.3 and 5.2]. Thus, the expected time for the Ry-process to reach
the point v/e € (dA)/¢ is approximately p/e. Also, since v € 2, the straight-line
path [0, v] contains no points other than v belonging to the convex set cl A. Hence,
by Lemma 4.4,

Pr {T*(A)<(p—A)/e}—>0 ase— 0, forany A >0;

in other words, the process stays near its central tendency and therefore does not
enter A/e before the expected time of p/e. By an analogous argument, we also
obtain

Pr,{T°(A) <p/e, Ste(a) € B(v,A)/e} >0 ase—0,

where B(v, A) is a A-ball about v. Finally, by the central limit theorem for Markov
additive processes,

limi(r)lfPﬁe{Tg(A) < p/e} > const > 0.
N

Putting these together yields
(4.30) limi(glfP{sTe(A) €(p— A, pl, Se(a) € B(v, A)} > const > 0.
£—>

Since rps(+; 8) is positive and bounded, by Lemma 4.2(iii), it follows from (4.29)
and (4.30) that

4.31) limi(r)lfslogE(EZQ )= —(0,v) — A0 = —Iy(v) — Al6]].
£—> ’

Now let A — 0 and then M — o0. From Lemma 4.3(iii) and (4.31), we then obtain

(4.32) liminfelog E(E3 ,) = —Iq (v).
e—0 ’

The required lower bound follows by taking the supremum in (4.32) over v €
A Nridx, — {0}), and observing by Lemma 4.3(i) and the definition of 2 that
ANti®p # &= ANriD g, # J. Hence inf{lx,(v):v € ANTiD g, — {0}} =
inf{Ix,(v):v € A} [cf. Collamore (1996a), the last paragraph in the proof of
Theorem 2.1].

Case 2: LoAx, =@. Let Mo =min{M € Z, : LoAy = D} < 00, and first
assume My < oo.

For each M, let cpy = inf, cga A pr(er) and ¢ = inf, cge A gcq (o). Then @5{,}“) V4
@e(;lé)a as M — oo, for any by > cpy and b > ¢. Hence A Nr1iDyp # & =
AN ri@%}“ ) %+ & (by > cpp) for sufficiently large M (Lemma 4.3).

Let M > M, be chosen such that A N 11'@551”) #+ & (by > cy), and let v €
ﬁﬂri@%}m —{0}.Letdj =cy+1/j >0, j=1,2,.... Then by Lemma 4.3(iv),
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there exist elements 6; € d(Ly ; Ay) Naff @g‘;j ) and positive constants p; such that
,OjVAM(Qj) =".

For each j, introduce the Markov additive probability kernel
0= 0uGry (y; 6;)

ru(x; 6;)

4.33) R, (x,dy x ds) = KM (x,dy x ds),

and reason as in (4.29) to obtain

) 00 e~ (0js1tse)+h Ay (0
€0z [
k=1""P

(4.34)

)ru (x0; 0;)

rm (xi; 05)

X jo (x0,dx1 x dsy) - jo (Xk—1,dx x dsg).
It follows from (4.30) and (4.34) that
(4.35) li?l)i(r)lfelogE(é’éya) > —(0;,v) +pjAu8)).

We now distinguish two possible cases. First, suppose that {6} converges
(possibly after passing to a subsequence) to some element 6 € RY. Then the
infimum in the definition of c¢j; is achieved at é; hence A M(é) =cy >0
and VAM(é) = 0. But then lim;_, 00 pj = lim;_, 00 (v/VAp(6;)) = 00. Letting
Jj — oo in (4.35), we conclude

(4.36) lim ¢ log E(&5 ,) = cc.
&e—

Next, suppose that {#;} does not converge along any subsequence. Let 8; =
0;/16;l, and observe that (possibly after passing to a subsequence) 8; — B €
$91 and ||| — oo as j — 0o. Then B € 0F Ay [Rockafellar (1970), Theorems
8.2 and 8.7]. Hence B € (CDE&M +1))" [as in the proof of Lemma 4.3(i)]. Since
the 6;’s were chosen in aff@f‘ij) = afffDﬁfIMﬂ), it follows that B € (@f‘fIMH))" N
aff D Then v e iD= (B, v) < 0. Hence (8, v) < —ap < 0, for all
j = some jo. But then

(4.37) —(0j,v) =—0;l{Bj,v) = 00 as j— oo.

Thus, letting j — oo in (4.35) we again obtain (4.36).
Finally suppose Mo = oo. In this case, the elements of {LoAy:M =1,2,...}
are nonempty and monotonically decreasing to () LoAy = LoA x, = <. Then

(4.38) inf{lla||: € LOAM} — 00 as M — oo.

Note that Ay, is strictly increasing, which (with My = oo) implies infy A pr ()

<0,YM. Since ANr1i®D p» # @ and Dy increases as M — oo, Lemma 4.3(i), (ii)

implies the existence of an element v € (/> Mé(Ql Nrivy — {0} C ri@e(;()(ﬂ.

Applying Lemma 4.3(iv), we then obtain elements 6y € (3(LoA ) N aff D yy)
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and positive constants pys such that pp VA (6p) = v. By (4.38), |10y — 00 as
M — oo.

Let By = Om/116m |- Then (possibly after passing to a subsequence) By —
B € My 0T Ay [Rockafellar (1970), Theorems 8.2 and 8.7]. Then § € (D%, )°

Q@
[Lemma 4.3(ii) and its proof]. Then v € (D%, )° and v € D%, = (B, v) <0.
Hence (Bu, v) < —ay <0, for M sufficiently large. Hence (4.35) and (4.37) (with
“M” in place of “j”) give (4.36), as before.

4.3. Proofs of Theorem 3.4 and Proposition 3.5. Next we turn to the proof
of Theorem 3.4. Let @* be the kernel described in (3.18), and let @ € C. By the
Radon-Nikodym theorem we may write @® (x, -) = R (x, -) + VO (x, -), where
RO(x,) € @ (x,-)and VO (x,-) L @*(x,-), for any given x € S. Define

t3 deﬂ(en) * * *
(4.39) n+1=1og<7@—;—(x,,,Xn+1 x&g50),  n=01,...,
where {(X}}, S}):n=0,1,...} denotes a Markov additive process with transition

kernel @*. Let
W,=Zi+---+Z, n=1,2,..., and W;j=0.
The proof of Theorem 3.4 will rely on the following.

LEMMA 4.5. (i) For any fixed ¢, {W,} is a submartingale.

(i) If Z5 =25V 0 —1and WE =25 + -+ + ZE, n € Ly, then (W} is a
submartingale.

(iii) Suppose @ € Co, so that {Z;}, (W} are actually independent of ¢, and let
Z,’}” =27V (—M), W,f” = Z{” + .+ Z,Il”, n € Zy, and Wéw = 0. Assume that
the lower bound of (R) holds, and assume that we do not have @ = Q* for P a.e.
(v, ), ¢ a.e. x. Then, for some positive constant D,

1
(4.40) lim —Eg«(WM)<—D forall M > some M.
n—-oop

PROOF. (i) Jensen’s inequality implies that E(Z; | | Xy = x) < 0 for all x;
hence {W;} is a submartingale.

(i) This follows by a similar argument and the inequality (logs) <.

(iii) Let {(X:, S’,’f, W,):n=0,1,...} be an independent copy of {(X}:, S}, W,):
n=0,1,...}, but assume that the initial measure of X »is

7* = the stationary measure of {X'} under the transition kernel @*.

Let {T;};en and { f}},-eN denote the respective regeneration times, as described in
Lemma 2.1, and let

"Sdéfinf{n:Tizn andf}:n, some i, j € N}

denote the coupling time.
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First note that if we do not have @ = @* for & a.e. (y,s), ¢ a.e. x, then
Jensen’s inequality implies E+(Z£) < 0. By the monotone convergence ZM N 78
as M — oo, it follows that

(4.41) E.«(ZM)y<—-D <0 forall M > some My.
Consequently
(4.42) E(WM)<_—nD forall M > some Mp.

Let €, = ¥ A n, and observe
(4.43) EWM) =EW") + EWg — Wgh.

Also, by a slight variant of (i) and (ii), {W,{” — neyr} is a submartingale for
ey = log(l + e~M) Hence by the optional sampling theorem,

. M
(4.44) lim E(Wg!) < emE(D) < oo.

Since WM > —M, we also have
(4.45) limsup{—E(W¢!)} < ME(T) < oo.
n—00

[By Remark 2.1(i), E(¥) < 0o.] The required result is then obtained by substitut-
ing (4.42), (4.44) and (4.45) into (4.43). O

LEMMA 4.6. Let A C R? be a convex semicone intersecting 1i S. Assume
that dom A » is open and that (H2) and (SR) are satisfied. Let ¢ be given as in

Lemma 3.2, and let T 4 7;, where t; = Ti11 — T; are the interregeneration times

described in Lemma 2.1. Define 4°(A) = inf{i : T; = T¢(A)}. Then, for ¢ a.e. xg,
. Q

4.46 1 Eg+(4°(A)) = .

( ) 61_[)1'(1)8 @ ( ( )) E@*(‘L’)

PROOF. Let «, vg and a be given as in Lemma 3.2.
Lower bound. First introduce a truncation on the additive components; namely
let M > 0 and define

M
(447) EM=¢* if (g, £F)>-M, and EM =g ———— otherwise.
Il {0, £

Let SM=¢eM ...+ M n=0,1,...,and S} =0, and let
B = #(ag,a) ={v:{ag, v) > a}.

Then by Lemma 3.2(i), £°(A) > 4M-¢(B), where JM-2(.) denotes the stopping
time with respect to the truncated process { S,I,” }nen.
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Note that dom A » open = 0 € int(dom A g+). Hence we may apply the optional
sampling theorem to obtain

Eg+((a0, S77,, . ) =Eq«((a0, S7))

(4.48) e
+Ea+ (00, S77,, = Sg Ea+((4"(B) ~ 1).

Also, under the above truncation,

E@* <(0[0» STMM,E(B) - SYMM,E(B)>> Z _ME(Q* (TlM’e(B) — TM,&(B))

4

(4.49)
> —MC,

where [by Remark 2.1(i)] the constant C < oo. Since {ap, S;/IM,S ( B)) > ale, it
follows from (4.48) and (4.49) that

(450)  liminfeEq+(4"*(B)) > a(Eq- (oo, SE —sH)T pae x,

provided that
(4.51) Eq+ ({0, S71)) <00, ¢ a.e. xo.
Finally observe by Ney and Nummelin [(1987a), Lemma 3.3] and Lemma 3.2(v),

Vo .
4.52) E(Q*(.S'}EH1 — S;:l) =VAgp(ag) -Eg+(t) = EE(Q*(‘L’), i=0,1,....

Then (4.51) holds, and the required result follows from (4.50), (4.52), Lem-
ma 3.2(iii) and the monotone convergence (o, S%’H - S%’ Y\ (o, S;H . S%')
as M — oo.

Upper bound. First assume d > 1. Let ¢+ > 0, and observe that since A is a
semicone, (1 + £)vg is an interior point of A. Choose w® . w@ e A such that
the convex hull of {vy, w® w(d)} contains a neighborhood of (1 + #)vg. Let
v® = yy+w®; let V& be the hyperplane containing {vp, v @y — By,
and let #® be the open half-space determined by V) which contains the point
(1 + t)vg. Then cl(ﬂi=1 H®Y) = vg + cone(conv{w®, ..., w(d)}) [Rockafellar
(1970), Theorem 18.8]. Hence, it follows from our construction and the semicone
property that (7_, #® c A. Also, 0 ¢ #® and vy € dH®, for all k.

Let 4% = inf{i : S}, € #®, all j > i}. By (4.52), the expected time for {S}, }ien
to reach #® is i = o/E(t). Hence, by a simple one-dimensional change of
measure argument,

. 1/0+A
(4.53) é}1_r)r(1)E@* [lj-; 1‘; > ;(E@* (t)>] =0 forallA>0
[cf. Collamore (1998), Theorem 4.1, for a closely related result]. Since 4°(A) <
max{{{, ..., 4}, the upper bound is obtained from (4.53).

Finally, if d = 1, then the upper bound can be obtained directly from (4.53). [
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PROOF OF THEOREM 3.4. Following Asmussen and Rubinstein [(1995),
Theorem 17.6], first observe that

2 2 *
(en) def dp (en) __ d»r da "
(4.54) dKg = (d__@(”’) dQ“" = Ta FRICD) aaQr.
Also, by the Radon—Nikodym theorem and the definition of REM

(4.55)

de* _ d@* _(dRCONT
dQEm ~ dREn _( dQ* ) LA
From (4.54) and (4.55) it follows that

r% (x0; 0to)
4 (XTe(a); 0)

> CXP{_ZE(Q*((WO, S?e(A))) - E@*(W%(A)) + C/},

where the last step was obtained by Jensen’s inequality, and C’ is a finite constant
obtained from the uniform positivity and boundedness of 7 («g) described in
Lemma 2.2(iii).

Let Ty, T1, ... denote the regeneration times in Lemma 2.1 generated by the
Markov additive process {(X,, S,)}; let {r;} denote the interregeneration times;
and let

E(Sé,g) = E(;z*[ exp(—2(a0, S7e(4)) — er(A))]

(4.56)

L8(A) =inf{i : T; > T*(A)}.

Introduce the truncation {(,S¥):n =0,1,...} of {(¢},85):n=0,1,...}
that was described above in (4.47), and observe under this truncation that (4.49)
holds with A in place of B and f°(-) in place of 4¥-¢(-). Hence, it follows from
(4.56) and the definition of {SM} that

457)  logE(&5 ) = —2Eqx((ao, ST, , )) — Bax(Wie(q)) +C

for some constant C € (—o00, 00).
By the optional sampling theorem and Lemma 4.5(i), (ii),

(4.58) Eq+(Wfe(4)) < 0.
Also, by the optional sampling theorem,
Eq+ (@0, S7h ) = Ea+ (@0, S7))
+Eq: ({20, ST, — ST DE@+((Tyz(a)) — 1).
Then by (4.51), (4.52), Lemma 4.6 and the monotone convergence {(cp, S%IH —
S0\ (o, ST — ST.),

(4.60) lim eEg+ (a0, S, 1) \4 (@0, vo) as M — oo.
e—0 15(4)

(4.59)
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From (4.57), (4.58) and (4.60) we conclude
(4.61) limi(r)lfalogE(é”ZQ,s) > —2(ap, Vo).
e—

Together with Lemma 3.2(iii) and Theorem 3.3(ii), this implies

(4.62) liminfelog E(83 ;) > lim elog E(E3 ,).
e—>0 ’ e—0 ’

It remains to show that if @) £ @* at some continuity point #y € [0, o], then
there is strict inequality in (4.62). Suppose now that #y € [0, ¢] is a continuity
point and @ =£ @*. Then the continuity properties (3.25) and (3.26) are satisfied
in some interval [£1, 2] C [0, 0). Let D and My be the constants obtained in
Lemma 4.5(iii) when @g = @ () ' Assume that the interval [£1, &2] has been chosen
sufficiently small that (3.25) holds with A = D /2.

Decompose the random variable Z¢ into a sum of two terms, namely,

d R0
U,,=log< P (X, X*_Hxén“)) n=0,1,...,

dRE
> n=0,1,....

d R () (X* X*+1 X $n+1)

For M > 0,let UM =U, v (-M); VM:¢ = Ve v (—M);

Ve = log<

n n
=Y uM  zMe=uMyvMe wile=YzMe

By Lemma 4.5(iii),
H =4

&

(4.63) liin_fgngQ*(R%Z/” - ngl/gj> < —( )D for all M > M.

Hence, from the continuity properties (3.25) and (3.26) and a straightforward
variant of Lemma 4.5(iii) (applied to {VnM *¢1), we obtain

(4.64) limsupeEq-(W}/, — Wi ) < —D' <0 forall M > M.
e—0

Moreover, by the optional sampling theorem and Lemma 4.5(1), (ii),

(4.65) Eax(Wre(aynz,e)) <0

and

¢)
(4.66) E@*(W%(A) WL<;2/6J’ T"(4) > ts J) =0.
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It follows from (4.64)—(4.66) and the definition of {W,{” ¢} that
lim sup SE(Q*(W;%(A))
4.67)
/ P M.,e M.e . §2
<-D'— 112)161f8E@*<WL€2/6J = Wreayaiqeps TP(A) < ?>

Since ¢ < @, P{T¢(A) < |&/el} 2o [Collamore (1998), Theorem 1; cf. (4.52)
and the proof of Lemma 4.4]. Also, the above definitions imply that the last
integrand in (4.67) is bounded below by —2M[(& — ¢1)/e + 1]. We conclude
that the last term on the right-hand side of (4.67) can actually be dropped.

Using (4.67) in place of (4.58) now gives strict inequality in (4.62), as
desired. [l

PROOF OF PROPOSITION 3.5. (i) By definition,

(LpIp)= |J H(a,b) forallb>0.
aeLoAp
Hence {#H(a,a — A)lwegyr, 1is an open cover for B def 0(Lylp) N
(cones (LoA))E.

The set B is compact, since Ip is positively homogeneous and strictly
positive on the compact set S4=1 N (cones (LoA%))¢ [Collamore (1996b), Lem-
ma 3.1]. Hence B has a finite subcover. This subcover also covers (£, Igp)c N
(cones(LoA%))¢, and hence A.

(ii) This is established in the same way as the upper bound of Theorem 3.1, with
«; in place of 6. In the case where A is a finite union of convex sets, choose the
a;’s to be the elements obtained in Lemma 3.2 when A = A;, i=1,...,k, and
then proceed as in the proof of the upper bound of Theorem 3.1. [
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