18.906: Algebraic Topology
Lars Hesselholt, TR 1-2:30, 2-255.

The course will cover basic homological algebra, homotopy theory, and spectral
sequences. Additional topics may include characteristic classes.
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18.906: Problem Set 1
Due: Thursday, February 20.

All chain complexes in problems 1.-3. are concentrated in non-negative degrees.
1. Let k be a commutative ring, and let C, be a chain complex of free k-modules,
B O & o
Show that there is a chain homotopy between 0 and id if and only if H.(C,) = 0.
2. If f: X =+ Y is a chain map, we define the mapping cone Cy to be the complex
(Crln=Yn®Xn_1, dy,2)=(dy- f(z),—dr),

and the suspension ZX to be the cokernel of the inclusion t: ¥ — C of the first
summand, that is,

(BX)n = Xno1,  dex(z) = —dx(z).
Then we have a short exact sequence of complexes
0-»YSCr 5 ox oo,
where pr is the canonical projection. Show that the connecting homomérphism
Hu1(X) = Hoy(2X) S Hyor (V)
is equal to —Hp—1(f).

3. Prove the following result of J. H. C. Whitehead. Let f: C, — C’ be a chain
map between chain complexes of of free k-modules. Then f is a chain homotopy
equivalence if and only if H.(f) is an isomorphism. (Hint: use 1. and 2.)

4. We consider the following two functors from the category of pairs of spaces and
pairs of continuous maps to the category of chain complexes and chain maps.

F(X,Y) = Cu(X x ¥),
G(X,Y) = C.(X) ® C.(Y). >

We define a new chain complex denoted Hom(F, &) as follows. Let Hom(F,G),
be the set of natural maps of graded abelian groups of degree n from F to G.
That is, an element f € Hom(F, @), is a sequence f = ( fr)rez of natural maps
of abelian groups f,: F(X,Y), = G(X,Y);4n, but we do not assume that fis
a chain map. The set Hom(F,G), is an abelian group with the sum is given by
(f +g)(o) = f(c) + g(o). The differential

d: Hom(F,G), — Hom(F,G)n_1

is defined by the equation

d(f(0)) = (df)(0) + (-1)*#9) f(do).
1
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18.906: Problem Set 2
Due: Thursday, February 27.

1. Let X and Y be objects in a category C, and let # and ' be two composition
laws on the set of morphisms Home(X,Y). Assume that # and #' are mutually
distributive and have a common two-sided identity element. Show that # and #’
are equal, and that each is commutative and associative.

2. Let (X,e) be an H-space with multiplication p: X x X — X (see Hatcher
p. 281). Show that for all n > 1, the group structure on 7, (X, ) defined by

(f *g)(z) = p(f(z), 9(x))
is equal to the usual group structure. Show further that 71(X,e) is an abelian
group.

3. Hatcher, chap. 4, §1, exercise 11.

4, Hatcher, chap. 4, §1, exercise 23.
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18.906: Problem Set 3

Due: Thursday, March 6.

1. Let & and K’ be simplicial complexes with vertex sets V' and V', respectively,
and let f: |K'| — |K’| be a continuous map. Show that f has a simplicial approxi-
mation if and only if for all v € V, there exists v' € V' such that

fst(v)) C st(v').

(Hint: For all v € V, choose v’ = p(v) € V such that f(st(v)) C st(v'). Show that
the map ¢: V' — V' is a simplicial map and a simplicial approximation to f.)

2. Let f: Y — X be a map and consider the following pull-back diagram.
xL vy
IE\’O ]\PU
ol B

The identity map on ¥ and the map ¥ — X% given as the composite of f: ¥ — X
and the map c: X — X% which takes « to the constant path at =, give rise to a
map i: Y — FEy. We also let p;: By — X be the composite of g: Ef — X1 and
evy: X0 — X. We then have the following commutative diagram.

ey L
N
y
(i) Show that p; is a Hurewicz fibration.
(ii) Show further that the following composite is homotopic to the identify.
B By 4 E;.
We define the homotopy fiber of f at zq € X by the following pull-back diagram.
X B,
-]
*4—— I,

Let yo € f~%(zo), and let zg € Fy be the point such that pe(zo) = yo and such that
¢(zo) is the constant path at zq.

(iii) Conclude that there is a long-exact sequence of pointed sets

% fu 0 a
v = Ta(Fryz0) 25 o (Vo) 22 ma(X, 20) 2 Ty (Fr,20) = - ..
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18.906: Problem Set 4

Due: Thursday, March 13.

1. Let (X, A) be a pair of locally compact spaces, and let ¥ be any space. Suppose
that (X, A) has the homotopy extension property with respect to all spaces. Show
that the map induced by the inclusion

V- X }r:\

has the homotopy lifting property with respect to all spaces, i.e. that i* is a
Hurewicz fibration.

2. Let f: C = D and g: D — C be functors. We say that (f, ¢} is an adjoint pair
{or that f is left adjoint to g or that g is right adjoint to f) if there exists a natural
(with respect to maps in both variables) bijection

w: Homp(f(c),d) =+ Homg(c, g(d)).

The natural transformation : ¢ — g(f(c)) given by 5 = . = @(ids()) is called the
unit of the adjunction. The counit is the natural transformation e: f(g(d)) — d
given by € = eg = ™ (idyy)).

(i) Let a: f(c) = d and b: ¢ — g{d) be morphisms in D and C, respectively. Show
that the morphisms p(a): ¢ = g(d) and ¢~ (b): f(c) — d are given by the following
composites, respectively.
e (a)
¢ % g(f(e) = gld),
f(b) €
fle) = flg(d)) = d

(ii) Consider the following diagram of categories and functors.

A B

C {— D.

Suppose that f (resp. g, resp. h, resp. k) is left adjoiut to f' (resp. g', resp. &',
resp. k). Show that gf = kh if and only if f'¢' = A'%'.

X

3. Let f: A — B be a ring homomorphism, let M be a (right) A-module, and let
N be a (left) B-module. The ring homomorphism f allows us to view N as a (left)
A-module. Show that there is a spectral sequence

E?, = Tor?(Tor{ (M, B), N) = Tori,,,(M,N).
(Hint: Choose a resolution P, — M by projective (right) A-modules and a res-

olution ). — N by projective (left) B-modules. Then consider the two spectral
sequences associated with the bi-complex P. @4 Q. = (P. ®4 B) ®5 Q..)
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18.906: Problem Set 5
Due: Thursday, April 10.

Let f: E — B be a Serre fibration with B simply-connected. This problem set
concerns the cohomological Serre spectral sequence. It takes the form

Eyt = H(B, H'(F)) = H*Y(EB),

where F' = Fy = f~'(b) is the fiber over b € B. (We recall that the cohomology
of the fibers F are canonically isomorphic.) The upper indexing indicates that the
spectral sequence is cohomology type, so the differentials are maps

dyn B = BERl

This spectral sequence is multiplicative. Hence, (E,,d,) is an anti-commutative
differential-bigraded-ring, which means that there is a product

Es,t ® Es',t.’ E} Eﬂ+s',t,+t'
T T r
which satisfies
wlUw' = (—1)deswdesw’,r
dr(wUw') = dp(w) Uw' + (-1)%E¥w U d,(w"),

where deg is the total degree. In addition, the isomorphism E,.; ~ H*(E,,d,) is
multiplicative.

There is an isomorphism of (anti-commutative) bigraded rings
E" = H*(B,H*(F))

with the product on the right given by the cup-product. Finally, the spectral se-
quence converges to H*(F) as an algebra. This meaning of this is as follows. Firstly,
there is, associated with the spectral sequence, a natural descending filtration by
graded ideals

H*(E)=Til’ H*(E) > Fil' H*(E) D Fil* H*(E) > ...
and the cup-product restricts to maps
Fil° H*(E) ® Fil* H*(E) % FiI*+* g*(E).
It follows that the cup-product on H*(E) induces a product
g Hi(E) @ gr® H (E) % grot Hi+ ()

which makes gr* H*(E) an anti-commutative bi-graded ring. Secondly, there is a
natural isomorphism of anti-commutative bigraded rings

ELY ~gr* H*(E).

1. Consider the cohomological Serre spectral sequence for the path-space fibration
associates with the n-sphere with n > 2,

Q(S™) — P(S™) — 5™ (over)

1
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