EXTENSION AND RESTRICTION OF SCALARS

Let f: A — B be a ring homomorphism. If N = (N, +, -) is a right B-module,
then we define a right A-module

f*(N) = (Nv+v*)
with the same underlying set and addition, but with right scalar multiplication by
elements a € A on elements y € N given by

yxa=1y- f(a).

Moreover, if h: N1 — N5 is a B-linear map between right B-modules N; and Ns,
then the same map is an A-linear map

foN) LR £ ()

between the right A-modules f.(N7) and f.(N2).
Conversely, if M = (M, +, -) is a right A-module, then we define
[r(M) = (M @4 B, +, -)
to be the right B-module, where for x € M and by,b; € B,
(x@0b1) - bo = x @ (brba).
If g: M1 — M5 is an A-linear map, then we define

£y~ e (o)

to be the unique B-linear map such that for & € M and b € B,

[ (g)(x@b) =g(x) @b
It is well-defined, because g is A-linear. Indeed, if € € M, a € A, and b € B, then

[ (g)(@a@b) = g(wa) ®b=g(x)a®@b=g(x)® fla)b= f"(g9)(x® f(a)b).
We say that f* is the extension of scalars along f, and we say that f, is the
restriction of scalars along f. They are functors

*

f
Mod 4 > Mod g

*

between the respective categories of right modules and linear maps. Indeed, it fol-
lows immediately from the definitions that, as required,

fr(dar) = idg- ()
[ (g10g2) = f*(g91) © f*(g2)

and that
fx(dy) = idy, (v

f«(h1i0ohg) = fi(h1) o fu(ha).
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Example 1. If 0: C — C is the ring homomorphism given by complex conjugation,
o(a +ib) = a — ib,
and if V = (V,+, -) is a right C-vector space, then
0. (V) = (V,+,%)
is the complex conjugate right C-vector space V.
Returning to the general situation above, we define the unit map
M M f*f*(M)
by na(x) = ¢ ® 1 and the counit map
FRN) === N

by en(y®b) = yb. They are both natural transformations of functors, which means
that if g: M7 — My and h: N7 — Ny are an A-linear map and a B-linear map,
respectively, then the following diagrams commute:

My —s f (M) PN — s N
lg lf*f*(g) lf*f*(h) Jh
My —2 5 £ f* (M) FR(Ny) —2 5 N,

Moreover, for every right A-module M and every right B-module N, the diagrams

Frn) 280 g g () Fo(N) X0 f ()
S

commute. We refer to this by saying that n and e satisfy the triangle identities and
that the quadruple (f*, f«, €,1) is an adjunction from Modg to Mod 4.

Proposition 2. In the above situation, the maps

Homp (f*(M), N) 4>; Hom (M, f.(N))

defined by a(g) = f«(g) onar and B(h) = en o f*(h) are each other’s inverses.

Proof. By definition, the map a(g) is the composite map

Mo f*f*(M) f«(9) 1. (N)

so the map (8o a)(g) = B(a(g)) is the composition of the upper horizontal maps
and right-hand vertical map in the following diagram:

f(mw) £ fupr ) L9 ff*(g) £ 1)

\ lﬁf”““ l

M) ——— N
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But the left-hand triangle commutes by the triangle identities, and the right-hand
square commutes by the naturality of e. So we conclude that (5o «)(g) = g, as
desired. Similarly, the map §(h) is defined to be the composite map

Fon) IO ) N

so the map (a o 8)(h) = a(B(h)) is the composition of the left-hand vertical map
and lower horizontal maps in the following diagram:

h
M ——— f«(N)
lw lWN
h Fof* (h) . Fulen)
Fuf " (M) === [ " [o(N) == [.(N),
But the left-hand square commutes by the naturality of 7, and the right-hand

triangle commutes by the triangle identities, so we conclude that (aof)(h) = h. O

Let f: k — k' be an extension of fields. If V' is a k-vector space, then the map

GL(V) — GL(F*(V))

is a group homomorphism, because f* is a functor. Hence, if (V,n) is a k-linear
representation of a group G, then we obtain a k’-linear representation of G' given
by the pair (f*(V), f*n), where f*m is the composite group homomorphism

G —"s GL(V) L= aL(f*(v))

We call f*7 the k’-linear representation obtained from the k-linear representation
7 by extension of scalars along f.

Similarly, if V' is a k’-vector space, then the map

GL(V') —L GL(£. (V"))

is a group homomorphism, because f, is a functor. Hence, if (V’,7’) is a k’-linear
representation of G, then we obtain a k-linear representation of G given by the pair
(f«(V"), fur"), where f,7’ is the composite group homomorphism

G QLV) L aL(n.(v)).

We call f,.7’ the k-linear representation obtained from the k’-linear representation
7’ by restriction of scalars along f.

Remark 3. If f: k — k' is a field extension, then
dlmk(f*(V')) =d- dimk/(V/),

where d = [k’ : k] is the degree of the extension.
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Theorem 4. Let f: k — k' be a field extension. Two finite-dimensional k-linear
representations (Vi,m1) and (Va,m2) of a group G are isomorphic if and only if the
K -linear representations (f*(V1), f*m1) and (f*(Va), f*m2) are so.

Proof. If h: Vi — V5 is a k-linear isomorphism that is intertwining between m; and
ma, then f*(h): f*(V1) — f*(V2) is a k'-linear isomorphism that is intertwining
between f*m; and f*my. This proves the “only if” part of the statement.

To prove the “if” part of the statement, we assume that f*m; ~ f*my and prove
that m ~ m5. The proof that we give here uses that the field k is infinite. A different
proof based on the Krull-Schmidt theorem works for all k. We first note that

dimy (V1) = dimy (% (V1)) = dimy (f*(Va)) = dimy (Va),

where the middle equality holds by the assumption that f*m; ~ f*ms. So we may
consider m; and 7 to be matrix representations

mL,T2

G GL, (k).

Moreover, by viewing k as a subfield k C K/, namely, as the image of the extension
f:k — k', we may consider f*m; and f*my as the matrix representations

T, T2

G GL, (k) C GL, ().

Now, that 71 ~ 73 means that there exists C' € M, (k) such that
(a) For all g € G, C-m1(g) =m2(g) - C.
(b) The determinant det(C') is nonzero.

2

The requirement (a) is a system of linear equations of k in n* variables. By Gauss
elimination, we know that a general solution has can be written uniquely as

C=tC1 4+ +t,Cpn

with (C1,...,Cp) a linearly independent family of vectors in the k-vector space
M, (k) and with (t1,...,t,,) a family of scalars in the field k. The requirement (b)
is the statement that there exists a family (¢1,...,%,,) of scalars in k such that the
value of the polynomial

p(x1,... &) =det(x1C1 + -+ + 2, Cr) € k21, ..o, 0]

at (z1,...,%m) = (t1,...,tm) is nonzero. Similarly, that f*m ~ f*mo means that
there exists C' € M, (k') such that

(a’) Forall g e G, C'-m(g) =ma(g)-C".
(b’) The determinant det(C”) is nonzero.

But (a’) is the same system of linear equations as (a), so Gauss elimination tells us
that a general solution C’ € M, (k") can be written uniquely as
C'=tCi+--+t,Cpn

with (Cy,...,Cy,) as before and with (¢, ...,t,,) a family of scalars in the field '.
And (b’) is the requirement that there exists a family (¢/,...,t) ) of scalars in &’
such that the value of the polynomial

p(x1,. .y Tm) € klT1, .. 2] CK [21,...,2)]
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is nonzero. Since k, and hence, k' is infinite, the k’-linear map
K'zy,...,2m] — Map((k")™, k')

is injective, so our assumption that f*m; ~ f*my implies that the polynomial

p(x1, . ) € K1, ..o T
is nonzero. But, since k is infinite, the k-linear map

klz1,. .., 2m] —— Map(k™, k)
is injective, so we exists (t1,...,t,) € k™ such that p(t1,...,t,) # 0. This shows
that m ~ w9, as desired. O

Suppose that f: k — k' is a Galois extension with Galois group
[ = Autg (k).

If V is a k-vector space, then the group homomorphism
I —"= GL(£./"(V))
given by the formula
p(7)(x ®b) =z ®~(b)
with @ € V and b € k' defines a k-linear representation of I on f. f*(V'). Suppose
that we also have a k-linear representation
G —"— GL(V)

of some group G on V. In this situation, the group homomoprhism

—— GL(f.f"(V))

also defines a k-linear representation of the group G on f. f*(V). We note that for
all ¢ € G, the k-linear isomorphism f, f*m(g) is intertwining with respect to ~.
Similarly, for all v € T', the k-linear isomorphism p(v) is intertwining with respect
to fuf*(m). Indeed, for all y €', g € G, x € V, and b € K/, we have

p(N(ff (g )(€c®b)) p(7)(m(g)(z) @ b)
m(9)(x) @~(b)
= [f"(g)(x @ (D))
= [ S (9)(p(7)(x @ b)).

G f*fﬂ'

Equivalently, the map
G x T —— GL(f.f*(V))
given by
7(9,7)(x ® b) = 7(g)(x) @ 7(b)
is a group homomorphism and defines a representation of the group G x I" on the
k-vector space f.f*(V). It follows that the subspace

W= (ff*(V)' ={y € fof (V)| p(7)(y) = y for all y €T} C fif*(V)

is fi f*m-invariant. Moreover, the unit map

V—s £ f5(V)
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is intertwining between 7 and f, f*7 and induces a map

Vo W = (£ (V)
that is intertwining between 7 and (fif*m)w.

Theorem 5. Let f: k — k' be a finite Galois extension with group T' = Gal(k'/k).
If (V,x) is a k-linear representation of a group G, then the map

Vo W= (L (V)
is an isomorphism between m and (fof*m)w.

Proof. By faithfully flat descent for modules, the diagram

- ff (mv)
VS L V) LRV
fxf*(V

is an equalizer. This only uses that f: k — &’ is faithfully flat, which is true for
every extension of fields. That the diagram is an equalizer means that the map ny
is injective and that its image is equal to the subspace

W' =A{y € fof*(V) [ £ " () (@) = np. =) ()} C (V).

So we wish to show that W = W' and write out the diagram above as

nv f*f*("]V)
V*)V@kk‘/n—;‘/@kk/@kkl
Fxf*(V)

with gy () =z @ 1, fof*(nv)(x@b) =z ®@1®0b, and ny, p-(v)(x QD) =z @b 1.
The assumption that f: k — k' is a finite Galois extension with group I' implies
that the ring homomorphism

K @p k' —" T],ep

with yth component h~ (b1 ® ba) = b1y(b2) is an isomorphism. Thus the subspace
W' C V @ k' is equal to the equalizer of the two composite maps

Fof(v) ven /
Verk —— 3 Verk @y k' —— [er Vor k.
Nfs f*(V)

Finally, the yth components of the two composite maps are given by
(V@ hy)o fuf"(nv)) (@ @b) = 2@ (b)
(V@hy)ony, p~(v))([@@b) =20,
which shows that W = W' as desired. O

This was rather abstract! Let us now specialize to the case

E=R— K =cC

which is Galois with group I' = Gal(C/R) = {id, o}, where o: C — C is complex

conjugation. If V' is a real vector space, then it is common to write

Ve=f*(V)
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and call it the complexification of V. If V' is a complex vector space, then it is also
common to abuse of notation and write V' for the real vector space f.(V’). This
is very confusing, however, since V' is a complex vector space, whereas f.(V') is a
real vector space.

If V is a real vector space, then so is f.(V¢), and we have the R-linear map

£ Ve) 29 £ (V)

where o € T' = Gal(C/R) is complex conjugation. We will also refer to this map as
complex conjugation, and given y € f.(V¢), we write
y=p(0)(y)
If we write y = > @; ® z; with &; € V and z; € C, then g = > x; ® Z;.
If W C Vi is a complex subspace, then so is its image
W = p(o)(W) C Ve
under complex conjugation. Indeed, if ¥ = p(c0)(y) € W and z € C, then also
y-z=plo)(y) z=plo)(y-z) e W.

Lemma 6. Let V be a real vector space, and let W C V¢ be a complex subspace of
its complexification. The following are equivalent.

(1) The complex subspaces W,W C V¢ are equal.
(2) There exists a real subspace U C V such that W = Ug C V.

Proof. Tt is clear that (2) implies (1), so we assume (1) holds and prove (2). The
unit map ny: V — f.(Vg) is R-linear, and we define

U=y (f.(W)) CV.
By Proposition 2, the R-linear map

nvlu

U1 p )
determines and is determined by the C-linear map

B
Ue = f+(U) 2w,
and we claim that the latter map is an isomorphism. It is injective, because the
diagram commutes and because the left-hand vertical map is injective.

F(U) Bnvlu) w

| |

frV)=——=W

To prove that it is also surjective, let y € W. We have y € W, so by (1), we also
have y € W. It follows that both u = %(y +y)and v = %(y — y) belong to W.
But 4 = u and v = v, so by Theorem 5, we have

w,v € im(V 2% £.(Ve)).
I Here we use that f: R — C is flat, as is any field extension. Indeed, extension of scalars along

a ring homomorphism f: A — B preserves monomorphisms if and only if f: A — B is flat.
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and since also u,v € W, we have

w,v € im(U s £,
But this shows that
y=u+iveim(Uc = f*(U) 22, )
as desired. O

Example 7. We recall the real representation (R?,7) of the additive group of real
numbers G = (R, +) defined by

cost —sint
m(t) = (sint cos t) '
It is an irreducible representation, but its complexification 7¢ is not. Indeed, in the
basis (€1 + iez, €1 — iez) of (R?)¢ ~ C?, we have

re(t) = (egt 6%) .

Theorem 8. Let m: G — GL(V) be a real representation.

(1) If mc is irreducible, then so is .

(2) If w is irreducible, then either wc is irreducible or a sum of two irreducible
representations, which are each other’s conjugate.

(3) The represention 7 is semisimple if and only if w¢c is so.

Proof. (1) f U C V is w-invariant, then Ug C V¢ is me-invariant. So U is equal to
either {0} or V¢, which shows that U is equal to either {0} or V as desired.

(2) Let W C V¢ be a me-invariant subspace with 7c - irreducible. In this situation,
WAW,W+W cC Ve

are both mc-invariant subspaces, and since

WAW =WnW=wWnw
WAW=W+W=W+W,

it follows from Lemma 6 that both are complexifications of real subspaces of V. By
the assumption that V is irreducible, the only possibilities are that

(i) WnW=W+W = {0},

i) WNW ={0}CcW+W =1, or

(i) WnNW=W+W =1¢.
In case (i), we have W = {0}, in (ii), the map W & W — V¢ induced by the
canonical inclusions is an isomorphism; and in case (iii), we have W = V. This
proves (2). Finally, (3) follows immediately from (1) and (2). O

Ezample 9. Let 7: X3 — GL(R?) be the standard (permutation) representation of
the symmetric group. The subspaces

Vi={xcR®|x; =29 =23} CR?

Vo={z €R® |2y +22+23=0} CR®
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are m-invariant, and moreover, the representations m; = 7y, and my = 7y, are both
irreducible and 5 is faithful. We claim that 5 ¢ is irreducible. If not, then it is a
sum of two irreducible representations, and since

dime (Va,c) = dimg(V2) = 2,

each of these two irreducible representations much be 1-dimensional. But my ¢ is
again faithful,? so this would give an injective group homomorphism

23 —_— GLl((C) X GL1<(C),

which is impossible, since X3 is non-abelian, while GL;(C) x GL1(C) is abelian.

2 This is true, because f: R — C is faithful
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