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1. Introduction

This paper calculates the relative algebraic K -theory K, (k[x]/(x™), (x)) of a trun-
cated polynomial algebra over a perfect field k& of positive characteristic p. Since
the ideal generated by x is nilpotent, we can apply McCarthy’s theorem: the rela-
tive algebraic K -theory is isomorphic to the relative topological cyclic homology,
[Mc], and it is the latter groups we actually evaluate.

The result is best expressed in terms of big Witt vectors. Let W,, (k) denote
the big Witt vectors in k of length m, i.e. the multiplicative group

Wi, (k) = (1+xk[x]D* /(1 + 2" k[,
and recall the Verschiebung map

given by the substitution V,(f(x)) = f(x"). The relative K -theory K (k[x]/(x"),
(x)) is given by the fibration sequence

K(k[x]/(x"), (x)) — K (k[x]/(x")) — K (k),
with a corresponding exact sequence of homotopy groups
0 — K. (k[x]1/(x"), (x)) — Ki(k[x]/(x")) — K.(k) — 0.

The groups K. (k) were evaluted by Quillen in [Q] when & is a finite field. For a
general perfect field of characteristic p > 0 one knows that the p-adic K-groups
of k vanish in positive degrees by [K]. Theorem 4.2.10 below together with
McCarthy’s theorem gives

* Supported in part by NSF grant



74 L. Hesselholt, I. Madsen

Theorem A. Let k be a perfect field of positive characteristic. Then
K2m71(k[x]/(xn)» (x)) = Wmn(k)/vnwm(k)

and the groups in even degrees are zero.

The result extends calculations by Aisbett and Stienstra of K3(k[x]/(x™), (x)).
It was announced in [M], but was there stated as Kp,_(k[x]/(x"),(x)) =
Wmn—l(k)/vnwm—l(k)~

In order to evaluate the topological cyclic homology TC(A) one begins with
the topological Hochschild spectrum 7'(A). This is an S'-equivariant spectrum.
In the case where A = k[x]/(x"), standard cyclic theory leads to an equivalence
of spectra

T(A) =, T(k) AN L),

where N (II,) is the cyclic bar-construction of the pointed monoid II, =
{0,1,x,...,x"~'}. Thus, for each closed subgroup C C S', the homotopy
groups of the fixed sets T(A)¢ may be viewed as the C-equivariant homology
groups T'(k)S (N (I1,)). Knowledge of 7,T(A)C in turn determine the topolog-
ical cyclic homology groups of A. There is an equivariant splitting

N(IL) = \/ N¥(,359),
s>0

where N%Y(I1,;0) =S and for s > 1 a homeomorphism
NY(IT,;s) = S) A, (A1) Cy - AT,

Here A*~! is the standard s — 1 simplex with Cy-action given by cyclic permu-
tation of the vertices, and A*~" C A*~! is the face spanned by the first s —n + 1
vertices. Given [HM], the main difficulty we have faced in this paper is to de-
termine the S'-equivariant homotopy type of the right hand side in the equality
above. This is done in Sect.3 below and is based on the concept of regular cyclic
polytopes. One considers A*~! as embedded in the regular representation RC
by mapping the vertices to the group elements. Let d = [(s — 1)/n], and consider
the projection

Ta:RCy — Vs Vg=CE) @ ... d CED.

The image of A*~! is the regular cyclic polytope P; 4 in R*. It contains Q; 4 =
wq(Cs - A7), s0 we get a map

WdIAS_l/CS AT — Ps,d/QS,d'

For dn < s < (d + 1)n it turns out that OP 4 C Q, 4 and that 0 ¢ Q, 4, and we
can therefore compose with the projection

r:PS,d/QS’d — Psﬁd/ap&d = §Va.

let 65 , = r om, denote the composite. If s = (d + 1)n, we project instead to V.,
and use another projection into the join of C, and S "
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. Vi
r'Ps,d+l/Qx,d+] - Cn xS

Again, let 6, , = r o mgy;. The following result is proved in paragraph 3 by a
mixture of geometry of cyclic polytopes and homological techniques based on
results from [BAG].

Theorem B. There are S'-equivariant equivalences

S Ac (AT Cy - AT

- S Ac, SV if dn <s <(d+1)n
'l SHAc (Co xSV if s=(d+1)n

given by the maps S Nc, b5 .

We conjecture that the maps 0, ,, are themselves Cs-equivariant equivalences,
such that

Asfl/cs CAST ~

{SW Jifdn <s <(d+1n
~

C,+«S% ifs=(+Dn

which of course implies Theorem B. If 6, ,, is not an equivalence its cofiber X; ,
would be rather complicated in that the Cy-module H.(X, s,») has vanishing group
homology by Theorem B.

It is the simplicity of the answer in Theorem B which makes possible the
calculation of 7(k)¢ (N®(I1,,)) and hence the proof of Theorem A: V, is an S '-
module so S! Ac, SV = §1/Csy ASY and T(k) A SV is the V,th deloop of the
S1-spectrum T'(k), so one really only needs to calculate the equivariant spectrum
homology of the circles S'/C;.

It is a pleasure to acknowledge the help we have received from other mathe-
maticians. First, we thank T. Geisser for urging us to use the topological cyclic
homology techniques to prove Theorem A, which he conjectured. Second, we
are grateful to L. Barentzen for some very helpful computer calculations at an
early stage. Finally, we thank V. I. Arnold, M. Boij and B. Totaro for help with
the key Theorem 3.1.2. We had long ago conjectured it to be true, but had grave
difficulties in proving it. Arnold and Totaro sent us two independent proofs, at
the very same time as M. Boij supplied us with the final details in the proof we
present.

2. Topological Hochschild homology of truncated polynomial algebras

2.1. This section describes the Hochschild homology and its topological extension
for truncated polynomial algebras, and is mostly a recollection of results from
[BAG] and [HM], but the reader is also referred to [H] and [M].

We begin with the linear case. For any ring A and A-bimodule M we write
HH(A; M), for the simplicial abelian group with k-simplices

HHA; M), = M @ A®*
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and simplicial structure maps

dim®@a;... Qay) =m®...Q0a;ai41 X ...Rax ,0 <
=amPa; Q... ar_ =k
ssm®@ay... Qay) =m®...0a; 1 ®a1®...0a ,0<1i

The homotopy groups of the realization HH(A; M), or equivalently, the ho-
mology of the associated chain complex, are the Hochschild homology groups
HH.(A;M). When M = A with its standard A-bimodule structure we shorten
notation to HH(A),. The chain complex associated with HH(A; M), is derived
from the two-sided bar construction by tensoring with M over A® A°P. Therefore

HH, (A; M) = Tort®A" (A, M),

provided that A is flat over 7, i.e. torsion free. When the ring A is of the form
Z[x]1/(f (x)), where f(x) is a monic polynomial, one has the much smaller (peri-
odic) resolution

(211) Af | Ax A®A Ax A®A Af | Ax

LA@A LA—>O7

A®A

where Af = 1®f(x)—f(x)®1 and Ax = 1®x —x ® 1. Specializing to f (x) = x",
where A is a truncated polynomial algebra, one gets for M = A,
(2.1.2)
Zx1/(x™), ifi=0
HH; (Z[x]/(x") = ¢ xZ[x]/(x"), if i > 0 and even
ZIx1/(x""YY @ Z/nZ{x"~1), if i is odd

The k-simplices HH(Z[x]/(x™)); has a Z-basis consisting of x* @ ... ® x’. We
give such a monomial the weight w = iy + ... + i, and note that the weight
is preserved by the face and degeneracy operators. Hence we get a direct sum
decomposition of simplicial abelian groups

(2.1.3) HH(Z[x]/(x"). = @ HH(Z[x]/(x"); s).

s>0

The homology of the summand HH(Z[x]/(x");0). is equal to Z concentrated
in degree zero. To evaluate the homology of the remaining summands, we note
that a chain homotopy equivalence from (2.1.1) to the two-sided bar construction
must have weight (k /2)n, for k even, and ((k — 1)/2)n + 1, for k odd, cf. [HM],
6.3. Hence (2.1.2) shows that the non-zero groups are

(2.1.4)
HH,,(Z[x]/(x");s) = HHpg41 (Z[x]/(x™);s) = Z, if n does not divide s
HHy 441 (ZIx1/(x™); s) = Z/nZ, if n divides s,
where d is the integer part
s — 1
d=| ]
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The Buenos Aires Group in [BAG] worked out explicitely the chain homotopy
equivalence from (2.1.1) to the (normalized) two-sided bar construction, follow-
ing the standard procedure from e.g. [ML], p. 236. This gives us the following
formulas for the cycles in the Hochschild complex which carry the homology in
(2.14):

b = (=1 Z foforoore... x4 @x,
ko+...+kg=s —d
1<k <n—1

2.1.5
( ) a1 = (=1)7 Z Merexfeorertex,
ko+...+kg=s—d —1
0<k; <n—1
We note that since s > dn, the lower bound on k; is redundant. The final result
we shall need from [BAG] is the value of Connes’ B-operator. On the chain
level,

(2.1.6) B(124) = —5t2441,

and B is zero in odd degrees.

2.2. Let IT be a pointed monoid, i.e. a monoid with a designated base point such
that the product map factors to p: II A II — II, and let A be a ring. The pointed
monoid algebra is the set A(IT) = A[II]/A[x] with the ring structure induced
from that on A[II]. So in particular,

(2.2.1) Alx]/(x") = A(I1,),

where I, = {0,1,x,...,x"~'} considered as a pointed monoid with 0 as base
point and x" = 0.

The cyclic bar construction, introduced by Waldhausen, is the cyclic set
NE&Y(IT) with k-simplices

(2.2.2) NYUT) = TN+

and the Hochschild-like structure maps

di(TOA < . ATE) = TOA <o  ATTLIA « o« AT ,0<i<k

= TR TOATIN « o o ATl —q ,i =k
Si(mon .. ATE) =ToA . ATANAT A oA ,0<i <k
TR (TOA <. . ATTE) = TRATQA « . o AT 1.

Its geometric realization, which we denote NY(II), has a continuous § Laction.
Moreover, the reduced chains Z(N®(1I)) and HH(Z(II)), are isomorphic sim-
plicial abelian groups, so

(2.2.3) H,(N®(II)) = HH, (Z(I)).

Under this isomorphism, Connes’ B-operator is given by the composition
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B: HL(NY(ID) —1 f, (5] ANSUD) —2s He(N(D)),
where the first map is exterior multiplication by [S!] € H(S'), and the second
map is induced from the action map, cf. [H], Proposition 1.4.5.

The topological Hochschild spectrum T'(A) of a ring A, is an S '-equivariant
spectrum. We refer the reader to [HM], §1, or [M], 2.3-2 4 for the definition and to
[LMS] for the notion of an equivariant spectrum. In the case of a pointed monoid
algebra, we have from [HM], Theorem 6.1, an equivalence of S'—equivariant
spectra

(2.2.4) T(AUD) =, T(A) ANY(D),

where the smash product on the right is formed in the category of S !-equivariant
spectra.

We need to determine the S !-space N<(II,,). First, we have a decomposition
analogous to (2.1.4) of the cyclic set

(2.2.5) N&(IT,) = \[ NI 9),

s>0

and the realization decomposes accordingly. The isomorphism (2.2.3) is compati-
ble with these decompositions, so we know the reduced homology H (N Y(I1,; s))
by (2.1.4). However, to make use of (2.2.4), we need to determine the Sl
equivariant homotopy type of NY(II,;s). We note that N (I1,;s) as a cyclic
set is generated by the single simplex

xO =xa. . ax €N (5).

Let AS~! be the cyclic (s — 1)-simplex, i.e. the cyclic set with k-simplices
A([k], [s — 1), cf. [L]. Its realization is homeomorphic to S' x A*~!. We choose
the homeomorphism from [HM], 6.2, where the C,-action induced from the C;-
action in the second factor in A([k],[s — 1]) becomes the diagonal action of
St x A= which rotates the first factor by 27 /s and cyclically permutes the
vertices of AL,

Lemma 2.2.6. The characteristic map v;: AS~' — NY(II,; s) which represents
x® factors over Cs - AS~" and defines an S'-equivariant homeomorphism

(A71Cy - A7) /Cs = NY(IT59).

N @y~ L i '
Proof. The composition A°~" As—1 N&(11,;s) is constant because

dg_lx(“) = x"aAxn...Anx = 0 and therefore Tsiil/lf’” also maps to zero, for
i=0,1,...,s — 1. Hence t, factors over A*~!/C,-AS~". On the other hand, x
is invariant under cyclic permutation, so we get

(AN Cy - AT /Cy — NI, 9).

This is surjective because N (I1,;s) is generated by x®, and it is injective
because the only relation in N(I1,;s) comes from x" = 0. a
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3. Cyclic polytopes and the structure of N (II,)

3.1. We embed A°~! in the regular representation RC, by letting the ith vertex
map to ¢, where t € C; is the generator, and let A" C A’~! be the inclusion
onto the first s + 1 — n vertices. The C;-action on RC; restricts to one on A*~!

and we set
s—1

C, AT = U oA c AL
i=0

We may then restate Lemma 2.2.6 as
G.1.1) N (ILy5) = S Ae, (A7 Co - A7,

where the S'-action on N (I1,;s) corresponds to the induced S'-action on the
right hand. The purpose of this paragraph is to calculate explicitely the S'-
equivariant homotopy type of the right hand side of (3.1.1).

The trigonometric moment curve in 2d dimensions is

x(1) = (e, e, .. eMy e C?
oru identifyi 4 wi xd
pon identifying C¢ with IR
x(7) = (cost,sint,cos2¢,sin 2z, . .., cosdt,sindt) € R*.

Consider the s points x; = x(27j/s), j = 0,1,...,s — 1, on the trigometric
moment curve. Their convex hull in R*¢ will be denoted P 4. It is the regular
cyclic s-polytope in 2d-space, [G]. Note that P, ; is the regular s-gon in the
plane. If s < 2d +1 then Py 4 is an (s — 1)-simplex.

The face structure of Py, is completely known. We shall only need the
structure of facets, i.e. codimension 1 faces, where one has Gale’s evenness
criterion: Picture the s points x; on the circle (e.g. by projecting them onto Py ;).
Then a facet of P 4 is the convex hull of d pairs of points in the cyclic ordering,
that is,

F = (Xi), Xiga1y -+ o5 Xig» Xiga1)

where () denotes the convex hull in [R??. Moreover, the facets are all (2d — 1)-
simplices. The original and very readable account of this fact is [C]. See also
[B] and [Z].

The cyclic group Cy acts on P 4 by cyclically permuting the vertices. This
action is linear. Indeed, let V,; denote the representation

Vi=CE) D ... ®CED.

Then the points xo, Xy, ...,x;,—; exactly form the orbit of xo = (1,..., 1) under
the action of Cy, and the action of Cy on Vj restricts to the Cs-action of Py 4
which permutes the vertices.

Let (xo,...,x;) be the convex hull of the first (k + 1) points x,, = x(27wv/s),
and let E be the convex hull
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E=(x@)|0<tr<2nd/(d+1)).

We note that (xo,...,x) C E when k/s <d/(d +1).

Theorem 3.1.2. E does not contain 0. In particular, 0 & (xo, ..., x;) for k/s <
d/d+1).

Proof. Let tg =2m/d + 1, and let H be the linear subspace
H = Span{x(0), x(ty), . . . , x((d — Dto); x'(t0), . .., x"((d — Do)}

Since x(0) + x(fy) + ... + x(dty) = 0, we have x(dtg) € H. Consider the distance
(with sign) from H to x(¢),

6(t) = det(x(o)ax(t0)7 .o ,X((d - 1)t0)7x/(t0)7 s ,)C/((d - l)tO)vx(t))

It is non-zero, since otherwise we would have E C H, and this is impossible
since E is 2d-dimensional, and H has codimension at least 1. Now 6(¢) is a
trigonometric polynomial of degree d,

d
6(t) = Z(ak cos kt + by sin kt),
k=0

and therefore has at most 2d roots counted with multiplicity in the interval
[0,d1y] C [0,27). (Write it as a polynomial in e”.) But 0 and df, are roots and
to,...,(d — 1)ty are double roots, so these are all roots. It follows that 6(¢) has
constant sign on [0, dty], 6(t) > 0 or 6(¢) < 0. Finally,

ENH C (x(0),x(to),...,x((d — Dip)).

This is a facet of the d-simplex (x(0), ..., x(dty)) and therefore does not contain
0, the barycenter. O

Remark 3.1.3. The proof above is basically the same as Totaro’s proof. There is
a more combinatorial proof, pointed out by G. Ziegler and by B. Totaro, which
runs as follows.

The combinatorial structure of P 4 does not depend on the choice of points
x; = x(2mj/s). The convex hull of any s distinct points on the trigonometric
moment curve is combinatorially equivalent to P 4. Let T consist of s points in
the interval [0, drp] with {0,7,...,dfo} C T and let P(T) = (x(¢)|t € T). Then
P(T) is a cyclic polytope and Gale’s evenness criterion shows that the set

F = (x(0),x(t), . .., x(dr))

is a face of P(T). Now O is the barycenter of F', so in particular, O is an interior
point of F. It follows that 0 ¢ P(T — {d1}). O
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We recall the structure of the regular representation RCj,
RCs = R ® Vi_1)/2 (BR),

where the sign representation IR_ occurs only for even s. In particular, we have
a projection

(3.1.4) T4 RCy — Vy

whenever d < [(s — 1)/2]. By definition P, 4 = 7, A*~", and we now let Q; 4 =
7q(Cy - A°7"), or

s—1

Qs,d = Cs . <x07 v 7x37,1> = U<xi7-xi+la cee 7-xi+s7n>-
i=0

If s < (d + )n then the theorem shows that 0 ¢ Q; 4. Hence radial projection
away from O gives a Cs-equivariant map

(3.1.5) riPsg/Qsq — Psg/OPsy=8"
to the one-point compacification of the representation V.

Remark 3.1.6. If s > nd then Q4 contains the boundary OP; .. Indeed, the
boundary is a union of the facets, given by Gale’s evenness criterion. A facet

F = <~xi17xi1+la cee 7~xi¢/7xid+]>

is contained in Q4 if there is a gap of at least n — 1 points between some of
the vertices considered as points on the circle. The worst case is then the facet

F = (X0, X1, X, Xna1s - -+ X(d— s X(d—yn+1)»

or any of its cyclic consequences. But the gap between x(;—1),+1 and xp = x; is
s —(d — 1)n — 2 which is greater than or equal to n — 1 precisely when s > dn.

Suppose that dn < s < (d + 1)n. We expect that in this case radial projection
away from O defines an equivariant strong deformation retract of Q4 C Py g4
onto the boundary OP; 4, such that the map r above is a Cs-equivariant homotopy
equivalence. We shall not need this however.

3.2. In this section, we consider the case where n does not divide s; dn <
s < (d + 1)n. The facets of the convex polytope Py 4 are (2d — 1)-dimensional
simplices, so we may triangulate P, 4 by taking cones from x, of the facets which
do not contain xg,
Py 4= U coney, (F).
X ¢F

This triangulation is closely related to the Buenos Aires formula (2.1.5). Indeed,
let

Hia ={ko, - k)| Xki=s—d, 1<k}

©-2.1) Ya =l k)| Ski=s —d, 1<k <n—1}.
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A simple calculation in HH(Z[x]/(x")). shows that

®s — gko—1 jka—1 k=1, ®s
dyx =dyy dyg_ - d) T X
=xhgxherxerxtkteoxe... @xkax,

such that we may rewrite (2.1.5) as

(322) La = Z dkx®s.
KE Y a
Dually,
(323) dk: Azd — AS*I; dk - (dl)klfl(d3)k271 . (d2d+1)k071

gives a 2d-face of A*~!. If we embed A*~! in RC, as above, then d* is the
affine map given by the ordered set of vertices

(1’ tkl , l‘k1+l, tk1+k2+1, tk1+k2+2, o tk1+“.+kd+d717 tk1+...+k1,+d).
The projection my: AS~! — Py 4 of (3.1.4) maps ' to x;, so we get
ma(d*(A%)) = cone, (Fi),
where Fy is the facet of Py 4 = ma(AS given by
Fy = <xk] s Xy +1 5 Xky+ho+1 5 Xy +kp+25 -« - axk|+...+kd+d—l7xk1+...+kd+d>-

Conversely, by Gale’s evenness criterion any facet, which does not contain x,
has this form, and hence

(3.2.4) Py= U cone,, (Fi.).
ke.Z; 4
The numbers kg — 1,...,k; — 1 give the width of the gaps between the vertices

in the simplex cone,, (Fi). Hence the simplex myd*(A%?) is in Q; 4 if and only if
one of these gaps is at least n — 1, or equivalently, if and only if k € .%; 4 — %4 4.

Lemma 3.2.5. The chainc = Zke% ) d® is a cycle in C.(A™, Cy - A7), and

7 Tax(c) generates Hyg(SV*).

Proof. We note that the sum k; + k; of any pair of indices is strictly greater than
n — 1. For on the one hand kg +...+k; =s —d > (n — 1)d, and on the other
hand each k, < n — 1, and hence

ki+ki>m—1d—@n—1)0d—1)=n—1.

In particular, do(d¥) € C.(Cs - A~"), since the gap between tki-+ki+d and ki
is ko + k; — 1 and hence greater than or equal to n — 1.

Now consider dd®. If k; = n — 1 then the gap between 1 and t5*! is n — 1
and hence d,(d¥) € C.(C;A°™™). If ky < n — 2 then the remaining k; are at least
2, so we also have 1 € %4 4, where
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(k()7k1+1ak27lak37"'5kd)7 1fd22
(ko — 1,k; +1), ifd=1.

But d,(d*) = d»(d") and the two faces appear with opposite sign in the boundary
of the chain c. The other faces d;(d*) are treated analogously. O

By Poincaré duality the 2dth homology of P, 4/Q; 4 is free abelian of rank
equal to the number of connected components of P, 4 — Qs 4. The simplicial chain
ma+(c) consists of simplices of Py 4 which covers Py 4 — Qy 4. Thus it represents
the sum of the generators of the summands in Hy;(Py 4, Qs 4). The map r maps
the connected component of P ; — Qy 4 which contains 0 to § Va by a degree
one map, and it follows that r, 7y, (c) generates Hoy(S"*).

Proposition 3.2.6. The map S} A, (A~ /C; A=) — S} Ac, SV, induced from
the composition of r and 74 is a homotopy equivalence.

Proof. Both spaces are simply connected when d > 1, so it suffices to argue that
the map is a homology equivalence. To this end, we consider the commutative
diagram

L

W1y A L Sl Ae AT AT B N(IT,; )

J{ﬂ'd J/ﬁ‘d
Ps,d/Qs,d — S.: /\CY Ps,d/Qs,d
! !
sV R St Ac, 8V,

where f and g maps u to [1,u]. We remarked above that r,7,.(c) represents the
generator. Since V,; extends to an S I_module,

Stae, SV =st/Co . SV [z,0] = [z, zv]

This implies that g induces an isomorphism on homology in dimension 2d, and
that the composite

~ ! ~ . ~
Foa(S) Ne, $Y) =P Fog (SN (S) Ae, $Y) = Haan(S) Ac, S7),
is multiplication by s, cf. (2.2.3). On the other hand, since ¢, is a homeomorphism
by Lemma 2.2.6, the Buenos Aires formula (2.1.5) and the calculation (3.2.2)
shows that f.(c) is the generator of Hayy(S! Ac, (AS™1/Cy - AS™")). Commuta-
tivity of the diagram shows that 7 o 7r; induces an isomorphism on homology in
dimension 2d. To prove the same in dimension 2d + 1 we use the commutative
diagram

~ B ~

Hyy(ND (I3 8)) —— Haai (N (U3 5))

I J

Hya(S} Ae, SV) —— Hygui (S} Ac, $Y0)
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and the fact that the upper horizontal morphism is Connes’ B-operator, hence is
multiplication by —s according to (2.1.6). Since the lower map multiplies by s,
the right hand vertical map is an isomorphism. a

3.3. We next treat the case where n divides s; s = (d + 1)n and V; = C(&) @
.. @ C(&Y). There is a cofibration sequence of C-spaces

(3.3.1) Cos ANSYe 22 gV CoxSY,

where C; acts via the projection onto C, and diagonally in the smash and join.
Indeed, the mapping cone of pr, is homeomorphic to C, xS " /C, 00 and C,, 00
is contractible. Hence

(3.3.2) S Ae, (Co xSV ) = (STU, eHASY.
Indeed, the left hand side is the cofiber
cof(S] A, (Cox ASY2) — ST Ac, V) = cof(S) Ac,,, SY4 — S} Ac, SY)

cof(S1/Clasiys NSV — S1/Csr ASY0) = cof(S/Clasrye — S1/Co) NSV
~ STy, eH)ASY,

1%

Here the second homeomorphism uses that the C;-module V; is the restriction
of an S'-module so that

SHAe, SV = Sst/Coo ST, [z,0] = [z, 20],

where now on the right hand side the S'-action is diagonal. In particular,
Hag41(S) Ac, (Cy % SV)) = Z/nZ. Tt follows from (3.3.1) that

(3.3.3) H4:1(C % §') = IC,,
the augmentation ideal in the integral group ring ZC,,. We have
IC,/IC? = C,,

since the left hand side is Hy(C,;IC,) which is isomorphic to H,(C,;7Z) by the
exact homology sequence associated with 0 — JC, — 7ZC, —=—— 7 — 0. The
isomorphism associates to g € C, the class g — 1 in IC, /IC?2.

Lemma 3.3.4. The map g:C, * S"* — S} Ac, (C, x SY4), g(u) = [1, u], induces
the natural map

IC, — IC,/IC? = Z/nZ

on homology in dimension 2d + 1.
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Proof. Since the action by C; on S +1 A (C, * §V) is free in the pointed sense,
orbits and homotopy orbits agree, so we have a spectral sequence

E? = H.(Cy, H (S! N(Cy % 8Y1))) = H.(S)! A, (Cp % S7)).
It is concentrated on two horizontal lines, since
Hoas1(S] A (Cp  SY) = Hagsa(S) A (Cy % 57))
are the only non-zero groups. Thus both lines are H.(Cs;IC,). But
H.(Cs;7.Cy) = Hi(Cys13 7)

by Frobenius reciprocity, cf. [Br], and H,.(Cy;IC,) can be obtained from the
exact sequence

- — H.(Cy;IC,) — H (Cy; ZCy) — Ho (Cgy Z) — -+ -

It follows that H,(C;; IC,) vanishes in odd degrees and is equal to Z/nZ in even
degrees.

By (3.3.2) the spectral sequence converges to a single copy of Z/nZ in
degree 2d + 1. Hence all d>-differentials must be isomorphisms, and the edge
homomorphism

Ho(Cy; Hogs1 (S A (Cp % SV))) — Hogsi(S) Ac, (Cy % SY7))

is an isomorphism. It follows that the induced map g, of the lemma can be
identified with

H3411(Cy % §Y*) — Ho(Cys Hagi (Cy %+ SY)
which is precisely the map IC, — IC, /IC?. |

We are now ready to determine S A¢, (A*~!/Cy - A~") when s = n(d + 1)
by an argument similar to that of Sect. 3.2. This makes use to the projection

T+l Asil/cs AT — Ps,d+l/Qs,d+la

and of the associated 7441 = S+1 Ac, Ta+1. We still have O ¢ Oy 441, but this time
Qys.q4+1 does not contain all of 0P 441. Indeed,

O1Ps gs1 = OPs g1 — Qs av1 NOPs g1 = Cy - (X0, X1, X, X1, - -+ 3 Xdn, Xdn+1)
-1
= Ul,‘l:() <-xi s Xitly o ooy Xitdn s xi+dﬂ+1>7
which in turn is homotopy equivalent to a circle. This follows because each of the
involved facets are joins of two (d — 1)-simplices which each may be retracted

on their barycenters, and the resulting line segments form a circle.
We write Vg4 = Vg @ C(EH); €441 = ¢, Then

(3.3.5) Quan NCEM ={&1i=0,1,...,n =1} =C, - {1}
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where C(£4%1) = 0 @ C(£9*") C Vgy1. Indeed, projecting to V; we have 0 €
(x0, -y Xng) C Vg, namely,

1
O=d+](x0+xn+...+xnd).

The proof of (3.1.2) shows that this is the only representation of 0 in the cyclic
polytope (xo, ..., %q) C Vg, and (3.3.5) follows.

Letn={)(& +&™) i =0,1,...,n— 1}, the set of midpoints in the regular
n-gon in C(&,). Radial projection from 0 € V4 gives a map

r:(Py g4, Os.a+1) — (Ps.g+1, OPg gp1 — M).

On the other hand,
OPg 01 = S(Vy) * S(C(E))

and the general formula X Y — Yy ~ X «(Y —Y)) together with the C;-homotopy
equivalence S(C(&,)) —n ~ C, - {1} show that

(3.3.6) OPs 441 — M > C, xS(Vy).
Thus we get a Cs-equivariant map
(3.3.7) 7P ast/Qsan — YCy % S(Va) = Cp xSV

This may very well be an equivariant homotopy equivalence, but we shall do
with less.

The Buenos Aires formula, giving the generator ¢4, of Hyy NV, 8)) =
7Z/nZ., has only one term, namely

"Tox®...@x" ®@x € ZN,y, (I, ).

This is the iterated face dj,5d5 " ... d;y " applied to the generator x®*, so dually
consider the face

c: A2d+1 N Axfl. c = (d2)n71 (d2d+2)n71
This is the affine map given by the ordered set of vertices
(1’ t, tn’ tn+17 L ,tdn’ tdn+1)

in A*~! C RC,, and maps to a facet of Py 4,1 under the projection m4.;. The
argument of Lemma 3.2.5 implies that ¢ becomes a cycle in C,(AS~!, C, - AS™).
Thus

Tg+1(¢) € Cogr1(Py gs1, Qs av1),  FTar1(c) € Cogi1 (P as1, OPg gu1 — M)

are also cycles. In order to determine their homology class, we may instead
determine the homology class of

Ormasi(c): OA* ™ — 9Py 411 —m = S(Vayr) —m.
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We know from (3.3.4) and (3.3.6) that
Hyq11(S (Vay1) —m) = IC,,.

The augmentation ideal IC, is isomorphic to ZC, /(N), where N is the norm ele-
ment. We saw above that Hy(Cs; IC,) = Z/nZ, and hence that Hy(Cy; ZC, /(N))
= 7Z/nZ. Indeed a specific isomorphism is induced from the augmentation
€:ZCy/(N) — Z/nZ.

Lemma 3.3.8. The cycle Ormyy(c) represents an element of Hyy(S (Vgy1) — 1) =

ZC, /(N) which augments to 1 + nZ.

Proof. The boundary of rmy,i(c) is a 2d-dimensional sphere S2¢ in $2¢*! =
S (V441) which does not intersect n. Let D, and D_ be the two components of
S(Vge) — 824, say, rmg+1(c) = D,. The inclusion 5§24  §(V4e1) — 1 induces an
injection on homology if and only if n, = D, Nn and n_ = D_ N n are both
non-empty, and [S%?] € Hyy(S(V441) — n) augments to n, € Z/nZ, n, = #n,.
This follows from Poincaré duality. The dual of the homology sequence

- = Haa1(S(Van) — 0,87 — Hyy(S*') — Hoa(S(Vas1)) — ...
is the sequence
= HY(S(Vas) = 8%, m) — H'(S(Vas1), S Varr) — $)
— H'(S(Vge1),m) — . ..
Now S(Vgs1) — S?? = D, U D_ and the lower sequence is isomorphic to
= H'D,,n) e HD_,n_) —» H"D,) e H(D_))/A
— Hm) ®H'm_))/A — ...

where A is the image of H%(S(V,,,)). The element (1,0) € H%(D,) ® H(D_)
represents the generator of H,;(S?¢) under duality and its image in

ZCy/(N) = (H’(n,) ® H(n_))/A

has augmentation #n, € Z/nZ as claimed.
We have left to check that n, consists of one point. Note that

Ta1(C) = (X0, X1, Xns Xna1s - -+ s Xy Xen1) = (X0, Xns « « s Xein) % (X1, Xna1, - -+ s Xdn+1)

in V4,1, and moreover,

(X0, Xns -y Xan) NCETY = {1}, (X1, Xnat, -+, Xanar) N CET = {1

Thus 7441(c) is the line segment which joins 1 and £9*!, and the midpoint is
the only element of this line segment which also belongs to n. This shows that
Ta41(c) N CE*TY N consists of a single point, and n C C(£9*") so m441(c) N
is a one point space. The linear projection r does not change this fact, i.e. D, Nn
is also a one point space. O
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Proposition 3.3.9. Fors = n(d+1), the map 7oy, gives a homotopy equivalence
S} A, (ATV/Cy - AT = S A, (Cy xSV,
where Vg = C(&) @ ... ® C(E).

Proof. Consider the diagram

Ay A L §I A (AT Gy - ATy B NY(IT,; )

J/'n'd-ﬂ lﬁ'dﬂ

Psas1/Osann ——  SYAc, (Psav1/Qs.a+1)

! !

CoxSV%  —L o SIAc (CpxSY).

1

The cohomology class of the cycle ¢ € Coys1(A*~!, Cy - A*™") maps to the
generator of Hag.1(S! Ac, (C,#SV*)) by Lemmas 3.3.5 and 3.3.8. Thus f.[c] maps
onto this generator under the right hand vertical map. Since H.(N“(Il,;s)) =
Z/nZ in degree 2d + 1, 7 o 44 is a homology isomorphism. Both domain and
target are simply connected for d > 1. For d = 1, a direct geometric argument
gives the equivalence. O

Proof of Theorem B. The equivariant Whitehead theorem states that a G-map
f:X — Y between G-CW-complexes (G a compact Lie group) is a G-homotopy
equivalence if and only if the induced map f: X" — Y# is a weak equivalence
for every closed subgroup H C G, cf. [A], [LMS]. In the case at hand, we have
constructed Cs-equivariant maps

SV ifdn <s <(d+Dn

cAs—1 . AS—n
as,n-A /Cv A — { Cn >kSV,i , if s = (d+ 1)1’1,

and proved that the induced S '-equivariant maps S, Ac, 65, are weak homotopy
equivalences. Therefore, to prove Theorem B we must show that the same holds
on C-fixed sets for every closed C C S!. We note that if G is an abelian group,
H C G asubgroup and X an H -space, then

G/K, N Xk ifKCH
K — + H/K s
(G+/\HX) { % ,lngZH,
so it suffices to consider the subgroups C, C Cy; C S'. We shall prove that in
this case 95’,1 may be identified with 6y, ,. Then Theorem B follows from the

equivariant Whitehead theorem.
Let N, € RCy be the norm element of the subgroup C, C Cy, i.e.

Ny =148 462/ 4 44008/,
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where ¢ € C; is the generator. Then

(AS—])Cr:<1N ltNr,... lts/r_]Nr>f£As/r_l.

ro'r oy ‘r

Moreover (C; - AS™)¢ = Cy - (A*~™)S and
(Asfn)C, — (Asfl)c,. A" As/rfn c As/rfl

since the representation of an element in a simplex as a convex combination of
the vertices is unique. Hence

(As—l/cs . As—n)C,- -~ As/r—l/cs/r X As/r—n.
One readily verifies that as C, /;-spaces

(8 Vis=v/myCr = §Vis/r—n/m

and since (X * Y)C =X « YO that

C, * SVis/r=v/mif n divides s /r

Cy 8 Vie=n/m)©r o : -
(Cn ) S Vies/r=n/n , if n does not divide s/r.

Hence the maps 6¢; and 6, /r,n have the same domain and range, and one sees

s,n

similarly that the maps are equal. O

4. Topological cyclic homology of k[x]/(x")

4.1. In this paragraph, we give a general formula for the topological cyclic
homology of a truncated polynomial algebra A[x]/(x"). We then calculate the
groups TC,(k[x]/(x")) explicitely, when the coefficient ring is a perfect field of
characteristic p > 0. First, we recall some facts about big Witt vectors and refer
the reader to Bergman’s lecture in [Mu] for details.

Let A be a commutative ring. The big Witt ring of A is the set W(A) = AV
equipped with a new ring structure characterized by the requirement that the
ghost map

4.1.1) w: W(A) — AV
given by the Witt polynomials

w,,:Zda;'/d, n>1,
dln

be a natural transformation of functors from rings to rings, when the range is
given the componentwise ring structure. One has,

(alva27"')+(b07bla"') = (Sl(alvb|)7s2(alva27b17b2)7"')

@12 g ) Bobi..) =i bi),paar, az b, ba), ...
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where s, and p, are certain polynomials, which only depend on the a,; and
by where d divides n. To see this, one proves that in the universal case A =
Zlay,ay,...;by,by,...] the ghost map identifies W(A) with a subring of AV.
The polynomials s, and p, are then defined by the formula (4.1.2), with the sum
and product on the left formed in this subring structure. Since the ring axioms
hold in the universal case, they hold in general.

There are operators

F, :W(A) — W(A), (Frobenius)

(4.1.3) V., :W(A) — W(4), (Verschiebung)

one for each n > 1, characterized by

Fo(wp) = W

_J amyn if n divides m
Vi(an) _{ 0 else.

By the same line of reasoning as in the case of the ring structure, one shows that
F, is well-defined and a ring homomorphism, that V,, is addivitive and that the
following formulas hold

Va(Fn(x)y) = xV,(y)
(414) FnVn =n, VnFn = multvn(l)
F,V, =V,F,, if(m,n)=1.

As noted above, the polynomials s, and p, depend only on the a; and by,
where d divides n. We can therefore, in the above discussion, replace N by
any subset S C N which is stable under division and get a ring Wg(A). We
call Wg(A) the truncated ring of big Witt vectors and S the truncation set. For
example, we have the ring of big Witt vectors of length m defined by

(4.1.5) Wai(A) =Wy (A).

Evidently, if S C S’ are two truncation sets, then the projection Ws/(A) —
Ws (A) is a ring homomorphism, and moreover, the Frobenius and Verschiebung
maps restrict to operators

F, Ws(A) — WS/n(A)7

(4.1.6) Vi W /,(A) — Ws(A),

where S /n is the truncation set S /n = {m € N |nm € S}. When S is the empty
set, it is understood that Wg(A) is the trivial ring.

Now let p be a prime. The ring of p-typical Witt vectors is defined as the
truncated Witt ring

4.1.7) W(A) =W, 2 (A).

If A is a Z,)-algebra, one has a ring isomorphism
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(4.1.8) wa) = [ wa,
(d,p)=1

which on the dth factor is given by the composite ring map

L W) — s wia) —2 s wa),

see [Mu]. More generally, we have the ring of p-typical Witt vectors of length
s,

4.1.9) W(A) = W{l,p,...,p“*‘}(A)v
and, when A is a Z)-algebra, a ring isomorphism
(4.1.10) W) ¥ [ w@, pld<m<pid,
(d,p)=1
whose dth factor is the composite
F, T
1i: Wi (A) —"— Wi (A —— W,(A).

Suppose that n = p'k with (p,k) = 1 and let d = ek. Then one readily shows
that the formulas (4.1.4) give a commutative square

Wad) ——  W(A)
@.1.11) lv,l lkvpf

W (A) —— Wyi(A),

which describes the Verschiebung map under the splitting in (4.1.10).

Finally, we recall that the underlying additive group of the ring W(A) is
isomorphic to the multiplicative group of power series in A with constant term
17

4.1.12) WA) 2 (1+XAIXD,  (a,a,..)— [J(1 —aiX?),

i>1
and under this isomorphism
n
FfoO)=]r&),  VaFx) =f(x™,
i=1
where &1, ..., &, are the formal nth roots of X. Similarly,

W,,.(A) = (1 + XA[XT)* /(1 + X" ALX]) .

4.2. Given a ring A and a two-sided ideal I, we let T'(A, 1) denote the relative
topological Hochschild spectrum, that is, the homotopy fiber of the map T'(4) —
T(A/I). We recall the equivalence of S'-spectra
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T(Alx]/ ") =, T(A) AN (1),

where the smash product on the right is formed in the category of S!'-spectra.
Thus for C ¢ S!,

T (T(Alx] /(")) = TA) (N IL)),
the C-equivariant homology of the S'-space N (II,) with respect to the S'-
spectrum T'(A). The S !-space N (II,) splits equivariantly as a wedge
NO(IT,) = \/ NY(IT,;5)
s>0
and the summand N%(II,;0) = S§° corresponds to the copy of T(A) in
T(A[x]/(x™)). The equivariant homotopy type of the remaining summands is
given by Theorem B which we proved in §3. Let again V,; denote the represen-

tation V; =C() D ... d C(gd) and let [x] denote the largest integer less than or
equal to x. Then we have a cofibration sequence of S'-spectra

Viztas TAy._y AS'Copur —— Vo T@y,_, AS'/Cs

4.2.1)
— T(A[x]/(x"), (x)).

Indeed, for any finite dimensional S '-representation V, T(A) ASY ~  T(A)y,
Sl

the V'th deloop of the §'-spectrum T'(A), cf. [LMS], Theorem 1.7.9, and (4.2.1)
follows from Theorem B.
Recall from [HM], §1, that T(A) is a cyclotomic spectrum so that we have
restriction maps
R T(AS — T(A)gi

Cro
eV

where pf. V indicates V< considered as an S'-representation through the rth
root isomorphism p¢,:S' — S!/C,. In our case

G o~
pZ‘,.V[r.vH—I] = V[A;‘]v
such that the restriction maps are

(4.2.2) R:T@Y, = TAY, .

We can then repeat the argument of [HM], §8, to get

Proposition 4.2.3. After profinite completion there is a cofibration sequence of
spectra

. CS/,, Va . s n
Sholim T(A), ", —— Sholim T, —— TCAL1/(", ()
The ézomotopy limits runs over the natural numbers ordered by division and
T(A)VS/ ", is understood to be the trivial spectrum when n does not divide s. O

[

By ”coﬁnality, the restriction of the homotopy limit on the left in (4.2.3) to
the natural numbers divisible by n gives an equivalence

. Cs/n ~ : C,
(4.2.4) holim T(A)Vf“',"l — holimT(A)y” .

n
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We now fix a prime p and consider, for every d with (d,p) = 1, the compo-
sition
: Cs Py prd Fq . Cpr
bolr]? T(A)le_1 — hol1r11e1 T(A)Vp y —_— ]{]()ll]]e] T(A)ler;]
The first map is the restriction of the homotopy limit to the natural numbers of

the form p”d, r > 0, and the second map is the map of homotopy limits induced
from the inclusion map

]Td Jﬂ(fa)v Jﬂ(f‘)v

'd ; p'd ;

We then have the following analog of (4.1.8).

Proposition 4.2.5. Suppose that A is a commutative Z,)-algebra. Then the map

. Cy ~ i Cor
@?T(A)Vlﬁfll I H(d,p)=1 @%T(A)V[p”"‘”l’

n

whose dth factor is Fq o pr,, is an equivalence.

Proof. Let .7 be the category associated with the poset of natural numbers
ordered after division, and let .77, and .77’ be the full subcategories of natural
numbers which are powers of p and prime to p, respectively. Then the homotopy
limit on the left in (4 2.5) is indexed by .7 and the homotopy limits on the
right are indexed by .7,. As categories .77 = .7, x .7’ and hence we have a
homeomorphism

. Cx ]
hﬁm T(A)V[k hohm (hohm T(A)V i lJ)

7 n T 7
7 T /p

We claim that the map

C,r !
n)@glellnm¢gw
eld

which on the eth factor is given by R,/ F,, is an equivalence. Given this, the
proposition follows. To prove the claim we need the following generalization
of [HM], Theorem 2.2: let T be a cyclotomic spectrum, let g be a prime and
let I be a natural number prime to g. Then there is a cofibration sequence of
(non-equivariant) spectra

C N C R i—1
(4.2.6) (e, Ty e T, Tp: Ve

If V =0 this is because T is a g-cyclotomic spectrum. In general, it follows
from loc. cit., Proposition 2.1 and the proof of Proposition 2.3. We write d =
gy ...qlr,where qi,...,q, are primes. Then (4.2.6) gives a cofibration sequence

prd/q

(Prd/a=1 ’
A

R_,T( )v

N
(%JMNWIMa-——eTmn

'd 1]
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where, for notational reasons, we have written ¢ for g,,, i for i,, and [ for p"d /q'.
Moreover, we have a map of cofibration sequences

Cpyry R, Cyry
Vp rld ] q T(A) p'd/q
[E

prd—1 Voprasg—1
[ n 1

(p’é,T(Aﬁl’

ltr lpq qu

N Cora g R C,r
(p#élT(A)‘C;:p"d—l])hcq’*‘ - T(A)Vppfld/il — T(A)Vp e

prd/g—1,’
n n J

N
e, —— T(A)
]

[

where the left hand vertical map is the transfer of the projection going in the
opposite direction. We shall prove that tr is an equivalence such that the square
on the right is homotopy cartesian. The claim then readily follows by induction
onm and iy, k=1,...,m.

Let us write V for Vg /4 —1)/21- We note that multiplication by g on 7. T(A)gZ
is an isomorphism. For T(A)gf is a module spectrum over the ring spectrum
T(A)“'. In particular, the homotopy groups ﬂ'*T(A)‘C/ are modules over the ring
moT (A)'. By [HM], Addendum 3.3, this ring is isomorphic to the truncated big
Witt ring W;y(A), (1) = {d | d divides I}, and ¢ is a unit in W ;y(A). Now, for
any S'-spectrum T, one has a first quadrant homology type spectral sequence

E}, = Hy(Cyi; 1 T) = myu(Tic,,);

where the homotopy groups 7. T are trivial C,i-modules because the Cyi-action
extends to an S!'-action. The edge homomorphism of the spectral sequence is
the map on homotopy groups induced from the projection 7 — Thcq,»- When
multiplication by g is an isomorphism on .7, the spectral sequence collapses
onto the axis s = 0, and the edge homomorphism is an isomorphism. This shows
that the projection Thcq,,, — Thcq, is an equivalence. But the composition

tr pr
The, — Twc,., — Tic,

induces multiplication by ¢ on homotopy groups and is therefore also an equiv-
alence. Hence tr is an equivalence. This finishes the proof. O

We note that the individual terms in the homotopy limits on the right hand
side of (4.2.5) approximate the limit. More precisely, the fundamental cofibration
sequence, [HM], Theorem 2.2, and the fact that taking homotopy orbits preserves

connectivity, shows that the projection
. Cyr
(4.2.7) l}oirg T(A)lerd

n

— A

! (Pra=t

is 2[(p**'d — 1) /n]-connected. We also note that the proposition gives a splitting
of the left hand spectrum in (4.2.3). Indeed, if we write n = p'k with (k,p) =1,
then (4.2.4) and (4.2.5) show that the map

Cpr —i

V orek—1.?
[preﬁ [

. Cs/n ~ .
4.2.8) l(@r;lT(A)v[jﬂ] —— e pyt holim 7°(4)

n
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which on the eth factor is given by F, o pr,,, is an equivalence.

Addendum 4.2.9. Suppose that n = p'k with (p,k) = 1 and let d = ek. Then
there is a commutative diagram

. C Feopr, . Cor—i
mholimT'(A),”"  ——% m.holimT(A),"
“—R N “—R (7
lv,, lkvp/
. Fyopr, . Cpr
m.holimT (4)$’ L mholimT (A),”, .
“—R ! “—R =
Proof. By naturality, we have a commutative square
. Co/r pr, . Cora )
holimT'(A),'”" —— holimT(A),”*""
— s—1 — prd—1
R *h R LA
y,, |
. . Pry . Cpra
holim7 (A)y’ —— holimT(A),": .
“—R N R 7

We recall from [HM], Lemma 2.3.1, that on the level of homotopy groups FV, =
V,Fy, provided that (r,s) = 1. Since we have

Cpr
V ora—
[,;'1; 1

~

. Cpr ~ 1
wholim T, | lim 7T ()

from (4.2.7), we get a commutative square
. Cyr F, . Cor—i
7, holimT (A),” AALTLIN 7, holimT (A),”
R rre=h R [

n

J/ ‘/PL J/ Vp/

. Cyrg Fasi . C,r
7 holimT (A),” " —— m, holimT (A),’ .
R =ty “—R =1

n n ]

prd—1
n ]

Finally, we can write F; o V,, as the composite

. Cora/m Vi . Coran 7 . C,r
holim T'(A),” "/ —— holimT(A),”""* —=— holimT(A),"*
R = R (= R [
Fy . Cp"d/k Fd/k . Cpr
——— holim T'(4),, ——— holim T'(4),,
“—R pra=t, “—R [
and F o V; induces multiplication by £ on homotopy groups. O

We now assume that the coefficient ring is a perfect field k£ of positive char-
acteristic p and proceed to prove Theorem A of the introduction.

Theorem 4.2.10. Let k be a perfect field of characteristic p > 0. Then the long
exact homotopy sequence associated with the cofibration sequence of (4.2.3) takes
the form
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0= Wyu(k) —"— Wyyu(k) —— TCopi(k[x]/@"), () — O,

the groups in even degrees being zero.

Proof. We have from [HM], Proposition 9.1, and (4.2.7) that

. Cyr ~
4.2.11) my holim 7Yy, & Wi(k),

with s determined by the inequalities
[(p*~'d — D/n] <j <[(p°d — 1)/n].
One readily checks that these inequalities are equivalent to the inequalities
p Tl <n(G+1) <pid,
which appear in the decomposition in (4.1.10). Therefore, by (4.2.5)
2 holim T(k)‘;:x:lj = Wogan (k)
and the groups in odd degrees are zero. Similarly, we have

4.2.12) oy holim TGy~ = Wy_i(k),
TR [

p’dn—l]
with s determined by the same inequalities as above. Suppose that d = ek and
let » =5 —i. Then one immediately shows that r is given by the inequalities

r

prle<j+l<pe

and hence

m; holim T(k)y" = Wi (k).
“—R o

Finally, we recall from [HM], Proposition 9.1, that under the isomorphism of
(4.2.11) and (4.2.12) the map

r—i

Vp (=1,

n

holim T(k)y” ™ — holim T(k),/
“—R (7=t “—R

induces the Verschiebung V,,i: W,_;(k) — W (k) of Witt vectors. Now the theo-
rem follows from (4.1.11) and (4.2.9). a
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