The Brouwer Fixed Point Theorem

Lars Hesselholt

THEOREM 1. Let D™ C R™ be the unit ball, and let f: D™ — D™ be a continuous
map. Then there exists © € D™ such that f(z) = z.

The topological space D™ may be replaced by any topological space X homeo-
morphic to D™. Indeed, if g: X — D" is a homeomorphism and h: X — X a
continuous map, the theorem shows that the composition f = ghg~': D® — D"
has a fixed point x € D"™. But then y = g~ !(z) € X is a fixed point for the map h.
For example, D™ may be replaced by any rectangle

X = [al,bﬂ X [ag,bg] X e X [amb”] c R™.

The theorem has important applications in economics. It is used to prove that, in
economic theories, an equilibrium exists. The theorem, however, does not reveal
how to find the equilibrium.

To prove the theorem, we assume that it is false and show that this leads to a
contradiction. So let f: D™ — D™ be a continuous map and assume that f(z) # «,
for all x € D™. We then define g(z) € S"~! = D" to be the intersection of S"~!
and the half-line beginning at f(z) and passing through x:

In particular, g(x) = x, for x € S"~1. It is also easy to see that g(z) is a continuous
function of x € D™. Indeed, by definition, we have

g(x) =tx + (1 -t)f(z)
where t is the unique positive solution to the quadratic

(tw + (1 — ) f(z), to + (1 — ) f(z)) = L.
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Here (—,—) is the inner product on R™. In conclusion, given a continuous func-
tion f: D™ — D™ with f(z) # z, for all z € D", then we obtain the following
commutative diagram of topological spaces and continuous maps.

L g

gn—1 C D Sn—1

We wish to prove that such a diagram cannot exist.

The method of algebraic topology is to construct an algebraic “image” of our topo-
logical situation. We now introduce one such “image” and refer to the book [1]
for a detailed treatment. Let M be a smooth manifold, possibly with boundary,
such as M = D™. Then we have the notion of a differential g-form w on M. The
differential dw of a differential g-form on M is a differential (¢ + 1)-form on M. We
say that w is a closed differential ¢-form, if dw = 0, and we say that w is an exact
differential g-form, if w = dn, for some differential (¢ — 1)-form 1. The set of all
closed differential g-forms on M forms a real vector space, and the set of all exact
differential g-forms on M forms a real subspace of this vector space. These vector
spaces are both infinite dimensional. However, the quotient vector space

_ {closed differential g-forms on M}

q
Han(M) = {exact differential ¢-forms on M}

is often a finite dimensional vector space. This is true, for example, if M is compact,
but it is not trivial to prove so [1, Prop. 9.25]. The vector space Hjig (M) is called
the gth de Rham cohomology group of M. Suppose that f: N — M is a smooth
map from the smooth manifold N to the smooth manifold M. Then a differential
g-form w on M gives rise to a differential ¢-form f*w on N called the pull-back of
w by f. If wis closed, then also f*w is closed, and if w is exact, then f*w is exact.
Hence, we have a well-defined map f*: Hig (M) — Hig (N) that takes the class of
the closed differential g-form w to the class of the closed differential g-form f*w.
The map f* is a linear map from the real vector space Hiy (M) to the real vector
space Hjp (N). More generally, by using the Weierstrass approximation theorem,
one can associate to every continuous map f: N — M, a linear map

fre Hig (M) — Hig (N);
see [1, pp. 40-41]. This association has the following properties:

(ii) (fog) =g o f"
We say that Hip(—) is a functor
smooth manifolds| Hiz(-) [real vector spaces
. —— .
continuous maps linear maps

from the category of smooth manifolds and continuous maps to the category of
vector spaces and linear maps. We explain two basic results that make it possible
to calculate the groups Hiy (M) for every manifold.

Let f,g: N — M be two continuous maps. Then a homotopy from f to g is
defined to be a continuous map H: N x [0,1] — M such that H(z,0) = f(z) and
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H(z,1) = g(x), for all z € N. We say that f,g: N — M are homotopic maps, if
there exists a homotopy from f to g. The following result is [1, Thm. 6.8].

PROPOSITION 2. Let f,g: N — M be two homotopic continuous maps between
smooth manifolds with boundary. Then the induced maps

ff=g" HgR(M) - HcLi]R<N)

are equal.

We use this result to show:
COROLLARY 3. The de Rham cohomology groups of the unit ball are given by

=0 00

where 1: D™ — R is the constant function with value 1.

PROOF. Let i: {0} — D™ be the inclusion of the origin, and let p: D™ — {0}
be the map that sends every point in D™ to 0. We claim that the induced maps

s

H({0}) = Hp (D)

-

are the inverses of each other. Indeed, we have p o4 =idygy, and hence
i op" =(poi)" = (idfoy)" = idgs_ (o} -

The composition i o p: D™ — D™ is equal to the map that takes every x € D" to
the origin 0 € D™. But the map H: D" x [0,1] — D™ defined by H(x,t) =tz is a
homotopy from i o p to the identity map of D™. Therefore, by Prop. 2,

p* Oi* = (Z Op)* = (lan)* = ingR(Dn) .

Now, it follows immediately from the definition that Hj, ({0}) is equal to R - 1, for
¢ =0, and is zero, for ¢ > 0. This shows that Hjy(D") is as stated. O

The second basic result is the Mayer-Vietoris sequence [1, Thm. 5.2, Rem. 9.30].
We remark that an open subset U C M of an n-dimensional smooth manifold with
boundary is again an n-dimensional smooth manifold with boundary.

PROPOSITION 4. Let M be a smooth manifold with boundary, and let Uy, Us C M
be two open subsets with Uy UUy; = M. Then there is a long-exact sequence of real
vector spaces and linear maps

o H (M) S Y (U) e HY, (Us) EE B (UnU) B B (M) — -

where is: Ug — M and js: Uy NUs — Ug are the inclusion maps.

Here, we recall, that the sequence V' ER V L V" of real vector spaces and linear
maps is said to be exact at V, if the kernel of ¢ is equal to the image of f. The
long-exact Mayer-Vietoris sequence is exact at every position.

3



COROLLARY 5. The de Rham cohomology groups of the unit sphere are given by

R-1pR- =
HgR(SO) = v o (=0
0 (¢ >0),
form =0, and by
R-1  (¢=0)
Hip(S™) ={R-&n (¢=m)
0 otherwise,

for m > 0, where 1: S™ — R is the constant function with value 1, and where &,
is a class that will be defined in the proof.

PROOF. The proof is by induction on m > 0. First, if m = 0, then
SO={zeR||z| =1} ={-1,+1}
Hence, it follows immediately from the definition that

R-1gp@R-1_y) (¢=0)
HgR(SO):{O (+1) (=D (q>0)

where 1(41): S° — R (resp. 1(_1): S — R) denotes the function whose value at +1
(resp. —1) is 1 and whose value at —1 (resp. +1) is 0. We define §o = 141y —1(_1).
Since 1 = 1(41) + 1(_1), the statement for m = 0 follows.

To prove the induction step, we assume that the statement has been proved for
m — 1 and prove it for m. We let U, U_ C 5™ be the open subsets

Uy = 8™~ {(0,...,0,+1)}
U_ = 8™~ {(0,...,0,—1)}

obtained by removing the north and south pole, respectively. Then, from Prop. 4,
we obtain the long-exact sequence

0 —HR(S™) — HR(Uy) @ HiR(U-) — HiR (UL NU-)

9 m
o HR(S™) = Hi(U) © Hi(U-) — Hi (U 0U-)

9 m
—H{p(S™) = Hip(Us) ® Hig (U-) — Hig(Up NU-) — -

We first evaluate the groups Hip(Us). Let iy: {(0,...,0,—1)} — U; be the
inclusion of the south pole, and let p: Uy — {(0,...,0,—1)} be the map that
takes every point in Uy to the south pole. Then p; oy is equal to the identity
map of {(0,...,0,—1)}, and iy op is homotopic to the identity map of Uy. Indeed,

H+Z U+ X [071] — U+
defined by

te+ (1 —1)(0,...,0,—1)

"tz + (1= 5)(0,..,0,-1)]
4
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is well-defined and provides a homotopy from iy o py to idy, . Therefore, we may
argue, as in the proof of Cor. 3, that

R-14 (¢=0)
Hip(Uy) = *
4. (U2) {0 oo
where 14 : Uy — R is the constant function with value 1. Similarly,
R-1_ (¢=0)
Hi (U_) =
ar(U-) {0 (q>0),

where 1_: U_ — R is the constant function with value 1. Next, we consider
U, nU_- =5"~{(,...,0,-1),(0,...,0,+1)}.
We define i: S™~! — U, NU_ and p: Uy NU_ — S™~! by
i(x1, .., xm) = (1, -, Tm,0)

T1,...,T
p(T1, . Ty Tg1) = —( 21’ m)2 .
1/1-1+...+$m

Then poi = idgm-1 and 7o p is homotopic to the identity map of Uy NU_. Indeed,
a homotopy group ¢ o p to the identity map U, NU_ is given by the map

H:(U:NU-)x[0,1]=UsNU_
defined by
(‘Tlv s 7Im,tl'm+1)

a4 42, + 2

H(zy,...,Tm, Tmy1,t) =

Therefore, we conclude from Prop. 2 that
P Hip(S™ 1) — Hi (U NU-)

is an isomorphism. The value of the right-hand group is given by the inductive
hypothesis.

We now return to the long-exact sequence (6). We consider the cases m = 1 and
m > 1 separatedly. Suppose first that m = 1. Then the sequence takes the form

0— Hp(S") = R-1; 8R-1_ - R-14 @R 1y 2 Hlp(SY) — 0
and the middle map takes both 1, and 1_ to 111y — 1(_1) = &o. Therefore,

R-1 (¢=0)
Hip(8Y)=qR-& (¢=1)
0 (¢>1),

where 1: S' — R is the constant function, and where & = d(1). Finally, for m > 1,
the long-exact sequence (6) shows that

R-1  (¢=0)
Hig(S™)={R-&m (¢=m)
0 otherwise,

where &, = 8(p*(£m—1))' O



We now complete the proof of Thm. 1. Assuming the theorem to be false, we have
obtained the following commutative diagram of smooth manifolds with boundary
and continuous maps:

L g

gn—1 C D" gn—1
0]

We apply the functor H'z'(—) to this diagram. Then we obtain a commutative
diagram of real vector spaces and linear maps. For n > 1, Cor. 3 and 5 show that
this diagram takes the form:

R-&1 ¢—— 0 +— R-§
T

The composition of the top horizontal maps takes &, 1 to 0-&,_1 while the lower
horizontal map takes &,,_1 to 1-&,_1. This is a contraction. For n = 1, Cor. 3 and 5
show that the induced diagram of de Rham cohomology groups takes the form:

R-1&R-&H«+— R 1+ R-1BR-&
T

This again gives a contraction. Indeed, the image of the composition of the top
horizonal maps is a proper subspace of the vector space R-1 & R - &, while the
image of the identity map is the full vector space R-1 P R - &;. Hence, we conclude
that the theorem cannot be false. Therefore, it is true.
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