On the de Rham-Witt complex in mixed characteristic

Lars Hesselholt and Ib Madsen*

ABSTRACT. The purpose of this paper is twofold. Firstly, it gives a thor-
ough treatment of the de Rham-Witt complex for Z,)-algebras, a construc-
tion we first considered in [9]. This complex is the natural generalization to
Zp)-algebras of the de Rham-Witt complex for Fp-algebras of Bloch-Deligne-
lusie [13] (for p odd). We also give an explicit formula for the de Rham-Witt
complex of a polynomial ring in terms of that of the coefficient ring. Secondly,
we generalize the main theorem C of [9] to smooth algebras over a discrete
valuation ring of mixed characteristic (0,p) with perfect residue field and p
odd.

RESUME. Le but de cet article est double. D’abord, il donne un traitement
complet du complexe de de Rham-Witt pour les Z(,)-algebres, une construc-
tion que nous avons considérée précédemment dans [9]. Ce complexe est la
généralisation naturelle aux Z,)-algebres du complexe de de Rham-Witt pour
les Fp-algebres de Bloch-Deligne-Illusie [13] (pour p impair). Nous donnons
aussi une formule explicite pour le complexe de de Rham-Witt d’un anneau
polynomial en termes de celui de I’anneau des coefficients. Ensuite, nous
généralisons le théoréme principal de [9] (Theorem C) aux algebres lisses sur
un anneau de valuation discret de non-égale caractéristique (0, p) avec corps
résiduel parfait et p impair.

Introduction

For every ring A, the cyclotomic trace is a map of pro-abelian groups
tr: Ky(A) — TC,(4;p)

from the algebraic K-theory of A to the topological cyclic homology of A [2]. This
is a highly non-trivial invariant. For instance, it induces an isomorphism with Z/p-
coefficients in non-negative degrees, if A is a finite algebra over the ring W (k) of
Witt vectors of a perfect field of characteristic p > 0. There is a natural long-exact
sequence

. . 1-F . .
- — TC,(A;p) — TR (A;p) — TR (A;p) — TC 1 (A;p) — -+
and it is the pro-groups TR;I(A;p) which are our main object of study here. We
recall from [8, theorem A] that the limit TR,(A;p) coincides with the p-typical

curves on K 41(A) introduced by Bloch in [1]. Here and throughout we assume
that A is a Z,)-algebra with p an odd prime.
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Associated with the ring A, one has the topological Hochschild spectrum T'(A).
It has an action by the circle group T, and by definition

C e
TRq (A;p) = mg(T(A)»" )
is the gth homotopy group of the fixed points by the finite subgroup of the indicated
order. Usually these are very large abelian groups. But they are, as n and ¢ varies,

related by a number of operators, and the combined algebraic structure is quite
rigid. We call this structure a Witt complex over A. By definition, this is:

(i) a pro-differential graded ring E* and a strict map of pro-rings
A: W.(A) — E°
from the pro-ring of Witt vectors in A;
(ii) a strict map of pro-graded rings
F:Er—E",
such that A\F' = FA and such that for all « € A,
Fa((aln) = Allaln—1)" " dA((a]n-1),
where [a], = (a,0,...,0) € W,(A) is the multiplicative representative;
(iii) a strict map of graded E*-modules
V:F.E" | — E”
such that AV = VX and such that
FdV =d,
FV =p.
A map of Witt complexes over A is a strict map f: E* — E’* of pro-differential
graded rings such that \' = f\, F'f = fF and V' f = fV.

In the Witt complex E* = TR, (A;p), the map F is induced from the obvious
inclusion, V' is the accompanying transfer map, and the differential is induced from
the T-action. The structure maps in the pro-system and the map A are harder to
define. The map A turns out to be an isomorphism in this case [10, theorem F].

We write Wy for the category of Witt complexes over A. Using standard category
theory, we show:

THEOREM A. The category Wa has an initial object W.Q%. Moreover, the
canonical map T.: Q;V.(A) — W. Q% is surjective.
For a ring homomorphism f: A — A’, we have the direct image functor
fe: Wy — Wy

given by viewing a Witt complex over A’ as a Witt complex over A by replacing
the map A by the composite A W.(f). We show that this functor has a left adjoint

[P Wa — Way,
the inverse image functor. The universal properties imply that the canonical map
W. % — ffIW.Q%
is an isomorphism. The proof of the existence of f*, again, is by category theory.
However, in the case of the ring homomorphism

m: A — Alz]
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given by the inclusion of the constant polynomials, we can give an explicit descrip-
tion of the inverse image functor. If £ = E* is a Witt complex over A, we consider
the pro-graded abelian group

P(E) = P(E)*
where P(FE)? is given by the set of (finite) formal sums of the form

S ofieh + et e,

IS\ jJEN
n—1
303 (Vi@ ) + v el Vo),
s=1jel,
with the components a( ™) € EY and b(m) € E27! and with [z],, a formal variable

of degree 0. Addition is component wise, and the structure maps in the pro-system
are induced from the ones in E. If E' = E’* is a Witt complex over Alzx] and
if f: E — m.E" is a map of Witt complexes over A, there is an induced map of
pro-graded abelian groups

f: P(E)— E'

which maps the formal sum above to the sum

ST Fag N [l + 37 FOSHN ([N ([2],)

J€ENy JjeN
+ i S (VA N (i) + dv (68N (el .))
s=1 jeI,

in £;". The requirement that for all E" in Wa-, this be a map of Witt complexes
leaves only one possible way to define a product, a differential, and the maps F' and
V on P(E). The explicit formulas are given in section 4.2 below.

The construction P(F) may be explained as follows: The first two summands in
the formula above form the sub-pro-differential graded ring

Ep'< ®Z<p) Q%(p)[x] C P(E)*,
the Frobenius on P(F) induces the map of pro-graded rings

F=F@®F: E' ®z,, Y, 5] = BT @z Uz, [a)>

given on the second factor by F([z],) = [z]>_, and Fd[z], = [z]?~}d [z],—1, and

n—1 n—1

the Verschiebung on P(E) induces the (partially defined) map of pro-abelian groups
_ —1. * * * *

From this point of view, P(E) is the minimal extension of E* ® Q* el that admits
a globally defined Verschiebung operator.

THEOREM B. Let E be a Witt complex over A. Then P(E) is a Witt complex
over Alz], and the canonical map

m*E — P(E)

is an isomorphism.



This gives, in particular, the promised formula for the de Rham-Witt complex
of Alz] in terms of that of A. Indeed, the canonical map

PW.Q%) — W. Q*Am
is the inverse isomorphism. We also show:

THEOREM C. The canonical map
P(TR(A;p)) — TR, (Alz]; p)

is an tsomorphism.

The construction given in [13] of the de Rham-Witt complex for F,-algebras
proceeds in two steps. Firstly, one considers a category W’ (denoted VDR(A)
in op. cit.) whose objects in essence are Witt complexes without an F-operator.
This category has an initial object W/Q%, which can be constructed somewhat
more concretely. This works for all rings. Secondly, one constructs an F-operator
on W/Q* and proves that the combined structure is a Witt complex, which then
necessarily is the initial object of W4. The proof given in op. cit. works only for
Fp-algebras. For it uses that for a polynomial algebra over F,, the inverse limit
W'Qa = lim, W) % is torsion free, and this is not the case for a polynomial
algebra over Z,). We give a different proof based on theorem B. Hence, for every
Zp)-algebra we have:

THEOREM D. The forgetful functor Wa — W/, preserves initial objects.

Let V be a complete discrete valuation ring of mixed characteristic (0, p) with
quotient field K and perfect residue field k. Our second objective in this paper is to
generalize [9, theorem C] to smooth V-algebras. To state the result, we first recall
the notion of a log-differential graded ring from [14].

A log-ring (R, M) is a ring R together with a pre-log structure defined as a map
of multiplicative monoids «: M — R, and a log-differential graded ring (D, M) is a
differential graded ring D, a pre-log structure a: M — DY, and a map of monoids
Dlog: M — (D', +) such that da(a) = a(a)Dloga, for all a € M. We note that a
pre-log structure on R induces one on W,,(R) by composing with the multiplicative
map [ |]p: R — W,(R). The notion of a Witt complex and theorem A above
generalize to log-rings; see [9, §3] for details. The universal example is denoted
W. Qg ary- 1t generalizes the construction of Hyodo-Kato [12] for log-F,-algebras.

Let A be a smooth V-algebra, let Ay, = A®y k, and let Ax = A®y K. The
canonical log-structure on A is given by the inclusion

a: My =ANAy — A
In this situation, one has the localization sequence in K-theory,
it B 9
= Kq(Ar) — Kq(A) = Kq(Ag) = Kq—1(Ag) — ...

We constructed in [9, §1] a corresponding sequence

. i! . o . )
. — TR (Aw;p) = TRy (A;p) == TR, (A|Ak;p) = TRy-1(Akip) — ...
and a trace map from the sequence above. The groups TR, (A|Ak;p) form a Witt
complex over the log-ring (A, M4) with the map

dlog,: Ma — TRY(A|Ak;p)
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given by the composite
My = AN Ay — Ay — Ki(Ax) 2 TRP(A|Ak; p).
Hence, we have the canonical map from the universal Witt complex,
W. Q04 a,) — TRL(AJAK; D).
If we assume that p,» C K, there is, in addition, a unique ring homomorphism
Szypv (hpr) = TRL(A|AK;p, Z/p"),

which takes a generator ¢ € pi,» to the image by the trace map of the corresponding
Bott element be € Ko(K,Z/p"). In all we have a map of Witt complexes

W. a0y @2 Sz () — TRL(A| Ak p, Z/p"),

where on the left, the maps R, F', and V act as the identity on the second tensor
factor. The differential acts trivially on the second tensor factor.

THEOREM E. Let V' be a discrete valuation ring of mized characteristic (0,p)
with quotient field K and perfect residue field k, and assume that p is odd and that
tpr C K. Then for every smooth V -algebra A, the canonical map

W Q04 a4y @2z Szpp0 (1pr) — TR (A[Ak;p, Z/p")

is an isomorphism of pro-abelian groups.

It appears an interesting problem to formulate and prove the analog of theorem E
for p = 2. In this case, the right hand side of the statement is not a Witt complex
over A with the definition given here. For (dod)(z) = n-d(z), where n = tr(—1) =
dlog.(—1). This class is non-zero, for instance, if A = Z), but the square n? is
always zero, see Rognes [24, theorem 1.5].

Finally, we mention that at the same time as this paper was written, A. Langer
and T. Zink introduced a relative version of the de Rham-Witt complex [15], which
to a map of Z,)-algebras R — A associates a Witt complex W. Q*A/R. Hence, there
is a canonical map W. Q% — W. % .. This map is always surjective, but it is not
injective if R = Z,). The elements of the kernel are important for the relation to
K-theory. For example, we show in example 1.2.5 below that the map

dlog: Z/Z;P" — W.Qy [p"W. Q.

is an isomorphism of the domain onto the sub-pro-abelian group of the target fixed
by the Frobenius operator. It takes the class of exp(p/(p—1)), which generates the

: s 1 v 1 : :
domz.nn, to the class of > o, dV*(1). But W. QZP/Z(p) /D" W. QZ,,/Z(p)v in compari-
son, is zero. See also [4].

Unless otherwise stated, all rings considered in this paper will be commutative
and unital Z,)-algebras with p an odd prime. We denote by N (resp. by N,
resp. by I,,) the set of positive integers (resp. non-negative integers, resp. positive
integers prime to p). By a pro-object of a category C we mean a functor from N,
viewed as a category with one arrow from n + 1 to n, to C, and by a strict map
between pro-objects we mean a natural transformation. A general map between
pro-objects X and Y of C is an element of

Homp,o —¢(X,Y) = lim colim Home (X, Y5,).

We view objects of C as constant pro-objects of C.
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1. Witt complexes

1.1. We briefly recall Witt vectors and the de Rham complex. For a fuller
discussion, we refer the reader to [23, appendix] and [21], respectively.

The de Rham complex of a ring A is characterized by the following universal
property: given a differential graded ring E* and a ring homomorphism \: A — E°,
there exists a unique map of differential graded rings

Q4 — EF,
which in degree zero is given by the map A. It is also easy to construct. Let I be
the kernel of the multiplication A ® A — A. It is generated as an A-module by the

elements a® 1 —1®a, a € A. The two A-module structures on I define the same
A-module structure on QY4 = I/I?, and the map

d: A— QY

which takes a to (a®1—1®a)+ I? is a derivation. This is the universal derivation
from A to an A-module. One now defines the de Rham-complex to be the exterior
algebra
2y = AR,
with differential
d(aoday .. .day) = dagday . . . day,.

It is a differential graded ring and clearly has the universal property stated above.

The ring W,,(A) of Witt vectors of length n in A is the set of n-tuples in A but
with a new ring structure characterized by the requirement that the “ghost” map

w: Wp(4) — A"
)

which takes the vector (ag,a1,...,a,—1) to the sequence (wp, ws, ..., w,—1) with

i—1

pi p7 i
w; =ag +pay  +---tpaig

be a natural transformation of functors from rings to rings. If the ring A is p-
torsion free, the ghost map is injective. If, in addition, there exists a ring homo-
morphism f: A — A with the property that f(a) = a? modulo pA, then a sequence
(zo,...,Tn_1) is in the image of the ghost map if and only if

x; = f(z;—1) modulo p'A,

for all 0 < ¢ < n. The latter statement, the lemma of Dwork, encodes the congru-
ences needed to construct every map involving Witt vectors. As an example of how
this works, we construct the addition on W,,(A).

By naturality, it suffices to consider A = Z[ag, ..., an—1,bo, .- .,bn—1] and define
the sum of the vectors a = (ag,...,a,—1) and b = (bg,...,b,—1). The ring homo-
morphism f: A — A, which raises the variables to the pth power, is a lift of the
Frobenius, so we can use the lemma of Dwork to identify the image of the ghost
map. One verifies immediately that the sequence w(a)+w(b) is in the image of the
ghost map. Hence, there exists a vector s = (sg, ..., S,—1) such that

w(so, -+, 8n—1) = w(ag,...,an-1) +w(bg,...,bn_1),

and since A is p-torsion free, the vector s is unique. The only possible definition,
therefore, is that a + b = s.



The projection on the first n — 1 factors is a ring homomorphism
R: W, (A) - W,_1(A),

called restriction, and this makes W.(A) a pro-ring. There is a second ring homo-
morphism, the Frobenius,

F:W,(A4) - W,_1(4),
characterized by the formula

w(F(ag,...,an-1)) = (wi(a),...,wy—1(a)),
and a W,,(A)-linear map, the Verschiebung,
V:FW,_1(A) = W,(4)
given by
V(ao, . ,an_g) = (0, agy - .-, an_l).

Here the notation F,W,_1(A) indicates that W,_1(A) is considered a W, (A)-
module via the Frobenius F: W,,(A) — W,,_1(A). Thus, the linearity of the Ver-
schiebung is the statement that for all x € W,,(A) and y € W,,_1(A), the Frobenius
reciprocity formula 2V (y) = V(F(z)y) holds. The Frobenius and Verschiebung

both commute with the restriction. The Teichmdiller map is the multiplicative
map

[ Jn: A— Wi(A),
given by [a], = (a,0,...,0). In particular, [1],, is the multiplicative unit in W, (A).
The following relations hold

F(la]n) = [al} FV =p,

n—1°

where on the right, p denotes multiplication by p = [1] + --- + [1] (p times). In
general, it is very difficult, to describe the coordinates of the vector p - a in terms
of the coordinates of a. It is often convenient to display a Witt vector as

n—1

(ao, ey an_l) = Z Vi([ai]n_i).

i=0

1.2. The definition of a Witt complex over A was given in the introduction.
The following result will be used repeatedly throughout the paper.

LEMMA 1.2.1. Let EF be a Witt complex over A. Then
dF =pFd, Vd=pdV, V(zdy)=V(x)dV(y).

ProoOF. Let z,y € E};. Then
V(zdy) = V(xFdV(y)) = V(z)dV (y);
dF(z) = FdVF(z) = Fd(V(1)z) = F(dV(1)x + V(1)dx)
= FdV(1)F(z) + FV(1)Fdx = d(1)F(x) + pFdx = pFdx;
Vd(z) =V(1)dV(z) =d(V(1)V(x)) —dV(1) - V(z)
=dV(FV(1)x) - V(FdV(1)z) = dV (pz) — V(d(1)x) = pdV (x).
This completes the proof. (I



PrOOF OF THEOREM A. The existence of an initial object follows from the
Freyd adjoint functor theorem, [18, p. 116]. The category W4 clearly has all small
limits, so it suffices to verify the solution set condition. To this end, we show that
for every E = E¥ in Wy, the image of the map induced from A,

is a (sub) Witt complex of E. Since the isomorphism classes of such images form a
set, the proposition will follow. We must show that the Frobenius and Verschiebung
of E* preserves the image of the canonical map. To prove the statement for the
Frobenius, it suffices, since F' is multiplicative, to show that for all n > 1 and all
a € W, (A), FdA(a) is in the image of the canonical map. But, using the formula
a = lagly +V(la]a—1) + V3([az)u—2) + - + V" H([an-1]1),
we find
FdX(a) = M[ao]n-1)"""d\([ao]n—1) + d\([a1]n—1) + - - - + AV N[an-1]1),

and this sum clearly is in the image of the canonical map. The statement for the
Verschiebung follows immediately from lemma 1.2.1. This proves that an initial
object exists.

Finally, we show that the map . is surjective, or equivalently, that the inclusion
of the image E of this map is a surjection. Since F is a Witt complex, there is a
unique map W. Q% — EF of Witt complexes. But then also the composition

is a map of Witt complexes. And since W. Q% is the initial object, this composite

is the identity map. The statement follows. O

REMARK 1.2.2. Theorem A shows, in particular, that the canonical map
W.(A) — W. QY%

is surjective. In effect, this is an isomorphism. For E* = W.(A) is a Witt com-
plex over A. We will prove later that also the canonical map Q% — W% is an
isomorphism. The proof of this, however, requires theorem D.

The direct image functor f.: Wp — W, associated with a ring homomorphism
f: A — B takes E* to E* and replaces the map A by the composite AW.(f).

ProOPOSITION 1.2.3. The direct image functor f. has a left adjoint
[P Wa — Wp,

the inverse image functor.

PROOF. The proof, which is similar to the proof of theorem A, is an application
of the adjoint functor theorem, [18, p. 116]. Given an object E = E* in Wy, the
object f*E in Wg is the initial object in the over category E/f.. This category
has small limits, so we must verify the solution set condition.

We first construct, for all n > 1, a non-commutative graded ring T¥ which
depends only on E. Assume, inductively, that T)f_; has been constructed (we let
Ty = {0}), and let

Sy ={e,dele € W, (B) @w, (a) Ex} U{V(e),dV(€')|e' € T;i_,}
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be the graded set, where e and V' (¢’) are assigned the degree of e and €', respectively,
and where the degree of de and dV (¢’) is one higher than the degree of e and ¢'.
Then we define T to be the free non-commutative graded ring generated by the
graded set of S.

Given an object (D,¢: E — f.D) of the over category E/f., we recursively

define maps of graded rings
Uy T — D,
The given map of graded W, (A)-algebras ¢, : EX — f.D} induces a map of graded
W, (B)-algebras
Gn: Wn(B) @w,(a) B, — Dy,

and with ¢,,_1: T¥_; — D} _, already defined, we let ¢/,: S} — D2 be the map of
graded sets given by v (e) = $u(e), ¥n(de) = d(@n(e)), for ¢ € Wo(B) @w, (a) B
and by 1/fn(V(€/)) = V(¢n71(6/))7 wn(dv(e,)) = dv('l/}nfl(el))a for e’ € Ti:fl' Then
Yn: Ty — Dy, is the unique map of graded rings which extends v,.

One shows, as in the proof of theorem A, that the images I(p ,) = {im(¢n)}n>1
form a Witt complex over B, and that the map ¢’': E — f.I(p ), which takes
e€ BEltoy,(1®e) € I(% o) is a map of Witt complexes over B. Hence, the
canonical inclusion I(p ,y — D defines a map

(Ip,p), ¢ E— fl(py) — (D,p: E— f.D)

in the over category E/f.. Since the isomorphism classes of the objects of E/ f.
of the form (I(p),¢": E — fil(p,)) form a set, the solution set condition is
satisfied. O

ExXAMPLE 1.2.4. We consider W. Q%(m' In general, an integer invertible in A is

also invertible in W,,(A), and hence, the ring W,,(Z,)) is a Z,)-algebra. We claim
that as a Z,)-module,

n—1
Wa(Z) = [ Ze - V(1)
i=0
with the product given by
Vi) - VI(1) = p'VI(),

for 0 <7 < j < n. The first statement follows by an induction argument based on
the exact sequences

n—1
0 = Zpy ~—— Wa(Zp)) => Wa1(Zgy) — 0,

and the product formula is an immediate consequence of the relations F'V = p and
2V (y) = V(F(x)y). In general, it is difficult to find the coordinates of a € W, (Z,))
with respect to the basis V(1), 0 <i < n.

We can use the canonical surjection
Qé"n@m) - W”92<p>
to get an upper bound for the right hand side. The map is an isomorphism in
degree zero, and in degree one we have the relations that for 0 < i < j < n,
Vi1)dVI(1) = VH(F'dVI(1)) = VidVI (1) = p'dV7 (1),
VIi(1)dVi(1) = VI(FIdVi(1)) = VIFI~'d(1) = 0.
9



It follows that p‘dV?(1) and dVi(1)dV’(1) are zero, for all 0 < 4,5 < n. Hence
WHQ%(M vanishes for ¢ > 1, and there is canonical surjection

n—1

[Izwz aviq) - w.y .

i=0
In fact, this is an isomorphism. To prove injectivity, it suffices to find a Witt

complex E = E} such that the canonical map

n—1

IIz/vz-aviq) - E)
=0

is injective. We show in proposition 2.6.1 below that TR, (Z);p) is such a Witt
complex.

EXAMPLE 1.2.5. We next consider W. Q%p. One proves by induction on n > 1
that for all ¢ > 0 and v > 1, that the completion map induces an isomorphism

WnQ%m / p“WanZ(P) = W,LQ%p /p’ W,LQ%p
We wish to evaluate the map
dlog,,: Z;/Zi" — W, [p"W,Qf |

which to the class of = € Z} assigns the class of [z];, d[z],, € WnQ%p. We have

=2 [Wa+ > p @ —a? ) V(L)

0<s<n

where we use that the Z,)-module structure on W, Q) extends to a Z,-module
structure by continuity. Indeed, as one readily verifies, the two sides of the equality
have the same image by the ghost map, and the ghost map is injective. If we
differentiate this formula and multiply by [z];! = [#71],, we find that

dlog,z =Y p(@ 7D —1).qV*([1],—s).

0<s<n

In particular, the class of exp(p/(p — 1)), which generates the domain of dlog,,, is
mapped to the class of ) ___ dV*(1). It is not difficult from example 1.2.4 to
see that as n > 1 varies, the latter class generates the sub-pro-abelian group of the
target of dlog,, that is fixed by the Frobenius operator.

2. The Witt complex TR, (4;p)

2.1. In this paragraph we recall the Witt complex TR} (A;p) associated with
a ring A. Details may be found in [10], [9], [8], and [5]. See also [19].

Let G be a compact Lie group. The G-stable category is a triangulated category
and a closed symmetric monoidal category, and the two structures are compatible,
[16, 11.3.13]. The objects of the G-stable category are called G-spectra. A monoid
for the smash product is called a ring G-spectrum. We denote the set of maps
between two G-spectra T and T” by [T, T'|q

10



Associated with a pointed G-space X one has the suspension G-spectrum which
we denote by suspg (X) or simply by X. If V is an orthogonal G-representation, we
denote by SV the one-point compactification. Then the suspension homomorphism

[T,T"¢ = [TASY, T'ASY]c

is an isomorphism, [16, 1.6.1]. Let H C G be a closed subgroup, let ¢ be an integer,
and let T be a G-spectrum. We define the (derived) homotopy group

(T = [G/H, NS, T)g,

q

where the subscript + indicates the addition of a disjoint G-fixed basepoint. There
is a canonical isomorphism

g (T) 2= my (T,
where TH is the H-fixed point WgH-spectrum. More generally, given a pair of
closed subgroups K C H C G with K normal in H, there is a canonical isomorphism

T (T) = 7 /K (TF).

A map in the G-stable category is an isomorphism if and only if the induced map
of homotopy groups is an isomorphism, for all H C G and all ¢, [16, 1.5.12].

Let H C G be a closed subgroup. The diagonal map of the space G/H induces
a map in the G-stable category
A G/H+ — G/H+ N G/H+,
and if T and T” are G-spectra, this gives rise to a pairing

T (T) @ m (T') — wl (T AT).

If T is a ring G-spectrum, we may compose with the map of homotopy groups
induced by the multiplication p: TAT — T. This way the homotopy groups 7 (T')
form a graded ring, and if T is commutative, this graded ring is commutative in
the graded sense.

Finally, we mention the Segal-tom Dieck splitting, [25, Satz 2]. If H C G is
finite and if X is a pointed G-space, there is a canonical isomorphism

(2.1.1) P o (susp(E(Wu K) 1 Awyre X)) = wll (suspe (X)),
(K)

where the sum is over conjugacy classes of subgroups of H, and E(WgK) is the
universal cover of the classifying space B(WgK).

2.2. Let T be the circle group. Associated with every ring A one has the
topological Hochschild spectrum T'(A). This is a ring T-spectrum, and by definition,

TRy (A;p) = [STAT/Cpn-r4, T(A)]r,
where Cpn-1 C T denotes the finite subgroup of the indicated order. The maps
F: TR} (A;p) — TRy (A4;p),
(2.2.1) V: TR (A;p) — TRI(A;p),

d: TRy (A;p) — TR (A;p),
11



which are part of the structure of a Witt complex, are induced by maps in the
T-stable category

f:T/Cpn—2y = T/Cpa-iy,
(2.2.2) v T/Cpnory = T/Cpnozy,

§:T/Cpu-1y ANS' = T/Cpn-1y,
the definition of which we briefly recall.

The map f is induced by the canonical projection of T-spaces, and v is the
corresponding transfer map defined as follows. Let i: T/Cpn-2 — V be an em-
bedding into an orthogonal T-representation, and consider the product embedding
(pr,i): T/Cpn-2 = T/Cpn-1 x V. The normal bundle of the latter is trivial, and
the linear structure on V' gives a preferred trivialization. Hence, by the Pontryagin-
Thom construction, which collapses the complement of a tubular neighborhood to
the base point, we have a map of pointed T-spaces

T/Cpni ASY — T/Cpn-14 NSV,

and (under the suspension isomorphism) this induces the map v. Finally, the map
¢ is induced from a map of pointed T-spaces

§: T/Cpn-ry AS™ = T/Cpu-1y AS™.

The set of T-homotopy classes of such maps, if m > 2, is a direct sum of an infinite
cyclic group and a cyclic group of order 2, and the map ¢ is a generator of an
infinite cyclic summand. The induced map on reduced homology,

ﬁm-&-l(T/Op”*lJr A Sm+1) i} ~m-i-l(T/Cp"*Ur A Sm)a
takes the generator on the left which, under the canonical isomorphism
(X1 A S™) 2 Hy (X)),
corresponds to class of the point Cpn-1 in Hy(T/Cpn-1) to the generator on the
right which corresponds to the fundamental class [T/Cpn-1] € Hy(T/Cpn-1).
If we ignore 2-torsion, these maps satisfy the following relations
vf =p-id, fé=pdf, ov = pvd,
v f =9, 00 =0,
and hence the dual relations hold among the maps (2.2.1). Moreover, there are
further relations among the maps f, v, d, and the diagonal map A. The relations
(fANHA=AS, (f Nid)Av = (id Av)A,
shows that F' is a map of graded rings, and that V is a map of graded modules.
And the relation

(2.2.3)

A6 = (6 ANIdVIdAS) TV A,
valid up to 2-torsion, shows that d is a derivation. Here 7 permutes the appropriate

smash factors, and V is the fold map. The proof of these facts may be found in
[10, lemma 3.3] and [8, 1.4.2, 1.5.1].

REMARK 2.2.4. Up to 2-torsion, the full subcategory of the T-stable category
with objects T/Cpn-14 A S9, where 0 < ¢ < 2 and n € N, is equal to the ringoid
generated by the maps (2.2.2) subject to the relations (2.2.3). In more detail, if m
is the minimum of r and s, then:
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(i) The maps from T/Cps4 to T/Cpr4 form a free abelian group of rank m + 1
generated by f"v*~% with 0 <3 < m.

(ii) The abelian group of maps from T/Cps A S to T/Cpry is, up to 2-torsion,
the sum of a free abelian group of rank m + 1 and, for every 1 < ¢ < m, a copy of
Z/p'L. Tf r > s (vesp. if r < s) then f™"'v°7'¢ (resp. Jf"'v°~") is a generator
of a summand Z, and in either case, p" =0 f"*v® " — p*T ™ fTT 5§ generates a
summand Z/p™ ' Z.

(iii) The abelian group of maps from T/Cjps4 AS? to T/Cpr4 is, up to 2-torsion,
the sum for 1 < i < m, of a copy of Z/p™~'Z generated by 4 f"~‘v®~i6.

(iv) If ¢ > 0 then every map from T/Cpsy to T/Cpr+ A S? is zero.

This follows from the Segal-tom Dieck splitting, (2.1.1).

2.3.  An isomorphism f: G = G’ of compact Lie groups induces an equiv-
alence of categories f* from the G’-stable category to the G-stable category, [16,
I1.1.7). If H C G is a closed subgroup, we let H' C G’ be the closed subgroup
H' = f(H). Then for every closed subgroup H C G and every integer ¢, there is a
canonical isomorphism of G-spectra

G/H, NS f*(G'/H' A S?),
and this induces, for every G’-spectrum 7”, a canonical isomorphism

nl (f7(T) = w (1),

In the case of the circle group, we have the isomorphism
pp: T = T/C,

given by the pth root. If T is a T-spectrum, then T is a T/Cp-spectrum, and
hence, pj (T ©») is a T-spectrum. We have the canonical isomorphisms

CIJ"_ * ~ Cp”_ /C ~ Cp"—l
Tq ’ (pp(TCp)) = Tq ' p(TC”) = Tq (1),

and these are compatible with the maps F, V, and d induced from (2.2.2).

The topological Hochschild T-spectrum T'(A) is a cyclotomic spectrum in the
sense of [10, definition 2.2]. This implies that there is a a map of T-spectra

r: ph(T(A)%) — T(A).
Hence, we have the map
R: TRy(A;p) — TRy~ (4;p)
defined as the composite

7o (T(A) = g™ (pp(T(A))) 5 g™ (T(A)),

and this map commutes with the operators F', V', and d. Moreover, r is a map of
ring T-spectra, and hence R is a map of graded rings.
13



2.4. In order to construct the T-spectrum T'(A) we need a model category
for the T-stable category. The model category we use is the category of symmetric
spectra of orthogonal T-spectra, [20]. This model has a closed symmetric monoidal
product which induces the smash product on the T-stable category. We first recall
the topological Hochschild space THH(A). See [5, §1] and [10, §2] for more details.

If Ais aring and X a pointed simplicial set, the homotopy groups of the space
A(X) = [A{X}/A{zo}|

are canonically isomorphic to the reduced singular homology groups of |X| with
coefficients in A [22, theorem 22.1]. Here A{X} denotes the degree-wise free A-
module generated by X. Let St = A[1]/0A[1] be the standard simplicial circle and
let S be the smash product of i copies of S*. Then
A; = A(SY)

is an Eilenberg-MacLane space for A concentrated in degree i. It has a natural
¥;-action given by permuting the smash factors in S*. Moreover, there are natural
maps

CZSi—>Ai, M:Ai/\Ai’_’Ai—&-i’,
which are ¥;-equivariant and ¥; x Y;-equivariant, respectively. This constitutes a
symmetric ring spectrum A in the sense of [11], commutative if A is. The space
THH(E) is defined for every symmetric ring spectrum FE.

Let I be the category with objects the finite sets
Z:{1a27"'ai}7 7’207

and morphisms all injective maps. It is a strict monoidal (but not symmetric
monoidal) category under concatenation of sets and maps. Let E be a symmetric
ring spectrum and let X be a pointed space. There is a functor G (F; X) from
I**+1 to pointed spaces, which on objects is given by the pointed function space

Gr(E; X)(ig, ... ig) = F(S™® A~ AS™ Eig Ao A By AX).
The homotopy colimit

THH(E; X) = holim Gy (E; X)
o
is naturally the space of k-simplices in a cyclic space, and by definition
THH(E; X) = |[k] — THH;(F; X)|.

This is a T-space, [17, 7.1.4].

More generally, let (n) be the finite ordered set {1,2,...,n}. The product cate-
gory I is a strict monoidal category under component-wise concatenation of sets
and maps. (The category I (0) is the category with one object and one morphism.)
Concatenation of sets and maps according to the ordering of (n) defines a functor

Up: I — T,

but this does not preserve the monoidal structure. (The functor Ly takes the unique
object to 0.) We let G,(Cn)(E;X) be the functor from (I(™)*+1 to the category of
pointed spaces given by
G (5 X) = Gu(B: X) o (LUn)*,
14



and define
THH," (E; X) = holim G} (B; X).
(](n))k+1

This again is the space of k-simplices in a cyclic space, and we define
THH™ (E; X) = |[k] — THH\" (E; X)|.
It is a 3,, x T-space. If E is commutative, there is a natural product
THH™) (E; X) ATHH™ (E;Y) — THH™ Y (E; X A Y),
which is ¥, x ¥, x T-equivariant with T acting diagonally on the left.
Let V be a finite dimensional orthogonal T-representation. We define the (n, V)th
space in the symmetric orthogonal T-spectrum T'(E) by
(2.4.1) T(E)n,v = THH™ (E; S*"®V),

There are two T-actions on the this space: one which comes from the topological
Hochschild space, and another induced from the T-action on SY. There are also
two X,-actions: one which comes from the ¥,,-action on the topological Hochschild
space, and another induced from the permutation representation of ¥, on R"™. We
give T(E),, v the diagonal ¥,, x T-action. If E' is commutative, there is, in addition,
a X, X X, X T-equivariant product

T(E)my NT(E)nw — T(E)minvew-

This product makes T'(E) a monoid in the symmetric monoidal category of sym-
metric orthogonal T-spectra.

2.5. A pointed monoid is a monoid II in the category of pointed spaces and

smash product. The unit and multiplication are maps
e: SO - 11, pr ITATL — 1L
The (k + 1)-fold smash product
NP (1) = Ay
is the k-simplices of a cyclic space. The geometric realization
N(I) = |[k] — N> (ID)]
is a pointed T-space called the cyclic bar construction of II, see [17, 7.3.10]. It
comes equipped with a natural T-equivariant homeomorphism [2, 1.1, 2.3]
A NY(ID) & pr o (N (IT) St

If £ is a symmetric ring spectrum, then the Oth space Ey is a pointed monoid.
In the case ' = A, this is the underlying multiplicative monoid of the ring A with
basepoint 0. In the symmetric orthogonal T-spectrum 7'(E) defined above, the
(0,0)th space is

T(E)o,0 = N¥(Ey).
Hence, there is a canonical map
ket g (Pl 1 N (Eg) vt ) — my(phn 1 T(E)Srm1) = TRY (s p).
We define a map of pointed sets
wp: mo(Eo) — TRy (E; p)
15



to be the composite
A * — * —
m0(Eo) — mo(N (Eo)) = mo(pln-s N (Eo) o) & mo(phs T(E) 1),

where the left hand map is induced by the inclusion of the vertices. If F is commu-
tative, this is a multiplicative map. It is proved in [8, lemma 1.5.6] that for every
€T € ) (Eo),

(2.5.1) Fdwp(z) = wp_1(2)P  dwp 1 ().
For E = A, we now define the map

(2.5.2) A W, (4) = TR{(A4;p)

by the formula

Mag, ... a,) = z_: V¥ (wn—s(as)).
s=0

It is proved in [10, theorem F] that this is an isomorphism of rings. This completes
our recollection of the Witt complex TR, (A4;p).

2.6. Let S be the symmetric ring spectrum with S; = S%. This is the sphere
spectrum. It was proved in [2, 3.7], but see also [19, 4.4.4], that the unit for the
ring spectrum structure

suspp(S°) — T'(S)
induces an isomorphism of homotopy groups, for all integers ¢ and all finite sub-
groups of T. Hence, we have a canonical isomorphism

TR} (S;p) 2 [T/Cpn-ry A S, S 1.
The groups on the right are well-known, at least for small values of ¢, by (2.1.1). We
will use the result for 0 < g < 2. Under the isomorphism above, the multiplicative
unit corresponds to the map of T-spectra
e: T/Cpn-1, — S°
induced from the projection which collapses T/Cpn-1 to the non-basepoint in S°.
Composition with e defines a map
[T/Cpnfl_‘_ A SY, T/Opn—l_;’_]’]r — [T/Cpnfl_)'_ A S9, Soh‘.

If 0 < ¢ < 2, the group on the left was described, up to 2-torsion, in 2.2.4 above.
Since d is a derivation, ed is zero. This is the only extra relation. Hence:

(i) The maps from T/Cpn-1, to S 0 form a free abelian group of rank n generated
by ef*v® with 0 < s < n.

(i) The abelian group of maps from T/Cpn-1, A S1 to SO is, up to 2-torsion,
the sum for 1 < s < n, of a copy of Z/p*Z generated by ef*v*4.

(iii) Up to 2-torsion, every map from T/Cpn-1, A S? to S is null.

The unit map S — Z induces an isomorphism of homotopy groups with Lp-

coefficients in degrees less than 2p — 3. And the functor TR"(—;p) preserves con-
nectivity. Thus we have:

PROPOSITION 2.6.1. The group TRG(Zp);p) is a free Z,)-module of rank n
generated by V°(1), 0 < s <n. The group TRY (Zy,);p) is a sum for 1 < s <n, of
a copy of Z/p°Z generated by dV*(1). The group TRy (Z,y;p) is zero. O
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3. Polynomial extensions

3.1. In this section we prove theorem C of the introduction. We briefly recall
the statement. The ring homomorphism given by the inclusion of the constant
polynomials,

m: A — Alz],
induces a map of Witt complexes over A,
f: TR, (A;p) — m. TR (Alz]; p),

where on the right m, is the direct image functor. And as part of the structure of
a Witt complex, we have the map of pro-rings

A: W.(Alz]) — TRo(Ala]; p).

We wish to show that for all n > 1 and ¢ > 0, every element of TRy (A[z];p) can
be written uniquely as finite sum

7))+ 37 (F@EDACl) + SO (a]a) )

jJjeN

F 303 (VU M) + v A )

s=1 JjE€l,

(3.1.1)

with a7’ € TR (A;p) and b\ € TRI" , (A; p).

We recall that, by definition, the group TRy (A[x];p) is the gth homotopy group
of the T-spectrum
(3.1.2) pans T(Ala]) St

Let II = {0,1,z,2?%,...} be the sub-pointed monoid of A[z] generated by the vari-
able x. The T- space N ¢ (II) decomposes as a wedge sum

\/ N(L ) = NY(I),
1€Ng
where the ith summand is the realization of the pointed cyclic subset of N7 (II)

generated by the O-simplex 1, if ¢ = 0, and by the (i — 1)-simplex z A --- A x, if
i > 0. Hence, the T-spectrum (3.1.2) can then be expressed as a wedge sum

\/ £ T(A)Sm 1 AN (L, )
j€No

NV 5 T AN

s=1jel,

(3.1.3)

We recall below how this equivalence is defined and show that the homotopy groups
of (3.1.3) are given by the finite sums of the form (3.1.1). This will prove theorem C.

3.2.  We prove in [10, theorem 7.1] that the composite

A
S

T(A) AN (IT) == T(Alz]) A N (Afa]) = T(Ala]),
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where ¢ is the inclusion, is a natural equivalence of T-spectra. Since A and II are
commutative, this equivalence is multiplicative with the componentwise multipli-
cation on the left. This induces an equivalence of T-spectra

Pt (T(A) AN (D)t s g T(Afa]) O,
and the wedge decomposition of the T-space N (II) induces one of T-spectra
\/ P s (T(A) AN (IL0) o= 2 g (T(A) AN (1) o
i€Ng

Regrouping the wedge summands after the p-adic valuation of the index, we can
write the left hand side in the following way.

V Pt (T(A) AN (IL ")) St
J€No

n—1
VNV o (0nims (T(A) S22 AN (I p =15 ) St ) O

s=1jeI,
Finally, we have the the equivalence of T-spectra given by the pairing
P DAY A e NV (L, p*5) " = pu (T(A) A N (I, p ) "
and the T-equivariant homeomorphism
A: NV(IL j) = pjpo N (IL p"5) "

This gives the desired equivalence of T-spectra from the wedge sum (3.1.3) to the
T-spectrum (3.1.2).

3.3. We first consider the restriction of the equivalence described above to
the top summand in (3.1.3). This amounts to a map of T-spectra

P T(A) =1 AN () — pf T(Af])

which is multiplicative, if the left hand side is given the componentwise multiplica-
tion. Hence, the induced map on homotopy groups

7 (P T(A)Sm 1 A N (II)) — TR (Ale]; p)

identifies the left hand side with a sub-differential graded ring of the differential
graded ring on the right.

We recall the structure of the T-spaces N (II, ), but see also [10, section 7.2]
and [8, section 2.2]. The space N (II,0) is the discrete space {0,1}, and for ¢ > 0,
there is a canonical T-equivariant homeomorphism A*~1/C; = N (II,i). Here
A1 is the cyclic standard (i —1)-simplex, and the cyclic group C; acts through the
(co)cyclic operator 7;_1. We show in [10, section 7.2] that there is a T-equivariant
homeomorphism A?~! = T x A*~! such that, on the right, the cocyclic operator acts
on T by multiplication by e2™V=1/i and on A1 by the affine map which cyclically
permutes the vertices. It follows that the inclusion of the barycenter of A" gives
rise to a strong deformation retract of T-spaces

T/Cyy = NO(IL ).
18



The multiplication on N (II) restricts to a pairing of the ith and #'th summands
to the (¢+4')th summand. The equivalences above are compatible with this pairing
in that there is a homotopy commutative diagram of pointed T-spaces

NY(IL, i) A N (IL, ') —— N°Y(ILi + &)

T/CZJF AN T/Ciur _— T/C(i+i’)+a

where the lower horizontal map takes (2C;, 2/Cy/) to (2°2'" )/ G+ .

LEMMA 3.3.1. The map of differential graded rings
TR (A;p) @ Q) — TRI(Al2]; p)

which takes a ® 1 to f(a) and 1 ® x to A([z],) is an isomorphism onto the sub-

differential graded ring 7r*(p;‘)",lT(zﬁl)Cp”*1 A N (II)).

PrOOF. We first show that the map of the statement lands in the indicated
sub-differential graded ring. The map of components induced from the composite

I — N(IT) =5 pys N ()t — pr  T(Afa]) S

takes x' to A\([z]%). For by definition, the map Alx] — TRy (A[z]; p), which takes g
to A([g]n), is the map of components induced by the composite

Alz] = N (Afa]) 2 pyas N (Afa]) St — pir T (A[a]) S
And the composite
Ppna T(A) =1 = pr W T(A) = A NV(TL0) — s T(Aa]) S

where the left hand map is the canonical isomorphism, is equal to the map induced
from 7: A — Alx].

Let 2; € Ho(N (IT) be the image of the generator of Ho(T/Cy;) given by the
point C;. We show that the map of differential graded rings

gy = H (N (1)),
which takes x to z; is an isomorphism. The map in homology induced by the
product
T/Ciy NT/Ciry = T/Clivir+

takes the cycles C; @ Cy to the cycle C;y,/, and hence, x;x;; = x;4,. This proves
that the map is an isomorphism in degree zero. To prove that it is an isomorphism
in degree one, it suffices to show that #'~!dx is a generator of Hy (N (II,i)). But
ir""ldr = d(x') and d(x%) is i times a generator; compare [9, (2.1.2)] and (2.2.1)
and (2.2.2) above.

Since the homology of N%(II) is torsion free, the spectral sequence obtained
from the skeleton filtration of N (II) takes the form

E? = TR (A;p) ® H.(NY(ID) = m.(pl1 T(A) O A NY(ID)).
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The spectral sequence is concentrated on the lines Ej, and E7,, and hence all
differentials are zero. In particular, the edge homomorphism is an isomorphism.
We can write this as the composite

TR (A;p) ® Z[z] — TRE(A;p) © Q1) — Tulphua T(A) S~ A NV(ID)),

where the left hand map is the inclusion and the right hand map is the map of the
statement. It remains to show that the induced map

(TRY(A;p) ® )/ (TRY(A; p) @ Z[a]) — TR (A;p) @ Hy (N (IT))

is an isomorphism. The domain and range are both free TR.(A4; p) ® Z[x]-modules
of rank one. And the generator 1 ® dz = d(1 ® z) on the left maps to the generator
1 ® dx on the right. This completes the proof. (I

3.4. It remains to prove that the homotopy groups of the lower wedge sum-
mands in (3.1.3) correspond to the lower summands in (3.1.1). This follows from
lemma 3.3.1 and the following

LEMMA 3.4.1. Let T be a T-spectrum, let j € I, and let v: C;/C; — T/C; be
the canonical inclusion. Then for all integers q and v > 0, the map

VUt dVe: mg(T) & mq—1(T) = g (T AT/Cjp )"

is an isomorphism.

Proor. If X is a pointed Cpo-CW-complex, the skeleton filtration gives rise
to a spectral sequence

E;,t = st (TN XS/Xsfl)CpU) = msrt (T A X)va )-
And if the Cpo-action on X is free away from the base point, the canonical map
Tart (T A X)) 5 (mape(T A X))
is an isomorphism. And since, non-equivariantly, X;/Xs_; is a wedge of s-spheres,
there are Cpv-equivariant isomorphisms
Tort(T A X/ Xo 1) < m(T) @ me( X/ Xo_1) = m(T) @ Hy(Xs/ X 1)

Here the left hand map is the natural pairing and the right hand map is the Hurewitz
homomorphism. Hence, we have a natural isomorphism of chain complexes

B, = (m(T) ® Cu(X) ",

where C,(X) is the reduced cellular complex of X.

In the case at hand, we give X = T/C; a Cp»-CW-structure with one free cell in
dimensions zero and one. Let g be the generator ¢27/?" Cpe. Then the attaching
maps

as: D* x Cpo — X,
are given by ap(g") = ¢"C; and ay(z,g") = g"e™@EHN/PC; | respectively. We
define W (j) to be the complex of Z[C)p»]-modules which in degrees s = 0,1 is a free
Z[Cpv]-module on a single generator y, with differential d(y1) = (¢ — 1)yo. Then
the attaching maps define an isomorphism of complexes
W(j) = C(T/Cy),
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which takes y, to the image of the generator of H(D?®, dD?®) corresponding to the
standard orientation of D°. Since T is a T-spectrum the action of Cp» on m(T') is
trivial. Hence

E;,=m(T) Ny, s=0,1,
where N € Z[Cypv] is the norm element. Moreover,
(¢ =1)N=N—N =0,

so the d'-differential vanishes. The higher differentials are zero for degree reasons,
and hence, the groups 7,((TAT/C;4 ) ") are as stated, at least up to an extension.

It remains to show that the map of the statement is an isomorphism. We also
have a spectral sequence

Ely=mopt(T A X/ X 1) = mope(T A X).

In the case at hand, the same reasoning as above gives a natural isomorphism of
complexes

B, =m(T)® W(j).
It follows that Ef , = my(T) - yo and E} ; = my(T) - Ny;. The map
VO (T AT/Cyy) — mal(T AT/ )5)

induces a map of spectral sequences. With our identification of the E'-terms, this
corresponds to the norm map

N:my(T) @ W(j) — (me(T) @ W(5))“".

The induced map on Eg,t maps -y to - Nyg, and hence, is an isomorphism. We
also note that the induced map on Eft maps x - Ny; tox - NNy, = p¥z - Ny;.

Finally, we show that under the above identifications, the composite
B} = mo((T AT/Cy)%") 5 moa (T AT/Cy) O ) > BY,

takes = - Nyp to jz - Ny;. By naturality, we may assume that m;(7") is torsion
free. For given z € m;(T), we can find a map of T-spectra S* A T, — T such that
the induced map on homotopy groups maps a generator of m;(S* AT,) = Z to x.
Hence, it suffices to show that the composite

vq
Eg, — m((TAT/Cj) ) 25 mp (T AT/Cyp)7") — EX,

takes - Nyo to p¥jz - Ny;. But - Nyg = V?(x - yp), and hence it suffices to show
that the composite

B3, = m(T AT/Cip) S mpa (T AT/Cip) > B2,
takes x - yo to jx - Nyi. This is the statement that the map
Hy(T) ® Ho(T/C;) = Hy(T x T/C;) £ Hi(T/Cy)

takes [T] ® yo to jNy1, which is standard. O
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4. The functor P(—)
4.1. We first evaluate the Witt ring W, (A[x]).

LEMMA 4.1.1. Let A be a ring. Then every element ) € W, (A[z]) may be
written uniquely

f(n) = Z a((),j + Z Z VS (n S) 7L S)

j€No s=1j€l,

with ag?jﬁs) € W,—s(A4), and where all but finitely many agfljfs) are zero.

PROOF. Let @D, be the set of expressions of the form

5 =3 o] +Z S V@),

j€Ng s=1j€el,
with the components aglfs) € Wy_s(A), all but finitely many of which are zero.
We consider @),, an abelian group under componentwise addition. Moreover, inter-
preting the expression f(™) as an element of W, (A[z]) defines an additive map

and it is clear that this is an isomorphism, for n = 1. The proof of the general case
is by induction on n based on the diagram

Vn—l

0 Q1 Qn LS N 0

|, J

0 —— Alr] —X S Wi (Alz]) — 5 W1 (A[2]) —— 0.

The lower sequence is exact and the right and left vertical maps are isomorphisms
by the inductive hypothesis. It thus suffices to show that the upper sequence is
exact. The restriction R: Q,, — Qn_1,

n—2
RF™ = 3~ Raf}lalh + 3 3 V*(Ral; falaros),

jENg s=1jel,

is surjective since R: W, (A) — W,,_1(A) is surjective, and V"~ 1: Q1 — Q,,

V) = SVl S S V)

j€Ng s=1j€el,

is injective since the maps V™: A — W,,(A4), 1 < m < n, are injective. It is
also clear that the composite RV"~! is zero. Finally, Rf(™ vanishes if and only
if each a(n_s) is in the kernel of R: W,,_4(A) — W,_1_s(A), or equivalently, if

(n) —yn- 1— s( (1) ) Hence f(n 1) —yn— l(z (ij). 0

p'n. 1— :. JENU J
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4.2. Let m: A — Alx] be the inclusion of the constant polynomials. In this
paragraph, we give an explicit construction of the inverse image functor

T Wa — Wy

Let E = EF be a Witt complex over A, we let P(E) = P(E)* be the pro-graded
abelian group with P(E)% equal to the set of all (finite) formal sums of the form

Z a(n) + Z b(n) ] 1d

(4.2.1) e <
3D (Va0 alho) +ave s ),
s=1jel,

with components a( ™) € E? and b( ™) € E4-1. Addition is component-wise, and
the structure maps in the pro- system are induced from the ones in E. Given a Witt
complex E' = E'* over Alz] and a map f: E — m.E’ of Witt complexes over A,
the induced map of pro-graded abelian groups

(4.2.2) f: P(E)— E'

maps the formal sum (4.2.1) to the sum

S HaS )N () + D FOEDN (212~ N (2la)

]ENO jEeN
S5 (VU N ) + aV GO N el)
s=1jel,

in £;". The requirement that for all E" in Wa-, this be a map of Witt complexes
leaves only one possible way to define a product, a differential, and the maps F
and V on P(E). We give the formulas which define these operations. There are
several special cases to consider, and to enhance readability, we suppress all non-
essential indices. It is understood that the formulas are valid for all possible values
of non-restricted indices.

The differential

(4.2.3) d: P(E)4 — P(E)it!

n

is given by the following formulas:

d(V*(alz)) = (da)[z)! + (—1)9jalz)’ " d[z], ifs=0,
= dV*(alz)’), if s > 0;
(

The Frobenius

(4.2.4) F: P(E)



is given by
F(V*(ala]’)) = F(a)[a]", if s =0,
= pV* (a[z])’), if s> 0;
F(b[z) = d[a]) = F(b)[«]~ d[x];
F(av* (b)) = dv=="(b[z)).
The Verschiebung
(4.2.5) V:P(E)!_ | — PE)
is given by
V(V(ala]’)) = V= (ala]),
VOl dla]) = (=17 Zav (ble)

- <—1>q—1§v<<db>[xv>, if 0, (j) = 0,

= V(b)) T d[z], if v,(j) > 0;
V(dV* (b)) = pdV*+ (b[z]).
The product

(4.2.6) tn: P(E)! ® p(E)q’ N p(E)gL—&-q’

n

is given by
Vo (a2 WV (@ [2)) = pVE (FF 5 (a)d'[z]” ~7H7"), if0<s <&,
=p°V* (V¥ (ad)[x]? ")), if0< s =5 and
v=u,(j+j) <

=p*V¥ (aa')[x]pfsl(jﬂl), if0<s=s¢" and
v=1,(j+j) >
Vo (alz)) [2) " 'd[z] = ab [z)7T " d]z], if s =0,
= (=1)1 ——— V3 (d(aF* (b)) [z] 77
(1) T (d(aF*(V))[z] )
— (=1 q+q’ : pr _ AV (aF5 (b xj-i-;vsj' ,
(1) T (aF*(V)[x] )
if 0 < s;

AV Gfal )V (@ a]”) = V(P @by o]
p*j
P

j ’ !

VT E T ),

+ AV (F* =5 (b)a/[a]?” I+

if0<s<s,
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= VI )l O)

pS/j s'—v iy v U (j+5’
+ 7 AV (VY (ba!)[z]P ")

pvj s’ —v v V(44
_ i le (dv (ba’)[x]p G+ ))7

if 0 < s=s"and
v=u,(j+j) <,
= V¥ (d(b)a)[a]P~" G+
_ (_1)q+q’jvs/ (ba’)[m]pﬂ/(j“/)_ld[x},
if 0 < s=s" and
v = Up(j +.]/) 2 S/a

s—s’

= (D)W (P (da )T

pS/j s s—s'/ 1 i+ s—s' g1
S — Y J+p" T
v e ()

j/ _s' n s—s! .1
s F (@),
VR @)

if 0< s <s;

bla)  d[x] b'[x) " d]z] = 0;
s I’j /Ijlfl 7] = (— q—1+4q' 1 s s(1! IjerSj'
dve(blz) )V ]~ dfx] = (-1) TV (db F*(b)[x] )
Vb E (@) ),

+(—=1)7 - —
( )J+p°J'

if 0 < s;
AV (b[z]))dV® (W [2]) = (—=1)2dV* (F* =5 (db)b/ [2]7 "3+
(D VY A ) ],
ifo0<s<ys.
Finally, the map
(4.2.7) A: W, (Alz]) — P(E)
is given by
AV (a[z])) = V*(Ma)[a]’).
Here we use lemma 4.1.1 to write every element of W, (A[z]) as a sum of elements

of the form V*(a[z]?) with a € W,,_4(A).

THEOREM 4.2.8. The formulas (4.2.3)-(4.2.7) make P(W.Q%) a Witt complex
over Alz]. Moreover, the canonical map

W. Q) — P(W. Q)

is an isomorphism.
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PROOF. Suppose that P(W. Q%) is a Witt complex over A[z]. Then the com-
position of the map of the statement and the map

induced from the unique map W. Q% — w,.W. QZ[I] is a self map of W. Q”A[z]. But
the only self map of an initial object is the identity, and hence the map of the
statement is injective. It is surjective because the composition

Q. apag) = W QU — PV Q)
is surjective. We proceed to prove that P(W. Q%) is a Witt complex. The proof is
in two steps.

Suppose first that A is a finitely generated polynomial algebra over Z. We
prove by induction on the number of variables that P(W. Q%) is a Witt complex
and that the canonical map

W. Q4 — TR (Alz]; p)
is injective. The proof of the basic case A = Z,) and the induction step are similar.
In both cases, the starting point is the fact that the canonical map
W. Q% — TR.L(4;p)

is injective. We proved in proposition 2.6.1 that this true if A = Z(,), and in the
induction step, it follows from the previous case. It follows that the induced map

P(W. Q) — P(TR.(4;p))
is injective. But the canonical map

P(TR.(4;p)) — TRL(A[z]; p)

is an isomorphism by theorem C, and hence the canonical map

P(W. Q) — TR, (A[z]; p)

is injective. The definitions (4.2.3)—(4.2.7) were made such that this map is multi-
plicative and commutes with the maps d, F, V, and A. Hence, since TR, (A4[z]; p)
is a Witt complex over A[z], so is P(W. Q% ). Finally, in the diagram

P(W. ) & P(TR.(4;p))

W. Q%) — TRL(A[]; p)

the top horizonal map is injective and the vertical maps are isomorphisms. Hence
the lower horizontal map is injective.

Let A be a general Z,-algebra. To show that P(W.€%) is a Witt complex
over A[z] we must verify a number of relations. Each relation involves only a finite
number of elements from W.Q%. Hence, it suffices to show that given a finite set
of elements of W. Q% , we can find a ring homomorphism A’ — A from a finitely
generated polynomial algebra over Z,) such that this finite set of elements is in
the image of the induced map

W. v, — W. Q.
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Indeed, we already know that P(W.Q%,) is a Witt complex, so the corresponding
relations hold there. It is clear that given a finite set of elements of {27, (4)» We can

find A" — A, where A’ is a finitely generated Z,)-algebra, such that these elements
are in the images of Q*W.(A,) — Q%.(A)' And since Q*W.(A) — W. Q% is surjective,
we are done. 0

PROPOSITION 4.2.9. Let E be a Witt complex over A. Then the product (4.2.6)
and the differential (4.2.3) makes P(E) a pro-differential graded ring, and the
map (4.2.7) is a map of pro-rings. The Frobenius (4.2.4) is multiplicative, and
the Frobenius (4.2.4) and Verschiebung (4.2.5) satisfies Frobenius reciprocity.

PRrROOF. This is a long straightforward but tedious calculation which we omit.
Along the way one uses the relations among F, d and V in E. As an example, we
verify the associativity relation

(dV* (ala) )V [2]7 " d)b" 2" d[z) = AV (alel ) (B[ d[a]b o] d[2]).

The right hand side, by definition, is zero, so we must show that the left hand side,
too, is zero. This is easy if s = 0, so we consider the case s > 0. The product in
the parenthesis is equal to the unit (—1)7 /(j + p*j’) times

(—1)47LdVe(db F*(0')[2]7+P"9")  V*(db F* (db') []7P°T").

If we multiply the first summand by " [x]j”*ld[x] from the right, we get the unit
(=1)7"/(j +p*' +p*j") times

(=) V> (d(db F* (V) F* (") [a 4747707

+ (=11 HVR (d(db B2 (V) P (") [+

= (=1)9+9 p*dV® (db F* (db' ) F* (b") [} P77 47737

— PV (db P(db') P (db”) [ P79 PN,
Here we use the relation dF* = p°F*® in E. Similarly, the product of the second
summand with b”[z]7" ~1d[z] is the same unit (—=1)7" /(j + p*5’ + p*5”) times

s <11

s 11

(—1)9+9 V' (d(db F5 (db')) F* (b") [a]i+P 9 2"
— (_1)q+q’psdvs (db Fs(db/)Fs(b//)[x]j+psj/+psju)
= p°V*(db F*(db')F*(db") [I]j+p‘*j'+psj”)

_ (_1)q+q/psdvs (db Fs(db/)Fs(b//)[m]j+psj/+psj//).

The sums cancel as desired. O

PROOF OF THEOREM B. To show that P(E) is a Witt complex over A[z], it
remains to verify that for all f € Alz],
Fd([f1n) = M[fln-1)"" dA([fln-1).

This is a relation between elements in the image of the map P(W. Q%) — P(E)
induced by the unique map W. Q% — E. And the relation holds in P(W. Q%) by
theorem 4.2.8. Hence it also holds in P(FE).

The second part of the theorem is equivalent to the statement that the map

Homwy, (E,m.E’) — Homwy, (P(E),E,
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which takes f: E — m,E’ to the induced map f: P(E) — E’ is a bijection. The
inverse map takes g: P(E) — E’ to the composite

EL n,PE) % 1, E,
where the right hand map takes a € E4 to a[z]® € P(E)4. O

REMARK 4.2.10. The proof of [15, proposition 1.3] shows that

r(f) = FaA([f]n) = M[fln=1)" " dA([f]n-1)

is an additive function of f. This makes it possible to prove that r(f) = 0 without
the use of theorem 4.2.8, hence completing a purely algebraic proof of theorem B.

We conclude with the following result, which we shall need in paragraph 7 below.
LEMMA 4.2.11. Let E', E, and E" be Witt complexes and suppose there is a
long-exact sequence of strict maps of pro-abelian groups

q q q
...—>E.’qf—)E,qg—>E,”qh—>E,/q_1—>...

such that the maps commute with F', d, and V. Then there is an induced long-ezxact
sequence of strict maps of pro-abelian groups
ng I q 9° g h? ng—1

and the maps commute with F, d, and V.

PROOF. Indeed, as an abelian group P(E)? is the direct sum of copies of EZ,

n

and B4 with 1 <m < n. O

m

5. The de Rham-Witt complex of Bloch-Deligne-Illusie

5.1. For F,-algebras, [13] contains a construction of the de Rham-Witt com-
plex that is somewhat more concrete than the construction in theorem A. In this
paragraph we extend Illusie’s method to Z,)-algebras. We recall from [13, I] that
a V-pro-complex over A consist of:

(i) a pro-differential graded ring DF and a strict map of pro-rings
A: W.(A) — DY
(ii) a strict map of pro-graded abelian groups
V:Dr | — D’
such that AV = VX and such that for all z,y € D and a € A,
Vizdy) = V(x)dV(y),
V(z)dX(laln) = V(zA([a]n-1)""")dV (M([a]n-1))-

A map of V-pro-complexes over A is a strict map of pro-differential graded rings
f: D¥ — D'* such that ' = fA and V'f = fV.
There is a natural forgetful functor from the category of Witt complexes over A
to the category of V-pro-complexes over A,
Wa — WY.
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Indeed, the calculation
V(zdy) = V(zFdVy) =V (z)dV(y),
V(y)dX([aln) = V(yFdX((aln)) = V(yA(lah=1)dA(a]n-1))
= V(yA([alh21))dV (A([aln-1)),
shows that a Witt complex is a V-pro-complex upon forgetting the Frobenius.

The proof of theorem A shows that the category W/ has an initial object. A
more constructive proof is given by Illusie in [13, theorem 1.1.3]. We will need this
construction later on, so we include it here.

PROPOSITION 5.1.1. The category W'y has an initial object W! %, and the
canonical map Q*W.(A) — W! Q% is surjective.

PROOF. One recursively defines the differential graded rings W, Q% and the
maps R, V, and A, starting from W7 Q% = Q%. So suppose that for all n < m, the
differential graded ring W) Q% and the maps

R: Wy, ) — Wy, Q7,
VW — WO,
A: W (A) — W[5,

have been constructed such that R is a map of differential graded rings, V is addi-
tive, AR = RA, A\V = VA, and such that for all z,y € W,,_,Q% and a € A,

V(zdy) = V(z)dV(y),
V(z)dX(laln) = V(zA([a]n-1)""")dV (M([a]n-1))-
Suppose, in addition, that for all n < m, the canonical map
Q*WH(A) — W, Q)
is surjective. Then, one defines
Wvln :k4 = Qx{;Vm(A)/N:;w
where IV}, is the differential graded ideal generated by the elements

(5.1.2) Y VA@a))dV(Ayra) - dV(Ayia)),

for all 4, ¥Yio € Win—1(A) such that the sum
Y A@a)dA(yra) - - AN (i)

is equal to zero in W,,_; Q%, and by the elements

(5.1.3) V(A@)d([alm) — VAM@)A([alm—1)P~ 1)V (A([alm-1)),

for all a € A and © € W,,,_1(A). The unique map of differential graded rings
Q;V,,L(A) - T/an*Av

which extends AR: W,,,(A) — W/ _,QY, factors to give a map of differential graded
rings
R: W, Q% — W/ _ Q.
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The additive map
VW, Q% — W Q4
given by
V(A@)dA(y1) - - - dA(y:)) = V(A(@))dV (A(y1)) - - . AV (A(vi))

is well-defined and satisfies that A\V = VA and that for all z,y € W/,_,Q% and

a€ A,
V(zdy) =V (z)dV (y),

V(@)d([alm) = V(zA((a)m—1)"")dV (M[a]m-1))-
This gives a V-pro-complex W/ Q% . One verifies immediately that this is the inital
object in W,. O
LEMMA 5.1.4. The relation Vd = pdV holds in W! Q.

PROOF. It follows from the construction above that the map V is a map of

graded W, (A)-modules
Vi EW] Q% — W) QY

where on the left, W) _,Q% is considered a W,,(A)-module via the Frobenius F :
Wpn(A) — W,,_1(A). Hence,

V(dz) =V(1)dV(z) =d(V(1)V(z)) —dV(1) - V(z)
=dV(FV(1)z) = V(d(1)x) = pdV (z).
This proves the lemma. (]
LEMMA 5.1.5. Suppose that for the ring A, the canonical map
W Qs — W
is an isomorphism. Then the same is true for Alz].
PrROOF. Only the injectivity of the map of the statement is at issue. The
assumption of the lemma implies that the induced map
PW!Q%) — P(W.QY)

is an isomorphism of pro-graded abelian groups. We proved in theorem 4.2.8 above
that the right hand side is a Witt complex over A[z]. Therefore, the left hand side
is a V-pro-complex over A[x]. But then the canonical map

is an inverse of the map
induced from W! Q% — m, W/ Qj‘[x]. O

ProOOF OoF THEOREM D. We must construct a map
F: W, Q% — W, _,Q%
and show that this makes W/ Q% a Witt complex over A.

Suppose first that A is a polynomial algebra over Z(,) in a finite number of
variables. Then we claim that the canonical map

W' Qs — W.Q5
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is an isomorphism. By lemma 5.1.5 it suffices to consider the case A = Z,). And
in this case, the statement follows from example 1.2.4.

In the general case, we first construct a derivation
51 Wi(A) — W),
such that, once F' is defined, 6 = Fd\. Given a Witt vector
a = lagly +V([aJa—1) + -+ V" ([an-1]1),
we define
8(a) = M[aoln—1)""'dA([aoln-1) + dA([a1]n-1) + - + dV" 2 (A([an-1]1)).

In order to verify that § is a derivation, we may assume that A is a polynomial
algebra over Z,y in a finite number of variables. But in this case, the canonical
map

Wy — W.Qk

is an isomorphism, and the composite
Wa(A) S Wi, 5 W, 1
is equal to F'd\, which is indeed a derivation.

There is a unique map of graded W, (A)-algebras
F/: Q*WW(A) — F*W;lle*A

such that F'd\ = §: W, (A) — W/)_,QL, and we claim that F’ annihilates the
differential graded ideal N;. Indeed, it follows immediately from the definition of
d that 6(V(a)) = da, and hence, F’ annihilates elements of the from (5.1.2). And
the calculation

F'(V(M=))dA([a]n—1) = V(M2)M([a]n—1)P~1)dV (A([a]n-1)))
= p(M@)8([a]n—1) — M@)M([a]n—1)P " d(X([a]n-1))) = O,
show that F” annihilates the elements (5.1.3), too. Hence, the map F’ factors to
give a map of graded W, (A)-algebras
F: W, Q4 — W, 0.
It is clear from the way that F' was constructed that the canonical map
W, — wW.Qy

commutes with Frobenius operators. The map is an isomorphism, if A is a polyno-
mial algebra in finitely many variables over Z,). Hence, in this case, the operator
F satisfies the relations which makes W/ Q% a Witt complex. But then it satisfies
these relations for every Z,)-algebra; compare the proof of 4.2.8. O

6. Etale extensions

6.1. A map of rings f: A — B, we recall, is étale if it is finitely presented,
flat, and if QE/A vanishes; see [6, §17]. Let A be a ring in which p is a non-zero-
divisor, and let W,, ,(A) be the reduction modulo p¥ of the Witt ring W,,(A). We
show in proposition 6.2.2 below that if A — B is étale, then the induced map

Wpw(A) = Wy (B)
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is étale The analogous statement for F,-algebras was proved in [13, proposition
0.1.5.8], and the proof in the case we consider is similar.

We need a slight generalization of standard results about flatness and filtra-
tions, [3, chap. III, §5]. Let A be a ring and let Fil®* A, 0 < s < n, be a finite
descending filtration by ideals,

A=Fil’A>Fil'A> .- DFil"A=0.
The filtration is called multiplicative if for 0 < s,t < n, the multiplication maps
Fil® A @4 Fil' A — Fil*™" A.
If N is an A-module, we have the induced filtration Fil®* N, 0 < s < n, where Fil* N
is the image of the canonical map Fil* A®4 N — N.

LEMMA 6.1.1. Let Fil° A, 0 < s < n, be a finite descending multiplicative fil-
tration of the ring A, and let M be an A module. Suppose that gr’ M is a flat
g A-module and that the canonical map

Fil' A®a M — Fil' M
s an isomorphism. Then M is a flat A-module.

PROOF. The sequence
Tori (A, M) — Tori (gt A, M) — Fil' A@, M — M

shows that Tor?' (gr® A, M) vanishes. Since gr® M is assumed gr® A-flat, this implies
that Tor{ (N, M) vanishes for every A-module N which is annihilated by Fil' A.
Indeed, the change of rings spectral sequence

Ef’t = T01r%rO A(N7 Tor:;‘(gro A M) = Torert(N, M)
has vanishing F?-term in total degree one. In general, the short exact sequences
0—Fil*"" N S Fil’ N - gr* N — 0
give rise to exact sequences
Tor{! (Fil*™ N, M) — Tor{ (Fil* N, M) — Tor? (gr® N, M).

The right hand term vanishes by the above, since the module gr® N is annihilated
by Fil' A. But Fil" N is zero, and hence by easy induction, Tor{ (N, M) vanishes.
Thus M is a flat A-module. d

LEMMA 6.1.2. Let Fil® A, 0 < s < n, be a finite descending multiplicative filtra-
tion of the ring A, and let M be an A module. Suppose that for 0 < s < n, the
canonical map

gr® A ®g0 4 gr® M — gr* M

is an isomorphism. Then Fil®* A® 4 M = Fil® M is an isomorphism, 0 < s < n.

PRrROOF. The assumptions imply that the canonical map
er® AQa M — gr®° M
is an isomorphism. Indeed, the left hand map in the exact sequence

grf A Fil' M - gr* AQa M — gr* Ao, gt M — 0
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is zero. The statement now follows from the diagram

FilT Ao, M ——FilPA@s M ——gr* A®a M —— 0

| | I

0— > FlFT'M————FiPM ————gr* M ———— 0
by induction, starting from s =n — 1. O
LEMMA 6.1.3. Let f: A — B be a ring homomorphism, let I C A be a nilpotent
ideal, and suppose that Q%B/IB)/(A/I) vanishes. Then Q}B/A vanishes.
PRrROOF. In the short-exact sequence
0= IQp/4 — Qp/a — Vpja @4 A/T 0,

the right hand term is isomorphic to Q%B®AA/1)/(A/1)’ which vanishes by assump-
tion. Hence, the left hand map is an isomorphism. By simple induction, so is

I"Q}B/A -, QlB/A,
for all n > 0, and since I is nilpotent, Q}a/A is zero. O

6.2. If p is a non-zero-divisor in A and if f: A — B is flat, then p is a
non-zero-divisor in B. Indeed, this follows from the diagram

0— s A@sB—L3A®4B——A/p@s B——0
Fooo |
B B B/p 0.

We recall from [7, XIV, §1, prop. 2] that if f: A — B is an étale map of F-algebras,
then the following diagram, where ¢ is the Frobenius, is cocartesian.

(6.2.1) A—*sa

Ll

B—"5 B.

This means that we can write every b € B as a sum

b= Y W)

?

with b; € B and a; € A.

PROPOSITION 6.2.2. Let f: A — B be an étale map and suppose that p is a
non-zero-divisor in A. Then for all n,v > 1 and all 0 < s < n, W, ,(f) is étale
and the diagrams

Woo(A) 5 W, o (A) Wow(A) 25 W, o (A)
an,v(f) JWS,v(f) an,v(f) le,u(f)
Wy o(B) 25 W, o (B) Wyo(B) 25 W, o(B)

are cocartesian in the category of commutative rings.
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PROOF. Suppose first that v = 1. The V-filtrations of W,, 1(A4) and W,, 1(B)
are finite and multiplicative. But in order to apply the results of the previous
section, we must first show that the V-filtration of W, 1(B) is equal to the filtration
induced by the V-filtration of W), 1(A), or equivalently, that the canonical map

Wn’l(B) ®Wn,1(‘4) VSWn’l(A) — VSWnﬁl(B)

is surjective. This, we note, is equivalent to the statement that the left hand square
in the statement of the proposition is cocartesian. Indeed, there is a natural short-
exact sequence of W, ,,(A)-modules

0 — FSWi_1(A) L5 Wi (A) 25 Rr=sw, 1 (A) — 0,

and the left hand map has image VW, 1 (A). In particular, it will suffice to consider
the case s =n — 1. But the map

W1 (B) ®@w, (a) FI' AL — FI 7' By

takes [b], ®a to bpnflf(a)7 and hence, is surjective by (6.2.1). Indeed, fi: A; — By
is étale since f: A — B is. Hence, the V-filtration of W, 1(B) is equal to the
filtration induced from the V-filtration of W, 1(A). We can now conclude from
lemma 6.1.2 that the canonical map

Wnyl(B) Qw. (A) VSWn’l(A) — VSWn,l(B)

1
is an isomorphism, or equivalently, that the right hand square in the statement of
the proposition is cocartesian (with s and n — s interchanged). Indeed, the map
gry Wn1(A) @go w, 4y 81V W1 (B) — g1ty Wi 1 (B)
is naturally identified with the canonical map
0. A1 ®a, By — 0B,
and the latter is an isomorphism by (6.2.1).

We can now show that W, 1(f) is étale. First, W, 1(f) is finitely presented. To
see this, it suffices to show that gry, W, 1(f) is finitely presented. But this follows
from the isomorphism

By ®4, gry Wn,l(A) = gry Wn,l(B)a

since fi: Ay — By is finitely presented. Next, it follows from lemma 6.1.1 that
Wi 1(f) is flat; for f1: Ay — By is flat and the canonical map

Wn,l(B) ®W,,L11(A) VWn,l(A) - VWn,l(B)

is an isomorphism. Finally, since VW, 1(A) C W, 1(A) is a square-zero ideal,
and since QlBl/Al vanishes, lemma 6.1.3 shows that Q‘l,vn L(B)/ W1 (A) is zero. This
completes the proof of the proposition, if v = 1. '

In the general case v > 1, we consider the p-adic filtration of W, ,(A), which is
finite and multiplicative. Moreover, the canonical map

pSWn,v (A) ®Wn,1,(A) Wn,v(B) - pSWn,v(B)a

clearly, is an isomorphism. Hence, one can easily conclude from the case v = 1 that
Wp(f) is étale. It remains to prove that the two squares in the statement of the
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proposition are cocartesian. As we noted earlier, this is equivalent to the statement
that for all 0 < s < n, the canonical map

VSWn,v(A) ®Wn,v(A) Wn,v(B) - VSWn,v(B)

is an isomorphism. Injectivity follows immediately from the fact that W, ,(f) is
flat. For surjectivity it suffices to prove the case s = n — 1. It follows by induction
from (6.2.1) that every b € B can be written

b= a4V
with a; € A and b;,b’ € B. Hence
Vo) =D Vi an)[b] + p V),
which proves surjectivity. O

PROPOSITION 6.2.3. Let A — B be an étale map and suppose that p is a non-
zero-divisor in A. Then for all n,v > 1 and q¢ > 0, the canonical map

Waw(B) @w, ., (4) Wawllh — Wi
is an isomorphism.
PRrROOF. This is proved from proposition 6.2.2 by the argument of [13, propo-

sition 1.1.14]: to produce the inverse of the map of the statement one shows that
the left hand side is a V-pro-complex. g

PROPOSITION 6.2.4. Let f: A — B be an étale map and suppose that p is a
non-zero-divisor in A. Then for all n,v > 1 and q > 0, the canonical map

Wiw(B) @w, ,a) TRy (A;p, Z/p") — TR (B;p, Z/p")
is an isomorphism.
PROOF. The proof is by induction on n starting from the case n = 1, which
was proved in [5, proposition 3.2.1]. The proof of the induction step is similar to

the proof of [10, theorem 5.5]. In brief, there is a natural long exact sequence of
W, (A)-modules

- = WTRY(A;p, Z/p") — TR (A;p, Z/p") = R. TR} (A;p, Z/p") — ...

The base-change of this sequence along W, ,(f), which is exact since W, ,(f) is
flat, maps to the long-exact sequence of W, ,,(B)-modules

- — wTRX(B;p, Z/p") — TRZ(B;p, Z/p") = R. TR} L (B;p, Z/p") — ...
The map of the right hand terms,
Wi (B) @w, ,(a) R« TR (A;p, Z/p") — R. TR (B;p, Z/p"),

inductively, is an isomorphism, since the left hand square in the statement of propo-
sition 6.2.2 is cocartesian. In order to show that the map of left hand terms,

Wn,v (B) ®Wn,v(A) hTRZ(A7pa Z/pv) - hTRZ(B,pa Z/pv)a

is an isomorphism, we recall that there is a natural first quadrant spectral sequence
of W, »,(A)-modules

Eit = Hs(cp”?F;lil TR}k(Aapv Z/pv)) = hTRZ—l-t(A;p, Z/pv)v
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see the discussion preceeding [10, theorem 5.5] and also [9, §4]. The desired isomor-
phism now follows from the case n = 1, since the left hand square in the statement
of proposition 6.2.2 is cocartesian. O

7. Smooth V-algebras

7.1. In this paragraph we prove theorem E of the introduction. Let V' be a
complete discrete valuation ring of mixed characteristic (0, p) with quotient field K
and perfect residue field k. Let A be a smooth V-algebra, let Ay = A ®y K, and
let Ay = AQ®vy k.

LEMMA 7.1.1. Let A be a smooth V -algebra and let f: A — B be an étale map.
Then the canonical map is an isomorphism:

Wn,v(B) ®W »(A) TR‘Z(A|AK7P7 Z/pv) = TRZ(B|BKap7 Z/pv)

n,

PrOOF. We recall from proposition 6.2.4 that the canonical map
Wn,v (B) ®Wn,v(A) TRZ(Av p, Z/pv) - TRZ(Bv b, Z/pv)
is an isomorphism. We proved in [9, remark 1.5.8] that there is a long-exact se-
quence of W, ,,(A)-modules
- — TRY(Aw:ip, Z/p*) — TR (A;p, Z/p") 2 TRE(A| A p. Z2/p") — ...

where the left hand term is a W, ,(A)-module via i,: W, ,(A4) — W, ,(Ax). We
claim that also the canonical map

Who(B) @w, ,a) TRy (Ar; 0, Z/p") — TRy (Bx;p, Z/p*)

is an isomorphism. Since W, ,(A) — W, ,(B) is flat by proposition 6.2.2, the
obvious five-lemma argument completes the proof. To prove the claim, we first
recall from [8, proposition 2.4.4] that the canonical map

Wi(Br) @w, (a,) TRy (Ax; p) — TRy (Bk; p)

is an isomorphism; the proof is analogous to the proof of proposition 6.2.4 above.
A five-lemma argument based on the coefficient sequence

.= TR} (A p) 2= TR (Awip) — TRy (Akip, 2/p") 2 TR, (Awip) = - .
shows that the canonical map
Wi (Br) @w, ,a,) TRy (Ar;p, Z/p") — TRy (Bx;p, Z/p”)
is an isomorphism. Hence, it suffices to show that
Whw(B) @w,, ,(a) Wnw(Ak) = Wi o(Bk)

is an isomorphism. The statement for v implies the statement for v — 1, so we can
assume that n < v. Then W, ,(A;) = W, (Ax) and W, ,(B) = W,(Bg). We
proceed by induction on 1 < n < v starting from the trivial case n = 1. In the
induction step, we consider the short exact sequence of W,, ,(A)-modules

0— F 14, Y WA B RaW, 1 (Ay) — 0
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(the corresponding sequence for W, ,,(Ax) is not exact, if v < n). We wish to show
that the upper horizontal map in the diagram

Wow(B) @w, ,a) Fi " Ay ————— FP71B,
Wow(B) @w, 4y FIm " A®a Ay ——— FP 1B ®4 Ay,
is an isomorphism. But proposition 6.2.2 shows that the lower horizontal map is

an isomorphism, and the vertical maps are isomorphisms for trivial reasons. One
shows in a similar fashion that the map

Wn,’u(B) ®W,L,U(A) R*Wn—l(Ak) = R*Wn—l(Bk')
is an isomorphism. This completes the proof. O
We recall from the introduction that W. Qf M) denotes the universal Witt
complex over the log ring (A, My); see also [9, section 3.2].

LEMMA 7.1.2. Let A be a smooth V-algebra and let f: A — B be an étale map.
Then the canonical map is an isomorphism:

anu(B) ®Wn,v(A) anv Q((ZA,MA) l’ Wnsv Q((IB,MB)'
PRrROOF. This is similar to the proof of proposition 6.2.3. O

LEMMA 7.1.3. Let A be a smooth V -algebra. Then the canonical map
P(TR, (AlAk;p, Z/p")) — TR, (Alz]|Al2]k; p, Z/p")

is an isomorphism.

PrOOF. By theorem C, the canonical map
P(TR;(R; p)) — TR (R[x];p)
is an isomorphism, for every Z,)-algebra R. The coefficient sequence
n v n n U /8 n
-— TRy (R; p) LA TRy (R;p) — TRy (R;p,Z/p") — TRy _1(R;p) — ...,
by lemma 4.2.11, gives rise to a long-exact sequence
- = P(TR;(R;p)); 2 P(TR.(R; )y — P(TR(R;p, Z/p"))y — ...
which maps to the coefficient sequence
- — TRy (R[z];p) = TRy (R[z];p) — TRy (R[z]; p, Z/p") — ...

By theorem C, this map is an isomorphism of two out of three terms, and hence, of
the remaning terms. This shows that for every Z,)-algebra R, the canonical map

P(TR,(R;p, Z/p")) — TR.(R[x}; p, Z/p")

is an isomorphism. This applies, in particular, to R = A and R = Ai. A similar
argument based on the sequence

- TRy (A; p, Z/p") = TRy (A;p, Z/p") = TR (A Ak p, Z/p") — ..
completes the proof. O
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LEMMA 7.1.4. Let A be a V-algebra. Then the canonical map
POV 001y @2 S/ () = W Q) ) ©2 S (1)

is an isomorphism.

PROOF. Let m: A — A[x] be the inclusion of the constant polynomials. A
functor which has a right adjoint preserves colimits; in particular, it preserves
initial objects. It follows that the canonical map

* * *
WA aa) aapey) = T W Qa10)
is an isomorphism. Hence, by theorem B, we have a canonical isomorphism

w. Q?A[x],M ) = P(W. Q?A,MM)'

Alz

Finally, the canonical map
PW. 04 r1a) €2 Sz (1) — POV Qs ar) @2 Sz (1)

is an isomorphism, since F' (resp. d) is the identity map (resp. the zero map) on
the factor Sz, (ppe). For instance,

V() @(=V(waF () =V (&l

The lemma follows. (]

A pro-abelian group D is Mittag-Leffler zero, if for all n > 1, there exists m > n
such that the structure map D,, — D, is zero. A strict map f: D — D’ of pro-
abelian groups is an isomorphism of pro-abelian groups if and only if the kernel and
cokernel of f are Mittag-Leffler zero.

LEMMA 7.1.5. Let f: E — E’ be a map of Witt complexes and suppose that, as
a map of pro-abelian groups, [ is an isomorphism. Then, as a map of pro-abelian
groups, P(f): P(E) — P(E') is an isomorphism.

ProoF. Let K be the kernel of f: E — E’ considered as a strict map of pro-
abelian groups, and, by slight abuse of notation, let P(K) denote the kernel of
P(f): P(E) — P(E'’) considered as a strict map of pro-abelian groups. For n > 1,
we can find ¢ > 0 such that for all 1 < s < n, the structure map Es1; — Ej is
equal to zero. By inspection, we see that the structure map P(K),+; — P(K), is
zero, and hence, P(K) is Mittag-Leffler zero. A similar argument shows that also
the cokernel of P(f): P(E) — P(FE’) is Mittag-Leffler zero. O

PROOF OF THEOREM E. We recall from [6, corollary 17.11.4] that a V-algebra
A is smooth if and only if there exists relatively prime elements f1,..., f, € A and
étale maps
1
i’
K3
We first prove the statement for polynomial algebras. The proof is by induction

on the number of variables; the basic case A = V is the statement of [9, theorem
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C]. In the induction step, we assume the statement for A and consider the diagram
following diagram of pro-abelian groups.

P(W. QU aryy ©2 Sz/p0 () ——— P(TR; (A|Ak; p, Z/p"))

w. QTA[ILMA[zJ) ®z SZ/p” (:“p”) —— TR (Alz]|Alz]k;p, Z/p®).

The left and right hand vertical maps are isomorphism by lemmas 7.1.4 and 7.1.3,
respectively, and the top horizontal map is an isomorphism by lemma 7.1.5 and by
the assumption that the theorem holds for A. This proves the induction step.

Let A be a smooth V-algebra, let f: A — B be an étale map, and suppose that
the theorem holds for A such that the canonical map

W. 4 a4y Oz Sz () — TRL(A| Ak p, Z/p")

is an isomorphism of pro-graded W. ,(A)-modules. Then the map obtained by base-
change along W. ,,(f) again is an isomorphism, and hence, lemmas 7.1.2 and 7.1.1
show that the canonical map

W. X wy) ©2 Szppe (Hpe) — TRL(B|Bk;p, Z/p")

is an isomorphism.

The proof is completed by the following covering argument. Let E,, be a functor,
which to a smooth V-algebra A associates a W, ,(A)-module E, (A), and suppose
that for all f € A, the canonical map

Wn,v (Af) Qw,

n,v

(4) Bn(A) — En(Ay)

is an isomorphism. Let fi,...,f. € A be relatively prime elements. Then the
canonical map A — []; <i<r Ay, is faithfully flat, and hence, the Koszul complex

i

= Q) (A= Ayp)

1<i<r

is exact. Here we view A — Ay, as a cochain complex of A-modules with A
located in degree zero. The maps in this complex are alternating sums of A-algebra
homomorphisms. Hence, we obtain complexes W, ,(C*) and E,,(C*) by applying
Wpo(—) and E,(—), respectively, to each term of the complex C*. The former
complex is exact by an induction argument based on the natural exact sequences

0 — Win(Ap) Y Who(Af) B Wol(Af) — 0.

The terms of this complex are flat W, ,,(A)-modules by proposition 6.2.2. Hence,
also the common complex

Wn,v(C*) ®Wn,v(A) EH(A) = En(C*)

is exact. We now consider the map of Witt complexes E* — E’* from the statement

of theorem E. Then the complexes F!(C*) and E'%(C*) are exact, for all ¢ > 0,

by lemmas 7.1.2 and 7.1.1, respectively. We can choose fi,..., f. € A such that

the map of cochain complexes F!(C*) — E’4(C*) is an isomorphism in positive

degrees. But then this map is an isomorphism also in degree zero. (I
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