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Abstract

This bachelor thesis investigates group cohomology, focusing on computation with an algebraic
approach. In the first section of this project, we introduce the theory of group cohomology, as
well as our chosen machinery for computing group cohomology. In the second section, we perform
concrete calculations of the cohomology of, for example, the cyclic groups Z/2", the Klein four
group Z/2 @& 7/2 and the dihedral group Dg of order 8. We limit our calculations to cohomology
with coefficients in Fy. Initially, we perform calculations using explicit resolutions. Thereafter,

we move on to the more powerful machinery provided by the Lyndon-Hochschild-Serre spectral

sequemnce.
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1 Homological algebra

1.1 Basic definitions

This subsection serves to lay down some notational conventions and recall some basic homological
algebra. For a more detailed exposition, see e.g. Rotman (2009) or Weibel (1994).

Let R be a ring. A graded R-module is a sequence C' = (C),)nez of R-modules. We say that
x € C, has degree n and write deg(x) = |x| = n. A map of degree p from C' to another graded R-
module C" is a sequence f = (f,: C,, = C!

" +p)nez or R-module homomorphisms. A chain complex

(C,d) over R is a graded R-module C' together with a map d of degree -1 satisfying d o d = 0.
We call d the differential. The homology of a chain complex (C,d) is H,(C) = Z,(C)/B,(0)
where Z,(C') = kerd,, and B, (C) = imd, 1 which we call the cycles and boundaries, respectively.
A cochain complex (C,d) over R is a graded R-module C' = (C"),ez together with a map d =
(d*: C™ — C™1) of degree 1 satisfying d od = 0. We still call d the differential, but note
that we use superscript instead of subscript. The cohomology of a cochain complex (C,d) is
H"(C) = Z™(C)/B™(0) where Z™(C) = kerd,, and B"(C) = imd,,_; which we call the cocycles
and coboundaries, respectively. If (C,d) and (C’,d’) are cochain complexes over R, then a chain
map f: C — C'is a graded module homomorphism over R of degree 0, satisfying d'f = fd. Note
that a cochain map f: C — C” induces a map on cohomology H*(f): H*(C) — H*(C') and
similarly for chain maps and homology (boundaries are sent to boundaries, since d'f = fd).

A cochain homotopy or homotopy h from a chain map f: C' — C’ to a chain map g: C' — '
is a graded module homomorphism h: C' — C” of degree -1 satisfying d'h + hd = f — g. We can

visualize the maps by the following (noncommutative) diagram.

dnfl . an .
Oy . C, b Cyy —— -
fn—lfgn—l hn fn*gn hn41 fn+1*gn+1

l /(d’)"1 >Cl, /(d’)" l

/ N al
* % Cn_l 7 Cn+1 % AR

n

If such an homotopy exists, we say that f is homotopic to g and write f ~ g. Note that if
f =~ g then H*(f) = H*(g) (this follows from a diagram chase). The same could be said for chain
homotopies and homology.

A (co)chain map f: C'— C" is a homotopy equivalence if there is a (co)chain map f': C' — C
satisfying f'f ~ idc and ff" ~ ider. A (co)chain complex C' is contractible if it is homotopy
equivalent to the zero complex. In other words, if idg ~ 0. Such a homotopy from id¢ to 0 is
called a contracting homotopy. A (co)chain complex is ezact if its (co)homology is zero. Note in

particular, that contractible complexes are exact.



For the rest of this project, we will work over a base ring k. So we use abbreviations
Hom(M,N) = Homy(M,N) and M @ N = M ®; N. Let G be a group. By a G-module, we
mean a kG-module. Note that a G-module can be viewed as a k-module together with a G-action.
The Hom-functor in the category of G-modules, Homy, will be abbreviated Homg. We can think
of amap f: M — N of G-modules as a map of k-modules which further satisfies gf(m) = f(gm)
for all g € G and m € M. For G-modules M and N, we consider Hom(M,N) and M ® N as

G-modules by assigning them the actions

(g-f)(m) = gf(g 'm),
g.(m®n) = gm ® gn,

for f € Hom(M,N), m € M, n € N and g € G. We will consider k as a G-module, by assigning
it the trivial G-action.

There exists a projective resolution
A pAp AR
of k over kG with augmentation €: Fy — k. We abbreviate this chain by P. This makes
i Py PPy S5 k—0

into an exact sequence, which we will abbreviate €: P — k and refer to as the augmented chain
complex associated to the resolution. In both chains we consider P; as laying in degree i. A maybe
surprising fact about projective resolutions is that they are, unique up to (canonical) homotopy

equivalence in the following sense.

Proposition 1.1.1. Let P and P’ be projective resolutions of k. There is an augmentation-

preserving map f: P — P', unique up to homotopy, and f is a homotopy equivalence.
Proof. See Brown (1982, Chapter I, Theorem 7.5). O

In this project, we will in practice only construct free resolutions, i.e. where each P, is free. To

use free resolutions, we simply note the following.
Proposition 1.1.2. Free modules are projective.

Proof. One characterization of projective modules is, that a module P is projective if and only if
there exist another module () such that P & (@) is a free module. O

It is sometimes useful to look at the so-called standard resolution of k over kG. To construct

it, we let P, be the free k-module with generating set G**! and with G-action g.(go, ..., ) =



(990, - - -, 99:;). The differentials are given by
0= (-1)d;
=0
where d;(go,.-.,9) = (go,---,§j,---,0i), and the augmentation is given by (go) = 1.
Proposition 1.1.3. The standard resolution of k over kG defined above is a resolution.

Proof. We see that P is a chain complex, since

i i+l
0i00i =Y > (=1)"dyod

=0 j=0

= Y (=0)dodi+ D (-1)YMdgod,
0<j<t<i 0<l<j<i+1

= Y (=)"djode+ Y (-1YMdgod;
0<j<t<i 0<<j<i+1

= > (=" djedi+ Y (1)™djod,
0<j<t<i+1 0<j<t<i+1

— 0.

In the third equality, we used that

<g07'"7.g/\j7"'7gfq>l7"'7g’i> 1fj§€

(dKOdj)(goa'-‘ugi—i-l) = R R .
(G0y -Gty s Gjy- -1 Gi) if 7> /4.

In the fourth equality we used the substitution ¢ := ¢ — 1 in the first sum and (¢, j) := (4, ¢) in the

second sum. Furthermore, the whole of ¢: P — k is a chain, since also

(€001)(90,91) =€(g1 — g0) = €(g1) —€(g90) =1 —-1=0.

We almost already knew all this from algebraic topology, since these differentials are essentially
the same as the differentials in simplicial homology.

Now to show, that e: P — k is an exact sequence. It is sufficient to construct a contracting
homotopy h from the identity on the augmented chain complex to the zero chain map (Rotman,
2009, p. 337). Choose hi(g0,---,9:) = (1,90,...,¢;) fori > 0 and h_1(a) = al € P, for all a € k.



Now, since h; o d; = d; 1 o h;, we get for i > 0 that

i+1 i
8i+1 o hz + hi—l s} az = Z (—1)]dj e} hz + Z (—I)Jd]+1 o} hz
§=0 §=0
i+1 ' i+1 4
= Z (—1)]dj e} hz -+ Z (—1)J_ldj o hz
§=0 j=1
= dyh;
=1idp,.
Also,
(O10hg+h-10¢)(g0) = 0i(1,90) +h-1(1)
=go—1+1
= idp,(g0),
and

(e 0 hy)(a) = e(al)

So the identity map on the augmented chain map is homotopic to the zero chain map, and they
thus induce the same maps on homology. Since the identity chain map induces an isomorphism
on homology, and the zero chain map induces the zero map on homology, the homology of the

augmented chain map must be trivial. In other words e: P — k is exact. Il

1.2 Group cohomology

Let G be a group, P a projective resolution of Z over ZG and M a G-module. The cohomology of
G with coefficients in M is given by

H*(G;M) = H*(Homg (P, M)).

Note that this definition is independent of the choice of projective resolution, since projective
resolutions are unique up to homotopy equivalence.

Luckily, group cohomology is a (contravariant) functor in the first variable. Let ¢: G — G’ be
a group homomorphism and M a G-module. We can consider M as a G’-module through ¢, by
letting ¢'.m = ¢(¢').m for all ¢ € G’ and m € M. It can then be shown, that ¢ induces a map



¢*: H*(G'; M) — H*(G; M) in a functorial manner (Brown, 1982, Section III.8).
Group cohomology is also a functor in the second variable, but we will not use this fact.
While this definition of group cohomology is very algebraic, it is also possible to use a more
topological definition. We say that a topological space X isa K(G,1)if m(X) = G and m,(X) =0
forallm > 1. Such an X exists for any group G and is unique up to homotopy equivalence (Hatcher,
2001, Example 1B.7 and Theorem 1B.8).

Theorem 1.2.1. Let G be a group and M a G-module with trivial action. Then
(G5 M) = H*(K(G, 1); M)

as k-modules.
Proof. See Benson (1991, Theorem 2.2.3). O]

Let us now present an interesting application of the functoriality of group cohomology. Let
H < G be a normal subgroup of G. For each g € G we have a map ¢,: H — H with ¢y(h) =
ghg™" € gHg™' = H. This map induces a map ¢: H*(H; M) — H*(H;M). Note that c} is
the identity, for all g € G, if H < Z(G), where Z(G) denotes the center of G. This gives us the

following Lemma.

Proposition 1.2.2. Let G be a group, H < G a normal subgroup and M a G-module. The
conjugation action of G on H induces an action of G/H on H*(H;M).

(a) This action is trivial if H < Z(G). In particular, it is trivial if G is abelian.

(b) If P is a projective resolution of k over kG, then the action on cohomology is induced by the
action of G on Homg (P, M) given by

(9f)(x) = gf(9~ ),
for each g € G, f € Homg(P, M) and x € P.
Proof. See Brown (1982, p. 80). O
We end this subsection with another way to interpret H° and H*.

Proposition 1.2.3. Let G be a group and M a G-module. Then
H(G;M)={me M|VgeG:gm=m}

as k-modules.



Proof. Let e: P — k be the standard resolution of k over kG. Then Homg (P, M) is the (co)chain

Homg (kG, M) % Homg (k[G @ G], M) % - -

So H°(G; M) = ker §y. Let f € Homg(kG, M). Note that for gy, g1 € G,

9-60(f)(90,91) = 9-f(01(g0,91)) = f(9.01(g0,91)) = f(O1(990,991)) = 00(f)(990, 991)-

We get the chain of implications

do(f) =0 = Vgo,q1 € G :60(f)(g0,91) =0
— VgeG:5(f)(1l,g)=0
= V90,91 € G : 90.00(f)(1, 95 1) =0
= V90,91 € G : 6o(f)(90,91) =0
= do(f) =0,

so 0o(f) = 0 if and only if do(f)(1,g) = 0 for all g € G. Since for any g € G,

do(f)(L,9) = f(Oi(1,9)) = fg —1) = gf(1) — f(1),

this tells us that f € H(G; M) <= Vg € G :g.f(1) = f(1). Since f is determined completely

by its value on 1, we are done. Il

Proposition 1.2.4. Let G be a group and M a G-module with trivial action. Then
HY(G; M) = Homgreups(G, M)

as abelian groups.

Proof. Note that M is abelian as a group, so the right-hand side is an abelian group. See Weibel
(1994, Theorem 6.4.6) for a proof. O

1.3 The cup product

It is possible to endow H*(G; k) with a multiplicative structure which turns it into a commutative

graded ring. This means that we will get an associative product
H"(G; k) @ H*(G; k) — H™ (G k)

with a3 = (—1)de(@deB) 3q. Let 1 be the identity element of k = H°(G; k). Then 1 will be the
identity element with respect to the product.



First, we define the “cross product”. Let G and G’ be groups. Let X — k be a projective

resolution over kG and Y — k a projective resolution over kG’. We define the cross product!
Homg(X; k) ® Homeg (Y; k) — Homgua (X ® Y k)

by
(f xg)(z@y) = f(z)®g(y),

where we identify k ® k£ with k. This induces a map on cohomology which together with the

Kiinneth map gives a homomorphism
H*(G;k)® H*(G'; k) — H (G x G'; k)

which preserves total degree. We denote the image of a ® S under this map by «a x S.
Now, define the diagonal homomorphism A: G — G x G given by A(z) = z x z. By functo-

riality we get an induced homomorphism
A*: H (G x Gy k) — H*(G; k).
Finally, define the cup product of « € H"(G; k) and € H*(G; k) as
af=aUpf=A(axp)e H"(G;k).

It can be shown, that the cup product respects the properties written in the start of this
subsection (Evens, 1991, Section 3.1).

1.4 The Universal Coefficients Theorem

A basic result from homological algebra, the Universal Coefficients Theorem, can be written nicely

in terms of group cohomology. We here present a useful special case.

Corollary 1.4.1. Let k be a field, G a group and M a kG-module with trivial action. Then
H*(G; M) = H*(G; k) @ M.

Proof. See Evens (1991, p. 30). O

'We haven’t introduced the tensor product of chain complexes, but we work with one in the proof of Proposi-
tion 2.2.3.



1.5 Spectral sequences

The Lyndon-Hochschild-Serre spectral sequence will help us in cohomology calculations, by ap-
proximating the cohomology of a group through the cohomology of a normal subgroup and the
cohomology of its quotient group. In this subsection we introduce the concept of a bigraded co-
homological spectral sequence. Then in subsection 1.6 we specialize to the spectral sequence of a
double complex. Finally, in subsection 1.7 we specialize to the LHS spectral sequence. For further
technical details about spectral sequences, see e.g. Benson (1991, Chapter 3).

By a spectral sequence we will mean a sequence {E,,d,},>o of bigraded G-modules E, =
@D, cz2 EF? and endomorphisms d, = {d??: EP* — EPTIUT Y gatisfying d, o d, = 0 and
EM | =~ HM(E, d,) := ker(d??)/ im(d? """ V). We call E, the E,-page, since we can think of a
spectral sequence as a book, where flipping to the next page corresponds to taking homology of
the page. We call the d,s differentials.

We will only work with spectral sequences, where F, vanishes outside the first quadrant, i.e.
where EPY = 0 if p < 0 or ¢ < 0. For a fixed position (p,q), both the differential d?? starting
at EPY and the differential d®atr=h ending at EP? will be trivial for sufficiently large r, since

they will end or start outside the first quadrant. If @¥~"@+ =1

= dP = 0 for some r, then
E, = HM(E,,d,) = EP, so EVY = EP for all ' > r, and we will denote this stabilized value
EP? = EP1. Note that this doesn’t guarantee the existence of a global value r such that EP? = EPd

for all positions (p, q).

1.6 The spectral sequence of a double complex

Let G be a group. Let Ey = (E}?, dy, d1) denote a double cochain complex of G-modules, where d;
and dy are maps of bidegree (1,0) and (0, 1), respectively. This means that we require d3 = d3 =
didy + dody = 0. We will restrict to the case where Ej vanishes outside the first quadrant. We can

visualize Fy by the following (anticommutative) diagram.

do do do
E0? 4, pl? B g2 4
r r o
B0 4, plt gt G
. o o
B0 A, plo 4, p2o 4,




We can take cohomology of this complex with respect to dy, getting

H(Ey, do) s H2(Ey, do) 5 H2(Ey, dy) 205 ...
HOY(Ey, do) % HY (Ey, do) 5 H2V (B, dy) 205 ...
HOO(EO, do) (d1)* HlO(EO, dg) di)* H2D(E0, dO) _)*> e

We will denote the gth row by H%(Ey,dy). Note that each row is a chain, since (d;)* o (dy)* =
(dy o dy)* = (0)* = 0. We could then take cohomology of each row with respect to d;, i.e
H*(HY(Ey,dy),dy).

To turn E, into a single chain complex, we define the total complex T™ = Tot(Fy)" =
D,ig—n E{? and let d = dy + dy. By the above required relations on d; and dy, we have
d*> = &2 + dydy + dod; + d%3 = 0. Note that the summands of 7" lie on an “antidiagonal” line
in the above diagram.

To filter the complex T, we let

Fan _ @Eg/(n—p’)‘

p'>p

Then F'T =T and FPT™ = 0 for p > n. Now FPTPTe/FrHiTrte o I Each FPT is of course

again a chain complex with maps induced by restricting d. We define
FpHp-irq(T) — im(Hp+q(FpT) N Hp-qu(T))’

i.e. the image of the map on cohomology induced by the inclusion of chains FPT — T.

Theorem 1.6.1. Let (E{?, dy,dy) be a double complex and T its total complex. There is a spectral

sequence with

EY" = HPY(Ey, dy),
EY = HP(HY(Ey,dy), d1),
FPd — FpHerq(T)/FpHHpH(T).

Proof. See Benson (1991, Theorem 3.4.2). O



The shorthand for this theorem is

Hp(Hq(E()?do), dl) = Hp+q(TOt(E0>, di + do)

1.7 The LHS spectral sequence

In this subsection, we construct the Lyndon-Hochschild-Serre spectral sequence of a group ex-
tension 0 - H — G — G/H — 0. Let G be a group, H <G a normal subgroup and M a
kG-module. Let X — k be a projective resolution over kG and let Y — k be a projective resolu-
tion over k(G/H). We can consider X — k also as a projective resolution over kH, through the
inclusion map. Recall that G acts on Hompg (X, M) by (gf)(z) = gf(g '), so H acts trivially
since (hf)(z) = hf(h~'z) = hh='f(z) = f(x). Therefore, we can consider Homy(X, M) as a
G/H-module. We thus have a double complex

AP = Homg i (Yy, Hompy (Xg, M)),
with

(do)pq = (—1)pHOmg/H(1d, HOmH<<dx)q, 1d)>,
()" = Homg, s ((dy ), Homp (id, id)).

10



As required, we get

(do)P\ 7"V o (dy)P? = (—1)P"PHomg, g (id, Homp ((dx)g41,1d)) o Homg, g (id, Homp ((dx),, id))
= Homg g (id, Homp ((dx)g41,1d) o Homp ((dx )4, id))
= Homg g (id, Homp ((dx)g © (dx)g+1,id))
= Homg/ g (id, Homg (0, id))
—0,
(1) o (dy)P? = Homg g ((dy )ps1, Homp(id, id)) o Home, g ((dy),, Hompy (id, id))
— Homgyr((dy )y © (dy ), Homyy(id, id))
= Homg,/ i (0, Hompy (id, id))
=0,

(do) P*+D9(dy 0 = (—1)" " Homeg, g (id, Homp ((dx ), id)) o Home, g ((dy ), Homp (id, id))
)pHHomg/H((dy)p oid, Homp((dx),, id) o Homp(id, id))
)pHHomg/H(id o (dy)p, Homp(id,id) o Hompg ((dx),, id))
= —Homg,/u ((dy)p, Homp (id,id)) o (—1)PHome, g (id, Hompg ((dx )4, id))
— _(dl)p(qﬂ)(do)pq'

= (-1
= (-1

The double complex can be visualized by the following anticommutative diagram.

AN AN

do dO

Home, (Yo, Hompy (Xy, M)) —2— Home g (Y, Homp (X, M)) —2 ...

do dO
Homg, g (Yo, Homp ( Xy, M)) —2— Homg,y (Y1, Hompy (Xy, M)) —2 -

A A

do dO

Homg, ¢ (Yo, Homyr(Xo, M)) —2— Homg, g (Y1, Homy (Xo, M)) —2

By Theorem 1.6.1 we get the following theorem.

Theorem 1.7.1. Let G be a group, H <G a normal subgroup and M a G-module. Then we have

a spectral sequence with

EY" = Homyen (Yy; H(H; M)),
E¥ = HP(G/H; H(H; M)),
P = FPEPY(G; M)/ FPH P (G M),

11



where for each n > 0,
H"(G;M)=F'H"(G;M) D F'H*(G;M) D --- D F"H"(G; M) > F""'H"(G; M) =0

is some filtration of H"(G; M).

Proof. This follows from Theorem 1.6.1 and Homyg, i (Y,, —) commuting with cohomology. See

Benson (1991, p. 113) for a more detailed argument. O

The shorthand for this theorem is
HP(G/H; HY(H; M)) = H"*(G; M).

In the concrete computations we will perform, the following result will be useful.

Proposition 1.7.2. Let k be a field, G be a group and M a kG-module. Then
H'(GM)=2E o E"Ve...0 EY

for all n > 0.

Proof. Since k is a field, every kG-module is a vector space. There is a filtration H"(G; M) =
FF2OF D2 F,DF, =0with F;/Fj,; & i) and, in particular, F,, = E". We
therefore have

H' (G, M) = Fy/JFL & F /- @ F, 1/F,®F,,

which gives us what we want. [

When performing calculations, we will start with determining the Es-page, skipping the FEj-
and Ei-pages. One of the first steps is to determine the first row and column on the Fsj-page.
In our calculations, the rest of the FEs-page will follow, since we know a graded multiplicative

structure of the page. We collect the following small results for easy reference.

Proposition 1.7.3. Let G be a group, H < G a normal subgroup and M a G-module. Then
EY =~ HY(G/H; H*(H; M)).

Proof. Clear from the above. O

Corollary 1.7.4. Let G be a group, H < G a normal subgroup and M a G-module. If H < Z(G),

(or in particular if G is abelian) then
E = H*(H; M).

12



Proof. Combine Proposition 1.7.3, Proposition 1.2.2 and Proposition 1.2.3. O

Proposition 1.7.5. Let G be a group, H < G a normal subgroup and M a G-module. Then
B~ H*(G/H; H(H; M)).

Proof. Clear from the above. ]

Corollary 1.7.6. Let G be a group, H < G a normal subgroup and M a G-module. If the action
of H on M is trivial, then
EY >~ H*(G/H; M).

In particular, the identity holds if the action of G on M is trivial.
Proof. Combine Proposition 1.7.5 and Proposition 1.2.3. ]

We finish this subsection with a coverage of the interplay between the cup product in group

cohomology and the multiplicative structure of the E_-page in the LHS spectral sequence.
Theorem 1.7.7. Let G be a group, H I G a normal subgroup and M a G-module.

(a) There is a graded product structure on the Ey-page which matches the tensor product structure

we will see in computations. (This statement is of course very informal.)
(b) The product on the E.-page for r > 2 induces a graded product structure on the E,,1-page.

(¢) The cup product in H*(G; M) restricts to maps FPH™(G; M)x F*H™(G; M) — FPTsH™™(G; M),

which induce maps

FPH™(G; M)/ FPT H™(G; M) x FSH™(G; M) /F***H"(G; M)
— FPHSH™ (G M)/ FPHT ™ (G M).

s(n—s) N Ec()g+s)(m+nfpfs)

These quotient maps induce maps Eﬁémfp) X Fs , or in other words

EPe w grd s petr)et+d)

And this product structure matches the one induced by the one originating from the Es-page.
Proof. See Benson (1991, Section 3.9). O

The E..-page thus tells us the cup product structure of H*(G; M) up to a filtration.

13



2 Group cohomology calculations

We will calculate the cohomology of select finite groups with coefficients in Fy. Where Fy is viewed
as a G-module by assigning it the trivial action.Note that we see Fy as a G-module by assigning it
the trivial action. First, we employ the algebraic topological approach using Eilenberg-MacLane
spaces. Then, in subsequent subsections, we take an approach based more in homological algebra.

In this section, we work over the base field k = F5 and coefficient ring M = Fs.

2.1 Calculations using Eilenberg-MacLane spaces

Proposition 2.1.1.

Proof. This follows from RP* being a K(Z/2,1) (Hatcher, 2001, Example 1B.3) and the singular
cohomology of RP* being Fy[z| where the polynomial ring indicates the cup product structure
(Hatcher, 2001, Theorem 3.19). O

2.2 Calculations using explicit resolutions

We now turn to more purely algebraic approaches. Sometimes it is possible to calculate the
cohomology of a group G, by constructing an explicit resolution of Z over ZG. In this subsection,
we don’t make claims about the cup product structure of the graded cohomology rings we calculate.
Nonetheless the results of this subsection will be useful, for our upcoming calculations using

spectral sequences, where we do make claims about the cup product structure.

Proposition 2.2.1. Let n be an even positive integer. Then for all m € Zsq, we have
H™(Z/n;Fy) = F,.
Proof. Let C,, = (t | t" = 1). We have the following free resolution of k over kC,,.
Sk, B RC, S RC, S k0,

where N = 1+t + >+ --- +¢" 1. Tt is clearly a chain, since Nt = N, so N(t —1) = 0. We
will show exactness by constructing a contracting homotopy h. Let h_;(1) = 1. For i > 0 and
0<k<n,let

Zf;é t7 if i even and k > 0

hi(tk>: 1 ifioddand k=n—1

0 else.
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Now for even 7 > 0 we have

((t = 1) 0 hi + hi_y o N)(1) = (t — 1)0 + hi_1(N)

= 1.
For even 7 > 0 and 0 < &k < n we have
k-1
((t=1)ohi+hi1 o N)(t*) = (t— 1) > + hi_(Nt")

=0

=tF —1+h;1(N)

=tF—1+1

= ",

For odd 7> 0and 0 <k <n —1 we have

(N o hy+ hi_y o (t —1))(t%) = Nhy(t*) + by (51 — 1F)
= NO + hi_ (t") — hi_1 (t7)
= t".

For odd 7 > 0 we have

(Noh;+hi_yo(t—1)t") = Nh;(t"™ ") + hi_1(1 — ")
=N1+hi (1) = hi 1 (t"1)

n—2
=N+0-> ¥
§=0

="

Furthermore,

(t—1) o ho+h_yoe)(1) = (t—1)0 + h_y(1)
1

’
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and for 0 < k < n,

((t—1)ohg+ h_qoe)(th) = Zturh

Finally, (eoh_1)(1) = 1. This shows, that h is a contracting homotopy from the augmented chain
associated to our claimed resolution to the zero chain. Thus the augmented chain is exact and the
claimed resolution is actually a resolution.

Note that Home, (kC,,,Fy) = Fy since any f: kC,, — Fy must have f(t¥) = f(t*)" = f(t™") =
f(1). Because of this, we furthermore have f ot* = f for all k. Therefore, fo(t—1)=f—f=0

and fo N =nf = 0 since n is even. When we apply Hom¢, (—, Fs) to the resolution, we thus get

0 0 0
F2—>F2—>F2—>"'.

The cohomology of this chain is Fy in each degree. And the cohomology of this chain is exactly
the cohomology of C,, = Z/n with coefficients in F,. ]

Proposition 2.2.2. Let n be an odd positive integer. Then

Proof. We can reuse the resolution from the the proof of Proposition 2.2.1. We still have
Homg, (kC,,,Fy) = Fo. For any f € Homg, (kC,,Fy) we also still have fo (t —1) = 0. But we
no longer have f o N = 0, since n is not even. Instead we have f o N = f. So when we apply

Homg¢, (—, Fs) to the resolution, we get
Fo S Fy SFy SF, S ...

So here the cohomology is Fs in degree 0 and trivial in all other degrees. [

Proposition 2.2.3. For all m € Z>,, we have
H™(Z)2 ® 7)2;Fy) = FytL,
Proof. Let G = Cy & Cy. We have already established that
R, B kG, S kCy Sk — 0,

is a projective resolution of k over kCy. Denote this resolution by e: P — k. Then by Brown (1982,

16



Chapter V, Proposition 1.1), e®e: P® P — k is a projective resolution of k over k[Cy x Cs] = kG.

We can visualize the tensor product P ® P as follows.

(t—1)®id
v —id®(t—1) .
kCQ (%9 ]{302 < e
(t+1)®id (t+1)®id
KCy @ kCy 2 poy @ kCy 220
(t—1)®id (t—1)®id (t—1)®id
l —id®(t—1) l —id®(t+1) l —id®(t—1)
kCy @ kCy kCy @ kCy kCy @ kCy

Here

(PRP),= @ P® P = (kCy ® kCy)"™
Jjt+k=n

is the sum along each antidiagonal. If d is the differential of P, then

(d®d),(n @Yo, .., To D Yn)
= (dnxn X Yo + (_1)n71xn—1 ® dlyb s 7dlxl ® Yn—1 + Zo ® dnyn))

To get cohomology, we first want to take Homg(—,Fy) of the chain
— (kCy @ kCy)? = (kCy @ kCy)? — kCy @ kCy =k — 0.
Note that if f € Homg((kCy ® kC3)" ™, F,), then

£(0,...,0,1®1,0,...,0) = (t*,t%).f(0,...,0,1®1,0,...,0)

(
(0, Oto‘®t50 ..,0),
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for all a, 8 € {0,1}. Therefore Homg((P ® P),,Fy) = F5™'. Since e.g.

F0,..,0,(t+1) @id)(t* @ 1%),0,...,0) = f(0,...,0,t° @t +t* @ t7,0,...,0)
= (0,...,0,t*" @t 0,...,0)
+ £(0,...,0,t*®t,0,...,0)
:07

we get (d ®d), =0 for all n. So the chain Homg(P ® P,F;) looks like

We conclude H™(Z/2 © 7./2,F,) = H"(Homg(P ®@ P,Fy)) = Fytl. O

2.3 Calculations using the LHS spectral sequence

In this section we present the major results of the project. Using the LHS spectral sequence will
allow us to examine cup product structure of our group cohomologies.
We will denote by /\(z) the exterior algebra Ay (z) = F,[z]/ z2.

Proposition 2.3.1. We have

H*(Z/4Fs) = Fal2] © A\(y),
where |z| =2, |y| = 1.

Proof. Let G =Z/4 and H = 27Z/4. Then H <G with G/H = 7/2. Recall that the action induced
by conjugation of G/H on H*(H; M) is trivial by Proposition 1.2.2; since G is abelian. Using the

LHS spectral sequence, we have

By~ H*(G/H;H*(H; M))
~ H*(G/H; k)@ H*(H; M)
= H*(Z/2;Fy) @ H*(Z/2;Fy)
= Foly] ® Falx],

where the second equality follows by Corollary 1.4.1 and the last by Proposition 2.1.1. By Corol-
lary 1.7.4 we get

ES* = H*(H; M) = Fy[z].

18



By Corollary 1.7.6 we get
E;" = H*(G/H; M) = Fy[y].

The E»-page is drawn below, where e.g. xy? represents Foxy?.

0 1 2 3

FEs-page.

We have drawn the differential d3', which is either trivial or the identity. Note that F;° = E10
since the differential into and out of y are trivial on all pages. If d3' is trivial, then E3' = EO
since all differentials in and out of E% are trivial on higher pages. This implies that H'(Z/2;Fy) =
E% @ E! is 2-dimensional as an Fy-vector space. But this contradicts Proposition 2.1.1. So d3!
is the identity, i.e. do(x) = 2.

From the Leibniz identity we get by induction that dy(2") = nz" 'y? which is trivial for even
n and the identity for odd n. Using the Leibniz identity once more, together with the fact that
da(y™) = 0 for all m, we get that da(ax™y™) = do(2™)y™ + x"d2(y™) = da(a™)y™ is trivial for even
n and the identity for odd n.

For any m > 0 and odd n > 0 we thus get E5" = 0, since d5'™ is injective. For any m > 2 and

=1 i surjective. For any 0 < m < 2 and even n > 0 we

even n > 0 we get 3" = 0, since dgm_2
get B 2 B since d" = 0 and di" 2" = 0 since m — 2 < 0. The Ej-page is drawn above.

On this Es-page all differentials are trivial, and thus EZ* = E5*. Since each diagonal on the
page has exactly one non-trivial entry, (or using Proposition 1.7.2) we regain that H"(G; M) = F,
for all n > 0. And H*(G; M) is generated by z?® and H*"*! is generated by x?"y. With respect

to the product structure on the E3 = E . -page, we have

By 2 Fal2’] @ ().

This matches the cup product structure up to a filtration. But since only one filtration quotient

is non-trivial in each degree, this product matches the cup product directly. So
H*(Z/2;F,) = IF2[x2] ® /\(y)
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Proposition 2.3.2. For positive integers n > 2 we have
H*(Z/2";F2) = Fylz] @ \(v)

where |z| =2, |y| = 1.

Proof. We will perform induction over n. The base case n = 2 is just Proposition 2.3.1. Let n > 2

be given and assume

H*(Z/2" " Fy) 2 Fyz] @ /\(y)
where |z| =2 and |y| = 1. Let G = Z/2" and H = 2" 'Z/2". Then H 2 Z/2 and G/H = Z/2"'.
Let us construct the LHS spectral sequence for H — G — G /H. By the same argument as in the
proof of Proposition 2.3.1, we get

E;* ~ H*(G/H; H*(H; M))
H*(G/H: k) ® H*(H; M)
= H*(Z/2"" " Fa) @ H*(Z/Qst)
> Fylz] @ \(y) @ Fafw
EY =~ H*(H: M)
= Fola],
B’ >~ H*(G/H; M)

>zl @ A)

where || = |y| = 1 and |z| = 2. The Es-page is drawn below.

0 1 2 3

E>-page.
Fs-page.

Just like in the proof of Proposition 2.3.1, we know that d' = 0 would imply that H*(Z/2")

is 2-dimensional as an Fa-vector space. But that would contradict by Proposition 2.2.1, so dy! is
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the identity. In other words, do(x) = 2. Also, da(y) = da(2) = 0, since d}° and d3° exit the first
quadrant. By the Leibniz identity, we get

do(x%y”27) = do(x ")yﬁz7 + x“dg(yﬁzv)

= ar® 1y,3Z’Y+l

z@ B2 if o odd

0 else.

This is the same situation as in Proposition 2.3.1, so we get the Fs-page drawn above. This is the

same Fj3-page as in the proof of Proposition 2.3.1, so we again get

H*(Z/2";Fy) & Fal2] ® /\(y)

Proposition 2.3.3. We have
H*(Z)2 ® Z)2;Fy) = Folz, y].

Proof. Let G =7Z/2®Z/2 and H = Z/2&0. Then H <G with G/H = 7Z/2 and H = Z/2. Recall
that the action induced by conjugation of G/H on H*(H; M) is trivial by Proposition 1.2.2, since

G is abelian. Using the LHS spectral sequence, we have

By H*(G/H; H*(H; M))
H*(G/H; k) ® H*(H; M)
~ [*(2)2;F,) © H*(Z)2: F,)
= Faly] ® Folz],

where the second equality follows by Corollary 1.4.1 and the last by Proposition 2.1.1. By Corol-
lary 1.7.4 we get

EY = H*(H; M) = Fy[x].
By Corollary 1.7.6 we get
E' = H*(G/H; M) = Fyy].

The FEs-page is drawn below.
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vy oy
0 1 2
Es>-page.

Note that d5' is either trivial or the identity map. If it were the identity, then x would vanish
on higher pages of the spectral sequence. Which would imply, that H'(G; M) is 1-dimensional
as an Fy-vector space. But we know from Proposition 2.2.3 that H'(G; M) is 2-dimensional. So
do(z) = 0. Since di® exits the first quadrant, we also know dy(y) = 0. Thus dy = 0 and so
E. = Ey 2z, y).

Using Proposition 1.7.2, we conclude that
HTl(Z/Q S Z/Z) ]F2) = ]FQ[JZ“, xn_1y7 s 7yn]

It remains to be shown, that the product structure of the E-page lifts nicely to H*(Z/2 &
Z]2;Fy). O

Proposition 2.3.4. We have
H*(Dg; Fy) = F[%] © Falar, y] /(e + 1),

Proof. Let us write G = Dy = (0,7 | 0 = 72 = (07)*> = 1) and H = Z(Dg) = (0?), where
Z(Dsg) = {z € Ds | Vg € Dg : gz = zg} denotes the center of Dg. Then H = Z/2 and
G/H = Z/2® Z/2. Since H is the center of G, the G/H-action on H*(H; M) is trivial by

Proposition 1.2.2. We get an associated LHS spectral sequence with

By = H*(G/H; H*(H; M))
~ H*(G/H; k) ® H*(H; M)
~ H*(Z)2 ® Z/2;F3) @ H*(Z/2;F>)
= Flz, y] © Fa[2],

where the second equality follows by Corollary 1.4.1 and the last by Proposition 2.3.3 and Propo-
sition 2.1.1. By Corollary 1.7.4 and Proposition 1.2.2 and we have

EY = H*(H; M) = Fy[
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and by Corollary 1.7.6 we have
B 1 (G/H; M) = Fylz,y).

Part of the Fs-page is drawn below.

2 22
1 Z
0 | 1 .y 2ty ay
0 1 2 3

Es-page.

We want to determine d3'. We know that it is on the form d3'(z) = ax® + by* + cxy for a,b,c €
Fsy. By Proposition 1.2.4, we have H'(G/H;Fs) = Homgoups(Ds/{(c?),F2) which is represented
by = and y. Without loss of generality, we can assume z(0) = y(7) = 1 and z(7) = y(o) = 0,
since x and y then form a basis of H(G/H).

Let us restrict the spectral sequence to the group extension (0?) — (o) — (0)/(0?), which
is isomorphic to 2Z/2 — Z/4 — 7Z/2. This restriction corresponds to setting y = 0, since we've
removed 7. So in the restricted spectral sequence, d3' = az®. We know the restricted spectral
sequence from Proposition 2.3.1, where d3! was non-zero. We claim that we must therefore have

a = 1. This follows from the fact that the map of group extensions

(0%) — (o) —— {0}/ (0?)

| l

H > G » G/H

induces a map of spectral sequences, commuting with differentials. This is known as the naturality
of the Serre spectral sequence.

Let us now instead restrict to (02) — (0%,7) — (02, 7)/(0c?), which is isomorphic to Z/2 —
Z]2®7/2 — Z/2. This corresponds to setting = = 0, since we’ve removed all powers of o from the
factor group. So in the restricted spectral sequence, d3' = by?. We know the restricted spectral
sequence from Proposition 2.3.3, where dy! was trivial. So b = 0.

Let us finally restrict to (0?) — (0%,07) — (0%, 07)/{(0?), which is isomorphic to Z/2 —
7)2® 72 — 7/2. This corresponds to setting x = y, since the factor group is generated by o7.
So in the restricted spectral sequence, d3' = (a + b + c)x*. We again know the restricted spectral

sequence from Proposition 2.3.3, where dy! was trivial. So a +b+c =0, i.e. c= 1.
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We conclude that dy(z) = 2%+ xy in the original spectral sequence. Using the Leibniz identity,
we get da(2%) = da(2)2z + 2da(z) = 0, and can further conclude by induction, that

dQ(Z,y) = dg(Z)ZV_l + ng(z’y_l)
22207 4y’ if y odd

0 else.

Since di° exits the first quadrant, it is trivial, so we get

do(z%y°27) = dQ(:C“y'B)z'7 + xayﬁdg(zv)
= xayﬁdg(ﬂ)
2o t2y Pl o gatly Sl =1 if 4 odd

0 else.

This tells us, that kerdy? = 0 for odd ¢, i.e. E}? = 0 for odd ¢. Since imdJ' is generated by

2% + xy, we get

FQ [l‘27 927 xy]

E??O = = FQ['T27y2]

x? 4+ xy

and similarly, by observing im d¥’ > for p > 2 and even ¢ > 1, we get EP? = Fo[2?, y?]. So we

get Fy = Fy[2?] @ Fy[z, y|/(z* + xy) which can be visualized as follows.

3 0 0 0 0

2.2 2.2 ,2.2 3.2 ,3.2
2 | 22 xz7 Yz o Tl b N Vod

1 0 0
0 1 .Y 22 1y 33
0 1 2 3 4

Es-page.

We know d9? is of the form ds(2%) = ax® + by® for some a,b € F. We can once again restrict
the spectral sequence to two the group extensions mentioned above. In each case, we know from
previous proofs that ds is trivial in the restriction. Since one of the restrictions corresponded to
setting x = 0 and another to setting y = 0, we get b = 0 and a = 0, respectively, in the restrictions,
and thus also in the original spectral sequence. We also have d3(z) = d3(y) = 0, since d3° exits
the first quadrant. So we have d3 = 0, and therefore E., = F3 = Fy[2%] @ Folx, y]/(2? + xy).
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Using Proposition 1.7.2, we conclude that
H™(G; M) & Fyla", g™, a™2% y"2%, ... 2™, y" 2"

for even n, and
n . ~ n .n n._2 n. 2 n._n—1 n. _n—1
H™(G; M) = Folz", y", a2, y" 2%, ... a2yt

for odd n.

The multiplicative structure Fy[2%] @ Fao[z, y| /(2% +zy) of the F3 = E-page in the proof above
corresponds to the cup product structure of H*(Dg; ) up to a filtration. It remains to be shown,
how this structure lifts to H*(Dg;Fs). O
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