Problems for Recitation 7

The problems this time concern affine morphisms of schemes. A morphism of
schemes f: X — S is defined to be affine if for every affine open subset V' C .S, the
inverse image f~!(V) C X is an affine open subset. The problems show that the
functor that to f: X — S assigns f.(Ox) is an equivalence of categories from the
category of affine S-schemes to the category of quasicoherent Og-algebras.

1. Let f: X — S be a morphism of schemes and suppose that S admits a covering
{Vi}ier by affine open subsets with the property that for every i € I, the inverse
image f~1(V;) C X is affine open. Show that f: X — S is an affine morphism.

2. Show that if f: X — S is an affine morphism, then the Og-algebra f,(Ox) is
quasicoherent.

3. Let S be a scheme and let A be a quasicoherent Og-algebra. Prove the following
statements:

(i) f U C V C S are affine open, then the diagram of canonical maps
Spec(I'(U, A)) —— Spec(I'(V, A))
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is cartesian. Here the left-hand vertical map is the composition
Spec(T'(U, A)) — Spec(I'(U, Og)) —— U

of the map induced by the unit of the Og-algebra A and the counit of the
adjunction (I'(—, —), Spec), and the right-hand vertical map is analogous.

(ii) There exists, up to canonical isomorphism of schemes over S, a unique mor-
phism f: X — S such that f.(Ox) is isomorphic to .A.

(iii) Show that this morphism f: X — A is affine.

We write f: Specg(A) — S for the morphism constructed in (ii).

4. Let S be a fixed scheme, and let Affg and Algy, .. be the categories of affine
S-schemes and quasicoherent Og-algebras, respectively. Prove that

Jx
Affg —— Algyy .
Specg

is an adjoint equivalence of categories.



