Algebraic Topology: Problem Set 1
Due: Tuesday, May 10.

DEFINITION. Let % be a category.

(i) The push-out of two maps f: A — B and g: A — C in € is an object Bl C
and two maps ¢': B — Blly C and f': C — B Uy C such that ¢’ o f = f' o g and
such that, for every pair of maps h: B — D and k: C' — D with ho f = ko g,
there exists a unique map h + k: BUy C — D such that (h+ k)og = h and
(h+k)of =k.

(ii) The map f': C — B Uy C is called the co-base change of the map f: A — B
along the map g: A — C. The map ¢': B — B iy C is called the co-base change
of the map ¢g: A — C along the map f: A — B.

(iii) The pull-back of two maps f: B — A and g: C — A in € is an object B x4 C
and two maps ¢': B x4 C — B and f': B x4 C — C such that fog = go f’ and
such that, for every pair of maps h: D — B and k: D — C with foh = gok, there
exists a unique map (h, k): D — Bx 4C such that ¢’o(h,k) = h and f'o(h,k) = k.
(iv) The map f': B x4 C — C is called the base change of the map f: B — A
along the map g: C — A. The map ¢': B x4 C — B is called the base change of
the map g: C — A along the map f: B — A.

PRrROBLEM 1. Suppose that both
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are push-outs of the two maps f: A — B and g: A — C. Show that the maps
f"+4¢":BusC—BU,C
f'+¢:BUyC—-BUsC
are inverse isomorphisms.

PROBLEM 2. Suppose that € is a model category.

(i) Let i: A — B be a cofibration, and let g: A — C be any map. Show that the
co-base change i': C' — Bl C is a cofibration.

(i) Let i: A > B be a trivial cofibration, and let g: A — C be any map. Show
that the co-base change ¢': C — B4 C is a trivial cofibration.

(iii) Let p: X — Y be a fibration, and let g: Z — Y be any map. Show that the
base change p’: X xy Z — Z is a fibration.

(iv) Let p: X 5 Y be a trivial fibration, and let g: Z — Y be any map. Show that
the base change p’: X Xy Z — Z is a trivial fibration.

REMARK. It is not true, in general, that the co-base change of a weak equivalence
is a weak equivalence or that the base change of a weak equivalence is a weak
equivalence.



