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SUBGROUP FAMILIES CONTROLLING P-LOCAL FINITE
GROUPS

C. BROTO, N. CASTELLANA, J. GRODAL, R. LEVI, AND B. OLIVER

ABSTRACT

A p-local finite group consists of a finite p-group S, together with a pair of categories which encode
“conjugacy” relations among subgroups of S, and which are modelled on the fusion in a Sylow
p-subgroup of a finite group. It contains enough information to define a classifying space which
has many of the same properties as p-completed classifying spaces of finite groups. In this paper,
we examine which subgroups control this structure. More precisely, we prove that the question of
whether an abstract fusion system F over a finite p-group S is saturated can be determined by just
looking at smaller classes of subgroups of S. We also prove that the homotopy type of the classifying
space of a given p-local finite group is independent of the family of subgroups used to define it, in
the sense that it remains unchanged when that family ranges from the set of F-centric F-radical
subgroups (at a minimum) to the set of F-quasicentric subgroups (at a maximum). Finally, we
look at constrained fusion systems, analogous to p-constrained finite groups, and prove that they
in fact all arise from groups.

A p-local finite group consists of a finite p-group S, together with a pair of cat-
egories (F, L), of which F is modeled on the conjugacy (or fusion) in a Sylow
subgroup of a finite group. The category L is essentially an extension of F and
contains just enough extra information so that its p-completed nerve has many of
the same properties as p-completed classifying spaces of finite groups. The main
purpose of this paper is to study when the set of objects of F or £ can be changed
without changing the conjugacy encoded by F or the homotopy type of the nerve
of L. The tools introduced simplify the construction and manipulation of p-local
finite groups in many cases.

We first recall the fusion and linking categories associated to a finite group. Fix
a prime p, a finite group G, and a Sylow p-subgroup S of G. A p-fusion category
for G is a category F = FL'(G), whose object set is a set H of subgroups of 9,
and whose morphisms are the homomorphisms between subgroups in H induced
by conjugation in G. The associated linking category £ = L¥(G) has the same
objects, and morphisms from P to @ are given by the formula

Morz (P, Q) = {z € G|zPz™' < Q}/OP(Cg(P)).

Here, OP(—) is the subgroup generated by elements of order prime to p. There
is a canonical quotient functor £ (G) —— FI(G) which sends the class of x to
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conjugation by z. It was shown in [4] that the homotopy theory of the nerve |L%(G)|
(for the right choice of H) is closely related to the p-local homotopy theory of BG.

Fusion and linking categories were designed to a large extent to capture the “p-
local structure” of finite groups, blocks, and p-completed classifying spaces in a way
which does not depend directly on the structure of the ambient group. Many results
in group theory, such as Alperin’s fusion theorem [1] and the work by Alperin and
Broué on fusion in block theory [2], can be formulated in terms of fusion categories.
One is thus led to search for an axiomatic definition of these concepts. The definition
of a saturated fusion system F over a p-group S, generalizing p-fusion categories of
finite groups, was first given by Puig [18]. A simplified (but equivalent) definition of
a saturated fusion system, along with an axiomatic definition of a “centric” linking
system, was later given in [5, §1]. Here, the word “centric” refers to the set of
objects in the linking system, which will be described in Section 1. A p-local finite
group is then defined to be a triple (S,F, L), where S is a finite p-group, F is a
saturated fusion system over S, and L is a centric linking system associated to F.
The classifying space of such a triple is the p-completed nerve |L| 2. For any S < G
as above, (5, Fs(G), LS(G)) (where the categories are taken for appropriate families
of subgroups) is a p-local finite group with classifying space |£§(G)])) ~ BG).

The main goal of this paper is to examine the role of the set H of subgroups of S
on which the fusion and linking systems are defined; i.e., to show when the set can
be changed without changing F and £ in an “essential” way. Related questions have
been studied extensively when F comes from a finite group G, both in connection
with the Alperin’s fusion theorem (cf. [1] and [17]) and more indirectly in connection
with the study of homology decompositions (cf. [8] and [11]). In a subsequent paper
[6], we use the tools developed in this paper to study the extension theory of fusion
systems and p-local finite groups, in part motivated by our desire to develop more
ways of constructing p-local finite groups that do not come from groups. Such
“exotic” p-local finite groups do exist for all primes, and examples are given in [5,
§9], [21], [15], and [7], but we still have no really good tools for constructing them,
nor any sense of how frequently they occur.

We now describe the results of the paper in more detail. We refer the reader
to Section 1 for the definitions of abstract saturated fusion systems and centric
linking systems; and also of F-centric and F-radical subgroups for a fusion system
F (analogous to the usual concepts of p-centric subgroups and radical p-subgroups
of a finite group). However, the precise definitions will not be essential to follow
this introductory discussion. We also refer the reader to the end of the introduction
for a list of notation which will be used throughout the paper.

One of the most difficult problems, when constructing exotic fusion systems, is
showing that the fusion system one has constructed satisfies the axioms of saturation
(see Definition 1.3). This job is clearly simpler if one only needs to check the axioms
on subgroups which are centric, rather than having to do so on all subgroups. The
following theorem is used several times in our paper [6], and can be used to shorten
the proof of saturation of the exotic fusion systems in [5, §9].

THEOREM A. Let F be a fusion system over a finite p-group S, and assume that
all morphisms in F are composites of restrictions of morphisms between F -centric
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subgroups. If F satisfies the azioms of saturation (Definition 1.8) when applied to
F-centric subgroups of S, then F is saturated.

This theorem is stated more precisely, and in greater generality, in Theorem 2.2.
There, we replace “F-centric” subgroups in the above formulation by “any collection
of subgroups containing all subgroups which are both F-centric and F-radical and
is closed under F-conjugacy”; but at the price of an additional hypothesis. As such,
it can be thought of as a converse to Alperin’s fusion theorem for abstract fusion
systems (as shown in [18, 2.13] and [5, Theorem A.10]), which says that if F is a
saturated fusion system, then it is generated by restrictions of automorphisms of
F-centric F-radical subgroups.

In many applications, it is useful to construct linking systems with respect to
different sets of subgroups than the F-centric subgroups of S. If G is a finite group,
then we call a p-subgroup P < G p-quasicentric if OP(Cq(P)) has order prime to
p; equivalently, if BCg(P);, is the classifying space of some p-group. When F is a
saturated fusion system over a p-group .S, then we make an analogous definition of
an F-quasicentric subgroup of S in Section 3. When F is the fusion system of a
block b with defect group S, then the F-quasicentric subgroups of S correspond to
the nil-centralized pointed groups, in the sense of Puig [19], which are associated
to b.

Our next theorem shows that the homotopy type of the classifying space of a
p-local finite group (S, F, L) is also determined by a linking system based on any
set of F-quasicentric subgroups of S which contains at least those which are both
F-centric and F-radical. This result can also be interpreted as a statement about
homology decompositions for p-local finite groups, and as such is motivated by
[8, 1.20] and [11, Theorem 1.5]. It is restated and proved as Theorem 3.5, and is
essential when studying “extensions” of p-local finite groups with p-group quotient
in [6].

THEOREM B. Let (S, F, L) be a p-local finite group. Then there exists a cate-
gory L1 containing L as a full subcategory, whose objects are the F-quasicentric
subgroups of S, and such that the inclusion of nerves |L| C |L£7] is a homotopy
equivalence. Furthermore, if H is any collection of F-quasicentric subgroups of S
containing all P < S which are both F-centric and F-radical, and LM C L9 s the
full subcategory whose objects are the subgroups in H, then the inclusions of L™
and L in L2 induce homotopy equivalences

L7 ]9 ~ |£].

We conclude this paper, in Section 4, with a very specialized family of examples:
fusion systems whose entire structure is controlled by a single p-subgroup. If G is a
finite group which has no nontrivial normal subgroup of order prime to p, then G is
called p-constrained if there is a normal p-subgroup P <1 G such that Cq(P) < P;
equivalently, such that G/P can be identified (via conjugation) with a subgroup of
Out(P). In Section 4, we give an analogous definition of a constrained fusion system
(Definition 4.1), and then prove the following proposition (restated as Proposition
4.3).
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PropoOSITION C. Let F be a constrained saturated fusion system over a finite
p-group S. Then there exists a unique p’'-reduced p-constrained finite group G such
that F = Fs(G).

For easy reference, we end the introduction with a list of notation and terminology
which is used throughout the paper.
. Sylp(G) denotes the set of Sylow p-subgroups of G.
e 0,(@G) is the maximal normal p-subgroup of G.
o O,/ (G) is the maximal normal subgroup of G of order prime to p.
e G is p-reduced (p'-reduced) if Op(G) =1 (if Oy (G) = 1).
e OP(@) the minimal normal subgroup of G of p-power index.
e Ng(P,Q)={ze€G|zPx~ 1 <Q} (for P,Q <G).
e ¢, denotes conjugation by z (g — zgzr1).
o NE(P)={z € Ng(P)|c, € K} (for P<S and K < Aut(P)).
e Homg(H, K) (for H, K < G) is the set of homomorphisms from H to K induced
by conjugation in G.
o Autg(H) = Homg(H, H), and Outg(H) = Autg(H)/Inn(H).

e In a fusion system F, Homz (P, Q) = Morz(P,Q), Isor(P, Q) = Homz(P, Q) if
|P| =1|Q|, Autz(P) =Isox(P, P), and Outz(P) = Autz(P)/Inn(P).

All five authors would like to thank the University of Aberdeen, the University
of Paris 13 and the CRM in Barcelona for giving us the opportunity on several
occasions to get together while doing this work.

1. A quick review of p-local finite groups

We first recall the definitions of a fusion system, and a saturated fusion system,
in the form given in [5].

DEFINITION 1.1 [18] and [5, Definition 1.1]. A fusion system over a finite p-
group S is a category F, where Ob(F) is the set of all subgroups of S, and which
satisfies the following two properties for all P,Q < S:

e Homg(P, Q) C Homz(P,Q) C Inj(P,Q); and

e cach p € Homz(P,Q) is the composite of an isomorphism in F followed by an
wnclusion.

We next specify certain collections of subgroups relative to a given fusion system.
If F is a fusion system over a finite p-subgroup .S, then two subgroups P,Q < S
are said to be F-conjugate if they are isomorphic as objects of the category F.
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DEFINITION 1.2. Let F be a fusion system over a finite p-subgroup S.

o A subgroup P < S is F-centric if Cs(P') = Z(P') for all P' < S which are
F-conjugate to P.

o A subgroup P < S is F-radical if Outz(P) is p-reduced; i.e., if Op(Outz(P)) = 1.

If F = Fs(G) for some finite group G, then P < S is F-centric if and only if
P is p-centric in G (i.e., Z(P) € Syl,(Cg(P))), and P is F-radical if and only if
Ng(P)/P - Cg(P) is p-reduced.

The following additional definitions and conditions are needed in order for these
systems to be very useful.

DEFINITION 1.3 [18], see [5, Definition 1.2].  Let F be a fusion system over a
p-group S.
o A subgroup P < S is fully centralized in F if |Cs(P)| > |Cg(P’)| for all P’ < S
which is F-conjugate to P.

o A subgroup P < S is fully normalized in F if |[Ng(P)| > |Ng(P’)| for all P’ < S
which is F-conjugate to P.

e F is a saturated fusion system if the following two conditions hold:

(I) For all P < S which is fully normalized in F, P is fully centralized in F and
Autg(P) € Syl,(Autz(P)).

(Il) If P < S and ¢ € Homg (P, S) are such that P is fully centralized, and if
we set

N, ={g € Ns(P)|pcyp™" € Auts(pP)},

then there is o € Homx (N, S) such that p|p = .

If G is a finite group and S € Syl,(G), then the category Fs(G) defined in the
introduction is a saturated fusion system (see [5, Proposition 1.3]).

We now turn to linking systems associated to abstract fusion systems.

DEFINITION 1.4 [5, Definition 1.7]. Let F be a fusion system over the p-group
S. A centric linking system associated to F is a category L whose objects are the
F-centric subgroups of S, together with a functor w: L F€, and “distin-
guished” monomorphisms P LN Autz(P) for each F-centric subgroup P < S,
which satisfy the following conditions.

(A) 7 is the identity on objects. For each pair of objects P,Q € L, Z(P) acts
freely on Morg (P, Q) by composition (upon identifying Z(P) with 6p(Z(P)) <
Autz(P)), and 7 induces a bijection

MOI‘L(P,Q)/Z(P) i} HOHl]:(P, Q)

(B) For each F-centric subgroup P < S and each x € P, w(dp(x)) = ¢ €
Aut;:(P).
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(C) For each f € Mor.(P,Q) and each x € P, fodp(zx) = do(nf(x))o f.

A p-local finite group is defined to be a triple (S, F, £), where S is a finite p-group,
F is a saturated fusion system over S, and L is a centric linking system associated
to F. The classifying space of the triple (S, F, L) is the p-completed nerve |L]).

For any finite group G with Sylow p-subgroup S, the category £&(G) defined in
the introduction is easily seen to be a centric linking system associated to Fg(G).
Thus (S, Fs(G), LE(G)) is a p-local finite group, with classifying space [L$(G)])) ~
BG}) (see [4, Proposition 1.1]).

The following definitions are somewhat more specialized, and are translations to
the setting of fusion systems of the concepts of a normal p-subgroup of a finite
group, and of strongly and weakly closed subgroups.

DEFINITION 1.5. Let F be a saturated fusion system over a p-group S. Then
for any normal subgroup Q < S,

(a) @ is strongly closed in F if no element of Q is F-conjugate to an element of

SNQ;
(b) @ is weakly closed in F if no other subgroup of S is F-conjugate to Q; and

(¢) @ is normal in F if each morphism o € Homz(P, P') in F extends to some
a € Homgz(PQ, P'Q) such that a(Q) = Q.

Equivalently, @ < S is normal in F if and only if the normalizer fusion system
Nz (Q) is equal to F as fusion systems over S (see [5, Definition 6.1]). The next
proposition, which is motivated by [17, Proposition IV.2], gives two equivalent
conditions for a subgroup to be normal in F.

PROPOSITION 1.6. Let F be a fusion system over S. Then the following condi-
tions on a subgroup Q < S are equivalent:

(a) @Q is normal in F.
(b) @ is strongly closed in F and is contained in all F-radical subgroups of S.
(¢) Q is weakly closed in F and is contained in all F-radical subgroups of S.

Proof. Assume first that @ is normal in F. In particular, if an element z € @
is F-conjugate to an element y € S\Q, then the isomorphism in F from (z) to (y)
extends to a morphism Q = (Q, z) — (Q, y). But such a morphism clearly cannot
send @ to itself. Thus @ is strongly closed in F. If P < S does not contain @, then
Npg(P)/P is a nontrivial p-subgroup of Out#(P), which is in fact normal there. To
see normality notice that if & € Autz(P) then « extends to & € Aut#(PQ) since
Q normal in F, so for all 2 € Npg(P) we have ac,a™ = (ac,a™')|p = ca@) €
Autpg(P). Hence such a subgroup P cannot be F-radical. Thus, all F-radical
subgroups of S contain @Q. This shows (a) = (b).

Condition (b) clearly implies (c), and so it remains to show (c) = (a). Assume
that @ is weakly closed in F, and that all F-radical subgroups contain @. Then by
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Alperin’s fusion theorem, each morphism in F is a composite of morphisms, each
of which is the restriction of a morphism between subgroups containing @, and
which necessarily sends @ to itself (since @ is weakly closed). In other words, each
¢ € Homgz(P, P') extends to a morphism ¢ € Homz(PQ, P'Q) which sends Q to
itself, and hence @ is normal in F. O

2. Centric and radical subgroups determine saturation

Given a fusion system which is not known to come from a group (or a block), it
turns out to be difficult in general to show that it is saturated when using the defi-
nition directly. This is one of the obstacles one encounters when trying to construct
p-local finite groups which do not come from groups.

The main result of this section, Theorem 2.2, says that it suffices to check the
axioms of saturation on the centric subgroups, in the sense that any fusion system
which satisfies these axioms for its centric subgroups generates a saturated fusion
system in a way made precise below. In fact, our result is stronger than that. We
prove that it suffices to check the axioms of saturation on those subgroups which are
centric and radical, and a much weaker condition on the centric subgroups which
are not radical.

Before stating the main results, we make some definitions.

DEFINITION 2.1.  Let F be any fusion system over a finite p-group S, and let
H be a set of subgroups of S closed under F-conjugacy.

(a) F is H-generated if every morphism in F is a composite of restrictions of
morphisms in F between subgroups in H.

(b) F is H-saturated if conditions (I) and (II) hold in F for all subgroups P € H.

In terms of these definitions, Alperin’s fusion theorem for abstract fusion systems
(in the form shown in [5, Theorem A.10]) can be reformulated by saying that if
F is a saturated fusion system over S, and H is the family of F-centric, F-radical
subgroups of S, then F is H-generated.

Our main result in this section can be thought of as a converse to this form of
the fusion theorem. In practice, it often simplifies the task of deciding whether a
fusion system is saturated or not. As one example, the proof of [5, Proposition 9.1]
— the proof that the fusion systems constructed there are saturated — becomes
far simpler when we can use Theorem 2.2, applied with H the set of F-centric
subgroups of S.

THEOREM 2.2. Let F be a fusion system over a finite p-group S, and let 'H
be a set of subgroups of S closed under F-conjugacy that contains all F-centric,
F-radical subgroups of S. Assume that F is H-generated and H-saturated, and that

(%) each F-conjugacy class of subgroups of S which are F-centric but not in H
contains at least one subgroup P such that Outs(P) N Op(Outx(P)) # 1.

Then F is saturated.
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Note that the condition that H contain all F-centric, F-radical subgroups of S is
implied by (x); but we keep it in the statement for the sake of emphasis. Condition
(*) might at first sight seem artificial, but we construct an example at the end
of this section showing that it is, in fact, necessary, and not implied by the other
hypotheses of the theorem.

We first discuss the relation between conditions (I) and (IT) in Definition 1.3, and
certain other, similar conditions on fusion systems. We recall the definition of N,
for any given ¢ € Morz (P, Q),

N, = {z € Ns(P) | pcop™ ! € Autg(p(P))}.

LEMMA 2.3. Let F be a fusion system over a p-group S, and let H be a set of
subgroups of S closed under F-conjugacy. Consider the following conditions on F:

(I)y¢:  For each subgroup P € H fully normalized in F, P is fully centralized and
Autg(P) € Syl,(Autz(P)).

(I")y: Each P € H is F-conjugate to a fully centralized subgroup P’ € H such that
AutS(P’) € Sylp(Aut]:(P’)).

(Il)3¢:  For each P € H, and each ¢ € Homxz(P,S) such that ¢(P) is fully central-
ized in F, ¢ extends to a morphism » € Homz(N,,S).

(ITA)3:  Each F-conjugacy class P C H contains a fully normalized subgroup Pe
P with the following property: for all P € P, there exists a morphism ¢ €
Homg(Ng(P), Ng(P)) such that p(P) = P.

(IIB)y: For each fully normalized subgroup P € H and each ¢ € Auty(P), there

~

is a morphism @ € Homx(N,, Ng(P)) which extends .
Then
(@) (Dn <= ()3, and
(b) On + ADx = ([TA)x + (IB)x = (D)x.

Proof. (a) Condition (I) clearly implies (I')%, since every P < S is F-conju-
gate to a fully normalized subgroup. To see the converse, assume P € H is fully
normalized. By (I')y we can choose P’ € H which is F-conjugate to P, fully
centralized, and satisfies Autg(P’) € Syl,(Autz(P’)). Then

| Auts(P')[-[Cs(P")| = [Ns(P)| < [Ns(P)]
= [Autg(P)[|Cs(P)] < | Auts(P)|-|Cs(P")] :

the first inequality holds since P is fully normalized, and the second by the assump-
tions on P’. Thus all of these inequalities are equalities, and so P is fully centralized
and Auts(P) € Syl,(Autz(P)).

(b) Assume (I)3 and (IT)3 hold; we next prove that this implies (ITA) and (IIB).
We first check condition (IIB)s. Let ¢ = 150 where ¢ is the inclusion of Pin S.

Since P is fully normalized, condition (I)z implies that P is also fully centralized.
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By condition (IT)y, @ extends to € Homy:(Na, S), where

Furthermore, Im(3) < Ng(P), since P < N.

Next we check that (ITA) holds. Fix an F-conjugacy class P C H, and choose
a fully normalized subgroup P € P. Since (I)% holds, P is also fully centralized,
and Autg(P) € Sylp(Auty:(ﬁ)). Thus for any P € P and any ¢ € Isox(P, P), there
exists x € Aut#(P) such that oy Autg(P)y L¢~! < Autg(P). Then

def 1 - 5
Neox = {9 € Ns(P) [ xegx 97" € Auts(P)} = Ns(P),
and hence the morphism ¢y extends to ¢ € Homgz(Ng(P),S) by (II)3. Then
o(P) = px(P) = P, and hence Im(p) < Ng(P).
It remains to prove the last implication. Assume (ITA) and (IIB)3; we must
prove (I)y. Fix P € H and ¢ € Homg(P,S) such that P’ def o(P) is fully

centralized in F. Using (IIA)y, choose a fully normalized subgroup P which is
F-conjugate to P, P, and morphisms

~

W € Homz(Ng(P),Ns(P))  and ' € Homz(Ns(P'), Ns(P))

such that ¢(P) = ¢/(P') = P. Set $ = (/| pr) o 0o (1b|p) ! € Autz(P).

For each x € N, there exists y € Ng(P’) such that pc,o~! = ¢, as elements
of Aut(P’). Then as automorphisms of ]3, @%(m)@fl = Cy(y)- This shows that
¥(Ny) < N=. By (IIB)y, & extends to a morphism @ € Hom (N, Ng(P)).

Now fix € N, and let y € Ng(P’) be such that ¢c,o~! = ¢, as elements of
Aut(P’). The elements @y (z),v'(y) € Ns(ﬁl induce the same conjugation action
on P, and thus differ by an element in Cs(P). Also, since P’ is fully centralized,

' (Cs(P)) = Cs(ﬁ), and hence
P(x) € ¥/ (y)-Cs(P) = ¢/ (y-Cs(P')) < ¢/ (Ns(P")).

Thus p(N,) < ¥'(Ng(P')), and so ¢ o 1) factors through some morphism @ €
Homz(N,, Ng(P')) which extends ¢. This finishes the proof of condition (II)3. [J

As an immediate consequence of Lemma 2.3, we obtain the following alternative
characterization of the conditions of saturation: a fusion system F over S is satu-
rated if and only if it satisfies the conditions (I')3, (ITA)s and (IIB)y where H is
the set of all subgroups P < S.

NOTATION. Following the notation introduced in Lemma 2.3 for the conditions
stated there, we also write (-)g or (<)sq for (-)n when H ={Q} or H={P|Q =
P < S}, respectively. Given a fusion system F over S, let S be the set of all
subgroups of S. For P < S, let S>p D Ssp be the sets of subgroups of S which
contain, or strictly contain, P.

We will now prove two lemmas which allow us to prove Theorem 2.2 by induction
on the number of F-conjugacy classes of subgroups of S not in H.
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LEMMA 2.4. Let F be a fusion system over a finite p-group S, and let H be a
set of subgroups of S closed under F-conjugacy. Let P be an F-conjugacy class of
subgroups of S which is mazimal among those not in H. Assume F is H-generated
and H-saturated. Then the following hold for any P € P which is fully normalized
m F:

(a) Nz(P) is Ss p-saturated.

(b) Each ¢ € Autz(P) is a composite of restrictions of morphisms in Ngz(P)
between subgroups strictly containing P.

(¢) F is (HUP)-saturated if Nz(P) is S>p-saturated.

Proof. By a proper P-pair will be meant a pair (Q, P), where P < Q < Ng(P)
and P € P. Two proper P-pairs (@, P) and (Q’, P’) will be called F-conjugate if
there is an isomorphism ¢ € Isoz(Q, Q') such that o(P) = P’. A proper P-pair
(Q, P) will be called fully normalized if [Ny (py(Q)| > |[Nng(pr)(Q")] for all (Q, P')
in the same F-conjugacy class.

The proof of the lemma is based on the following statements, whose proof will
be carried out in Steps 1 to 4.

(1) If (@, P) is a fully normalized proper P-pair, then @ is fully centralized in F
and

AutNS(p) (Q) S Sylp (AutN]__(p) (Q))

(2) For each proper P-pair (Q, P), and each fully normalized proper P-pair (Q’, P’)
which is F-conjugate to (Q, P), there is some morphism

¥ € Homz(Nyg(p)(Q), Nng(p(Q'))
such that ¥(P) = P’ and ¥(Q) = Q.
(3) There is a subgroup P € P which is fully centralized in F, and which has the

~

property that for all P € P, there is a morphism ¢ € Homz(Ns(P), Ns(P))
such that o(P) = P.

(4) Let (Q, P) be a proper P-pair such that P is fully normalized in F. If Q is fully
normalized in Nz(P), then (Q, P) is fully normalized. If Q is fully centralized
in Nz(P), then @ is fully centralized in F.

Note that point (3) implies that Pis fully normalized in F, and that any other
P’ € P which is fully normalized in F has the same properties.
Assuming points (1)—(4) have been shown, the lemma is proven as follows:

(a) We show that conditions (I) and (II) hold in Nz(P) forall Q € Ssp. If Q = P
is fully normalized in Nz (P), then the proper P-pair (Q, P) is fully normalized by
(4), and hence condition (I) holds in Nz(P) by (1). It remains to show condition
(IT). Also, by (4) again, if P S @ < Ng(P) and @ is fully centralized in Nx(P),
then it is fully centralized in F. Hence (II) holds automatically for morphisms
¢ € Hompy, (py(Q, Ns(P)), since it holds in F.

(b) Fix ¢ € Autz(P). Since F is H-generated, there are subgroups
P=PFy,P,...,P,=P inP, and PisQi<S, QicH
and morphisms ¢; € Homz(Q;,S) (0 < i < k — 1), such that ¢;(P;) = P41 and
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© = pr—1|p,_, o -opo|p,.- Upon replacing each Q; by Ng, (P;) = P;, we can assume
that Q; < Ngs(P;). By (3), there are morphisms x; € Homz(Ng(P;), Ns(P)) for
each ¢ such that x;(P;) = P, where we take xo = Xk to be the identity. Upon
replacing each @; by x; o @iox; ' € Homz(xi(Qi),S), we can arrange that P; = P
for all ¢. Thus ¢ is a composite of restrictions of morphisms in Nz(P) between
subgroups strictly containing P.

(c¢) Assume that Ng(P) is S>p-saturated. By Lemma 2.3, it is enough to check
that Conditions (I')p, (IIA)p, and (IIB)p are satisfied in F. Condition (ITA)p
follows from point (3). Since Autz(P) = Auty,.p)(P), it is clear that Condition
(IIB)p holds in F. Finally, since Auts(P) = Auty,p)(P), and since the properties
of P as described in point (3) hold for every fully normalized subgroup, (I)p also
holds, and this proves that F is (H U P)-saturated.

In order to finish the proof, it remains to prove points (1)—(4).

Step 1: For any proper P-pair (Q, P), let Kp < Aut(Q) be defined by
Kp ={p € Aut(Q)|¢(P) = P}.

If the pair (Q, P) is fully normalized, then @ is fully K p-normalized in F in the
sense of [5, Definition A.1]. Hence by [5, Proposition A.2(a)], @ is fully centralized
and

AutNS(p) (Q) = Auts(Q) NKp e Sylp (Aut]:(Q) N KP) = Sylp(AlltNF(p) (Q))

More precisely, this follows from the proof of [5, Proposition A.2], where we need
only know that F satisfies the axioms of saturation on subgroups containing ) and
its F-conjugates.
Step 2: Let (Q', P') be any fully normalized proper P-pair of subgroups of S which
is F-conjugate to (@, P). Let ¢ € Isor(Q, Q') such that p(P) = P’. Since (Q’, P’) is
fully normalized, Q" is fully centralized and Autygp(Q") € Syl,(Autn,.p(Q"))
by (1).

Since o Aut yg(p) (Q)p~! is a p-subgroup of Auty,.(py(Q'), there is a morphism
a € Auty, (p(Q') such that

ap Autng(p) Q)¢ a ™! < Autng(p)(Q).

Since F is H-saturated, ap extends to a morphism ap € Homz(Nqy,, S) by (II)g,
where

Nop = {z € Ns(Q) | apcap™ a7 € Auts(Q)} > Nyy(p)(Q).

Set ¥ = a@|ny, py (@ € Homzr(Nng(p)(Q),S). Then Im(y) < Nyyp)(Q') by
construction. Moreover, ¥|g = ayl|g, ¥|p = ay|p, and hence (P) = P’ and
P(Q) =@
Step 3: We first show, for any P, P’ € P, that there is a subgroup P” € P, and
morphisms 1 € Homz(Ng(P), Ng(P")) and ¢’ € Homz(Ng(P’), Ns(P")), such
that ¥(P) = P" = /(P').

Let 7 be the set of all sequences

£ =(P = Py,Qo,¢0; P1, Q1,015 s Pho1, Qr—1,pr—1; P = P')

such that P; S Q; < Ns(P;), ¢; € Homz(Qi, Ns(Pi+1)), and ¢;(P;) = Piy1. Let
7. C T be the subset of those £ for which there is no 1 < 4 < k — 1 such that
Qi: = Ns(P) = pi—1(Qi—1). Let T £, 7, be the “reduction” map, which removes
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any P; such that Q; = Ng(P;) = p;—1(Qi—1) (and replaces ¢;_1 and ¢; by their
composite).
Define
I(6) ={0<i<k—-1]Qi S Ns(F;) and ¢;(Qi) = Ns(Piy1)}.

If ¢ €7 and I(§) # 0, define

A = min sz 2 .

(© = min [@:: 2] 2 p

The main observation needed to prove point (3) is that there exists an element
& € 7, such that I(£) = 0. Note first that 7" # (), since F is H-generated (and since
Q@ = P implies Ng(P) = P). Hence (by the existence of the retraction functor R)
7. #0.

Fix an element ¢ € 7, such that I(£) # 0. We will construct £ € 7,. such that

~ ~

either I(§) = 0, or A(§) > A(€). For each i € I(§), choose a fully normalized
proper P-pair (QY, P!") which is F-conjugate to (Q;, P;), and apply (2) to choose
homomorphisms

¥; € Homz (Nyg(py(Qi),S)  and ¢ € Homz (Nyg(p,, ) (9i(Qi)), S)
such that 1;(F;) = ¢i(Piy1) = P and ¢;(Q:) = ;(Qiy1) = Q7. Set
Qi = Nngpy(Q:) 2 Qi and Q) = ¢{(Nny(p, ) (2i(Q0))) Z UH(Q0).
Note that if (@, P) is a proper P-pair with P S Q S Ngs(P), then Ny, p)(Q) 2 Q.
Thus upon replacing the sequence (P, Q;, w:; Pit1) in € by

(Pi7 @’ia 1/}15 F)i”a @;7 (U);)717 Pi+1)

and similarly for the other components of I(£), we obtain a new element £’ € 7,
such that either (') = 0 or A(§') > A(§) (by construction [Q; : P] > [Q; : P]
and [@Q] : P'] > [Qi : Pj]). Then { = R(£') € 7, is also such that either I(£) = () or
A(E) > A(E).

Since the function A is bounded above, it follows by induction that there is € € 7,
such that I(£) = 0. Write

&€= (Po,Qo, %0 Pi-1,Qr-1,96-1; Px) € T, (Py=P, P,=P").
The assumption I(§) = () implies that for each 4, either Q; = Ng(P;) (hence
[Ns(P)| < [Ns(Pit1)l), or i(Qi) = Ns(Pi+1) (hence [Ns(P;)| = [Ns(Piy1)]).

Thus when ¢ € 7, there is no 1 < ¢ < k — 1 such that |Ng(P;)| < |Ns(P;—1)|
and also |Ng(F;)| < |[Ng(Pit1)|. So if we choose 0 < j < k such that |[Ng(F;)| is
maximal, then

[Ns(P)| < [Ns(P1)| < [Ns(P,)| < -+ < [Ns(P)l,
and
[Ns(Pj)| = [Ns(Pj-1)| = -+ > [Ns(Pe-1)| = [Ns(P')].

Since I(£) = 0, this implies that Q; = Ng(P;) for all i < j, and that ¢;(Q;) =
Ng(Pit1) for all j <4 < k—1. So upon setting P” = P;, we obtain homomorphisms
’(/J =@j—10""0Qo S HOHl]:(NS(P),NS(P”))

and
¢ = (pr-10---0p;)”" € Homz(Ng(P'), Ns(P"))
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such that ¥(P) = P" = ¢'(P’).

This was shown for an arbitrary pair of subgroups P, P’ € P. By successively
applying the above construction to the subgroups in the F-conjugacy class P, it
now follows easily that there is some P € P such that for all P € P, there is a
morphism ¢ € Homz(Ng(P), Ng(P)) such that ¢(P) = P. Note that P is fully
normalized since Ng(P) contains an injective image of any other Ng(P) for P € P.
For the same reason, Pis fully centralized in F: its centralizer contains an injective
image of the centralizer of any other subgroup in the F-conjugacy class P.

Step 4: Fix a proper P-pair (Q, P) such that P is fully normalized in F. By (3),

the pair (Ns(P), P) is F-conjugate to (Ns(P), P). Hence for every P’ € P, there
is

Y € Homg(Ng(P'), Ng(P))

such that ¢(P’) = P.

Assume @ is fully normalized in Nz(P). Let (@', P’) be any proper P-pair
F-conjugate to (@, P), and choose ¢ as above. Set Q" = ¥(Q’). Then v sends
Nyg(py(Q') injectively into Ny (py(Q"). So

|Nng(py (Q)] < [Nng(p) (Q")] < [Nng(p)(Q)];

where the last inequality holds since @ is fully normalized in Nz(P). This shows
that the pair (P, Q) is fully normalized.

Finally, assume @ is fully centralized in Nz(P), and let @ be any other subgroup
in the F-conjugacy class of Q. Fix ¢ € Isox(Q,Q’), and set P’ = ¢(P). Again,
choose 1 as above, and set Q" = ¥(Q’). Then |Cs(Q")| < |Cs(Q")] since ¢ sends
the first subgroup injectively into the second, and |Cs(Q")| < |Cs(Q)] since Q is
fully centralized in Nz(P) and the pairs (@, P) and (Q", P) are F-conjugate. This
shows that @ is fully centralized in F. ]

Lemma 2.4 reduces the problem of proving P-saturation, for an F-conjugacy
class P, to the case where P = {P} and P is normal in F. This case is handled in
the next lemma.

LEMMA 2.5. Let F be a fusion system over a p-group S. Assume that P <1 S is
normal in F, and that F is Ss p-generated and S p-saturated. Assume furthermore
that either P is not F-centric, or Outs(P) N O,(Outz(P)) # 1. Then F is Ssp-

saturated.

Proof. Define
P ={x € S|c, € Op(Aut(P))}.

It follows from the definition that P* < S, and we claim that P* is strongly closed
in F. Assume that z € P* is F-conjugate to y € S. Since P is normal in F,
there exists ¢ € Homg((z, P), (y, P)) which satisfies ¢)(P) = P and ¢(z) = y. In
particular, ¥ o ¢, 0 p™1 = ¢,. It follows that y € P*, since ¢, € Op(Autx(P)).

Note also that P* > P-Cg(P). So by the assumption Outg(P)NO,(Out£(P)) # 1
if P is F-centric, or by definition if P is not F-centric, P S P* in all cases.

Since F is assumed to be Ss p-saturated, we need only to prove conditions (I)p
and (IT) p. We first prove that these conditions follow from the following statement:
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(%) each ¢ € Autz(P) extends to some p € Autz(P*).

Since P is normal in F, it is the only subgroup in its F-conjugacy class, and hence it
is fully centralized and fully normalized. It is also clear that P* is fully normalized in
F,since P* <1 S. Hence Auts(P*) € Syl,(Autz(P*)) by (I)> p. The restriction map
from Autz(P*) to Autz(P) is surjective by (), and so Auts(P) € Syl,(Aut#(P)).
Therefore condition (I)p holds.

Next we prove condition (II)p: that each automorphism ¢ € Autz(P) extends
to a morphism defined on N,. By (*%), ¢ extends to some 1) € Autz(P*). Consider
the groups of automorphisms

K = {x € Autg(P") } X|p = ¢, some x € Ny}
Ko = {x € Autz(P*) | x|p =1dp} < Autz(P*).

By definition, for all z € N,,, we have (1c,¢0~1)|p = x|p for some x € Autg(P*).
In other words, as subgroups of Aut(P*),

VK™t < {pep™H [z € Nob - (vKop™ ') < Auts(P*) - (¥ Koy ™).

In general, if S € Syl,(G), H < G, and P < SH is a p-subgroup, then there
is # € H such that P < xSz~!. Applied to this situation (with G = Autz(P*),
S = Auts(P*), H = ¢ Kop~!, and P = ¥ K1~1), we see that there is x € Kg such
that

(W) K (Wx) ™ = (xy @Ky ) (@xy ™)™ < Autg(P*).

Also, P* is fully centralized in F by (I)sp, since P* is fully normalized. So by
(ID)sp, ¥x € Autz(P*) extends to a morphism @ defined on NX(P*) > N, and
g_0|p = 1/)|p = since X|p = Idp.

In order to finish the proof, it remains to prove (xx). Since any ¢ € Autz(P) is
a composite of automorphisms of P which extend to strictly larger subgroups, it
suffices to show (x*) when ¢ itself extends to ¢ € Isor(Q1,Q2), where Q; = P.
Note that

P(@Q1NP*)=Q2NP* (1)

since P* is strongly closed in F.

We show (#x) by induction on the index [P*:P* N Q1] = [P*:P* N Q2]. If this
index is 1, i.e., if @; > P*, then ¢(P*) = P* by (1), and hence ¢ f @|p~ lies in
Autz(P*) and extends ¢.

Now assume Q1 # P*, let Q3 be any subgroup F-conjugate to Q1 and Q> and
fully normalized in F, and fix ¢ € Isor(Q2,Qs). Upon replacing ¢ by ¢ and by
1o, we are reduced to proving the result when the target group is fully normalized.
So assume Q3 is fully normalized (and hence, by (I)s p, fully centralized).

This time, consider the groups of automorphisms

K= {X (S Aut]_‘(Qg) |X|p S Op(Allt]:(P))}
Ko ={x € Aut#(Q2) | x|p =1dp}.

Both K and K are normal subgroups of Autz(Q2). Also, K/K) is a p-group, since
there is a monomorphism K/Ky — Op(Autz(Q2)). So any two Sylow p-subgroups
of K are conjugate by an element of K.

By definition, Autp«(Q1) is a p-subgroup of Autz(Q1), all of whose elements
restrict to elements of O, (Autz(P)). Hence ¢ Autp-(Q1)@ ™! is a p-subgroup of K.
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Since Q2 is fully normalized, Auts(Q2) € Syl,(Aut#(Q2)), and hence Autp-(Q2) =
K N Auts(Q2) is a Sylow p-subgroup of K. Thus there is x € K| such that

X@ Autp-(Q1)@ 'x ! < Autp- (Q2).

In particular, Np-g,(Q1) < Nx«}" Since @2 is fully centralized, condition (II)sp
now implies that x¢ extends to a morphism ¢’ € Homz(Q}, Ns(Q2)), where Q} =
Np«g,(Q1). Furthermore, ¢'|p = ¢|p since x € Kp.

By assumption, P*Q1 = Q1, andso Q] = Np«g, (Q1) = Q1. Also, Q) is generated
by Q1 and Q] N P* since @1 < Q) < P*Q;. Hence Q) N P* = @1 N P*. This shows
that

[P*:P*N Q)] < [P:P*NQ],

and so (x*) now follows by the induction hypothesis. l
We are now ready to prove Theorem 2.2.

Proof Proof of Theorem 2.2. We are given a set ‘H of subsets of S, closed under
F-conjugacy, such that F is H-generated and H-saturated, and such that condition

() each F-conjugacy class of subgroups of S which are F-centric but not in H
contains at least one subgroup P such that Outg(P) N O,(Outz(P)) # 1.

holds. We will prove, by induction on the number of F-conjugacy classes of sub-
groups of S not in H, that F is saturated. If H contains all subgroups, then we are
done. Otherwise, let P be any F-conjugacy class of subgroups of S which is maxi-
mal among those not in H. We will show that F is also (H UP)-saturated. Since F
is clearly (H U P)-generated, the result then follows by the induction hypothesis.

By Lemma 2.4, for any fully normalized subgroup P € P, the normalizer fu-
sion system Nz (P) is Ss p-saturated, and Autz(P) is generated by restrictions of
morphisms in Nz(P) between subgroups of Ng(P) which strictly contain P.

Let Fo be the fusion system over S ef Ng(P) generated by the restriction of
Nz(P) to Ssp, that is, the smallest fusion system over Sy for which morphisms
between subgroups in Ssp are the same as those in Nz(P). Then Autg,(P) =
Aut£(P), and Fy is Ss p-saturated and Ss p-generated. Also, by the assumption (x),
either P is not centric in F (hence not centric in Fy), or Outs(P)NO,(Outz, (P)) #
1. Then Fy is S>p-saturated by Lemma 2.5, and so F is (H U P)-saturated by
Lemma 2.4 again. ]

We end this section with a description of a example which shows why the assump-
tion (*) in Theorem 2.2 (Outg(P)NO,(Outz(P)) # 1 if P is not centric) is needed.
We use the following standard notation: if k is a finite field, and n > 1, then XL, (k)
denotes the semidirect product of SL, (k) with the group of field automorphisms of
k. This group has an obvious action on the vector space k™ and on the projective
space P(k™). It is not hard to see that ¥ Ly(F4) 2 Ss: via its permutation action on
the five points in P(IF4?).

Let I' = F2 x S5, where S5 acts on F? via the above isomorphism. Note that I’
can be identified with the subgroup of X L3(FF4) generated by matrices with bottom
row (0,0, 1) and the field automorphism. Therefore I" acts faithfully on P = F3.
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We will define a fusion system F over S = P x S/, where S’ = ((12),(45)) S
S5 < T'. Consider the following subgroups of S: Q1 = P x {(12)), Q2 = P x ((45)),
and Q3 = P x ((12)(45)). We regard all of these groups, including T, as subgroups
of PxT.

To define the morphisms in the fusion system F, let z € O(T') = F3 be
the element of order two which centralizes S’, and consider the subgroups R; =
(S",(345)), Ry = (5,(123)), and R) = xRoz~ 1. Set Outz(S) = 1, Autz(Q1) =
Autpgr, (@Q1), Autx(Q2) = AutpRlz(QQ), and Autr(Q3) = Auts(Q3). All other
morphisms in the fusion system are restrictions of the ones just described. Note in
particular that Outz(Q1) = S3, Outx(Q2) = Ss3, and Autx(P) = (R, RS) =T
The last equality holds since (P, Ry, R})/P = (5’,(123),(345)) = S5; and (R1, R})
cannot be a splitting of I'/P in T since any splitting containing S’ must be P-
conjugate to the given S5 < I'; so (Ry,R}) NP # 1, and (R, R}) > P since P is
irreducible as an Ss-representation.

Consider the set of subgroups H = {S,Q1,Q2,Qs}. It follows from the above
description of morphisms in F that the subgroups in H are the only JF-centric,
F-radical subgroups. Also, F is H-generated by construction, and one can check
that F is H-saturated. But F is not saturated, since axiom (I)p fails: Autg(P) ¢
Syl, (Aut£(P)) since Autg(P) = C7 and Autz(P) = T'. (One can also show that
(IT) p fails.) Note that Outg(P) N O2(Outz(P)) = 5" NO2(T) = 1, so Condition (x)
in Theorem 2.2 does not hold.

3. FEzpanding and restricting the classifying space: quasicentric subgroups

The goal of this section is to show how the centric linking system of a p-local
finite group (5, F, £) can be extended to a larger category or restricted to a smaller
one without changing the homotopy type of the nerve of L.

One motivation for doing this is a problem which frequently occurs when trying
to construct maps between p-local finite groups. A functor between fusion systems
need not send centric subgroups to centric subgroups, in which case it cannot be
lifted to a functor between associated centric linking systems. One could try to get
around this by extending the linking systems to include all subgroups as objects.
There is in fact a natural extension of the linking system to a category whose objects
are all subgroups of S, but in general the homotopy type of the p-completed nerve
is not preserved by this extension.

We introduce here the collection of F-quasicentric subgroups, which contains the
centric subgroups and supports an associated linking system L9 with properties
analogous to those of the centric one. The important fact proved in this section is
that the nerve of £? is homotopy equivalent to |£|. Moreover, any full subcategory
of £2 whose object set contains all subgroups which are centric and radical also has
nerve homotopy equivalent to |L|.

DEFINITION 3.1. Let F be a saturated fusion system over a p-group S. A sub-
group P < S is called F-quasicentric if for each P’ which is fully centralized in F
and F-conjugate to P, the centralizer system Cx(P') is the fusion system of the
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p-group Cs(P"). We let F1 C F denote the full subcategory whose objects are the
F-quasicentric subgroups of S.

The simplest examples where F-quasicentric subgroups need not be F-centric
are those where F = Fg(S) is the fusion system of a p-group S: every subgroup
of S is F-quasicentric (while the trivial subgroup, at least, is not F-centric). A
more interesting example is given by considering a finite group G with a normal
subgroup H of p-power index. Fix S € Syl ,(G), and set So = SN H € Syl,(H).
It is not too hard to see that each Fg,(H)-quasicentric subgroup of Sy is also
Fs(G)-quasicentric, something which is not true for centric subgroups (consider,
for instance, the case Ag < Xg). It was this last observation which initially led us
to consider this class of subgroups.

When F is a saturated fusion system over S, a subgroup P < S is F-quasicentric
if and only if there is no P’ which is F-conjugate to P, and no Q < Cg(P’) < S
and a € Autz(QP’) of order prime to p with a|pr = Idp,. Note that the set of
F-quasicentric subgroups of S is closed under F-conjugation and overgroups.

There is also a homotopy theoretic characterization of F-quasicentric subgroups.
If we define a map f: X — Y to be quasicentric if the homotopy fibre of the
map fi: Map(X, X)a, — Map(X,Y)y is homotopically discrete, then it turns
out that P < S is F-quasicentric in (S,F,L) if and only if the natural map
flep: BP — |L]}) is quasicentric.

PROPOSITION 3.2.  For any p-local finite group (S,F,L) and any P < S, the
following are equivalent:

(a) P is F-quasicentric.

(b) There is a fully centralized subgroup P’ < S which is F-conjugate to P and
such that

Map(BP, L] 1 ~ Map(BP',|£I}) s, ~ BCs(P).

(c) The homotopy fibre of the map Map(BP, BP)1a,, — Map(BP,|L[})f|,, is
homotopically discrete.

(d) Map(BP,|L[})

fleP

is an Filenberg-MacLane space K(G,1).

flsp

Proof.  ((a)=-(b)) follows by definition of F-quasicentric and [5, Theorem 6.3].

((b)=(c)) and ((c)=-(d)) follow from the long exact sequence of homotopy groups
of the relevant fibration because Map(BP, BP)14,, ~ BZ(P).

Finally we prove that ((d)=-(a)). Let P’ be a fully centralized subgroup of S
which is F-conjugate to P. By [5, Theorem 6.3], we have that

|Ce (Pl ~ Map(BP', |L]}) 41, ~ Map(BP,|L])f),, ~ K(G,1).

In particular, G = 71 (|C(P')|;) is a finite p-group, and then the fusion system
Cx(P') coincides with the fusion system of G (see [5, Theorem 7.4]). O

We now turn to quasicentric linking systems; i.e., linking systems associated to a
saturated fusion system F whose objects are the F-quasicentric subgroups. These
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are defined in essentially the same way as centric linking systems; there is just one
extra axiom which is needed.

DEFINITION 3.3. Let F be a saturated fusion system over a p-group S. A qua-
sicentric linking system associated to F consists of a category L% whose objects are
the F-quasicentric subgroups of S, together with a functor m: LI —— F9, and dis-
tinguished monomorphisms P-Cg(P) AN Autzq(P), which satisfy the following
conditions.

(A)q 7 is the identity on objects and surjective on morphisms. For each pair of
objects P,Q in L% such that P is fully centralized in F, Cs(P) acts freely
on Morza(P, Q) by composition (upon identifying Cs(P) with dp(Cs(P)) <
Autze(P)), and w induces a bijection

o

Morzq(P,Q)/Cs(P)

Homz (P, Q).

(B)q For each F-quasicentric subgroup P < S and each g € P, m sends dp(g) €
Autzq(P) to ¢y € Autz(P).

(C)q For each f € Morzq(P,Q) and each g € P, the following square commutes in
L9:

P f

Q
yﬁ’(!]) ysQ(W(f)(g))
r—~L .o

(D)q For each F-quasicentric subgroup P < S, there is some tp € Morgq (P, S)

such that 7(1p) = inclp € Hom(P,S), and such that for each g € P-Cs(P),
ds(g) otp =tp odp(g) in Morgq(P,S).

Note that point (D), follows from (C), if P is F-centric. This is why it does not
appear in the definition of a centric linking system (Definition 1.4).

When £ and L7 are centric and quasicentric linking systems associated to the
same fusion system F, we say that £9 extends L if £ is isomorphic to a full sub-
category of £? in a way which is consistent with the projection functors and the
distinguished monomorphisms.

We first show how to construct a quasicentric linking system which extends a
given centric linking system. One way to do this is provided by [5, §7]. There, a
(discrete) category Lg, r(X) is associated to any triple (X, S, f), where X is a space,
S is a p-group, and f: BS —— X is a map. We recall this construction in the case
where f is the natural inclusion of BS into X = [L|)} (f = |0s]) as defined in the
next paragraph). As we will see, Ls ¢(|£])) is then an extension of £ containing all
subgroups of .S as objects.

Let (S,F,L) be a p-local finite group, and let m: L — F° be the projection
functor. For each subgroup P < S, let B(P) be the category with one object op and
with Endg(py(op) = P, and identify BP = |B(P)|. We let g denote the morphism
in B(P) corresponding to g € P. Let

Op: B(P) —— L
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be the functor which sends op to P, and sends a morphism § (for g € P) to
dp(g) € Autg(P). This induces natural maps |0p|,: BP — |L]}. For each ¢ €
Hom, (P, Q), we can view 7(¢) € Homz(P, Q) as a functor B(P) — B(Q). Let

Ny 0p —— 0g o m(p)
be the natural transformation of functors given by
Op(op) = P —— Q = 0 (n(¢)(op)).

This defines an explicit homotopy [n,|: BP x I — L]} between |0p|; and |0g]|;) o
Bep. If for each F-centric subgroup P < S, we choose a morphism tp € Morg(P, S)
which is sent to the inclusion of P in S by the projection functor to F, we obtain a
fixed collection of natural transformations 7, ., and induced homotopies |7, ,.|: BP x

I — |L]} from [0p| to the restriction |05, -

Write f = [0s]; for short. Ls (|£[)) is defined as the category whose objects
are the subgroups of S, and where morphisms are

Morzg (1) (P Q)
= { (¢ [H]) | v € Hom(P,Q), [H] € Morzmapsp,2i2) (flBP, flBQ ° BY) }-
Here, 7 denotes the fundamental groupoid functor. A functor
§c: L —— Ls (L))

is also defined as follows. On objects, £, is the inclusion. For each ¢ € Mor. (P, Q),
¢c(p) = (mpq(p), [Hy]), where Hy, is the homotopy BP x I — |L|/ defined by

|77Lp|($€',1—3t) OStS%
Hy(z,t) = { |no|(z, 3t — 1) lop<2
o |(Bp(x),3t —2) 2<t<1.

By [5, Proposition 7.3], £, defines an equivalence of categories to the full subcat-
egory LS +(|L]5) € Ls,¢(I£],) whose objects are the F-centric subgroups of [L]},.
In this sense, we say that Lg ¢(|£]})) is an extension of L.

PROPOSITION 3.4.  Fiz a p-local finite group (S, F, L), and let f: BS — |L|})
be as defined above. Let L9 C Ls ¢(|L]})) be the full subcategory whose objects are
the F-quasicentric subgroups of S, and regard L as a full subcategory of L9 via &c.
Let

w: LT — F1

be the functor which sends an F-quasicentric subgroup to itself, and which sends a
morphism (p, [H]) to ¢. For each object P in L%, define the distinguished monomor-
phism

dp: P-Cs(P) —— Autzq(P)

by sending g € P-Cs(P) to (cq,[Hgy]), where cq4 is conjugation by g restricted to

P and Hy is the homotopy BP x I Al pg 1, |L]) induced by the natural

transformation Id LN cg which sends the unique object of B(P) to the morphism §
of B(S). Then these structures make L7 into a quasicentric linking system associated

to F which extends L.
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Proof. If P < S is F-quasicentric and fully centralized in F, then
Map(BP, |£|;)\)f|BP ~ |CL(P)|$ ~ BCg(P):

the first equivalence by [5, Theorem 6.3] and the second since P is F-quasicentric.
Hence by definition of the category Ls (|£[), Cs(P) acts freely on Morzq (P, Q)
(for any Q) with orbit set Hom (P, @), and this proves axiom (A),. This also shows
that £, embeds L as a full subcategory of L£9.

Axiom (B), follows immediately from the definitions. The proof of (C), is identi-
cal to the argument used to prove (C) in the proof of [5, Theorem 7.5]. Point (D),
follows immediately from the construction, upon setting ¢p = (incllsp, [¢]), where ¢
denotes the constant path with value f|gpp € Map(BP, |L])).

We are now ready to state the main result of this section:

THEOREM 3.5. Let (S,F,L) be a p-local finite group, and let L9 be a quasi-
centric linking system associated to F which extends L. Let L C L9 be any full
subcategory which contains all F-radical F-centric subgroups of S. Then the inclu-
sions of L and L in L7 induce homotopy equivalences |L'| ~ |L9] ~ |L].

Theorem 3.5 is an immediate consequence of Proposition 3.11 below. The rest of
the section is directed towards the proof of that proposition. We first prove some
lemmas that will provide us with a better understanding of morphism sets in £9.

LEMMA 3.6. Fiz a p-local finite group (S, F, L), let L7 be a quasicentric linking
system associated to F which extends L, and let m: L9 —— F9 be the projection. Fix
F-quasicentric subgroups P,Q, R in S. Let ¢ € Morgq(P, R) and ¢ € Morzq(Q, R)
be any pair of morphisms such that Im(mw(p)) < Im(w(¢)). Then there is a unique
morphism x € Morzq(P, Q) such that o =1 o x.

Proof. By definition of a fusion system (every morphism is the composite of an
isomorphism followed by an inclusion), there is a unique morphism ¥ € Hom £ (P, Q)
such that 7(¢) = 7(¥) o x. Let x' € Morgq(P,Q) be any morphism such that
m(x’) = Xx. Choose a fully centralized group P’ in the F-conjugacy class of P and
a particular o € Isogq(P’, P). Then by (A)g, there is a unique element g € C's(P’)
such that @ o = 1) o X' o o 6pr(g), and we can define xy = x' oo dpr(g) o™ L.

If x1 € Morgq(P, Q) is any other morphism such that ¢ = 1) o x1, then 7(x) =
7(x1), hence by (A), again, there is a unique element h € Cg(P’) such that xoa =
X1 oao5p/(h); and since 1,/}0)(1 o(x = ’L/)oXoOz = ’(/)oXl oOzo(Sp/(h), and the action
of Cs(P') on Morzq(P’,Q) is free, we obtain h =1 and then x = x1. O

LEMMA 3.7. Fiz a p-local finite group (S, F,L). Let L7 be quasicentric linking
system associated to F which extends L, and let w: L9 —— F? be the projection.
Fiz a choice of an inclusion morphism tp € Morgq(P,S) for each F-quasicentric
subgroup P < S, such that w(tp) = incl € Hom(P,S), such that the conclusion
of (D)q holds if P is not F-centric, and where vs = Idg. Then, there are unique
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1mjections
opq: Ns(P, Q) ——— Morz«(P,Q),
for all F-quasicentric subgroups P,Q < S, such that:
(a) m(6p.q(9)) = c¢g € Hom(P,Q), for all g € Ns(P,Q),
(b) 0p,s(1) = tp and 6p,p(g) = bp(g), for all g € P-Cs(P),
(c) 6q,r(h)°dpq(9) = dp.r(hg), for all g € Ns(P,Q) and h € Ns(Q, R).

Proof. For each P and @, and each g € Ng(P,Q), there is by Lemma 3.6 a
unique morphism dp,o(g) such that

55(9) olp =1lQo 5P)Q(g).

We take this as the definition of the maps dp,g. Property (a) follows from (B),, (b)
follows by definition and the assumptions about ¢p, and (c) follows from Lemma
3.6. (Compare with [5, Proposition 1.11] and its proof.) O

For the rest of the section, whenever we are given a p-local finite group (S, F, £),
we assume that we have chosen morphisms ¢p € Morzq (P, S), for each object P,
such that 7(.p) is the inclusion and the conclusion of (D), holds. Then for each
P < Q in L%, we let Lg € Morq (P, Q) be the unique morphism such that 1p =
LQ o Lg (Lemma 3.6). If ¢ € Morzq«(P, @), and P’ < P and Q' < @ are quasicentric
subgroups such that 7(p)(P') < @', then we write <p|g: € Morgq(P',Q’) for the
“restriction” of : the unique morphism such that Lg, o <p|g = po'b, (Lemma 3.6

again). We also write ¢|pr = <,0|g: when the target group Q' is clear from the
context.

LEMMA 3.8. Fiz a saturated fusion system F over a p-group S, and let Q < S
be an F-quasicentric subgroup. Let P < S be such that Q < P, and let o, €
Homz (P, S) be such that ¢|g = ¢'|g, and p(Q) = ¢'(Q) is fully centralized in F.
Then there is x € Cs(¢(Q)) such that ¢’ = ¢y 0 .

Proof. Upon replacing P by ¢'(P) and @ by ¢(Q) = ¢'(Q), we can assume
that ¢’ = incl? and ¢|lg = Idg. We are thus reduced to the case where @ is fully
centralized and ¢’ is the inclusion of P in S.

The idea of the proof is to show that for some z € Cs(Q), we can extend poc, to
some p € Homx(P, S), for some P > P, such that <,5|é = Id(:2 where Q S Q < P.
The lemma then follows by downward induction on |@Q|. Recall that the lemma
holds when @ is F-centric by [5, Proposition A.8].

By definition of an F-quasicentric subgroup, ¢|c,(g) is conjugation by some
element = € C5(Q). So after composing with ¢, we can assume that ¢|c,. (). = Id.
We are thus done if Cp(Q)-Q = Q by taking P = P and Q = Cp(Q)-Q.

Assume now that Cp(Q) < Q. Set K = Autp(Q). As in [5, Appendix A], we

write
N§(Q) ={z € Ns(Q) | ca € K},
and let NX(Q) be the fusion system over N (Q) whose morphisms are defined (for



22 C. BROTO, N. CASTELLANA, J. GRODAL, R. LEVI, AND B. OLIVER

P, P' < N§(Q)) by

HOmN]I_g(Q)(P7 P/)
= {¢ € Homz (P, P')|¢|p = ¢, ¢|q € K, some 1) € Homz(PQ,P'Q)} .

Then P, ¢(P), and Cs(Q) are all contained in N&(Q). If @ is not fully K-
normalized in F, then there is some 1y € Homz(NE(Q),S) such that ¢(Q) is
fully 1 K1~ '-normalized in F (see [5, Proposition A.2(b)]); and upon replacing all
of these subgroups by their images under ), we are reduced to the case where @ is
fully K-normalized in F. The fusion system NX (Q) is saturated by [5, Proposition
A.6]; and upon replacing F by NX(Q) we can assume that S = N&(Q) = P-Cs(Q)
and F = NE(Q). In particular, each o € Homz (R, R') extends to a morphism in
Homz(RQ, R'Q) whose restriction to @ is conjugation by some element of P.

Fix ¢ € Homg(P,S) such that ¢(P) is fully normalized in F. Since ¢|q is
conjugation by an element g € P, we can replace 1 by ¢ o c;l, and thus arrange
that 9| = Id. If ¢ and ¢ o ! are both conjugation by some element of Cs(Q),
then so is ¢; so it suffices to prove the result under the assumption that o(P) is
fully normalized in F.

Now, (Cs(Q)-Q)/Q is a nontrivial normal subgroup of Ng(Q)/Q = S/Q. So there
is an element z € Cg(Q)~Q such that 1 # zQ € Z(S/Q). Then z € Ng(P), and
acts via the identity on @ and on P/Q. Thus

Cy € Ker[Auty:(P) — Autx(Q) x AUt(P/Q)L

a normal p-subgroup of Autz(P) (see [10, Corollary 5.3.3]). Also, Auts(p(P)) €
Syl (Autz(p(P))) since ¢(P) is fully normalized. Hence pc,o~! € Autg(p(P))
(after replacing ¢ by ¢ o & where & € Autz(p(P)) if necessary). Thus, z € N, and
Q £ N,. By (I), ¢ extends to $ € Homz(N,, S). Now set P = N, N Ns(Q) = N,
and Q = C5(Q)-Q.

By construction, z € Q~Q. Since Q is F-quasicentric, @le- (@) is conjugation by
some element g € Cs(Q). So we can replace @ by @o ()7 !, and thus arrange that
g_0|@ = Idc_g' Since Q = @ and Q < P, this finishes the induction step. O

The next lemma can be thought of as a “lifting” of the last one to quasicentric
linking systems. It says that all inclusions in £? are epimorphisms in the categorical
sense.

LEMMA 3.9. Fiz a p-local finite group (S, F,L), and let LT be a quasicentric
linking system associated to F which extends L. Assume Q < P < S and R < S are
F-quasicentric, and let ¢,p’ € Morzq (P, R) be two morphisms such that ¢ o Lg =
¢ o Lg. Then ¢ = ¢'.

Proof. Since there is always a subnormal series Q = Qo < Q1 < -+ < Q = P,
it suffices to prove the lemma when @ is normal in P. So we assume this from now
on.

It will be convenient, throughout the proof, to write & = m(«) € Mor(F) for any
o € Mor(£?). By Lemma 3.6, ¢ = ¢’ if and only if 13 o p = 13 0 ¢’ € Morzq (P, S),
and similarly replacing ¢ (resp. ¢’) by o Lg (resp. ¢’ o Lg). We can thus replace R
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by any other subgroup of S which contains the images of  and ¢’, and in particular
assume that R < Ng(3(Q)).

The proof itself will be divided in two steps: the first dealing with a restricted
case, and the second reducing the general case to that in Step 1.

Step 1: Assume first that @ = $(Q) and is fully normalized, and that P is fully
centralized. Set @9 = @ o 1§ = ¢’ o 1. By condition (II) in Definition 1.3 (and
since @ = $o(Q) is fully centralized), there is ¢ € Homg(P-Cs(Q),S) such that
Ylo = Po. Set ¢ = Y|p € Morza(P,S). Thus @"|g = @0, so there is a unique
element a € Cg(Q) such that

Plo =¢"|Q =t} o w0 0 8(a).

We will show that ¢ = ¢’ by comparing both to ¢ and ¢”; the advantage of this is
that condition (C) can be applied more easily to .

By Lemma 3.8, there is some = € Cs(Q) ($(Q) = Q) such that ¢, 0 = @”. Since
P is fully centralized, by condition (A), in Definition 3.3 there is some y € Cg(P)
such that

Or,s(x) o0 = iy 0 9" 0 p(y) = Yo Sp.csi@)W)lp = Ss(V(y)) o Ylp = 8s(th(y)) o "
It follows that ¢” = 0r s(2) o ¢, where z = P(y)~tx € Cs(Q). Hence

Or,s(P(a)~"2) o o = 05($(a)) ! o ¢"|q = ds(¥(a)) " 0¥
=¥ odp.os@)(@) o = Ylgodgla) ™t = ¢" o 1fy 0 dg(a) ™ = i} o w0

Since ¢o = Lg ow for some w € Autzq(Q), upon composing with w=!, this shows
that ¢ s(¢(a)~!-2) = 1§, and hence that z = ¢(a).
After making a similar argument involving ¢’, we now have

o~

5(P(a) oo = 9" = 8(d(a) o ¢,
and this shows that ¢ = ¢’.
Step 2: (General case.) We first reduce the problem to the case in which P is fully

centralized. We choose an isomorphism ¢ € Morzq(P, P') such that £(P) = P’ is
fully centralized. Upon replacing P by P’, ¢ by ¢ o &71, and ¢ by ¢’ o €71 we are
now reduced to the case where P is fully centralized in F.

Set Q' = ¢(Q) = ¢ (Q) for short; we now reduce the problem to the case in
which Q = @’ and is fully normalized. Let Q” be any fully normalized subgroup
in the F-conjugacy class of @ (and of Q). By Lemma 2.3 (condition (IIB) holds),

there are morphisms

B € Morza(Ns(Q), Ns(Q"))  and B € Morza(Ng(Q'), Ns(Q"))
such that 3(Q) = B(Q') = Q". Set P” = B(P), and let By € Isoza(P, P") be the

7

restriction of § (i.e., by Lemma 3.6 the unique morphism such that Lgi(Q Vo Bo =
Ns(Q)
Botp® ). Set

Q/} = ﬁ/ o LJI\{S(QN) o QO o ﬁo_l s ’(/J/ = ﬂ/ o LJI\{S(Q”) o SD/ o ﬁo_l S Morgq (PN, NS(Q//)).

Then ¢ = ¢’ if and only if ¢ = ¢’, and ¢obgii = @[Jlong if and only if(pobg = (ploLg.
Note that P” is F-conjugate to P and the following inequality holds:

IC5(P)] = |Cna(@)(P)] < [Cavgion (P")] = [Cs(P")].
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Since P is fully centralized, it follows that |Cs(P)| = |Cs(P")| and P” is also fully

centralized.
Thus, upon replacing (Q, P, R) by (Q”, P”, Ns(Q")), ¢ by 1, and ¢’ by ¥, we are
reduced to the case where @ = ¢(Q) is fully normalized and P is fully centralized.
]

An immediate consequence of Lemmas 3.6 and 3.9 is:

COROLLARY 3.10. Let L7 be a quasicentric linking system associated to a satu-
rated fusion system F over a p-group S. Then all morphisms in L9 are monomor-
phisms and epimorphisms in the categorical sense.

Proof. By the uniqueness in Lemma 3.6, ¥ o x = ¥ o X’ in £? implies y = x’.
Hence all morphisms in £¢ are monomorphisms.

Since each morphism in £? is the composite of an isomorphism followed by an
inclusion, it suffices to prove that inclusions Lg are epimorphisms, and it clearly
suffices to do this when @ < P. So assume P’ < § and ¢, ¢’ € Morgq(P, R) are
such that ¢ o Lg =¢ o Lg. Then 1%, o ¢ = 13, o ¢’ by Lemma 3.9, and so ¢ = ¢’ by
Lemma 3.6. O

We are now ready to prove the following proposition, of which Theorem 3.5 is an
immediate consequence.

PROPOSITION 3.11. Let (S, F, L) be a p-local finite group, and let L7 be a qua-
sicentric linking system associated to F which extends L. Let Lo C L9 be any full
subcategory such that Ob(Ly) is closed under F-conjugacy. Let P € Ob(LY) be
mazximal among those F-quasicentric subgroups not in Lo, and let L1 C L7 be the
Sfull subcategory whose objects are the objects in Ly together with all subgroups F-
conjugate to P. Assume furthermore that P is not F-centric or not F-radical. Then
the inclusion of nerves |Lo| C |L1] is a homotopy equivalence.

Proof. Throughout the following proof, when working in any linking system,
we assume that inclusion morphisms Lg have been chosen as in Lemma 3.7. By
“extensions” and “restrictions” of morphisms we mean with respect to these in-
clusions. Also, for ¢ € Morzq(Q,Q’), we write Im(p) = Im(n(p)) < @' and
p(R) =m(p)(R) <Qif R <Q.

We must show that the inclusion functor ¢: £y — £; induces a homotopy equiv-
alence |Lg| =~ |£1]. By Quillen’s Theorem A (see [20]), it will be enough to prove
that the undercategory @|¢ is contractible (i.e., |@|¢| ~ ) for each @ in £;1. This
is clear when @ is not isomorphic to P (since @]¢ has initial object (Q,Id) in that
case), so it suffices to consider the case @ = P. Since P was arbitrarily chosen in
its isomorphism class, we can also assume that P is fully normalized.

Let

LN EoﬂNgq(P)

L4 ﬂNgq(P)

be the restriction of ¢. Consider the functor ¢ : Pltny — P/t induced by the inclu-
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sions £; N Nzo(P) — L; for i = 0,1. We will first show that |P|t| ~ |Pliy| and
then that |Pliy| ~ *.

To prove the first statement, we construct a retraction functor r: Pl — Pliy
such that roi =Idpj,,, together with a natural transformation (z or —1 Idpli).
By Lemma 2.3 (condition (IIB)), for each P’ < S which is F-conjugate to P, there
is a morphism in F from Ng(P’) to Ng(P) which sends P’ isomorphically to P.
Hence upon lifting this to the linking system, we can choose a morphism

Pp € Morgq(Ns(Pl),NS(P))

for each such P’ which restricts to an isomorphism from P’ to P. In particular, we
set &p = Ist(p).

For each nonisomorphism ¢ € Morzq (P, @), set 7(¢) = @, py(Ng(o(P))) = P.
We can factor ¢ as ¢ = n(p) o r(¢), where

() o (

r(p) = tp Qupylopy o) € Mory,,(p)(P,7())

and
1) = 120 (@) 5) ™" € Morg, (7(4), Q),

where @ = Ng(p(P)). We define the functor r : P|¢ — P|in on objects by setting

r(P LN Q)= (P _rle) 7(¢)).

For any morphism 8 € Morp, 2, ((Q, ¢), (Q’',¢")); i.e., for any commutative square

of the form

P#Q

J | 1)

’

P—% ¢,
we claim there is a unique morphism 7(3) such that the two squares in the following
diagram commute:

P () n(p) 0

()
Idl ?(ﬁ)l B (2)

’

P (") ?(w/) 77(‘9/) Ql .

To see this, note that by commutativity of the square (1), 3 sends Ng(p(P)) into
Ng/(¢'(P)). Hence upon defining

~ def _
T(ﬂ) = @wl(P) OBO(I)@(P) 1,

where the three morphisms are replaced by appropriate restrictions, we get 7(5)

such that the right square in (2) commutes. Since the combination of the two

squares commutes by assumption, we obtain that n(¢’) o 7(8) o 7(¢) = n(¢’) o r(¢’),

and therefore 7(8) o r(¢) = r(¢’) by Lemma 3.6. By the uniqueness of 7(53), it

follows that this construction defines a functor, as well as a natural transformation

ior —— Idpy;. Since 7o i = Idp|;y, this finishes the proof that |Pli| ~ |P|iy|.
It remains to prove that |P|iy| =~ *. Set

P ={z € Ng(P)|c, € Op(Autz(P))}.
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Note that P > P-Cs(P), and hence P 2 P if P is not centric. Moreover, P = P if
P is not radical, and thus Pe Lo in both cases covered by the hypotheses of the
proposition. Since P is normal in ﬁ, this last is an object in Lo N Nza(P).

Recall that tn: Lo N Nga(P) — L£1 N Ngo(P) denotes the inclusion. Let ¢ be the
functor 7 : PLL ~ — Pluy which is induced by precomposing with the inclusion Lg €
Morq (P, P). We show that i induces a homotopy equivalence |P|in| =~ 1Plunl,
by defining a functor r: Pliy — PlLN such that roi = Id W and such that
ior o~ Idp,, (such that there is a natural transformation of functors from the
identity to i o r). Then |Plun| ~ |Pluy|, and the last space is contractible since
P € Lo N Nzo(P). This will finish the proof.

Fix subgroups Q,Q" < Ng(P) containing P, and let ¢ € Mory,,p)(Q, Q") be
a morphism. Set @ = 7w(p)|p € Autz(P) for short. Since P is fully normalized,
Autg(P) € Sylp(Autf(P)), and hence Op,(Autz(P)) < Autg(P). It follows that

o {z € Ns(P) ’aczofl € Autg(P)} > P;

and N, > @ since a extends to m(p) € Homz(Q,Q’). Thus, since P is fully
centralized, a extends to some ¢’ € Homz(QP, Q' P) by condition (II) in Definition
1.3. After possibly composing this extension with ¢ A( ) for some element z €
Cs(P) < QP, we get a lifting & @ € Morq (QP QP ) such that the following diagram

commutes in £7:
Q

P ‘p Q ® Q/
Lgp|l ) a7
QP Ld Q'P.

Hence by Lemma 3.9, @ o LQ = Lg/P o . This lifting is unique by Corollary 3.10;

and it lies in Lo N Ngq(P), orin £4 N Nga(P) if Q = P.
The functor r is defined on objects by setting

T(P -, Q) = (ﬁ L Qf’)

If 3:Q — @ is a morphism such that Bop = ¢, then we define 7(3) = 3 Because
of the uniqueness of the extension g, this construction defines a functor. Moreover,
roi = Id?iw’ and 701 ~ Idp|,,, where the homotopy is induced by the natural

transformation given by the inclusions Lgp. ]

As noted above, Theorem 3.5 follows immediately from Proposition 3.11. Another
consequence of this proposition is the uniqueness of quasicentric linking systems
associated to a given fusion system which extend a given centric linking system. In
fact, in the following proposition, we prove a slightly stronger result, by comparing a
more general “partial quasicentric linking system” defined on smaller sets of objects
with a quasicentric linking system as constructed in Proposition 3.4, and show that
the first is contained in the second if they agree after restricting to centric radical
subgroups. For any p-local finite group (S, F, L), L" denotes the full subcategory
of £ whose objects are the subgroups which are F-radical as well as F-centric.

PROPOSITION 3.12. Fiz a p-local finite group (S, F, L), and let L7 be the qua-
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sicentric linking system constructed in Proposition 3.4. Let H be any set of F-
quasicentric subgroups of S which is closed under F-conjugacy and overgroups,
and which contains all F-centric F-radical subgroups. Let L' be a category with
Ob(L') = H, together with a functor n': L' —— F, and distinguished monomor-
phisms 0% for all P € H, which satisfy azioms (A)g, (B)g, (C)g, and (D), in
Definition 3.3. Assume L' contains a full subcategory isomorphic to L™ in a way
compatible with the projection functors and distinguished monomorphisms. Then
L' is isomorphic to the full subcategory of LY with object set H, via an inclusion
functor L' —— L9 which commutes with the projection functors and distinguished
monomorphisms for both categories.

Proof. By Theorem 3.5, |£'| ~ |L"| =~ | L]. More precisely, the second equivalence
follows directly from the theorem, and the first equivalence follows from the same
argument applied to L', since we never needed to know that the linking system was
defined on all F-quasicentric subgroups (or even on all F-centric subgroups).

In particular, £9 is a full subcategory of

Ls (L) = Ls (1L])).

So if we let {rr: L' —— Ls ¢(|£']})) be the functor defined earlier in the section
(just before Proposition 3.4), then £,/ defines an inclusion of £’ into £4, which is
clearly compatible with the projection functors and distinguished monomorphisms.

O

4. Constrained fusion systems

We now look at a class of saturated fusion systems which have very simple,
regular behavior: the constrained fusion systems. The main results here say that
constrained fusion systems are always realized as fusion systems of finite groups in
a predictable way, and have unique associated centric linking systems.

Let F be an arbitrary saturated fusion system over a p-group S. Recall (Definition
1.5) that a subgroup @ < S is normal in F if each o € Hom#(P, P’) extends to a
morphism @ € Homz(PQ, P'Q) which sends @ to itself. If Q and Q' are both normal
in F, then clearly QQ’ is normal in F. Hence, there is a unique maximal normal
p-subgroup in F, which we denote Op(F) by analogy with the subgroup O,(G)
of a finite group G. By Proposition 1.6, O,(F) is contained in the intersection of
all F-radical subgroups of S. We are interested in the case when O, (F) is itself
F-centric, or equivalently, when there is a subgroup P <1 S which is both normal
and centric in F.

DEFINITION 4.1. A saturated fusion system F over a p-group S is constrained
if there is some QQ < S which is F-centric and normal in F.

When G is a finite p’-reduced group, then G is said to be p-constrained if there
exists some normal p-subgroup P <1 G which is centric in G (i.e., Cq(P) < P).
(More generally, an arbitrary finite group G is p-constrained if its p’-reduction
G/O (G) is p-constrained.) Our aim is to show that any constrained fusion system
is the fusion system of a unique p’-reduced p-constrained group G. This will be
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done by first showing that each constrained fusion system has a unique associated
centric linking system £, and then choosing G to be a certain automorphism group
in L.

We first show that for any constrained fusion system, the obstruction groups to
the existence and uniqueness of an associated centric linking system vanish. For any
saturated fusion system F, let Zx denote the functor on O(F¢) defined by setting
Zz(P) = Z(P) for all F-centric P < S. (See [5, §3| for details.)

PROPOSITION 4.2. Let F be any constrained saturated fusion system over a
p-group S. Then

lim*(Z7) =0 for all ¢ > 0.

O(Fe)
In particular, there is a centric linking system L associated to F which is unique
up to isomorphism.

Proof. Fix @ < S which is F-centric and normal in F. Let Py, Ps, ..., P, be F-
conjugacy class representatives for all F-centric subgroups P < S such thatP # Q,
arranged such that |P;| < |P;41] for each . For ¢ = 0,1,...,m, let Z; C Z be the
subfunctor

Z,(P) = Z(P) if P is F-conjugate to P; for some j >
’ ~]o otherwise.

This gives a sequence of subfunctors Zx 2 2y D Z; O -+ D Z,, = 0, where for
eachi=1,...,m, Z;_1/Z; vanishes except on subgroups F-conjugate to P;. Hence
by [5, Proposition 3.2],

im"(2;-1/2;) = A" (Outr(P); Z(P)).

O(Fe)
Furthermore, since P; ? Q, Np,o(P;)/P; = Outg(F;) is a nontrivial normal p-
subgroup of Outz(F;) (normal by the same argument as the one used in the proof
of Proposition 1.6), A*(Outz(F;); Z(P;)) = 0 by [14, Proposition 6.1(ii)]. This
proves that lim*(Z;) = 0 for all 4, and in particular that lim*(Zp) = 0. Thus

lm"(Zx) = lim"(Z25/Z0), )
o) 0F)

where Zz/ 2, is the quotient functor

— P i
(Zr/20)(P) = {(f R )

Now set I' = Outz(Q) and Sy = Outs(Q) = S/Q. Thus Sy € Syl,(T'). Set
M = Z(Q), regarded as a Z,)[[']-module. Let H°M be the fixed-point functor on
Os, (T) defined by HOM (P) = M*. Then H°M is acyclic by [13, Proposition 5.14]
(shown more explicitly in [14, Proposition 5.2]). So by (1), we will be done upon
showing that

i (27/20) = lim* (HOM). 3)
O(F<) Os4(T)

Since @ is normal and centric in F, it is easy to check that Og,(T') is isomorphic to
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the full subcategory of O(F¢) with objects the subgroups of S containing Q. Under
this identification, HM is the restriction of Zz/Zy by (2). Isomorphism (3) now
follows since (Z£/20)(P) = 0 for all P # @, and since there are no morphisms in
O(F¢) from an object in the subcategory to an object not in it.

The existence and uniqueness of a centric linking system associated to F now
follow from [5, Proposition 3.1]. U

We are now ready to show that each constrained fusion system is the fusion
system of a group. The following proposition includes Proposition C.

PROPOSITION 4.3. Let F be a constrained saturated fusion system over a p-
group S. Then there is a unique finite p’-reduced p-constrained group G, containing
S as a Sylow p-subgroup, such that F = Fs(G) as fusion systems over S. Further-
more, if L is a centric linking system associated to F, then

(a) G = Autz(Q) for any subgroup Q <1 S which is F-centric and normal in F;
and

(b) L= L5(G).

Proof. Using Proposition 4.2, fix a centric linking system £ associated to F. Let
m: L —— F°¢ denote the canonical projection functor. By Lemma 3.7, any choice
of “inclusion” morphisms ¢p € Mor, (P, S) determines unique injections

(5p)p/2 Ns(P,PI) MOIL(P,PI),

for all F-centric subgroups P, P’ < S, which satisfy the following conditions:

(i) 7(0p,pr(g)) = ¢y € Homz (P, P') for g € Ng(P, P');

(ii) dp,p(9) = dp(g) € Aut(P) for g € P;

(iii) ép,pr(hg) = dp/ pr(h)odpp(g) for g € Ng(P,P’) and h € Ng(P’, P"); and
(iv) dp,s(1) = tp.

Set &' = dp pi(1) € Homp (P, P') for all P < P’ containing Q. We think of these
as the “inclusion morphisms” in £. By construction, t3 = tp and 15 = Idp for all
P, and L?N = L?:, o Lg whenever P < P’ < P".

The proposition follows from the following points, which will be proven in Steps
1-2.

(1) Assume @ < S is F-centric and normal in F, and G = Autz(Q). Then G is
p’-reduced and p-constrained; and we can identify S with a subgroup of G in
such a way that S € Syl (G) and F = Fs(G).

(2) Assume G is p'-reduced and p-constrained, and such that S € Syl,(G) and

F = Fs(G). Then L = LE(G). Also, if @ < S is any subgroup which is F-
centric and normal in F, then Q@ < G, and G = Aut,(Q).

Step 1: Fix Q < S which is F-centric and normal in F, and set G = Aut.(Q).
Via the injection

0g,@: S = N5(Q) ——— Aut.(Q) =G,
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we identify S as a subgroup of G. Since @ is fully normalized,

S/Z(Q) = Auts(Q) € Syl,(Aut#(Q)),

where Aut#(Q) = G/Z(Q); and thus S € Syl,(G).

Let P, P’ < S be any pair of subgroups which contain Q. For any f € Mor. (P, P'),
there is (by Lemma 3.6) a unique “restriction” of f to Q: a unique element v(f) €
G = Aut.(Q) such that Lg oy(f) = fo Lg. These restrictions clearly satisfy the
following two conditions:

(V) v(f" o ) =~v(f")~(f) for any f' € Mor,(P’, P"), any Q < P” < S; and
(vi) v(dp,pr(x)) = x for all z € Ng(P, P').
Furthermore, by condition (C) in Definition 1.4, for each g € P,

ds(m(f)(9)) o f=[fodp(g) € Mors(P,S).
Upon restriction to @ (and applying (v) and (vi)), this gives the relation

Q.Q(m(f)(9)) o v(f) = (f) o dq.o(9) € Aute(Q) = G.

In other words, under the identification S = dg.o(S) < Autz(Q) = G, this shows
that

(vii) v(f) € Na(P, P') and c,(5) = 7(f) € Homg (P, P").

Now,

Co(Q) = Ker[Aut, (Q) —— Autz(Q)] = Z(Q) :

the first equality by (vii) (applied with P = P’ = @, so v(f) = f), and the
second by condition (A) in Definition 1.4. Thus @ is centric in G. This also shows
that O, (G) = 1 (since [Oy(G),Q] = 1), and hence that G is p’-reduced and p-
constrained.

We must show that F = Fg(G). We first show that Hom (P, P') C Homg (P, P’)
for each P, P’ < S. Since @ is normal in F, each morphism in Homz(P, P’) ex-
tends to a morphism in Homz(PQ, P'Q), and hence it suffices to work with sub-
groups P, P’ > Q. In particular, P and P’ are F-centric in this case. For any
¢ € Homgz(P,S), and any f € Morz(P,S) such that n(f) = ¢, v(f) € Na(P, P’)
and ¢ = ¢y (y) € Homg(P, P’) by (vii), and thus Homz(P, P') C Homg(P, P’).

Conversely, for any P,P’ < S and any g € Ng(P,P') = Ng(PQ,P'Q), we
claim that ¢, € Homz (P, P'). Again, we can assume that P, P’ > Q. Now, ¢4|g €
Aut£(Q) by (vii) (applied with P = P’ = Q and f = g). Since Q = gQg~ ! is F-
centric, it is fully centralized in F, and so ¢,4|g extends to an F-morphism defined

on

def

Ne o = {z €S| cgug—1 € Autg(Q)} > P,

gle
by condition (II) of Definition 1.3. In particular, ¢g4|g extends to a morphism ¢ €
Homz (P, S) C Homg (P, S) (where the inclusion holds by the previous paragraph).
Let h € Ng(P, S) be such that ¢ = ¢;,. Then cp|g = ¢lg = ¢4l@, so h = gx for some
z € Ca(Q), and Ca(Q) = Z(Q) as already shown. Since x € P, ¢, € Autz(P), so
¢y € Homz(P,S), and ¢, € Homg(P, P') since ¢,(P) = gPg~* < P'.
Step 2: Let G be any finite p’-reduced p-constrained group such that S € Syl (G)
and F = Fs(G). Then £ = LE(G) by the uniqueness in Proposition 4.2.

Let @ < S be any subgroup normal in F = Fg(G). Set Q' = Op(G); thus
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Ca(Q') = Z(Q') by assumption. Since @ is normal in Fg(G), for any g € G,
¢y € Autg(Q') extends to some ¢, € Autg(QQ’); then g=t¢’ € Ca(Q') = Z(Q"),
9 € Ng(QQ'), and so g € Ng(QQ'). This shows that QQ" < G, a normal p-
subgroup, and hence Q@ < Q' = O,(G). Hence for any g € G, ¢, € Autg(Q')
restricts to an automorphism of @ (since @ is normal in Fg(G)), so g € Ng(Q),
and this shows that Q < G.

In particular, if @ is both F-centric and normal in F, then

Aut(Q) = Autre () (Q) = Na(Q)/0P(Ce(Q)) = G/1

IR
@
U

It is in general not true, for a constrained fusion system F over a p-group S and
a finite group G such that S € Syl (G) and F = Fs(G), that p-subgroups of S
normal in F are also normal in G. For example, if G = A5, p =2, S € Syl,(G), and
F = Fs(G), then F is a constrained fusion system, with Oz (F) = S = C3. Thus S
is normal in F, but not in G, in this case. This shows the importance of assuming
G is p’-reduced and p-constrained. In the given example, the unique 2’-reduced
2-constrained group associated to F is Ay.
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