Generalized Character theory on Cohomology

Master's Thesis
at Sorbonne Université

Théodore Guy Andreas DOUBINSKY
Advisor: Jesper Grodal

June 1, 2026



Contents

0.1 Introduction . . . . . . ... 3
0.2 Prerequisites . . . . . . . . s 5
0.3 Conventions . . . . . . .. 5
0.4 Acknowledgements . . . . . . . ... 6
1 Preliminaries 7
1.1 An abridged introduction to chromatic homotopy theory . . . . . . 7
1.1.1  The bridge between stable homotopy and cohomology 7

1.1.2 Complex oriented cohomology theories and formal group laws 9

1.1.3 Morava K-theory . . . . . . .. ... ... ... ... 15
1.1.4 Morava E-theory . . . . . . . . ... 18
1.1.5 Hopf algebras and FGLs on cohomology . . . . . . . . ... 19

2 Generalized characters 24
2.1 Complex Oriented descent . . . . . .. . . . .. .. ... ..... 24
2.1.1 Flagbundles . .. . .. ..o 25

2.2 A generalized Artin's theorem . . . . . . . ... 29
221 TheBurnsidering. . . . . . . ... 29
2.2.2 The “key obervation” . . . . . . ... ... 31
2.2.3  Proof of Artin's theorem . . . . . . . ... ... ... ... 34

2.3 The K(n)-theoretic Euler Characteristic . . . . . . . .. ... ... 36
2.3.1 Additive functors and theirbases. . . . . . ... ... ... 36
2.3.2 Presentation and proof of the theorem . . . . . . . .. .. 40

2.4 Generalized characters . . . . . . ... ... 45
2.4.1 Calculating EX(BA) . . . . . . ... 46
2.42 The coefficientring . . . . . . ... 48
2.4.3 Generalized characters . . . . . . .. ... ... ... ... 52
2.4.4 An induction theorem . . . . . . . .. .. ... ... ... 56



Introduction 3

0.1 Introduction

It is void of exaggeration to say that representation theory has been central in the
study of finite groups. In this theory one likes to study the (complex) represen-
tation ring R(G), whose objects are virtual finite-dimensional representations (see
[ ). A character in representation theory can be understood as a map that to
each complex representation p : G — G/,(C) sends g — x,(9) = tr p(g) the trace
of the matrix. This map does not depend on the choice of basis and is invariant
over conjugation. Letting C/(G,C) denote the ring of functions G — C that are
conjugation-invariant (also called class functions), a well-known result in representa-
tion theory states that the irreducible representations form a C-basis for C/(G, C) -
in other words, we have an isomorphism R(G) ® C = CI(G, C).

As noted in | |, one does not need all of C in the theorem above. We first
of all notice that x,(9g) is the sum of eigenvalues of p(g), hence it lies in a cyclotomic
extension of Q. The isomorphism above then restricts to a map

R(G)® L = CI(G, L), (1)

where L denotes the union of all cyclotomic extensions. This gives a very nice
Galois-theoretic interpretation of the theorem, which we will not detail here.

Another way to calculate the representation ring is with Artin’s theorem. Given
a subgroup H < G, restriction induces a homomorphism R(G) — R(H). The map

R(G) — (A),

lim R
ACA(G)
where A(G) denotes abelian subgroups of G, is an isomorphism when the order of
G is inverted.

A representation p: G — GL,(C) can also be interpreted as a map G — U (the
infinite unitary group). The associated map of classifying spaces BG — BU induces
a vector bundle over BG and it follows that virtual representations are sent to virtual
bundles and we get a morphism of rings

R(G) — K*(BG)

between the representation ring and the complex K-theory of the classifying space
of G. A special case of the Atiyah-Segal completion theorem | | gives an iso-
morphism

R(G);z > K*(BG),

where R(G)I(fg)
1(G), the ideal consisting of degree zero virtual representations. This relation be-

is the completion of R(G) with respect to the augmentation ideal

tween representation theory and K-theory begs the natural question on whether some
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of the results found in representation theory echoes on in K-theory and possibly in
the higher analogues of Morava K- and E- theory, K(n) and E(n) respectively.

In the year 2000, Hopkins, Kuhn and Ravenel published their long-awaited paper
[ |, which gave generalizations of the results of representation theory intro-
duced above. Their results were initially considered in the case of Morava K- and
E-theories, but were generalized (to a varying degree) to so-called complex-oriented
cohomology theories. These are more or less the generalized cohomology theories
E* for which E*(CP*) = E*[[x]], and it is well-known that such theories have as-
sociated formal group laws (the precise definitions and relevant properties will be
articulated in chapter 1). The authors use what they call complex-oriented descent,
a generalization of the splitting principle that relates the complex oriented coho-
mology groups of a G-space X with the flag bundles related to equivariant vector
bundles over X. Using descent Hopkins, Kuhn and Ravenel find a corresponding
Artin’s theorem on the following form. For any finite group G, finite G-CW complex
X and complex-oriented cohomology theory E*, there are natural maps

E*(EG xg X) — lim E*(EG x4 X) — E*(BA x X*)
AEA(G) AEA(G)
that become isomorphisms when tensored over Z[|G|7!]. This limit is taken over
abelian subgroups of G where there is a morphism A; — A, for each morphism
G/A> — G/A;1. In the case where X = {x}, the theorem gives that

E*(BG lim E*(BA
(BG) — Jim_E'(BA)

becomes an isomorphism when the order of G is inverted, which is the direct analogue
of Artin’s theorem found in representation theory.

The analogue of (1) primarily concerns the Morava E-theory, but applies to mul-
tiple cohomology theories. Specifically, we restrict ourselves to look at complex-
oriented cohomology theories E* wherein the coefficient ring is local and that the
formal group law associated to the mod m (the maximal ideal of E£*) reduction is a
formal group law of height n < oo. A large part of finding the cognate theorem is
to identify what is meant by class function and coefficient ring in this new context.
An observation on the K(n)-theoretic Euler characteristic gives that

x5, = dim K(n)**(BG) — dim K(n)°**(BG)

is equal to the number of orbits on G, , = Hom(Zj}, G) with G-action by conjugation.
Using this observation they find the analogues of

The goal of this master’s thesis is to present a somewhat self-contained version of
Hopkins, Kuhn and Ravenels paper. The memoir is divided into two chapters. In the
first chapter we will include preliminary results needed for our main theorems. It starts
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off presenting some base results for equivariant topology, which is mostly included to
help set the scene, and most of their results will not be used directly in later sections.
Afterwards is presented a very loose exhibition on chromatic homotopy theory. The
goal of this exhibition is to convincingly motivate the existence of Morava K- and
E-theory and to justify the interest in calculating those groups. The reader might
find themselves dissatisfied with the lack of proofs, that could not be included due
to the thesis’ 3 month time limit, but can hopefully find comfort in the material
sourced, that is generally very well-written. The second chapter has as a main focus
to treat Hopkins, Kuhn and Ravenel's paper | ] and to present and prove
its main theorems! The structure will follow their paper’s quite closely but many
supplementary proofs and additional details have been added to

0.2 Prerequisites

Although this memoir is trying to be somewhat self contained, the reader is of course
assumed to have some familiarities with relevant mathematical fields. The reader
is expected to be familiar with algebraic topology, specifically homotopy theory (for
example [ , Chapter 1 and 4]) as well as some baseline knowledge for stable
homotopy theory.

There was originally planned an appendix for this thesis which would include the
bases for G-equivariant topology. This has since been scrapped, but we do a lightning
round of definitions in the conventions section below. The reader can otherwise
consult the following buffet: [ . 1 . 1 . [ ] and Scwede's lecture
notes [ ]. All of these with the exception of the last one risk being very outdated
on the stable homotopy part, but are well-written and serve as a nice historical
motivation.

0.3 Conventions

Many of our algebraic structures (e.g. cohomology theories, polynomial rings, ...) are
canonically graded, and as a true mathematician cardinal sin of completely omitting
these specifications unless of specific importance is comitted. It shall be assumed
that morphisms between graded objects are graded morphisms.

We use the following notations for categories:

e Top is the category of (compactly generated weak Hausdorff) topological spaces.

L Although we omit the last main theorem in the paper, which analyzes for which groups K (n)(BG)
is concentrated in even degrees.
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e Given a ring R, R-Mod is the category of left R-modules. Likewise, Mod-R is the
category of right R-modules.

e For an abelian group A, A-Mod denotes the category of A-modules, i.e. Z[A]-modules.

Let G be discrete a group. Writing H < G means that H is a subgroup of G. A
(left or right) G-space is a topological space equipped with continuous (resp. left or
right) G-action. Unless specified we always work with left G-spaces. A G-map is a
G-equivariant continuous map between G-spaces. Likewise a pointed G-space is a
G-space with a basepoint fixed by the action and a pointed G-map is a basepoint-
preserving G-map between pointed spaces. X/G is the orbit space and X" is the
fixed-point space for H < G.

A G-CW complex X is a CW-complex where all cells attached are on the form
G/H x D" with G-action induced by the obvious one on G/H. It follows that G-CW
complexes have cellular action.

EG — BG is the universal G-principal bundle. Given a G-space X, the Borel
construction EG xg X is the product EG x G mod the relation (t, x) ~ (tg, gx).

Overlapping notations

In this memoir, we will work with both character maps and Euler characteristics,
both of which are historically always noted with the Greek letter chi. To chose one
over the other would be like choosing a favorite child, which the author does not
condone. We will therefore in an attempt to differentiate them note character maps
as 'x' and Euler characteristics as the more italicized ‘x’, but of course context will
prove more than enough to differentiate which object we are talking about.

0.4 Acknowledgements

This project would not have been possible without my advisor Jesper Grodal. | want
to thank him for introducing me to this project, his support throughout and especially
his patience with me. My regards also go to friends and family for moral support and
an extra thank you to my math-friends with whom | have been able to correspond
ideas with. Lastly, | would like to thank Jakob Kullberg for putting a roof over my
head for the duration of the project, which has saved me the hell of finding affordable
lodging in Copenhagen on such short notice.



Chapter 1

Preliminaries

1.1 An abridged introduction to chromatic homotopy
theory

This section functions as a review of chromatic homotopy theory, which will give a
baseline motivation as well as necessary results for the upcoming sections. It largely
follows Ravenel's green book | | and Lurie's series of course notes | ], but
we will omit most proofs in the interest of compactness, perhaps to the reader’s
dismay. The language in this section may be a little outdated, and we will skip the
hassle of doing a deep-dive into the (oo-)categorical context of spectra and the stable
homotopy category. If the reader is interested in reading up on the modern language,
the author recommends | | for an axiomatic and introduction or | ] for a
more topological approach.

1.1.1 The bridge between stable homotopy and cohomology

The story of chromatic homotopy theory begins within stable homotopy theory and a
somewhat fundamental theorem to this is the Brown representability theorem, which
In some sense gives a correspondence between spectra and generalized cohomology
theories. Before getting too far ahead of ourselves, let us state more precisely what
this means.

Definition 1.1.1: A generalized (Eilenberg-Steenrod) unreduced cohomology the-
ory is a sequence of contravariant functors & : CWp,s — Ab satisfying the
following axioms:

1. Homotopy invariance: If f and g are homotopic, then f* = g*.

2. Exact sequence: Any i : A C X yields an exact sequence

L EXA) o E(X @) D E(A) = ETHX, A) > ...

v
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3. Excision: If U C A C X with U C A°, the inclusion (X \ U, A\ U) — (X, A)
induces an isomorphism £/(X, A) — £(X \ U, A\ U)

4. Additivity: The canonical map E(JI1(X;, A;)) = [1E(X;, A;) is an isomor-
phism.

Historically this definition had another axiom, often called the dimension axiom,
where Eilenberg and Steenrod required that £"(x, @) = 0 when n # 0. It can be
shown, e.g. in | , Thm. 4.59], that a cohomology theory (on CW complexes)
that satisfies the axioms above and the dimension axiom is essentially determined
by G := E°(*, @), and in this case our cohomology theory £*(—) ~ H*(—;G) is
simply the singular cohomology with coefficients in G. The most standard examples
for other generalized cohomology theories are topological (complex or real) K-theory
and the cobordism cohomologies. Just as in the well-known singular case, a unre-
duced generalized cohomology theory £* also yields a so-called reduced cohomology
theory from pointed CW-complexes to abelian groups by setting 5’*(X) = E(X, *).
Unreduced cohomology theories likewise have an axiomatic definition which we will
omit here, since an unreduced theory corresponds to a reduced theory and vice versa.

Theorem 1.1.2: (Brown's representability theorem): A homotopy-invariant, con-
travariant functor h from CW to Set is called a Brown functor if wedges get taken
to products and given X = A°UB®, the map h(X) — h(A) X)) 7(B) induced
by the square

h(X) «—— h(A)

I [

h(B) «+—— h(AN B)

is surjective. Any Brown functor is representable. Furthermore, any reduced
cohomology theory, £*, is represented by a sequential spectrum, i.e. there exists
a sequence of CW complexes E’ equipped with weak equivalences E/ — 2E'*!
such that

£1(X) = [X, E'.
The proof is somewhat long and the original result can be found in [ . A
more general, oc-categorical result can be found in [ |. Conversely, it is a nice

exercise to show that a (sequential) spectrum represents a cohomology theory, and
if said spectrum is multiplicative (defined later), then we have an obvious product
structure on cohomology. The Brown representability theorem with this reciprocity
also justifies the common abuse of notation where E* both represents a cohomology



Complex oriented cohomology theories and formal group laws 9

theory and its related spectrum (although when strictly talking the spectrum, the
star is often omitted), a convention which we will adhere to as well from here on
out. A spectrum E also induces a homology theory on CW complexes by sending X
to the (stable) homotopy groups

E(X) =m(EANX)

with (E A X), = E; A X. As remarked in | , 5.1.6, 5.1.8, 6.5.7], Brown’s
representability says that the stable homotopy category is equivalent to cohomology
theories on spectra. The dual, that is for homology, is false due to something
called phantom maps, but due to Spanier-Whitehead duality we do have a Brown
representability on homology for finite complexes.

1.1.2 Complex oriented cohomology theories and formal group
laws

We restrict ourselves to multiplicative cohomology theories. By this we mean spec-
tra E* with a binary operation E* A E* — E* that is associative and unital up to
homotopy. Here A denotes the smash product between spectral. This operation
takes a lot of work to define and is not done on sequential spectra. We will treat it
here as something god-given that is to remain unquestioned.

When working with chromatic homotopy theory, we need to restrict our coho-
mology theories to satisfy a surjection criteria:

Definition 1.1.3: A cohomology theory E is called complex orientable if the
map E2(CP*®) — E2(52) = E°(x) = moE induced by the canonical injection
52 < CP™ is surjective.

As stated in [ . Lecture 4], we note that £2(52) = moE has a canonical
unit element £, and a choice t € E?(CP*) such that t — t is called a complex
orientation.

To the readers utter shocklessness, a complex orientable cohomology together
with a choice of complex orientation will be called complex oriented. Let E* be a
complex oriented cohomology theory and let t € E2(CP>) be its complex orienta-
tion. It is fairly straightforward (see example 8 in | , Lecture 4]) to show that
E*(CP>®) ~ . (E)[[t]] and E*(CP") = m,(E)[t]/(t)"T!. Likewise, E*(CP> x
CP>) = m.(E)[[x,y]] (all of these facts can also be shown using the Atiyah-
Hirzebruch spectral sequence, see | , Lemma 2.5]). Viewing CP* as the
projectivization of an infinite-dimensional complex vector space V, CP* inherits a

L Also commonly noted as ®, since it induces a symmetric monoidal structure
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commutative and associative multiplication g : CP* x CP* — CP*°, which induces
a map
pr o EY(CP™) — E*(CP™ x CP*™) = m.(E)[[x, ¥]].

Let Fe(x,y) = w*(t) be the image of our complex orientation. Fg satisfies the
criteria to be called a formal group law. As we will try to work towards justifying,
the notion of formal groups and complex oriented cohomology theories are closely
related.

Definition 1.1.4: A formal group law (FGL) over a commutative ring R is a formal
series F € R[[X, Y]] satisfying:

1. ldentity: F(x,0) = F(0, x) = x.
2. Associativity: F(x, F(y,z)) = F(F(x,y),z).

3. Commutativity: F(x,y) = F(y, x).

A common notation of a formal group law is to write x +¢ y for F(x, y).

A formal group law F(x, y) = > ¢;x'y’ is completely characterized by the coeffi-
cients ¢j;, and the three properties in the definition above give sufficient and necessary
relations between these coefficients (e.g. ¢;; = ¢j; etc.) to form a formal group law.

Some examples of formal group laws are

1. The additive formal group law given by x + y € R[[x, y]].
2. The multiplicative formal group law, x + y + xy € R|[[x, ¥]].

Let S = Z[{ci;}i;] and let | be the ideal in S generated by the relations described
in the paragraph above. We form the Lazard ring L = S//. One immediately sees
that given any morphism ¢ : L — R determines a formal group law F(x,y) =
S ¢(ci )XY/, and that this relation makes L universal in the sense that

Hom(L, R) — {FGL’s over R}
¢ d(c)X'Y € R[[X, Y]]

is bijective. Let g(x) = D72, bivix’ € Z[by, by, .. J[[x]] =: M[[x]]. The power series
9(g7(x) + g7 (y)) € M[[x, y]] is a formal group law over M and thus determines a
map8:L — M.

Theorem 1.1.5:  (Lazard’s Theorem) The map 6 : L — Z[by, by, ...] is an
iIsomorphism.
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The proof of Lazard’'s theorem known to the author is rather calculatory and
algebraic | , Lecture 3]. An important remark is that if we let degc;; = 2(i +
J— 1) and deg b; = 2/ our isomorphism becomes a graded one.

One could ask why we call the definition above a formal group when we don't
require inverses. Reassuringly, for purely formal reasons, all elements x € R has a
formal inverse i(x), which is a power series such that F(x,i(x)) = 0. A homomor-
phism of formal group laws between F and G is a power series f € R[[X]] such that
G(f(x),f(y)) = f(F(x,y)). If fisinvertible (i.e. if the coefficient of X is a unit)
then f is an isomorphism. We say that f is a strict isomorphism if the coefficient of
X is 1.

Given a formal group law F, a strict isomorphism f from F to the additive law is
called a logarithm for F, and will commonly be noted logs. The following result can
be found as theorem A2.1.6 in | ].

Theorem 1.1.6: Let F be an FGL over R and let f € (R ® Q)[[x]] be given by

f(x) = /OX Fo(t,0) 'dt,

where F,(x,y) = 0F/0y. Then f is a logarithm for F, and thus F is isomorphic
over R ® Q to the additive formal group law.

Proof: Note that F» is invertible since its constant term is one. We want to show
that F(x, y) = F1(f(x)+7(y)), or equivalently that w := F(F(x, y))—f(x)—f(y) is
zero. Differentiating the associativity law F(F(x, y),z) = F(x, F(y, z)) with respect
to z, we obtain

Fa(F(x,y). 2) = Fa(x, F(y, 2)) Fa(y, 2),

and in particular when z = 0:

F2(F(x,¥),0) = Fa(x, y)Fa(y. 0). (1.1)

By definition of w, we see that

ow _ f(F(x. y))Fa(x.y) — f'(y)

Oy
_ Fxy) 1
Fa(F(x,y),0)  Fa(y,0)

which by (1.1) is zero. Likewise, by symmetry, dw/0x is zero, hence w can only
have a constant term, which is zero since f and F have zero constant terms. O]
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Proposition 1.1.7: The power series Fg(x, y) defined above for complex-oriented
cohomology theories defines a formal group law over m.(E).

To get an idea as to why this is the case, remember that the H-space structure
on CP™> ensures that

I

CP® x CP> 2%, Cp> x CP* —£5 Cpx

commutes, which gives the commutativity criterion for Fg. A similar argument works
for the other two criteria. [l

As toy model, one can take the ordinary cohomology H*(—;Z) = HZ*(—). The
map HZ*(CP*) — HZ*(CP) corresponds to the quotient Z[t] — Z[t]/t? so com-
plex orientability is immediate. The map w can also be understood as the classifying
map for the tensor of our universal bundle with itself, and thus (t being the Chern
class of this bundle) we see that p*(t) = t; + t, and the formal group law over HZ
is simply the additive one.

Example 1.1.8: | , Lecture 5] or | , Appendix B.] Let U, denote the
universal bundle over BU(n). For every n, we define MU(n) to be the Thom
spectrum X "X D(0,)/B(0,). Thereis a canonical map MU(n—1) — MU(n)
induced by the inclusion O, 1 - O, 1 &1 = UnIBU(n,l), which permits us to
define the complex bordism spectrum as the colimit

MU = colim MU(n).

neN

We will freely use the following facts about MU:
1. MU is multiplicative (induced by the direct sum of bundles)

2. MU is complex orientable with complex orientation determined by the map
Zo2CP> ~ MU(1) — MU.

3. MU is universal with respect to complex orientations. In other words, for any
complex oriented cohomology theory E, we have a bijection

{Ring spectrum morphisms MU — E} <+ {Complex orientations on E}

Complex bordism is also universal for formal group laws.
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Theorem 1.1.9: (Quillen) The map L — w,.MU that classifies the formal group
law of MU is a graded isomorphism. Thus m,MU = Z[by, b,, . . .] with deg b; = 2i.

Notation: Let F be a formal group law over R. We set x +£ y := F(x,y). For
any x € R, set [0]rx := 0 and we inductively for any positive integer n € N define
[n]Fx := F(x,[n — 1]rx). Combining the two notations above, we immediately see
that [n]gx = x +r x +F ... +F x is simply iterating our addition over F. If log is a
logarithm for F, our shorthand notations induce the formulas

loge(x +£ y) =109 (x) +10ge(y), loge([n]ex) = nlogg(x) (1.2)

Proposition 1.1.10: Suppose K C Q is a subring of the rationals and R is a
K-algebra. Let F be an FGL over R. For every a € K, there is a power series
[a]Fx € R[[x]] such that

1. For any a > 0, [a]F is defined as above, in other words there is no ambiguity
on notation.

2. [a1 + ao]px = [a1]px +F [a2]Fx
3. [a1a2]px = [a1]F([a2] FX).

These power series’ will loosely be called formal group exponentials, and will also

be noted simply [a]x when the formal group law is implied.

Proof: Take [—1]x := i(x). This with the points above induce a unique definition
for all a € Z. Since F(x,0) = x, it is not hard to verify that [a]x = ax mod x2.
Thus if a € Z is invertible in K, we can set [a !]zx := [a]z'x, and the rest follows
from point 2 and 3. ]

p-typical formal group laws

(Following [ , Section A.2.1] ) Suppose that ¢ € R is an integer invertible in
R. Let ¢ be a primitive g'th root of unity on R. We can now define

fo(x) = [a7'] Z {'x
=1[F]

Here, the notation Zle[F]a,- simply means a; +¢ ... +f ax. Note that f; is defined
a power series over R[(], but as remarked in Ravenels book will have its coefficients
in R.
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Definition 1.1.11: If R is a Z,)-algebra, we say that an FGL F over R is p-typical
if f, =0 for any prime g # p.

When R is torsion-free, there is an alternative definition for p-typicality that
perhaps gives more sense to the terminology. Namely any FGL F over a torsion free
Zpy-algebra R is called p-typical if the logarithm for F is on the form >~ £ix”".

Theorem 1.1.12: (Cartier) Any FGL over a Z,)-algebra R is canonically strictly
isomorphic to a p-typical formal group law.

We also have a refinement of the classification theorem in the p-typical context:

Theorem 1.1.13: Let L, = Z()[v1, va,...] with degv; = 2(p' — 1). There is a
canonical formal group law over L, that is universal for p-typical FGLs, i.e. any
p-typical formal group law over R is uniquely determined by a morphism L, — R.
Furthermore, the map L ® Z(,) — L, that characterizes this universal p-typical

FGL is surjective, and L, factors as a direct summand of L ® Z).

The proof is again omitted here, and is somewhat similar to the original Lazard
theorem. If the reader is interested, it can be found in [ , Theorem A.2.1.25].
A consequence of the last statement of the theorem in particular states that

[P]Loz,x = v,-x”i mod (p, by, b, . .., byi 1),

where the formal exponentiation is taken in the canonical group law over L ® Z, =
Zplby, by, .. ].

Height of formal group laws.

Definition 1.1.14: | , Chapter A2.2] Let F be a formal group law over an
IF,-algebra R. F is said to have height n if the leading term of [p]gx is ax?". If
[p]Fx = 0 then we say that F has height oc.

Just stating the definition without further comment would be disappointing, since we
haven't justified that the leading term is always on this form. A lemma of | ,
A2.2.7] ensures us that any endomorphism f of formal groups is on the form g(x*")
with g a polynomial with non-zero coefficient on x. In particular the leading term of
f is ax?", hence height is defined for all formal group laws.
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I Proposition 1.1.15: The height of a formal group law is an isomorphism invariant.

This follows from the formula f([p]rx) = [plcf(x). ]
Let R be an F,-algebra. We now define a series of formal group laws of height

Definition 1.1.16: Set F(x,y) = x+y. For any number n > 1 set F, to be the
p-typical formal group law defined by the morphism L, — R that sends v, — 1
and every other v; to zero.

From the discussion after theorem 1.1.13, it follows that F, has height n.

Theorem 1.1.17: Let F be an FGL of height n over a seperably closed field K of
characteristic p with n < oc. Then F is isomorphic to F,.

1.1.3 Morava K-theory

It is hard to talk about spectra without mentioning the Morava K-theories. This class
of spectra is universal in the sense that all multiplicative field spectra (i.e. those with
all Kiinneth isomorphisms) are obtained from wedges of suspensions of these theories
(a consequence of the main results of Devinatz-Hopkins-Smith nilpotence theorem
[ ], see also | , Lecture 25]). To define these, we are going to need to
know how to localize spectra.

Definition 1.1.18: Let X, Y, E be spectra.
1. X is called E-acyclic if the E-homology groups E. X = m.(E A X) = 0.

2. Y is called E-local if for any E-acyclic spectrum X, [X,Y]ss, = 0.

Definition 1.1.19: Let E, X be spectra. A Bousfield localization at E of X is
a spectrum LgX together with an arrow n : X — LgX satisfying the following
conditions:

1. Lgis E-local.
2. The induced map on homology E.,n is an isomorphism.

3. Any map X — Y with Y being E-local factors through X - Le(X) =Y.
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I Theorem 1.1.20: (Bousfield) Such a localization exists and is functorial.
For more details on the above, see | , Chapter 7] - particularly section 3.

Example 1.1.21: Let p € Z be a prime. Let SZ,) denote the Moore spectrum
of the integers localized at p. For a spectrum X, its p-localization is defined to
be X(5) = Lsz,,X. Extraordinarily, this localization is also given explicitly as the
smash product X A S, the p-localization of the sphere spectrum, that can also
be computed as the homotopy colimit

. P pP1:p2 P1:p2:P3
hocolim(S — S > S
) ).

where p; is an enumeration of primes not equal to p.

Spectra E for which Lg(—) = (=)ALg(S) are said to be smashing, and their local-
ization have particularly nice properties. A consequence of this is that p-localization
really acts like the p-localization in the algebraic sense: m.(X(,)) = (m.(X))p). This
is not true for other types of localization (it is for example false for p-completion,
which is a non-example of smashing spectra).

Looking at MU,y we see that its coefficient ring becomes Z)[t:, t2, . . .] with
deg t; = 2/, which immediately refutes the naive idea that MU,y could correspond
to our universal p-typical Lazard ring as in theorem 1.1.13 - it however proves to be
a useful starting point.

Theorem 1.1.22: There exists a spectrum BP that is a appears from a (mul-
tiplicative) retract g : MUy — BP such that m.(BP) = Z)[vi, va, .. .] that
is universal for p-typical spectra (complex oriented whose associated FGL is p-
typical) in the sense of theorem 1.1.13.

Sketch proof: | , Thm. 4.1.12] The goal is to construct an idempotent map
g : MUy — MU,y and set BP to be its image. This can be achieved with the help
of two observations. 1) A complex orientation on a complex orientable spectrum E
is equivalent to a map MU — E and 2) any map MU,y — MU,y (or MU — MU)
is completely determined by its behaviour on m,. Thus, by universality of MU and
complex orientations, a map MU,y — MU, is equivalent to the choice of a power
series over m,(MU(p)) = Zplc1, ¢, ...]. One can then appropriately choose a power
series f such that 2 = f (in fact this will be an isomorphism found in the proof of
the Cartier theorem 1.1.12) and conclude from there.

We will now construct K(n) by localizations and quotients on BP. Originally
BP was constructed using Postnikov towers, and, as noted in the first section of
Nilpotence and stable homotopy theory Il | |, there is an easy way to localize
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and taking quotients on BP that doesn’t need the entire arsenal of abstract nonsense
to do.

Given a spectrum E that satisfies certain properties, with R = w,.E, and an
element x € R that one could hope to kill, let £/(x) be the spectrum defined as the
cofiber

TleoxE I F 5 E/(x),

which we can appropriately extend to a notion of quotienting E£/(x1, x2,...). Given
a multiplicative subset M C R, we can hope that the homology theory

(E)s(=) = EA(M) @ M™'R

is represented by a spectrum E(,). Using Baas-Sullivan theory, one can conclude
that our constructions above work for the Brown-Peterson spectrum BP (and its
related quotients etc.) which lets us define the Morava K-theory as the one that
corresponds to sending m,.BP = Z[vi, v, .. .] to

T K (n) = 2/ pZ[vn, v, ']

Every graded module over Z/pZ|v,, v, 1] is free, which is why K(n) often by con-
vention is called a graded field. By the discussions above, it follows that the formal
group law associated to K(n) is of height n.

Properties of K(n) are as follows: | , Prop. 1.5.2]

1. K(0).(X) = H(X;Q). In particular K(0).(pt) = Q.

2. K(1).(X) is one of the (p — 1) isomorphic summands of mod p complex K-
theory.

3. There is always a Kiinneth isomorphism

K(m)u(X x Y) = K(n)(X) ®k(ay. o0 K(1)(Y)

4. For a p-local finite CW-complex X (i.e. E,(X) is p-local for all homology
theories) and n large enough,

R(n)o(X) = K(n)(pt) ® AL(X: Z/pE).

The Kiinneth isomorphism property makes cohomology groups K(n) quite calcu-
lable compared to other cohomology theories, for example MU. We will in fact later
on calculate K(n)*(BA) for all finite abelian groups.
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1.1.4 Morava E-theory

The Morava E-theory has become somewhat of an umbrella term of many closely re-
lated cohomology theories. The construction we're interested in utilizes the Landwe-
ber exact functor theorem.

Theorem 1.1.23: (Landweber exact functor theorem): For all 0 < j < oo, let
l; C m.(BP) be the ideal (p, v1, ..., v;_1) and let M be a BP-module that satisfies
the following condition:

(x) For every 1 <j < oo, the multiplication map
M @nr.gp T(BP)/I; =% M @y, 5p m.(BP)/I;
IS @ monomorphism.

Then, the assighment
M.(X) := M ®gp BP.(X)

is a homology theory.

For a proof, the reader is referred to Hopkin's course notes | | - the original
references can be found in [ , p. 115-116]. We will apply this theorem for the
coefficient ring

E(n) =Zylvi, var .. Viy Vi1l

for which the condition (x) is evidently true (multiplication by v, is a monomorphism
in T.(BP)). This is also called the Johnson-Wilson spectrum.

To motivate the interest of £(n), here are some facts about the spectrum |
Section 7.4] (of which only the first one will prove of use to us).

1. E(n) is a complex oriented multiplicative ring spectrum.
2. Localization with respect to E(n) is smashing.

3. Aspectrum is E(n)-local if and only if it is local with respect to (K(0)Vv K(1)V
...V K(n))

4. E(1)is a summand of p-localized complex K-theory.

5. Being E(n)-local implies being E(n+ 1) local. It follows that there is a natural
transformation of functors Le(ny1y — Lign))-

6. If X is a p-local finite CW-spectrum, then

X ~ hO|im(LE(0)X < LE(l)X .. )
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A less-central fact that we are going to need is the following remark (| |
and [ D).

Proposition 1.1.24: The Bousfield localization L, E(n) of E(n) with respect
to K(n) has coefficient ring E(n)%, the completion of £(n)" with respect to /,.

We will denote this spectrum E(n).

1.1.5 Hopf algebras and FGLs on cohomology

Hopf Algebras.

In the previous subsections we have introduced formal group laws and seen that
complex oriented cohomology theories have a canonical formal group structure, but
we are yet to see how the many properties introduced for FGL’'s can be applied to
study our cohomology theories. The goal of this subsection is to take a small detour
into Hopf algebras, which will permit us to properly weave the two aforementioned
concepts more properly together. Results in this chapter are a mix of results who
can be found in section 6.7 of | ] and in the beginning of section 6 in | ].

Let k denote a field, which remains fixed for this section. Remember that a
coalgebra over k is a k-module H equipped with a so-called coproduct morphism
A:H— H® H and co-unit € : H — k, which verifies that the diagram

H 4 sy Ho H

l \
A l&@ﬂ
HoH 1 Hok=H=koH

commutes. Furthermore, we say that H is a coassociative coalgebra if (A®1)o A =
(1 ® A)o A (implicitly associating k ® H with H). To no astonishment, a coalgebra
is called cocommutative if A=co0A:H—+H®H — H® H, where g denotes the
classical braiding isomorphism.

Definition 1.1.25: We call H a bialgebra if it is an algebra and a coassociative
and cocommutative coalgebra. A Hopf algebra H is a bialgebra equipped with
an endomorphism of k-modules s : H — H (called the antipode) such that the
following diagram commutes

s®1 .
HeH ' Ho H
/ 1@ \Lﬂt‘iplication
H £ > k< s H

Example 1.1.26:
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1. For a group G, the space k[G] can be given a canonical Hopf algebra structure.
The coalgebra has coproduct induced by A : g — g ® g and its counit by
€ : g — 1. The antipode is, as the name justifies, induced by g — g .
Verification that everything commutes how it should is as immediate as it
could be.

2. Let Abe afinite abelian group and R a k-algebra. The set of R-valued functions
from A, noted R#, form a Hopf algebra very similarly to the example above.

Formal group laws on cohomology theories.

To make this paper more readable, the author introduces a short-hand term for
cohomology theories that are sufficiently good to satisfy some of the theorems seen
later on in chapter 2. Let us suppose that £E* is a cohomology theory such that 7, E
is a complete local ring. If p € mis a prime, we see that the canonical morphism
L — mE — 7.E/m coming from the E*-induced formal group law yields a formal
group law over the a field of characteristic p. As a consequence, it makes sense to
talk about the height of such a formal group law. We are now ready to restrict our
cohomology theories.

Definition 1.1.27: Let E* be a generalized cohomology theory. Suppose that
1. E* is complex oriented
2. m.E is a complete local ring.

3. Let m C m.E denotes the maximal ideal. There is a prime p € m such that
our mod m reduction of our related FGL structure on E* is of finite height

n < oo.

Then we will call E* a cohomology theory of finite residue height, and n will be
called the reduced height of E*.

The cohomology theory E/(F) introduced in proposition 1.1.24 is an example of
such a cohomology theory. A list of multiple other theories is given on page 6 of

[ ]

Lemma 1.1.28: (Weierstrass preperation theorem) | , Theorems 5.2.1 and
5.2.2] Let R be a graded commutative ring which is complete with respect to the
topology induced by powers of an ideal /. If a power series a(X) € R[[X]] has
a(X) =uX? mod (I, X9*1) and v is a unit, then
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1. Given any f(X) € R[[X]]. there are unique p(X) € R[X] and g(X) € R[[X]]
such that
F(X) = a(X)a(X) + p(X)

and degp < d.

2. Thering R[[X]]/a(X) is free as an R-module with basis 1, X, ..., X4-1,

3. a(X) = €(X)g(X) with €(X) a unit and g(X) a monic polynomial with
degg =d.

We will call d the Weierstrass degree of a.

Proof: For point 1, we will follow . Writing a(X) = >~ a;.X’, our hypotheses
are equivalent to saying that a; € / for i < d and that there exists b € | such that
aqg — b = u. We will restrict ourselves to the case when a; = u. Let h, t: R[[X]] —
R[[X]] be the head and tail end projections respectively, given by

¢S] d—1

h: Z X Z X!
i=0 i—=0

t: i X' i bpyiX'.
i=0 i=0

Notably, we see that solving the equation f = ga + p is equivalent to finding a
solution to the equation t(f) = t(ga). We find that

t(f) = t(qa)
= t(qh(a) + gX" 't(a))
= t(gh(a)) + qt(a)

where the second inequality follows since a = h(a) + X" 't(a) and the third one
since t(X""lg) = g for any g € R[[X]]. By assumption, t(a) has leading term a
unit and is thus invertible in R[[X]]. Substituting z = qt(a), we are left to find a z
that satisfies the equation

t(f) = t(zh(a)t(a) ) + z = (Lrpxy + ¥)(2)

where 1 is the transformation that sends g — t(h(a)t(a)"tg). Since h(a) €
IR[[X]]. it follows that % has codomain /R[[X]]. It follows by completeness that
1+1 is invertible with inverse ﬁ = > 7o(=1)4. Therefore z = (Lgyxy+¥) *t(f)
is a solution to our equation, which proves point 1. Point 2 immediately follows from
point 1. For point 3 we factorize X9 = qf + p with ¢ = >_ b;:X’, and we see that

bga, =1 mod m, by is a unit and thus g is invertible. Now

f=qg'(X"=p),



22 Theodore Doubinsky: Generalized Character theory on Cohomology

which was to be shown. [l
An almost-immediate consequence of this lemma is the first half of the following
proposition.

Proposition 1.1.29: Let £* be a cohomology theory of finite residue height n.
Then

1. For any r > 1, E*[[x]]/([p"]x) is a free as an E*-algebra with basis
{1,x,...xP"~11

2. There is a cocommutative coproduct on E*[[x]]/([p"]x) induced by the for-
mal group structure which, in turn, gives E*[[x]]/([p"]x) the structure of a
Hopf algebra.

Proof: Expanding the definitions of E* being of height n mod m exactly means
that [p](x) = ux”" mod (m, x*"*1), with u a unit since E* is local. It will likewise
follow that [p"]x = u,x?" where u, is some power of u. The first point thus fol-
lows from lemma 1.1.28. To see the Hopf structure, we start off by noting that
EX[IxN)/1p"1x @ EX[[YIl/[p"ly = E*[[x, ¥]I/([p"]x. [p"]y). We induce our coproduct
map u* 1 EX[[t]]/[p"]t — E*[[x, ¥]1/([p"]x, [p"]y) by our formal group structure given
in proposition 1.1.7. Our antipode gets induced by x — i(x) the formal inverse and
counit is given by x — 1. The well-definedness stem from point 1 in this proposition.
The rest follows analogously as in example 1.1.26. [

Our Hopf algebras have an induced inverse system (as Hopf algebras)

o= EXIXN X = ERIN/ DI = (1.3)
where our maps are induced by x — x.

Definition 1.1.30: Let E£* be of finite reduced height and let R be a graded E*-
algebra. For r > 0, we set ,- F(R) to be the (abelian) group of algebra morphisms
E*[[x]]/[p"]x — R with composition of ¥, ¢ : E*[[x]]/[p"]x — R given by the
composition

E* L)/ 10" )x = E*[Ix)/[p7)x © E[x])/[p]x ¥25 R,

where the first map is our formal group law coproduct (see proposition 1.1.29).
The reader might Our inverse system (1.3) induces a sequence of groups?
.= F(R) = yiF(R) — ...

for which we define ,« F(R) to be the colimit.

2Group morphisms since the inverse system are morphisms of Hopf algebras
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Theorem 1.1.31: Let K be a closed field of characteristic 0 that is also a E*-
algebra (E* of finite reduced height). Then, ,-F(K) is isomorphic to (Z/p")" and
po F(K) is isomorphic to (Q,/Z,)"

Proof: Note that our formal group law Fg over E* directly induces a formal group
law over K, which we will simply denote F. Elements of ,»F(K) are equivalent to
roots of [p"]x in K. If [p"]x has p” roots of multiplicity 1, then ,-F(K) is a p-group
of order p"” whose orders all divide p”, which would finish the first part of the proof.
Let us thus prove this. By lemma 1.1.28 point 3, we can factorize [p"]x = e(x)g(x)
with € a unit and g a polynomial of degree p"”, which proves that [p"]x has p’" roots
in K with multiplicities counted. We only need to prove that these roots indeed
are of multiplicity 1. It is enough to show that [p"]'x has no roots. Let logg be a
logarithm for F, see theorem 1.1.6. By assumptions on K we are guaranteed that
logr € K[[x]]. We can differentiate the following equation (see (1.2)) on both sides

logr([p"]x) = p"logr(x)

we obtain

[P (%) log([p"]x) = p" log(x).
Since logg is a strict isomorphism of FGLs, our equation above gives [p']'(x) =
p" - u(x) with u(x) a unit in K[[x]], and [p"]'x has no roots in K. This proves the
first part of the theorem. The second part follows from taking the colimit of our
sequence. []



Chapter 2

Generalized characters

2.1 Complex Oriented descent

This section is dedicated to give necessary tools to prove the main theorems of
[ |. Since the framework here will be used for all other sections, it felt correct

to present this section first.

Proposition 2.1.1: Let C and A be two categoriesand F : C —C, H:C® — A
two functors. Suppose we are given natural transformations p : F = 1, and
r: Ho F°? = H such that, for all X € C:

L. p(X) o p(F(X)) = p(X) o F(p(X))
2. r(X) o H(p(X)) = Lhx).

Then, for all X € C, the following diagram is an equalizer:

H{p(X)) H(p(F(X)))
H(X) — H(F(X))H(F(p(x ))H(F(F(X)))

Proof: The diagram is commutative by point 1 and we only need to justify the
universality. Suppose A € C with a : A — H(F(X)) such that the diagram
. HP(F(X)))
A —— H(F(X)) . H(F(F(X)))
H(F(p(X)))
commutes. Define f = r(X)oa: A— H(X), and we would like that o = H(p(X))o
B. However,
H(p(x))o B = H(p(X))or(X)oa
(r is natural) r(F(X))o H(F(p(X)))oa
(By definition of &) r(F(X))oH(p(F(X)))oa
(By point 2.) =aq,

24
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which was to be shown. O]

2.1.1 Flag bundles

We start this subsection with a quick introduction / reminder of flag bundles. This
mostly follows the structure found in | , Chap. 19]. As we will not encounter
other types of spaces in this text, we will assume all base spaces are (or have the
homotopy type of) CW complexes. Recall that given a (complex) finite-dimensional
vector bundle & with base space B and total space E we can define the projective
bundle, P(§), whose total space is the orbit space E/C* with projection map induced
by p: E — B, which we will denote p.

It is easily verified that P(§) — B is a (topological) bundle with fibers P(F;), the
projective space of the fibers. Viewing £ as a principal U(n)-bundle (i.e. as a bundle
E Xy(m C" — B), we can form a pullback

Exy €= E xygm (U(n) xpy C") —— E Xy C”

| | |

P(E) P > B.

Where H denotes the subgroup U(n — 1) x U(1) of U(n). The readers already
familiar with this concept probably knows the useful splitting principle associated to
this construction, namely that p*¢ splits into the sum of a line bundle and an (n—1)
dimensional complex vector bundle. Repeating this process (n— 1) times, we get the
so-called flag bundle F(£) with a canonical map F(§) — B, whose pullback splits
into the sum of n line bundles. For an n-dimensional complex vector space V/, let
F (V) denote the space of complete flags over V. It is not hard to see that U(n) acts
transitively on the elements of F(V) and that the stabilizer of the standard (basis)
flag is T(n), the maximal torus of diagonal matrices. It follows that F(V) can be
interpreted as U(n)/T(n) and furthermore that our flag bundle can be interpreted
as the map
F(§) = E xym U(n)/T(n) ~ E/T(n) = B.

Many of our later results only work for finite G-CW complexes, but the following

proposition implies that we can still apply them for a flag bundle F (&) over a finite
complex.

Proposition 2.1.2: If £ is an equivariant vector bundle over a finite G-CW
complex then F (&) has the homotopy type of a finite G-CW complex.

Sketch proof: Take the case when X = G/H so that F(£) is a compact, smooth
G-manifold. As proved in [llI74], a smooth compact G-manifold has the homotopy
type of a finite G-CW complex. []
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For any multiplicative cohomology theory, we have a generalized Leray-Hirsch
theorem (see [ , Theorem 17.8.4])

Theorem 2.1.3: Let p : E — B be a topological fibre bundle with fibre F
such that B and F are CW complexes and let h* be an arbitrary multiplicative

cohomology theory. Suppose there exists ¢y, ..., ¢, € h*(E) such that for each
fiber F,, over xo the h*-module h*(F) is free with basis i*(c1), ..., i*(c,). Then,
h*(E) is a free h*(B)-module with basis ¢, .. ., Cn. In other words every element

in h*(E) is on the form p*(ai;)c + ... + p*(a,)c, with a; € h*(B).

Remark 2.1.4: If £E* is a complex oriented multiplicative cohomology theory,
then it satisfies the hypotheses of theorem 2.1.3 for any finite-dimensional complex
vector bundle ¢ : E — B.

Sketch proof: The idea is to generalize Chern classes for complex oriented the-
ories. One has (see | , Lecture 4]) that E*(BU(n)) = E*[cy, ..., cn]. For
general £ : E — B, the result follows from the classifying map B — BU(n) that is
an isomorphism on the fibers (see | 1).

As a consequence of the remark and the theorem above, we have

Proposition 2.1.5: If £ is an n-dimensional complex vector bundle over B, then
E*(P(x)) is free as a £*(B)-module with basis 1, t;, tZ, .. ., ty~t

Proposition 2.1.6: Let ¢ be a rank m complex vector bundle over B, and let
F (&) be its related flag bundle. For any complex-oriented cohomology theory E*,
we have

1. Let o; denote the i"th symmetric function and ¢;(&¢) the chern classes. Then

EX(F(&)) = EX(B)lx1, .- ., )/ (0i({x}) — i(€))
2. The E*(B)-module E*(F(&)) is free of rank m!

3. For any map f : B’ — B, the following map is an isomorphism:

E*(B') ®e+(s) E*(F(£)) = EX(F(f7)).

Proof: Part 1 follows from the proof of remark 2.1.4. Part 2 follows from iterating
proposition 2.1.5 and part 3 follows from part 2 together with theorem 2.1.3. []

Applying proposition 2.1.6(3) to the map F(§) — B itself, we get the following
result:
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Corollary 2.1.7: We have a natural isomorphism

E*(F(£)) ®e-8) E*(F(£)) = E*(F(£) x5 F(£)).

Proposition 2.1.8: We have an equalizer on the form

E*(B) —— E*(F(§)) = E*(F(&) x5 F(¢)).

Proof: The proof is reduced to verifying the hypotheses needed to apply proposi-
tion 2.1.1. Let C be the category of pairs (B, £) where £ is a complex vector bundle
over B. A morphism in C between (B, ¢) and (B',¢') isa map f : B — B’ such that
&~ f*(¢). Let A = E*-Mod be the category of E*-modules. We set F : C — C
to be the flag functor, i.e. F(B,&) = (F(&), p*(&)) with p : F(§) — B being the
induced projection. We also have the cohomology theory as our functor H = E*.
Let p: F = 1 be the natural transformation induced by p. By proposition 2.1.6, the
composition

E*(B) 25 E*(F(€) & E*(F(©)(x1, - . Xm)

is an isomorphism. We can therefore define r : E* o F°® = E* as the transformation
induced by (mop*) tom. The two conditions in 2.1.1 are immediately verified, which
concludes our proof. O]

Proposition 2.1.9: Let G be a finite group and £ an m-dimensional complex
G-vector bundle over a G-space X. Let Y — B represent either

1. The map EG xg F(§) — EG x¢ X, or,
2. The map F(€)A — X4,
for any abelian subgroup A C G. Then,
(i) EX(Y), as a E*(B)-module, is free of rank m!.

(i) We have an equalizer

E*(B) —— E*(Y) —__2{ E*(Y xgY)

Proof: The case EG xs F(§) — EG xg X is immediate by propositions 2.1.8
and 2.1.6. In the other case, we can assume without loss of generality that G = A
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and X = XA. In this case ¢ is an A-equivariant bundle over a trivial A-space X. As
proved as proposition 2.2 in | ], there is a natural decomposition

k
t=PLeg
i=1

with the sum running over irreducible representations L, and the §; are non-equivariant
bundles over X of dimension m; := dim§;. Since A is abelian, it follows that dim L; =
1 which yields m; + ... 4+ my = m. Decomposing a complete flag (vq, va..., v;) €
F(¢€)A, and reordering our vectors properly, we obtain a tuple of (complete) flags in
F(&1) xx F(&) Xx...xx F(&). A reordering of this type is equivalent to a partition
of m into k sets of respective cardinality m;. Given such a partition and a tuple of
flags in F(&1) xx F(&) xx ... xx F(&) likewise determines a unique flag in F(§)”.
In other words, we obtain

F(&)" =[] F(&) xx F(&) xx - .- xx F(&),

where the coproduct is taken over the m!/(my!... m,!) partitions as described above.
Using point 3 of proposition 2.1.6 on the diagram

F(&1) xx F(&) —— F(&)

| !

F&) —— X,

we obtain E*(F(&1) xx F(&)) ~ E*(F(&1)) ®e«x) E*(F(&)), hence the left hand
side is a free £*(X)-module of rank my!m,!. Applying the equivalent argument for
our entire tuple, we see that F(£)* is a free module of rank
m!

The equalizer diagram follows from the same arguments as the equalizer diagram in
our first case. []

In the special case that E* is the singular homology, proposition 2.1.9 in the
second case implies

Corollary 2.1.10: Suppose £ is an m-dimensional equivariant complex vector bun-
dle with base space a finite G-CW complex X and A < G is an abelian subgroup.
Then x(F(¢)") = mlg(X4).
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2.2 A generalized Artin’s theorem
The goal of this section is to prove the following theorem:

Theorem 2.2.1: Let £ be a complex oriented cohomology theory, G a finite
group and X a finite G-CW complex. There are natural maps

E*(EG x6 X) = lim E*(EG xs X) — E*(BA x X*),

li
AcA(G) AEA(G)

which become isomoprhisms when the order of G is inverted.

Here A(G) denotes the category of abelian subgroups of G with one morphism
H; — H, for each G-map G/H; — G/H, (It follows that such a map induces
G Xy X = G xp, X and XM — XH2 which defines our constructions above).

2.2.1 The Burnside ring

We start off by giving a very general general construction of groups from commutative
monoids.

Definition 2.2.2: Let (M, +) be a commutative (unital) monoid. We define the
equivalence relation ~ on M x M by

(Xl,yl) ~ (Xg,yQ) <= There exists k € M such that x; + Vo + k=X + yi + k.

We set Gro(M) = M x M/ ~, called the Grothendieck group, with group struc-
ture [x;, 1] + [, yo| = [x1 4+ x2, y1 + ol

For example, we immediately see that [x, y]~* = [y, x], since (1,1) ~ (z, z) for
any z € M.

(Following Dieck, [ 1) A finite G-set is a finite set S with left G-action.
Obviously S decomposes into the disjoint union of its orbits, and each of these
must necessarily be on the form G/H with H < G. The isomorphism classes of
the building blocks G/H is in 1-to-1 correspondence with the conjugacy class of H.
We form the semi-ring AT(G), whose elements are G-isomorphism classes of finite
G-sets, addition is the disjoint union and multiplication is the Cartesian product.

Definition 2.2.3: The Burnside ring of a group G is the Grothendieck group
A(G) = Gro(AT(G)).

It can directly be verified that this indeed forms a commutative ring structure
with addition and multiplication directly inherited from the structure on A(G).
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To relate the Burnside ring to stable homotopy, we present a useful result which
can be found in [ ]. For a finite dimensional real vector space V with linear G-
action, let SV denote its one-point compactification with we canonically point with
oo. We define the V-suspension on a pointed G-space X to be the smash product
XVX = SY A X. This lets us define the equivariant stable homotopy group between
(pointed) G-spaces X and Y as

{X,Y}s = Ii\;n[Z’VX, 2Ys.
where
e [—, —]; is the equivariant pointed homotopy classes of G-maps.

e The limit is taken over the category of G-modules and embeddings which is
ordered by V C V' iff V is isomorphic to a sub-module of V’.

As with the non-equivariant case, this is indeed an abelian group.
We will use the following result without proof:

Proposition 2.2.4: There is an isomorhism of rings between the Burnside ring
A(G) ~ {59, S°}; and the equivariant stable homotopy group between 0-spheres.

Let C be the category whose objects are finite G-CW complexes and Home, (X, Y) =
{X,Y}s. A(G) gets to act on of Cs. Furthermore, given any additive functor
F : Cc — D, A(G) acts on F. This idea will be a central pillar of our proof,
specifically when applied to the case where our functor is an equivariant cohomology
theory.

Let us introduce a character theory on A(G). For each subgroup H < G we set
xH : A(G) — Z with xy(S) = |S"|. Letting (H) denote the conjugacy class of H in
G, we define ¢ =[]y xn : A(G) = [ Z.

Lemma 2.2.5: | , 1.2.2 and 1.2.3]
Let ¢ be as above.

1. ¢ is an injective ring homomorphism

2. When |G] is inverted, ¢ is an isomorphism.

Proof: For point 1, we immediately see that |S” IT TH| = |S"| + |T"| and
|(S x TY| = |S"||T"] so the homomorphism part is direct, and injectivity is all that
remains. Let [S] # [0] with ¢([S]) = 0. As mentioned earlier, the cosets G/H form
a basis of A7(G), and we can thus write S = >,y ayG/H. We introduce a partial
order on subgroups of G by saying that H < K if H is conjugate in G to a subgroup



The “key obervation” 31

of K. Let H be a maximal subgroup with respect to < such that ay #0. If K < G
such that |[(G/K)"| # 0. A quick calculation shows that when (G/K)" # @ we
necessarily have that H < K, hence

0= ¢1(S) = aulG/H"| = an|Ns(H)/H| # 0,

where Ng(H) denotes the normalizer of H in G. This is a clear contradiction, which
proves point 1. To prove point 2, we first need to pass to the rationalization

AG) —*— Tz

! |

AG)®Q —% T]Q.

We introduce the Weil group Wg(H) = Ng(H)/H which we see has a free action
on G/H by wH.gH = gw™'H. In particular Wgs(H) acts freely on G/H*, hence
\Ws(H)| divides |G/HX| and thus ¢o(G/H & |Ws(H)| ) € []Z. Writing xy for
G/H ® [WH|™* and letting €y be the canonical basis for [I(4)Z. we see that
bo(xx) = D amem) has oy = 1 iff H and K are conjugate, and thus the xy's
form a Z-basis for [ [ Z. Furthermore, the order of the cokernel of ¢ is [] ) [Ws(H)
and ¢ becomes an isomorphism when |G| is inverted. H
As a consequence of the proof, we can find a basis ¢; € A(G) such that

1, if K and H are conjugate in G
xk(en) = ,
0 Otherwise.
We thus obtain 3~ ) e = 1 € A(G) ® Z[|G|~"]. For any additive functor F : Cc —
Z[|G|~!]-Mod, the splitting above induces a decomposition F(X) = [y enF(X).

2.2.2 The “key obervation”

The majority of the proof of the theorem relies on a proposition which [ ]
rightfully calls the key observation, which becomes the bulk of the proof of the
generalized Artin theorem.

The story, as it is told, begins with the following result of Adams, which can be
seen as a generalization of lemma 2.2.5

Lemma 2.2.6: (Adams, Unpublished) Let X be a finite G-CW complex and Y
any space. The fixed point map

oy {X. Y e ® Z[IG[7Y] — [[{X". Y"1 @ z[|G| 7] (2.1)
(H)

IS an isomorphism.
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Proof: We start off by proving the special case when X = 5" and Y = S, both
being equipped with trivial action. As noted in | , Proposition 2],there is an
iIsomorphism

{5".5™ = P s . (BWs(H)):) (2.2)
(H)
When n = m, proposition 2.2.4 together with lemma 2.2.5 gives that the map fSGO'SO
is indeed an isomorphism. When m # n, the right hand side of (2.2) is necessarily
zero, since BWs(H) is an Eilenberg-MaclLane space K(Wg(H),1). By inspection,
the right hand side of (2.1) is as well zero as well, hence we have proved our special
case. To generalize, we will utilize the following results of Adams:

{G+ Ay X, Y}G Z{X, Y}H ~ {X, G+ Ay Y}G (23)
(G A X)K =TT We(K')+ Ay X< (2.4)
(K")

We will now see how these arguments will let us conclude the lemma. From our
special case together with (2.3) and (2.4) we see that fGG/HMSn,Sm is an isomorphism
for all n,m, G and H < G (since G Ay S”" = G/H. A'S"). We now want to show
that £¢ g is an isomorphism. Let us regard both sides of 2.1 as a functor in X with
fixed Y = S, say L(X) for the left-hand side and R(X) for the right. Suppose that
X is obtained from X’ by attaching a cell D" x G/H. Taking the cofiber sequence
we obtain a diagram:

L(S"™YAG/HL) + L(X') + L(X) + L(ZS"YAG/H,) « L(ZX')

! L] | |

R(S™ I AG/Hy) ¢ R(X') « R(X) « R(ZS™ 1A G/H,) « R(EX").

The upper horizontal row is exact by standard results of homotopy theory. The
bottom one is too once the following observations are taken into account:

1. Cofibers of G-maps X — Y — Z are taken to cofibers of Ws(H)-maps X" —
Y*H — Z".

2. Passage to Wi (H) invariants is exact, since its order is invertible in Z[|G|~!]-Mod.

By assumption, all vertical arrows except the middle one are isomorphism, so one
concludes with the 5-lemma. We similarly show that fXG’S,,,/\G/,j,+ and thus £y is an
isomorphism for any finite G-CW complex Y. Let Y is an arbitrary G-CW complex.
Since X is finite and thus compact, any map X — Y must land in a fintie subcomplex
K CY, and we conclude by inspection that

- G G
colim fy, =

) Tx.k Xy
KEeF(Y)
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is an isomorphism. Here F(Y') simply means the category of finite subcomplexes of
Y. This finishes our proof. []

The map above gives us an association 1y Z(H) ey x- Comparing this splitting
with the splitting defined in the last subsection seems to suggest a redundancy.
Indeed, the following lemma gives this exact relation.

| Lemma 2.2.7: In the splitting above, ey x = ey A 1 x

Proof: Remember that the ey € A(G) ® Z[|G| ] = {S° S°}s ® Z[|G| 1] were
exactly given such that the fixed point map was 1 in the K-component with K
conjugate to H and 0 on all the other components. Sending ey A 1x through our
correspondence (2.1) we obtain

ey N ]lx ':> Z(GH VAN ]lx)K
(K)

=> efinif

(K)
=1A ]IXH = eH K-

O
Applying this to the A(G)-induced splitting on additive functors we get the fol-
lowing.

Lemma 2.2.8: Let i : C® — Z[|G|~']—mod be an additive functor and f, g €
{X,Y}s @Z[|G|1]. If fH ~ g" then

er* = eHg* . GHF)(Z) — GHF)(Y)

Lemma 2.2.9: For any additive functor A : C2 — Z[|G| 1]—mod the projection-
induced map Tt A1 :G/Hy A X — X gives isomorphism

enh(X) ~ eqh(G/Hy A X)Ve(H),

Proof: We let t € {S° G/H.}s ® Z[|G| 1] be a map such that the induced map
th e {(89",G/H 6 @ Z[|G|7Y] = {S° W5(H)+}6 @ Z[|G|™] corresponds to the
sum of the maps 1 — w where 1 € S° is the non-basepoint and w € W5(H). We
observe that (m o t)" is multiplication by |Ws(H)| in {S° S°} ® Z[|G] ] and that
(tom)H = > wewe(ny W After inverting |G|, these maps are isomorphisms and we
conclude by lemma 2.2.8. []
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Proposition 2.2.10: The natural G-map
G/HoAXT = X
induced by (gH, x) — gx yields and isomorphism

enh(X) ~ eyh(G/H, A XTWH

Proof: Our map above factorizes as

G/Hy AXH L G/HL A X 2L
Where £ : (gH,x) — (gH,gx). Lemma 2.2.9 reduces our problem to showing
the isomorphism for the first arrow. The fixed point map £7 : W5(H) . A X —
Ws(H) A X is simply (wH, x) — (wH, wx), which is a homeormorphism. This is
made clear once G/H, A X" is equipped with right W (H)-action by (gH, x).w =
(gwH, w™1x). O

2.2.3 Proof of Artin’s theorem

Fix an embedding G C U(m) (for m large enough) and we will let F := F(U(m)) =
U(m)/T(n) be the flag manifold (cf. page 25). Let € denote the subcategory of
Top® of finite G-CW complexes. Here is the result of which the analogous Artin’s
theorem will follow.

Theorem 2.2.11: Suppose we have a functor h: € — Z[|G|~!|Mod such that
1. h(X) = h(X x F) is a monomorphism for all X

2. There exists an additive functor h: C2* — Z[|G| *]Mod such that h(X,) =
h(X) for all X.

Then for any G-CW complex Finite?, every map

h(X) = lim h(G x4 X)— h(G/A x XA
(X) AeA(G)( aX) AeA(G)(/ )

IS an iso.

Proof of the Artin-type theorem 2.2.1, assuming theorem 2.2.11: Setting h(X) =
E*(EG x¢ X) @ Z[|G|"'] and h = E*(EG, Ag X) x Z[|G|"!], condition 1. of the
theorem above is satisfied using proposition 2.1.9 and the second one by the classical
reduced-unreduced cohomology correspondence. the result immediately follows from
our theorem.
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Proof of theorem 2.2.11: The proof will be split off into two parts. In the first part
we will use our key observation to obtain an isomorphism h(X) — [] ) eah(G/A x
XA)We(4) with the product taken over conjugacy classes of abelian subgroups. The
second part will then apply the method of finding equalizers from proposition 2.1.1
to conclude.

By the second assumption and proposition 2.2.10, there is a composition of
iIsomorphisms

h(X) — H enh(X) — H enh(G/H x XH)Wg(H)’
(H) (H)

and we thus get a commutative diagram

B(X) ——— [l enh(G/H x XH)We(t)

l |

h(X x F) === Tl enh(G/H x X x FH)Ne(H)

The leftmost map is a monomorphism (by assumption), so the rightmost must also
be on each component. Since F = & for every non-abelian H, the bottom right
component of our diagram above must restrict to the product over abelian groups.
The right arrow being a component-wise monomorphism means that the top isomor-
phism reduces to the desired

h(X)— ] eah(G/Ax X")WA (2.5)
(A)

A abelian

We will now set up the conditions for proposition 2.1.1 to be used twice. In
the first case, we set C = € and H = h. Let F; : X — ]_[AeA(G)G x4 X and
Fo(X) : X = [l acag) G/A x XA The maps

G/AXXA = GxaX, GxaX—X
(gA. x) — (9.9 'x)  (9.x) — gx

induces maps p; : Fi(X) — X and py : Fa(X) RN F1(X) — X. The retractions r;
and r, are obtained from the following commutative diagram

B(X) ——— [l n ah(G/A x X)W

o w

h(q)
[Tacae) MG xa X) —, [Tacae) M(G/A x XA)

We can now apply proposition 2.1.1 twice to obtain the equalizers
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h(X) —— h(Iacae) X %4 G) == h(F(lacaie) X x4 G))

and
h(X) —— h(HAeA(G)G/A X XA) S h<F2<HAeA(G) G/A x XA)>

Calculating the equalizers above, we obtain lim 4gy h(G x 4 X) and fA(G) h(G/Ax X*)
respectively, which was to be shown. ]

2.3 The K(n)-theoretic Euler Characteristic

A calculation (analogous to section 2.4.1) shows that the Morava K-theory K(n)*(BA)
is concentrated in even degrees for all finite abelian groups A. It was conjectured by

Hopkins, Kuhn and Ravenel that this result holds for all (finite) groups G. Although

the conjecture has been refuted, the study of it gave a principal observation that

will be a good motivation for the main results of section 2.4.3. The observation in

question is a relation between the K(n)-theoretic Euler characteristic

X5, =dimK(n)**"(BG) — dim K(n)°*(BG)

and the number of G-orbits of a certain group G, , € G" of commuting p-elements
acted upon by conjugation. We dedicate this section to outline this relationship.

2.3.1 Additive functors and their bases

Definition 2.3.1: A function yx : {Finite G-CW complexes} — M, where M is an
Abelian group is called additive if the following properties are verified:

1. x(X) = x(Y) if X and Y are homotopy equivalent through G-homotopies.
2. x(XUY) = x(X)+ x(Y) —x(XNY)

3. x(v) =0.

We can nicely characterize additive functions with the following lemma.

Lemma 2.3.2: The cannonical map S — [S] € A(G) that sends finite G-sets to
its class in the Burnside ring induces a universal additive function x .., : Cc — A(G)
in the sense that the following map is a bijection:

Hom(A(G), M) — {additive functions with values in M}

fi— fo)(univ
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Proof: We define x,..,(X) inductively. When the dimension dimX =0, X is a
finite G-set and we can set x,.,(X) = [X]. Now, suppose that X is obtained by
attaching some D" x G/H to Y for n > 1 and H < G a subgroup. By induction, we
can suppose that x,...(Y) is well-defined, and we see that

Xuniv(X) = Xuniv(y U (Dn X G/H))
= Xuniv(y) + Xuniv((Dn) X G/H) - Xuniv(sn_1 X G/H)
= Xuniv(y) + Xuniv(G/H) - Xuniv(sn_1 X G/H)'

and we are left with no choice for the value of x,.,(X) (again using the induction
assumption for S™1 x G/H)! It follows that x,., is well-defined. By the same
calculation as above, we can even conclude that every additive function is completely
determined by its values on the sets of the form G/H for H < G. Given an additive
function x : Cg — M, define

f . {Finite G-sets} — M
S — x(S).

It is immediate that f(G/H) only depends on the conjugacy class of H, and that
it factors through as {Finite G-sets} ™ A(G) — M, which proves surjectivity.
Injectivity is immediate. []
Let us fix M = Z[|G|™!] for the remainder of this section. We introduce two
additive functions, which we will soon see form bases for all additive functions.

Definition 2.3.3: For every subgroup K C G set x,(X) = x(X¥), where x de-
notes the classical Euler characteristic. We also define ux by downwards induction
as follows: Set ug = xs. If K < G is a subgroup such that px: is well-defined for

=Xk — Y B

K'>K

every K < K', we set

in other words, the {ux} are the additive functions such that

Xk =D b

K'>K

for every K < G.

And, as promised,

Lif one does not like this argument, x ., (S" ! x G/H) can also be calculated inductively on n by
covering the sphere with 2 extended hemispheres. It follows that x(S"~! x G/H) fluctuates between
0 and 2x,,iv(G/H) depending on the parity of n — 1.
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Lemma 2.3.4: If X C {K : K C G} is a system of representatives of conjugacy
classes of subgroups of G, the sets {ux : K € K} and {xx : K € K} form two
bases for additive functions with values in Z[|G|™].

Proof: By lemma 2.3.2, for x, to form a basis it suffices to show that the maps
A(G) — Z[|G| '] defined by S +— |S¥| form a basis for Hom(A(G), Z[|G|!]). But
this is immediately implied by proposition 2.2.5. By its definition, ux must also form
a basis. [

It will be useful later on to describe additive functions x in terms of the basis .

Proposition 2.3.5: If x is any additive function, then

X = %; !WG X(G/H)pn

- @ S HIX(G/H)pn

Proof: Since we can write x = > axxk, it suffices by linearity of our formula in
the proposition to prove the case y = xx. Remember from eariler that W (H) acts
freely on G/HKX. We remark that this action has one orbit for each group H' ~ H
that contains K and in particular

xx(G/H)=(G/H) | = Y IWe(H)I,
H'>K, H'~H
which lets us conclude that

(H) (H) H >k
H ~H

The third equality follows since |G|/|Ng(H)| is equal to the number of subgroups H’
conjugate to H. [
Complex oriented additive functions

Inspired by corollary 2.1.10 and proposition 2.1.9, we see that a G-equivariant K(n)-
theoretic Euler characteristic of a flag bundle should be n! times the characteristic of
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its base space (we will define the precise notions and show this in the next subsection).
We can therefore restrict our results above to a more specific case.

Definition 2.3.6: An additive function x is called complex oriented if given any
n-dimensional G-equivariant complex vector bundle & over X, we have

X(F(€)) = n'x(X).

This gives a refinement of lemma 2.3.4:

Theorem 2.3.7: An additive function x is complex oriented iff its decomposition
into the basis x is on the form

n
X = E aA,‘XA,-I
i=0

with every A; abelian.

Proof: By corollary 2.1.10, we know that x, is complex oriented. It immediately
follows that a linear combination of these has to be complex oriented as well. For the
converse, let x be a complex oriented additive function, which we can decompose
X =D (manXy. Let V be a faithful representation of G (e.g. one could choose a
faithful C[G]-module), and let n denote its dimension.

We remind the reader that any stabilizer group of F(V) is abelian; for any flag
(W, ..., V) € F(V), we see that g € G is in the stabilizer if and only if for any
Vi, .. v, that represents our flag we have gv; = A;v; with A; € C*. In particular,
any stabilizer subgroup is abelian. Let H < G be a subgroup such that F(V)"
is non-empty, say x € F(V)". This immediately implies that H < stabg(x) is a
subgroup of an abelian group, hence abelian itself. By contraposition, we see that
xu((F(V))) = 0 for any non-abelian subgroup H < G. We calculate

My auxs(X) = nlx(X)
()
=nlx(X x F(V))

= 3" buxu(X x F(V))
=3 buxu(X)xnF (V)

= Z bax (X)) xa(F(V))

A Abelian

=nl > baxa(X).

A Abelian
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Here, the fourth equality implicitly uses that x, is also multiplicative (in the obvious
way) and the sixth equality uses one that x4 is complex orientable, V' ~ % and thus
xa(V) = 1. By linear independence of x,, we can conclude that the only non-zero
ay have H abelian. O]

Definition 2.3.8: Just like when we defined ux in the non-complex oriented
case, we get a complex oriented version u§ for every abelian A C G by a similar
downwards induction such that

> ug=xa

ACB,
B Abelian

We specifically define the Mobius function pa6)(A) := pa(pt.)
We can refine proposition 2.3.5 to the complex oriented case:

Proposition 2.3.9: For any complex oriented additive function, we have

= 15 2 AL (G /A

Proof: In the proof of 2.3.7, we saw that if Y is a G-space with only abelian
stabilizers, then x4(Y) = 0 for any non-abelian H. It follows directly by downwards
induction that uy = 0 when H is non-abelian and uy = w& when H is abelian.
Applying 2.3.5 to X x F(V), the rest of the proof follows exactly as in 2.3.7. ]

2.3.2 Presentation and proof of the theorem

We fix a prime p and let K(n) denote the n'th Morava K-theory at p. For any finite
G-CW complex X € Cg, set

Xﬁp(X) = dim K(n)®*"(EG x5 X) — dim K(n)°"(EG x¢ X),

i.e. x§, is the equivariant K(n)-theoretic Euler characteristic We immediately remark
that x€,({*}) = x§,. the characteristic introduced in the beginning of this chapter.
Xﬁ,p is immediately additive and the complex orientability will follow from the following
result.

Lemma 2.3.10: Suppose X is a finite G-CW complex. Then
1. K(n)*(EG x¢ X) is finite dimensional vector space over K(n)*.

2. x5, is a complex oriented additive function.
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3. For any abelian subgroup A C G with p-Sylow subgroup A,), we have

xS, (G/A) = |Ap"

Proof: Point 2 immediately follows from point 1 together with proposition 2.1.9.
By the same proposition, we see that if K(n)(F(V) x X) is a finite dimensional
over K(n)*, then K(n)(X) must be as well. We can thus replace X with F(V) x X
which is a finite G-CW complex by proposition 2.1.2. Since stabilizers stabg(v, x) =
stabg(v) N stabg(x) are abelian, we can assume that X x F(V) is obtained from
attaching cells on the form G/A x D* with A abelian.

Note that K(n)*(X(™, X(m=1) = K*(v,S") = [T K(n)*"™(x) is a free K*(x)-
module with one basis element for each m-cell of Y. By the long exact sequence of
the pair (X(™ X1} we inductively conclude that statement 1 holds true if and
only if it holds true for X = G/A with A abelian. But then K(n)*(EG xg G/A) =
K(n)*(BA), and point 1 follows from a calculation of this group, which we will omit
since its deduction follows from the same arguments as in section 2.4.1% - see in
particular corollary 2.4.4. Point 3 follows from the same result, using the fact that
the cohomology groups are concentrated in even degrees. [

Combining proposition 2.3.9 with lemma 2.3.10 makes the following theorem:

Theorem 2.3.11: For any finite G-CW complex X,

1 n
XS (X) = Gl > AIAG) "z (X)
A

]
The goal of the rest of this section is to interpret the right hand side of the
theorem above. Let G, , denote the subset of n-tuples (g, .. ., g,) in G that satisfy

1. Every gi;g; = g;gi, in other words all the elements in the tuple commute.
2. Every g; is of order p™ for some m; > 0.

We equip this set with a G-action by conjugation, i.e.

9(g1. .- .. g,) = (9919 ", .. ., 99,9 ")

There is a straightforward identification G,, ~ Hom(Z], G) in the following sense.
Suppose are given a morphism ¢ : Z; — G. Let g; = ¢(0, . . ., 0,1,0,..., 0) = ¢(e)

2In section 2.4 we restrict ourselves to complete and local Cohomology theories, but since K(n)*
is a field the required results follow immediately.
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be the image of the i'th unit. We claim that (g4, ..., Jn) is an element of G, ,. First
of all ¢(e;)p(e;) = ¢(e)p(e)). We now show g; is of order p™. Let £; denote the
order of g;. Let ¢; be the composition Z, — Z; 2, G, where the first map is the
inclusion to the i'th coordinate. We see that ker ¢, = (¢;), and let k = v(£;) be the
p-adic valuation of £;. We will show that p* € (£;), which in turn implies that £; = p*
which would finish our proof. Let (b;);>o be the p-adic expansion of ;. We see that

1. bié; has leading term 1.

2. We can, as when constructing inverses in Z,, kill all the higher terms of by¥;
(by adding linear combinations of £;1),

which vyields the bijective correspondence we looked for (the inverse identification
is equivalent). We will now work towards better understanding Hom(Z], G) with
respect to our G-action above.

Lemma 2.3.12:
1

GjHom(Z x 2}, G)| = [Hom(z, 6)/|

Proof: For any k € Z, let r : Hom(Z x Z}) — Hom(Z}) be the restriction map
a > aljoyxzg. We can identify the fiber r~'(8) with the centralizer group Cs(Im B)
the following way. Any map a : Z — Zj such that a(0,x) = B(x) is uniquely
determined by B and its value a(1,0). Furthermore, since B(x)a(1,0) = a(l,x) =
a(1,0)B(x) for all x, this element is necessarily (and sufficiently) an element of our
centralizer of (the image of) 8. We can therefore calculate:

Hom(zZ x Z)| = ) |Ca(ImB)|

B:Z}—G
|C(Im B))]
= |G| Z Il SAS i
B:Z}—G |G|

= |G||Hom(Z3, G)/G|
where the last equality follows from the G-isomorphism

Hom(Z?, G) = [T G/ccimp)

BcHom(Zh,G)/G
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Lemma 2.3.13:

Hom(Z x Z3, G)| = Y |Hom(Z x Z}, A)|pac)(A)

A Abelian

Proof: Any a € Hom(Z x 7}, G) has abelian image, being the image of an abelian
group, hence

|Hom(Z x Z;, G)|

> o1

a€Hom(ZxZ8.G)

= Z Z L) (A)

a€Hom(ZXZ8,G) im () CA

= > > pac(A)

A Abelian « € Hom(z x Z3,G)

ima<A
= ) |Hom(Z x Z}, A)|pac)(A)
A Abelian
[
Corollary 2.3.14:
1
|Hom(Z;, G)/G| = Gl > AAG | raG)(A).
A Abelian

Proof: This is a consequence of the two preceding lemmas and that |Hom(Zg X
Z,A)| = |Al|Ap|" for any abelian A. O

Combining this with theorem 2.3.11 we get the following interpretation of the
Euler characteristic.

Theorem 2.3.15: The Morava K-theory Euler characteristic Xﬁ,p is equal to the
number of G-orbits in G, ,.

Some calculations using the theorems

Example 2.3.16: Let us apply theorem 2.3.15 to the symmetric group G = Sym,,,.
If p > m, none of our elements o € G have order p", hence (G),, has only one
orbit.

If m= pand n=1theset Gy, has 1+ (p—1)! elements (the neutral element

and all p-cycles). But all p-cycles are conjugate to each other and thus G; , has
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2 orbits. Let us also calculate the same case but when n = 2. First we see that
the number of elements in our G-set is

Gopl =[L+(p—D+[(p—pl=1+(p+1)-(p— 1),

where the first square bracket counts elements on the form (e, o) and the second
one (o,0') with ¢ a p-cycle. Note that in the latter case two p-cycles commute
if and only if ¢/ = o* for some £ (an orbit-stabilizer theorem argument for the
conjugation action). Our number of orbits can be calculated using Burnside’s
lemma. To calculate |GS | for o € Sym,, note that

1. The element (1, 1) is stabilized by all elements.

2. Elements on the form (o, ¢’) with at least one p-cycle (by symmetry we can
assume ¢ to be non-trivial). are stabilized by the |G,| = |G|/|G - a| = p
elements of the cyclic group generated by o. Since ¢’ € (o) these elements
indeed fix our entire tuple.

To conclude, we obtain

G|+ [G2,/Gl = ) |Gyl

XEGQ_p
=1Gl+p-(p+1)-(p—1)!
= (p+2)p!,

and thus our K-theoretic Euler characteristic is p + 2.
The same idea works for general n. One derives from the formula |G, ,| =
1Gpo1p| + (p—1)!p" ! that |G, ,| =1+ (p— 1)! Zf;ol p'. Then

n—1
Gop/Gl=1+> p'
i=0

In an expository article of the same results (| 1), Hopkins, Kuhn and Ravenel
used theorem 2.3.11 to calculate the K(n) Euler characteristic of Sym, and Symj,
for all n and obtained that x,3(Syms) = x,3(Syms) = (374 1)/2, which is another
formula for the same result above.

Example 2.3.17: Let us apply theorem 2.3.11 to the dihedral group G = Dy
of order 2mp” and its action on the polygon P of mp" points (with no 2-cell). We
can assume that m and p are coprime. Our group G has a cyclic subgroup Cp,,r of
order mp", corresponding to our rotations, and mp”" cyclic subgroups Céi) of order
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M(émpr(P) = O

any rotation subgroup 0 < A < Cp,r, we still obtain u5(P) = 0. For any reflecti
subgroup Cé’), we have uG(P) = 2. For the trivial subgroup, we have

mp"

Hs (P) = xo(P) = Y g (P) = 0 — 2mp".
i=1

We obtain

Xoo(P) = (4mp" —2mp") = 1.

2mp’
Case 2: p # 2, mis even. This case differs from our first one since ea
tion and the 180 degree rotation). Since these groups all contain a rotation a

not change.

non-trivial Sylow 2-group, hence

1 . ., . i
Xg2(P):m[2 m(2-2-2 )—2+1m} = (2 +1_]_)_

2.4 Generalized characters
Remember from the introduction that we for finite groups G had an isomorphism
L® R(G) — CI(G; L)
which we would like to generalize in some way to some kind of isomorphism
£® E*(BG) — CI(G; L)

for some undefined coefficient ring £ and class function object €I. In light of t

2, corresponding to our mp" reflections. Since C,,,r acts freely on P, we obtain

Case 1: mp” is odd (so p # 2). In this case, the abovementioned groups
together with the subgroups of C,,,r are the only abelian subgroups of Dyp,,r. For

on

ch

reflection group Cé') is contained in a Klein 4-group K (generated by the reflec-

nd

are maximal abelian subgroups, we have w7, (P) = 0, and our calculation does

Case 3: p = 2. In this case the biggest change is that every Céi) has a

he

previous section, the notion of class functions should intuitively reflect maps that

are invariant over some G, ,-conjugation, which will act as a motivation for our

definitions. For the rest of this memoir, we will fix E* to be a cohomology theory
finite residue height n.

of
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We will in this section both need the fixed-point sets as well as function spaces,
which traditionally are denoted in the same way. To avoid confusion (although we
will give context clues), the set of functions X — Y will be denoted Y <X,

2.4.1 Calculating E*(BA)

Lemma 2.4.1: (Special thanks to Ben Steffan) Let m € Z be an integer and E*
be of finite residue height. Then,

E*(BZ/mZ) ~ E[[x]]/[m]x.

Proof: We apply the Eilenberg-Maclane functor K(—, 2) to the short exact sequence
0 — Z ™ 7 — Z/mZ to obtain a sequence

CP* - CP* — K(Z/mZ, 2)
Going twice to the left in the fiber sequence yields a sequence
St — BZ/mZ — CP*,
so BZ/mZ is a homotopy pullback of the homotopy commutative diagram

BZ/mZ ———— %

| l

CP* — CP™.

To calculate the homotopy pullback, we only need to replace the right map by a
fibration. We can for example use the universal S'-bundle S — CP>, which in
turn implies that BZ/mZ — CP> is a principal St = U(1)-bundle. It is thus the
sphere bundle related to a complex line bundle K’ — CP*>°. Let T denote the Thom
space of our bundle, i.e. T is the mapping cone

BZ/mZ — CP>* — T.

We now get a homotopy commutative diagram

BZ/mZ —— R*

| |

Cp> —T_, CP>

| |

T ——— CP>,
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for which CP* is the Thom space of our universal St-bundle. It follows from bundle
theory (here we follow the notions of [ , Sections 17.8 and 17.9]) that x €
E*(CP*) = E*[[x]] is a Thom class, and, by naturality of Thom and Euler classes,
our Gysin sequence for the vertical maps on the left become

o B Y BN — E*BZ/mZ s

By the Weierstrass preparation theorem 1.1.28 [m]x cannot be a zero divisor. The
lemma then follows. 1.

There is a nice interpretation of the generator x € E*[[x]]/[m]x above. The
map BZ/mZ — CP> corresponds to a line bundle over BZ/mZ and thus to a
map x : Z/mZ — U(1) = S!. Introducing the notation G* = Homg,,(G, St) for
the character ring, we deduce that x can be interpreted as the first chern class of
the (bundle associated to the) map Bx € (BZ/mZ*). Also notice that x must be
a generator of (Z/mZ)*, and that a choice of generator x' in (Z/mZ)* induces a
generating class x € E*(BZ/mZ).

| Corollary 2.4.2: If m = sp” with p [fs, then E*(BZ/mZ) is free of rank p".

Proof: Combine lemma 2.4.1 with proposition 1.1.29. ]
What is particularly nice about being finitely generated is that the following
Kiinneth isomorphism trivializes the calculations for E*(BA).

Lemma 2.4.3: Suppose that E*(Y) is finitely generated free module over E*.
Then, for any X, the map

E*(Y) ®e E*(X) = E*(Y x X) (2.6)

is an isomorphism.

Proof: First remark that the lemma true when X is a point. We consider both
sides of the equation (2.6) to be functors in X - we will call left hand side functor
L* and the right one R*. Given a (homotopy) pushout diagram

A—— B

|

Cc —— D

by assumptions on Y, we obtain Mayer-Vietoris sequences?

L"YBNC A — L"(D,A) — L"(B,A) & L"(C,A) — L"(BN C, A)

3Here we implicitly think of D as being the double mapping cylinder
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that map naturally to a Mayer-Vietoris sequence for R*. Wedges (infinite included)
get taken to products, and we can then conclude from the case where X is a point
that our transformation of functors L*(X) — R*(X) is an isomorphism for all X (as
in lemma 2.2.10). O]

Corollary 2.4.4:  For any finite abelian group A with p-Sylow subgroup A¢).
Then E*(BA) is free of rank |A;)|” as an E*-module. In particular, we have a
Kiinneth isomorphism

E*(BA) ® E*(X) — E*(BA x X)

Proof: Write A = @, Z/m;Z. Corollary 2.4.2 implies that we can use our
Kiinneth formula, lemma 2.4.3 which gives E*(BA) = ), E*(BZ/m|Z). ]

To finish off this section, the interpretation of Chern classes of the character ring
remarked earlier on inspires a nice interpretation for E*(BA).

Proposition 2.4.5: Suppose we are given a finite abelian group A and an E*-
algebra R. The natural transformation

Homeg-_.4(E*(BA), R) = Hom(A*, )= F(R))
f=x = foei(x)]

is an isomorphism. Here ¢;(x) denotes the endomorphism on ,«F(R) that sends

x to ¢1(x), the first Chern class of the associated bundle over BA.

Proof: Since finite products of groups is taken to finite sums, we can by 2.4.2 as-
sume that A =Z/pZ" and ,F(R) = Homg-(E*(BA), R). Fix a choice of generator
Xo € A* and associate x to be its Chern class, such that E*(BA) = E*[[x]]/[p"]x.
We obtain an inverse

Hom(A*, , F(R)) — Hom(E*(BA), R)
g+ 9(x)

2.4.2 The coefficient ring

For a finite group G, an element a € G,, = Hom(Z], G) must factor through
Z; — 1/p"Z" — G for a fixed r large enough - it suffices to chose r such that all p-
elements of G has order < p". For the rest of this section, we will let A, = (Z/p"Z)".
Then A=IlimA, = Z; and A* = (Q,/Z,).
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Remember from definition 1.1.30 that ,- F is defined as the group of Hopf algebra
morphisms E*[[x]]/[p"]x — R.

Proposition 2.4.6: Let R be an E*-algebra. There is a bijection between group
homomorphisms A — - F(R) and Hopf algebra morphisms R[[x]]/[p"]x — R4,

Proof: Given ¢ : A — , F(R) we associate ¢ : R[[x]]/[p']x — R** defined by
x — (a— ¢(a)(x)), which, though being defined only on E*, canonically extends
to R. This is a Hopf algebra morphism since ¢(ab)(x) = ¢(a)(x) +£ ¢(b)(x) by
assumption. This assignment has a clear inverse, which completes the proof. []

We will now try to better understand this correspondence. To a morphism ¢ :
Ar — 5 F(R) we let

A= ][ () = $(e))
o)

denote its discriminant.

Lemma 2.4.7:  Suppose ¢ : A* — ,F(R) is a homomorphism and let ¢ :
RI[x]1/[p"1x — R<*" be the related morphism as in proposition 2.4.6. If ~ denotes
the relation a ~ b iff they are equal mod a unit, then

1. A~ Ho;mm,* ¢(a)l!

2. If ¢ is a monomorphism, then Ho;mgm ¢(a) ~ p". In particular A ~ p'?

rn

Proof: Remember our notations x +r y = Fe(x,y), X —ry = x +£ i(y) with
i(y) being the formal inverse in our formal group law as in chapter 1. The relation
x—fpy=(x—y)u(x y)with v(x,y) € E*[[x, y]]* gives x —r y ~ x — y. We now
obtain

A= J] (¢(@)—¢(B))

o,B
= I IIe() =]

a—p=y7#0
which proves the first statement. For the second, use point 3 of the Weiestrass
preperation theorem 1.1.28 to factorize [p"]x = g(x)e(x) with g a monic polynomial
of degree p'” and €(x) € E*[[x]] a unit. If ¢ is a monomorphism, g(x) = [Tacn (x—
#(a)). Looking at the x-coefficient gives

[ #(e) = e(0)p".

aZ0



50 Theodore Doubinsky: Generalized Character theory on Cohomology

For the right hand side, one can see the proof of 1.1.31, which gives [p"]'(x) = p"u(x)
with v a unit. This finishes our proof. []

Proposition 2.4.8: Let ¢ : AT — ,-F(R) be a group morphism with associated
morphism ¢ : R[[x]]/[p']x — R*%. Then

1. ¢ is a monomorphism if and only if ¢(a) is not a zero divisor for all 0 # a €
Ar.

r

2. ¢ is an isomorphism if and only if ¢(a) is a unit for all 0 # a € A*.

Proof: We equip R[[x]]/[p"]x with the R-basis given by powers of x and R4 the
basis of “Dirac functions” §,. For example, the map a — ¢(a)(X) decomposes into
>aca: $(@)(X)8a. In the chosen bases, it follows that ¢ be written as the matrix

1 1 1

#(a1)(x)  o(a)(x) (as)(x)
$(a1)(x*) ¢(a)(x*) ¢(as)(x?)

(known as the Vandermonde matrix). Its determinant is known to be A, hence the
proposition follows from point 1 of lemma 2.4.7. ]

Definition/Proposition 2.4.9: We let £, be the functor that takes an E* algebra
R and sends it to the set of morphisms ¢ : A, — ,-F(R) that satisfies point 2 in
proposition 2.4.8. This functor is representable by an E*-algebra L,(E*), which is
finite and faithfully flat over p 1E*.

Proof: By proposition 2.4.5, the identity morphism on E*(BA,) corresponds to
a morphism ¢y @ A7 — - F(E*(BA,)) which is universal in the sense that any map
Ar —  F(R) factors through ¢,ni,. Let M be a multiplicative subset of E*(BA,) gen-
erated by (the images of) @yniv(a) with a # 0, and we define L, (E*) = M—1E*(BA,).
A morphism L,(E*) — R corresponds to a morphism ¢ : AF — ,F(E*(BA,)) —
o F(R) that has each ¢(a) a unit. The converse statement is true by similar argu-
ments. It follows that L, represents L,.

Since L,(E*) is a direct limit of flat E*-modules, it is itself a flat module over
E*. Let E*(BA,) be the image of E*(BA,) in L,(E*). By proposition 2.4.8(1), the
map E*(BAN)[[x]]/[p"]x = (E*(BA,))* associated to ¢,n;y is @ monomorphism and
lemma 2.4.7(2) says that, up to a unit, the determinant of ¢,,;, is p™". Conse-
quentially, p YE*(BA,) = L,(E*) so L,(E*) is flat and finite over p~1E£*, and faithful
flatness is what remains to be shown. Remember that this is equivalent to every ho-

mogeneous prime ideal p € p 'E* extending to a prime ideal q € L,(E*). Let p be
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such an ideal and choose a closed, graded field K and morphism f : p 1E* — K

with kernel p. By theorem 1.1.31, we have an isomorphism p : A* — L, and our

correspondence from proposition 2.4.5 makes u induce a map E*(BA) — K, that

extends to a p~tE*-algebra morphism L,(E*) — K with kernel a prime ideal q that

extends p. [
The action of Aut(A,) on L, induces an action on L,(E).

Proposition 2.4.10: The ring of invariants of Aut(A,) on L,(E*) is p *E*.
| Prop g p

Proof: It is enough to find a faithfully flat p~!E*-algebra R such that the ring of
invariants on R ®g- L,(E*) is R. First observe that the ring R®g« L, (E*) represents
the functor that sends R-algebras T to the set of Hopf T-algebra isomorphisms

TIXN/ [P 1x = T4

Choosing R = L,(E™) itself (equipped with no action), we see that L,.(E*)[[x]]/[p"]x ~
L,(E*)4 itself (cf. 2.4.5, 2.4.6 and 2.4.8), hence L,(E*) ®g- L,(E*) represents the
functor that sends L,(E*)-algebras T to the set of Hopf algebra automorphisms on
T4 . By the next lemma, the same functor is represented by L, (E*)“AtA)  So
LAE*) @ L(E*) = L,(E*)At4) but the latter has Aut(A,)-fixed points all the
constant functions, i.e. L,(E*) itself, which was to be shown. ]

Lemma 2.4.11: For a ring R and A a finite abelian group, the functor that takes
R-algebras

T — {Hopf algebra automorphisms T4 — T4}

is represented by R<Aut(A),

Proof: We first find a representative for the functor that, for fixed finite sets
B, By, assigns an R-algebra T to the set of T-algebra morphisms T8 — T<5B2
We claim that R<Homse(B1.B2) is this representative. Indeed, to a map p : RTHomsa(B1.B2) _y
T we can associate

R%Bl g RengHomSet(Bg,Bl) — ReHomSEt(BQ,Bl)FBQ i T%BQ

which extends T-linearly to a map T8 — T<52_ We leave it to the reader to check
that (1.) this association is natural and (2.) that the correspondence is isomorphic
when Bj is a point. Taking disjoint unions of points decomposes our formulae above
into products, which proves that R<Momse(BL.B2) is indeed our representative. The
lemma then follows from restricting the above accordingly. [
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We are now ready to define our coefficient ring for our generalized characters.
The obvious restriction of a map A7 — ,F(R) to A, — ,—1F(R) induces a
morphism L,_;(E*) — L,(E*), and we can take the colimit

L(E") = colrim L.(E").
It follows, since each term L, (E*) — L,(E*) is Aut(A)-equivariant (by factoring

through Aut(A) — Aut(4,) for each r) that we get an action of Aut(A) on L(E*).
The following properties of L(E*) are immediately deduced.

Corollary 2.4.12:

1. L(E*) represents the functor that sends an E*-algebra R to the set of iso-
morphisms a.

2. L(E™*) is faithfully flat over E*.

3. The invariant ring L(E*)AA) = p=1F*,

2.4.3 Generalized characters

In this subsection, X will denote a finite G-CW complex and r an integer large enough
so that all p-torsion of G divides p”. It follows that Hom(4A,, G) = G, , (see page
41). Let

Fixoo(G. X) = J[ X™®

a€Hom(A,,G)

= {(a,x) € Hom(4,,G) x X : forall A€ A,, a(A\)x = x},

which has an obvious left G x Aut(A,)-action with G acting diagonally. The fixed-
point sets have the following properties [ , Prop. 6.2]

Remark 2.4.13:
1. Fix, (G, pt) = Hom(4,, G)
2. Fix, (G, —) preserves G-pushouts.

3. We have a natural G-homeomorphism

G X 41 Fixnp(H, X) = Fixn,p(G, G x 1y X).
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Their proofs are as straightforward as writing them out.

A morphism a : A, — G, gives a map of A,-spaces EA, — EG and therefore a
map & : BA, x X'™@ — EG x5 X. We then obtain, with the help of our Kiinneth
isomorphism 2.4.3,

& E*(EG xg X) = E*(BA,) @g EX(X™®)) 5 [ (E*) @g+ EX(X'™®).
This will give our character map x§ .

Definition 2.4.14: Taking the product over a € Hom(4,, G) gives a map

Xgp : E*(EG x6 X) = L, (E*) ®g- E*(Fix, (G, X)).

We will now define an action of G x Aut(4,) on L, (E*) ®g- E*(Fix,,(G, X)) as
follows. G has its canonical action on Fix, ,(G, X) and we have the diagonal action
of Aut(4,) on the tensor product.

| Lemma 2.4.15: Imx,, C (L,(E*) ®g: E*(Fix, (G, X)))C*Autidn),

Proof: We will show that each group individually acts trivially on the image - this
will be completely independent of E*. First let @ € Hom(4, G) and ¢ € Aut(A). By
inspection, the following diagram commutes

BA, x Ximeos L pa o xima

laoqs la

EG xg X =———= EG xg X.

For G-invariance, let ¢; : EG xg X — EG xs X be the morphism induced by
(k,x) — (gkg™!, gx) € G x X. We have the commutative diagram

BA, x Xime X9y pa s xglime)g™

! !

EGxg X —2— EG xg X.
Admitting that ¢, is homotopic to the identity | , Proposition 2.1], the lemma
follows. [l

Set Cl, (G, X; L(E*)) := L,(E*) ®g- E*(Fix,,(G, X))®. The above lemma im-
plies that we have a character map x¢ , : E*(EG x¢ X) — Cl, ,(G, X; L(E*)).
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Example 2.4.16: Let us calculate the ring of class maps Cl, ,(A, x; L(E*)) for
A a finite abelian group, which prove useful later. Here we obtain

Chp(A # L(E")) = L(E") ® E*(Fixn,p(A, )"
= L(E*) ®¢ E*(Hom(4,, A))

= P LEY

Hom(A4,A)
— [ ( E*)%Hom(A,A) .

We are now ready to prove the main theorem.

Theorem 2.4.17: The algebra L(E) is faithfully flat over p~*E*, and the invari-
ants L(E*)A%) = p=1E*. The character map x§ , induces isomorphisms

L(E*) ®e« E"(EG x¢ X) ~ Cl, ,(G, X; L(E"))

and
prE*(EG x6 X) ~ Cl, ,(G, X; L(E))Aut4n)

In particular, when X is a point we obtain
L(E") ®g E*(BG) ~ Cl, ,(G; L(E™)),

which is the exact generalization that we hinted at in the introduction. The proof of
this theorem will be a categorical axiomatic approach.

Definition 2.4.18: Let W™ be a contravariant functor from the category GC of
pairs (G, X) (G a finite group, X a finite G-CW complex) to the category of
graded abelian groups. We introduce the following properties on W'

1. Mayer-Vietoris: Any pushout D of B «+— A — C in GC gives a long exact
sequence

.= WD) = W(B) @ W(C) — W(A) S WD) — ...

2. Induction: If H < G and X is a H-space then the obvious map (H, X) —
(G, G xy X) induces isomorphism
W*(G,G xy X) = W*(H, X).

3. Descent: If F is the flag bundle of an equivariant vector bundle over X then
there is an equalizer (coming from the obvious maps)

W*(G, X) —— W*(G,F) —— W*(G, F xx F).




Generalized characters 55

As we have seen multiple times in this project, natural transformations between
these functors are isomorphisms if they are isomorphisms in the simplest cases. There
is an intuitive argument for this; since these functors are all cohomology-esque (we
had in fact for earlier cases actual cohomology theories), which is also why the proofs
are analogous to the result for cohomology [ ,3.17].4

Lemma 2.4.19: Let n : W — Z be a natural transformation between func-
tors satisfying the properties above such that n commutes with the connecting
morphism ¢ in the Mayer-Vietoris sequence and is homotopy invariant. If 7 is an
isomorphism for all pairs of abelian groups A and the point then 7 is an isomorphism

for all finite groups G and finite G-CW complexes.

Proof: Let G be a finite group and X a G-space. By descent we can replace X
with F(V) x X with F(V) the flag manifold of a faithful finite dimensional represen-
tation. We thus only have to show isomorphisms for G-CW complexes with cells on
the form G/A x D™ with A < G abelian. Suppose for induction on the dimension on
X = X(™ that our lemma holds true for G-CW complexes of dimension less than m
and suppose X is obtained from Y by attaching one cell. Applying the Mayer-Vietoris
sequence to our attachment pushout yields

L — W(X) —— WY)W (H) —— W(K) —— W(X) — ...

| ! | !

L —— Z(X) —— Z(Y) @ Z"(H) — Z"(K) —— Z"H(X) — ...

where K = S 1 x G/A and H = D™ x G/A. By induction assumption the second
vertical arrow is an isomorphism and we have reduced our case to when X = D" x
G/A. By homotopy invariance, this is equivalent to when X = G/A and by induction
1(G.6/4) 1s an isomorphism if and only if 94 pt) is, which was our hypothesis. [

Proof of theorem 2.4.17: We would like to use lemma 2.4.19 on x,,. Let us
verify the axioms for

Wg(X) L(E*) = E*(EG Xa X)
Z6(X) = Chp(G, X; L(E)) = L(E*) ® E*(Fix, (G, X))°
The sequence of the Mayer-Vietoris property comes from the classical Mayer-Vietoris

sequence on E*. Exactness follows from flatness of L(E*) and the fact that passage
to G-invariants is exact (see further below). Descent follows in the same way with

4The reason we don't simply refer to this theorem every time and instead proving it each time
is because it would take just as much reasoning to show that our functors indeed are cohomology
theories.
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help from complex oriented descent, proposition 2.1.9. Induction follows from the
homotopy equivalence

EG X6 (GxpyX)~EHxyX
and the homeomorphism
G Xy Fix, p(H, X) = Fix, ,(G, G xy X)

from remark 2.4.13.

We now need to show that xﬁ"p(pt) is an isomorphism on all finite abelian groups
A. Since all domains and codomains transform products of abelian groups to tensor
products we may only consider the case when A = Z/p"Z. We can reinterpret A =
Hom(St, Z/p"Z), which canonically lets us identify Hom(A, A) ~ A* and E*(BA) =
E[[x]]/([p"]x) by lemma 2.4.1. We then obtain

G
Xn,p

L(E*)® E*(BG) —X2 [ (E7)Hom(aA)

LCESIX1/(p"1x) L(ES™,

and x¢ , identifies with the isomorphism L, (E*)[[x]]/[p"]x — L,(E*)* that is ob-
tained from the canonical E*(BA) — L,(E*) (in the same way as in the proof of
proposition 2.4.10). ]

Let us verify the claim in the proof that passage to G-invariants is exact. Specif-

ically, let us check that if

AL BLC
is an exact sequence in the category of R-modules with G-action such that |G| is
invertible in R, then the passage to G-invariants

G G
AG L, BG Y, 6

is exact. imu® C kerv® immediately, and if b € kerv® and we choose a € A such

that u(a) = b, then |G|71 > . ga € A® yields the element we look for.

geaG

2.4.4 An induction theorem

The Transfer map

Suppose that p : T — X is an n-sheeted covering space. We will in this section
introduce a map E*(X) — E*(T) called the transfer map and study some properties
regarding this. We will follow chapter 4 of Adams’ Infinite Loop spaces | ].



The Transfer map 57

Adams in turn credits most of these ideas to Roush’'s PhD thesis | ]. The
transfer map has a very direct interpretation in the case of singular cohomology:
a singular simplex ¢ : A" — X can be lifted to a chain ) .6; € C,(T) running
over all simplices such that pog; = 0. We call the assignment above the transfer
Tr: Co(X) — Cu(T), and one immediately sees that it commutes with the differential
and thus passes to homology - and similarly to cohomology. This explicit idea does
unfortunately not work for general cohomology theories, and we therefore need a
more general construction.

Instead of finding our transfer map directly on cohomology, we will instead for
each relative, finite® covering (X, A) — (Y, B) find a map of spectra tr : ¥>°(Y/B) —
X*°(X/A). The construction is purely geometric and we only present a sketch of
the ideas here. Let us start in the case where X and Y are finite complexes. For
n large enough, X embeds itself into Y x (/")° such that our covering factors as
X = Y x (I")° — Y, the last map being the obvious one. We can extend this
embedding to small cubical tubular neighborhood X x /" to obtain a commutative
diagram

X —— Xx[" —=—=Yx]/["
e
Y.
Collapsing appropriately outside the tubular neighborhood gives a map X"Y/B —
X"X/A. This map is, up to suspending enough, independent® of choice of € and n,
which provides the map X*°Y/B — X*°X/A which we wanted.
Let us state some properties of these transfer maps, which becomes the flavor

of which will be useful in the following sections. Let us start by giving a concise list
of the properties in question.

Proposition 2.4.20: The transfer maps defined above satisfy the following prop-
erties.

1. Functoriality: The transfer map corresponding to the identity is the identity
and is functorial on compositions of coverings X — Y — Z.

2. Naturality: Given a map of covering spaces, i.e. a commutative diagram

(T,U) —— (T",U)

.

(X.Y) -2 (x'. v,

5The number of sheets here is allowed to vary on each path component
%In the homotopical sense.
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gives a (homotopy) commutative diagram

ZRTIU 222 2T/ /U

] -

XY 2P sty

3. Additivity: Given two coverings (Ty, U;) 25 (X,Y) & (T, Us) then the
transfer map of p; LI ps is the coproduct of the transfer maps of the other
two coverings.

4. Multiplicativity: Given coverings p; : (T,U) — (X,Y) and p, : (T",U") —
(X',Y"), the transfer map related to p; [ p» is identified with the smash of
our other 2 transfers.

Most of these follow directly from the definition. Additivity follows from naturality
on the double fiber diagram

Tl — T1HT2 — T2

| | |

X X X
Multiplicativity is however quite hard since it requires working on smash products
of spectra and the reader is referred to [ ] (Adams only does it in the finite-

dimensional case). Perhaps a modern reference does it elegantly, but such has not
been found by the author.

The proposition above has a canonical interpretation for cohomology. We will for
simplicity later state it in full as a corollary.

Corollary 2.4.21: The transfer maps on cohomology satisfies the following prop-
erties.
1. Naturality: Transfer maps convert a fiber diagram into a commutative

square of cohomology groups.

2. ldentity: The transfer map of the identity X — X is the identity E*(X) —
E*(X).

3. Additivity: Given two coverings T; — X < T, the following triangle com-
mutes

EX(T,1IT,) E*(T1) ® E*(T2)

X) Ar

E4(X)
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4. Multiplicativity: The map E*(T) — E*(X) is a morphism of E*(X)-
modules.

For the last part we of course implicitly use that E£* is a multiplicative spectrum.
[]

The induction theorem

Let C < A be two finite abelian groups. Remember that this induces a covering

space BC — BA, and we thus find a transfer map E*(BC) 1N E*(BA).
Proposition 2.4.22: If A < A, the composition E*(BA) BN E*(BA,) — L,(E¥)
IS zero.

Proof: Let p be non-zero element of the kernel of A7 — A*. Remember from
defintion 2.4.9 that L,(E*) = S71E*(BA,) is localized with respect to the image
of a morphism ¢ : AT — E*(BA,). Let x = ¢(u) and, by design, we see that the
restriction of x to E*(BA) (i.e. the image of i* : E*(BA,) — E*(BA)) is zero. It
then follows that for any y € E*(BA) we have

xTr(y) = Tr(i"(x)y) = 0,

since our transfer map is a map of modules. Thus every Tr(y) is a zero divisor, but
since x = ¢(u), it is a unit and Tr(y) necessarily gets eliminated in L,(E*). ]

Lemma 2.4.23: Let S be a finite A,-space and S4 = @ and Y a space with has
trivial A,-action. The composition

E*(EA, x4 (S xY)) 15 E*(BA, x Y) = L,(E*) ®¢ E*(Y)

is zero.

Proof: By additivity of the transfer map, S can be assumed to be on the form
S = A, /A with A a proper subgroup. The homotopy equivalence EG x5 (G xyY) =
EHxyY givesin our case that EA, x4 (A, /AXY) = EA, x4, (A, JAXY) = BAXY
(this is also where the transfer map comes from). This together with the Kiinneth
formula 2.4.3 means that our composition above is on the form

E*(BA) ® E*(Y) — E*(BA,) ® E*(Y) — L (E*) @ E*(Y).

Additivity and multiplicativity of the transfer map then gives that this composition
simply is the map of proposition 2.4.22 tensored with E*(Y'). ]
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Theorem 2.4.24: Let H < G be a subgroup, X a G-space and x € E*(EH x4 X).
Then:

Xop(@(Trx) = > x,(g.0)(x).

gHE(G/H)!m=

Proof: Let H,G, X and x be as in the statement of the theorem and o : A —
G a morphism. Chose r large enough so that a factors through A,. The map
BA, x Xm* — EG x¢ X factors and fits into a composition of pullback diagrams

EA, x4 (G/HXx XM®) —— EA, x4 (G xyX) —— EG x5 (G xy X)

l l ETHX

BA, x Xme » EAgp X4 X ———— EG xg X.

By naturality of the transfer, calculating the x§ ,(a)(Tr(x)) is the same as going
through the composition

E*(EH xy X) = E*(EA, x4, (G/H x Xm))

Tr : ; (27)
1% E*(BA, x XIme) o [ (E*) @ E*(XIm),

We shall now look closer at the second term of this composition. The space EA, x4,
(G/H x X'™*) can be decomposed by looking at the gH € G/H. If gH € (G/H)™=,
then (y1, (gH, x)) ~ (Ay1,(gH, x)) for any y1,y» € EA, and A € A,, hence gH
generates a summand on the form BA, x {gH} x X'™*_ Let S denote the set of
elements in gH that aren’t stabilized by a. It follows that

EArxa,(G/HXX™) = (gne(g myme BA, x {gH} x X™) [T (EAr x4, (5 x X™))

On the latter component of this disjoint union, the composition in (2.7) is zero by
lemma 2.4.23. On the former component, and specifically on each gH-summand, x
is sent through (2.7) to x% (g.a)(x). The theorem then follows from additivity of
the transfer. [l
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