Problems for Recitation 3

1. (i) Show that the functor from schemes to sets that to (X, Ox) associates the
underlying set of the ring I'(X, Ox) is representable by the affine line

A% = (Spec(Z[t]), OSpec(Z[t]))'
In other words, show that there is a natural bijection
Homsen (X, Ox), AL) —25 T(X, Ox).

(ii) Conclude from Yoneda’s lemma that the affine line Al has a structure of ring
object in the category of schemes which, via the natural bijection A, gives rise to
the ring structure on the set I'(X, Ox).

(iii) Determine the ring homomorphisms

i) — 7, Zit) —> 2t o 2[4
€1 AX

that define the ring object structure on Al.

2. Let § = @d>0 Sq be a graded ring and let S, C S be the homogeneous ideal

of elements of positive degree. (Note that 0 has all degrees, while 1 has degree 0.)

Let f € Si be a homogeneous element of degree d. The ring of fractions Sy = S [%}

is naturally Z-graded, and we define
a
S(f) Z{F ESf‘CLGSnd}CSf
to be the subring of elements of degree 0 and Xy = (Spec S(f)» Ospec s(f)).

(i) Let f,g € S+ be homogeneous elements. Show that the morphism
ag" S
(for

is an open immersion. (Hint: The image is a distinguished open.)

g Xpg — Xy,

(i) Show that the schemes Xy glue to give a scheme
X = (PI‘OJ(S)7 OProj(S))'

(This scheme, being a colimit, is well-defined, up to unique isomorphism.)

(iii) Let Dy (f) C X denote the image of the canonical map iny: Xy — X. Show
that as f varies over the set of homogeneous elements of S;, the open subsets
D, (f) C X form a basis for the topology on X.

(iv) Show that {D4(fi)}ier cover X if and only if for all € S, some power of
x is contained in the ideal generated by the elements f;, i € I. (Hint: Note that
{D4+(fi)}ier cover X if and only if each D (f) is covered by {D+(f)ND+(fi) bier-)



