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We first consider the following situation. Suppose that we have N robots that we
wish to move around on a factory floor without collisions. For simplicity, we will
assume that each robot is a point and that the factory floor is R2. In particular,
there are no obstacles for the robots to avoid. Then the set of all possible ways of
positioning the N robots is

C̃N (R2) = {(x1, . . . , xN ) ∈ (R2)N | xi 6= xj for i 6= j }.

It is an open subset of the topological (vector) space (R2)N = R2N and is called
the configuration space of N ordered and non-colliding particles in R2. We call an
element ξ = (x1, . . . , xN ) ∈ C̃N (R2) a configuration.

The movement of the N robots on the factory floor is mirrored by the topology
of the space C̃N (R2). For example, the statements “It is possible to move the
N robots from any one configuration ξ to any other configuration ξ′” and “The
topological space C̃N (R2) is path connected” are equivalent. (Exercise: Argue that
the statements are true.)

In actual production, the N robots will typically move in a periodic pattern, where
they begin at some configuration ξ, then move around on the factory floor, and
finally return to the original configuration ξ. This movement is described by a
continuous map F : R → C̃N (R2) such that F (t + n) = F (t) and F (n) = ξ, for all
t ∈ R and n ∈ Z, or equivalently, by a continuous map

f : S1 → C̃N (R2)

from the circle S1 = R/Z with the property that f(Z) = ξ. The figure
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illustates such a continuous map with N = 5. It would not be advisable to let the
robots move as illustrated in this figure: The sudden changes of direction would
cause the robots to vibrate violently and break apart.

We briefly recall the definition of the fundamental group π1(X,x) of a topological
space X with a chosen base-point x ∈ X. Two continuous maps f, g : S1 → X such
that f(Z) = g(Z) = x are said to be homotopic, if there exists a continuous map

h : S1 × [0, 1]→ X

such that h(t+ Z, 0) = f(t+ Z) and h(t+ Z, 1) = g(t+ Z), for all t+ Z ∈ S1, and
such that h(Z, s) = x, for all s ∈ [0, 1]. Then π1(X,x) is the set of homotopy classes
of continuous maps f : S1 → X such that f(Z) = x equipped with the following
group structure. If [f ] denotes the homotopy class of the map f , then the product
is defined by [f ] ∗ [g] = [f ∗ g], where

(f ∗ g)(t+ Z) =

{
f(2t+ Z) (t ∈ [0, 1/2])
g(2t− 1 + Z) (t ∈ [1/2, 1]),

the inverse is defined by [f ]−1 = [f̄ ], where f̄(t + Z) = f(−t + Z), and the unit
element is the class e of the constant map with value x.

In the case at hand, the fundamental group is Artin’s [1] pure braid group

PN = π1(C̃N (R2), ξ).

The elements of this (infinite) group represent the essentially different ways in which
the N robots can move around periodically from the initial configuration ξ without
collisions. We remark that the higher homotopy groups πq(C̃N (R2), ξ) with q > 2
are all trivial [3, Cor 2.3].

We mention a related situation. If the N robots are all the same kind, we would not
insist that they return to exactly the same configuration ξ = (x1, . . . , xN ) after each
production cycle. Instead, we would ask only that they return to some permutation
ξσ = (xσ(1), . . . , xσ(N)) after each cycle. This situation may be described as follows.
The symmetric group ΣN acts freely on the space C̃N (R2) by the rule

σ · (x1, . . . , xN ) = (xσ(1), . . . , xσ(N)).

The orbit space CN (R2) = C̃N (R2)/ΣN is called the configuration space of N
unordered non-colliding particles in R2. Let ξ̄ = ξΣN be the orbit through ξ. Then
the movement of the N robots described above corresponds to a continuous map

f : S1 → CN (R2)

such that f(Z) = ξ̄. In this case, the fundamental group is Artin’s [1] braid group

BN = π1(CN (R2), ξ̄).

By covering space theory, we obtain the following extension of groups

1→ PN → BN → ΣN → 1.

We remark that it was proved only very recently that the group BN can be em-
bedded as a subgroup of GLn(C), for some n [2]. Our assumption here that robots
are points and that they navigate in a workplace without obstacles is of course not
very realistic. There is vast literature on robot motion planning in more realistic
situations [5, 6].
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We next consider configuration spaces of a robotic arm or mechanical linkage. We
consider only planar mechanical linkages. We begin by making a precise definition.
An oriented graph Γ+ = (V,E+, s, t) is a finite set V of vertices, a finite set E+ of
oriented edges, and two functions s, t : E+ → V called source and target. A map of
oriented graphs f : Γ+ → Γ′+ is a pair of maps fV : V → V ′ and fE : E+ → E′+ such
that s′fE = fV s and t′fE = fV t. For every oriented graph Γ+ = (V,E+, s, t), the
opposite oriented graph is defined by Γ∗+ = (V,E+, t, s). A graph Γ = (V,E+, s, t, f)
is an oriented graph Γ+ = (V,E+, s, t) and a map f : Γ+ → Γ∗+ such that fV = idV
and fE is an involution. The edges of the graph Γ = (V,E+, s, t, f) is defined to be
the set E of orbits for the involution fE on E+. An abstract linkage L = (Γ, V0, `)
is a graph Γ, a subset V0 ⊂ V of the set of vertices called the set of fixed vertices,
and a function ` : E → (0,∞). A planar realization of the abstract linkage L is a
map φ : V → R2 such that, if the edge e connects the vertices v and v′, then

d(φ(v), φ(v′)) = `(e).

This definition allows for many examples of abstract linkages that have no planar
realizations at all. The following two abstract linkages are such examples.

• •
1

2
• 1

Now let L be an abstract linkage. We will now assume that L has a planar real-
ization. Then, for every fixed vertex v, we choose a point p(v) ∈ R2 such that, for
every edge e connecting two fixed vertices v and v′, we have d(p(v), p(v′)) = `(e).
We define the configuration space of the abstract linkage L to be the subspace

C(L) ⊂ (R2)V

of all planar realizations φ : V → R2 such that, for every fixed vertex v, φ(v) = p(v).

It is now high time to consider an example. We let L be the following abstract
linkage with all edges of the same length r and with the vertices A and B fixed.

• •

••
A

B C

D

r

rr

r

The space C(L) consists of three circles that pairwise intersect in a single point.
Indeed, the three circles are parametrized by the angles θ1, θ2, and θ3 indicated
by the following figure. The circles parametrized by θ1 and θ2 intersect in the
point where θ1 = π/2 and θ2 = π, the circles parametrized by θ1 and θ3 intersect
at θ1 = 3π/2 and θ3 = π, and the circles parametrized by θ2 and θ3 intersect at
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θ2 = θ3 = 0.
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The following abstract linkage, where r = 2s, is called the rigidified square. Its
configuration space consists of a single circle.
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In particular, in this case, the configuration space is a smooth manifold. In turns
out that the following general theorem holds [4, Cor. C]:

Theorem. Let M be a compact smooth manifold. Then there exists an abstract
linkage L such that the configuration space C(L) is diffeomorphic to the disjoint
union of a finite number of copies of M .

We briefly outline the steps in the proof. First, we note that the configuration
space C(L) ⊂ (R2)V naturally has the structure of a real algebraic set. Indeed, we
may equivalently define C(L) ⊂ (R2)V to be the set maps φ : V → R2 that satisfy
the following polynomial equations: If the edge e connects vertices v and v′, then
d(φ(v), φ(v′))2 = `(e)2, and if v is a fixed vertex, then φ(v) = p(v). Next, based
on a theorem of Nash [8, Thm. 1], it can be shown that every compact smooth
manifold is diffeomorphic to a compact real algebraic set [4, Thm. 2.20]. Hence,
it suffices to show that, for every compact real algebraic set X, there exists an
abstract linkage L such that C(L) is real analytically isomorphic to the disjoint
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union of a finite number of a copies of X. This problem, in turn, is closely related
to the problem of representing a function

f : (R2)m → (R2)n

by an abstract linkage L which we now explain. For every vertex v in L, we have
the evaluation map evv : C(L) → R2 defined by evv(φ) = φ(v) which reads off the
position of the vertex v. We consider a diagram of the form

C(L)
t

##GGGGGGGG
s

{{wwwwwwwww

(R2)m
f

// (R2)n

where s is the evaluation map at m of the vertices, which we call the input vertices,
and t is the evaluation map at n of the vertices, which we call the output vertices.
We say that this diagram represents f around the point p ∈ (R2)m, if there exists
an open neighborhood p ∈ U ⊂ (R2)m such that restricted diagram

s−1(U)
t

$$IIIIIIIII
s

||yyyyyyyyy

U
f

// (R2)n

commutes and such that s : s−1(U) → U is a locally analytically trivial covering.
This definition will soon become clearer when we consider an example. We will
actually consider three examples.

We first consider the translator linkage built from two ridigified parallelograms with
side lengths u > v and c.

• •
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If we fix the vertices A and B at (0, 0) and (c, 0) and let C be the input vertex and
D the output vertex, then the translator linkage represents the function

f(z) = z + c

on the open annuli {z ∈ C | u− v < |z| < u+ v}. Here we identify (x, y) ∈ R2 with
x+ iy ∈ C. Similarly, if we fix A and B at (−c, 0) and (0, 0) and let D be the input
vertex and C the output vertex, then the translator linkage represents the function

f(z) = z − c

on the same open annulus. In both cases, the map s : s−1(U)→ U is a two-to-one
covering. (Exercise: Show this.)
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We next consider the famous inversor linkage constructed by Peaucellier [9] and
Lipkin [7], independently, around 1870.
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We fix O at the origin of C and let A be the input vertex and B the output vertex.
Then the Peaucellier-Lipkin linkage represents the function

f(z) = t2/z̄

on the open annulus U = {z ∈ C | a − r < |z| < t}, where t2 = a2 − r2. In
particular, if we let move A along a circle that passes through O, then B will move
along a straight line perpendicular to the line through O and the center of the
circle. This was the original purpose of the inversor linkage: to transform circular
motion into straight-line motion and vice versa. The map s : s−1(U)→ U again is
a two-to-one covering. The non-trivial deck transformation acts by reflection of the
rectified square in the line through A and B.

The final example, we consider, is the rigidified pantograph constructed by Scheiner
in 1603. We will use it to represent several functions.

•
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We assume that u = `(AD) > v = `(EF ) and that `(AF ) = λu and `(CF ) = λv,
where λ > 1. First, if we fix A at the origin of C and let B be the input vertex and
C the output vertex, then the pantograph represents the function

f(z) = λz

on the open annulus {z ∈ C | λu − v < |z| < λu + v}. Second, if we fix A at
the origin of C and let C be the input vertex and B the output vertex, then the
pantograph represents the function

f(z) = λ−1z

on the open annulus {z ∈ C | λ(u− v) < |z| < λ(u+ v)}. Third, if we let λ = 2, fix
B at the origin of C, and let A be the input vertex and C the output vertex, then
the pantograph represents the function

f(z) = −z
6



on the open annulus {z ∈ C | u− v < |z| < u+ v}. Finally, we again let λ = 2 but,
this time, we do not fix any vertices. We let A and C be the input vertices and B
the output vertices. Then the pantograph represents the function

f(z, w) = (z + w)/2

on the open annulus {(z, w) ∈ C2 | 2(u − v) < |z − w| < 2(u + v)}. (Exercise: In
each cases, how many sheets does the covering s : s−1(U)→ U have?)

Composing the six functions represented by the three elementary linkages above,
we can obtain every polynomial with real coefficients. Given representations of
the functions f and g by abstract linkages L′ and L′′, we wish to find an abstract
linkage L that represents the composition f ◦ g. Consider the following diagram

C(L′)
t′

##HHHHHHHHH
s′

zzvvvvvvvvv
C(L′′)

t′′

##HHHHHHHHH
s′′

zzvvvvvvvvv

(R2)m
f

// (R2)n
g

// (R2)p

We define an abstract linkage L = (Γ, V, `) as follows. Identifying the output
vertices in Γ′ with the input vertices in Γ′′, we obtain the graph Γ. The functions
`′ : V ′ → (0,∞) and `′′ : V ′′ → (0,∞) give rise to a function ` : V → (0,∞). Finally,
we define the fixed vertices in L to be the union of the fixed vertices in L′ and the
fixed vertices in L′′. We then have the larger diagram

C(L)
π′′

$$HHHHHHHHH
π′

{{vvvvvvvvv

C(L′)
t′

##HHHHHHHHH
s′

zzvvvvvvvvv
C(L′′)

t′′

##HHHHHHHHH
s′′

zzvvvvvvvvv

(R2)m
f

// (R2)n
g

// (R2)p

where the maps π′ and π′′ are induced from the inclusions of L′ and L′′ in L.
Moreover, the middle square is a fiber square. (More precisely, the middle square
is a fiber square of affine schemes, where the configuration spaces are viewed as
the affine schemes defined by equations d(φ(v), φ(v′))2 = `(e)2, for every edge, and
φ(v) = p(v), for every fixed vertex.) Therefore, if L′ represents f on U and L′′

represents g on V , then L represents f ◦ g on U ∩ f−1(V ). By using this, one can
prove that every polynomial with real coefficients can be represented by an abstract
linkage. This, in turn, makes it possible to prove the theorem.
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