RA o i o

FIVE LECTURES ON CATEGORY THEORY

LARS HESSELHOLT

CONTENTS

Category theory

Limits and colimits
Adjoint functors

The Yoneda embedding
Grothendieck’s theorem



1. CATEGORY THEORY

As it is currently formalized, mathematics builds on the notion of a set. This
means that all mathematical objects are sets. We agree that sets are undefinable
but that they satisfy a list of basic assumptions (the ZFC axioms') and all of
mathematics is built by combining these basic assumptions. At present, however,
a revolution is underway which, in my opinion, eventually will replace sets as the
building blocks of mathematics by the new notion of anima (or animated sets).

The purpose of this series of lectures is to being to explain what anima are and
what are they good for. This can only be a partial explanation for two reasons.
First, we do not yet understand the true nature of anima. In particular, we do
not know a list of basic assumptions that they must safisfy or even a language
in which to express these basic assumptions. (Lurie has constructed a theory of
anima within set theory, and while this gives a workable and powerful theory, it
does not answer these questions.) Second, the full-fledged theory of co-categories is
too much to cover in these lectures. So we will settle for the theory of 1-categories,
which is good enough to amply display the difference with set theory and illustrate
the salient features of the new theory.

The main distinction with set theory is that equality is not a meaningful notion
in the new setting. We cannot say that two objects z and y are equal. Instead, we
must explicitly say how to compare x and y. This is a big difference! For to say
that © = y is a property, whereas to provide a comparison f: y — x is structure.
We already know this phenomenon well from many parts of mathematics. To wit,
in linear algebra, it is not meaningful to ask if two vector spaces V and W are
equal. Instead we should produce a linear map f: W — V and show that it is an
isomorphism. The map f: W — V tells us how to translate between V and W and
not only that a translation is possible. Obviously, knowing how to translate is much
more useful than knowing that a translation is possible.

Let us now make some precise definitions. Since we have nothing better available
at the moment, we will define the notion of a category within set theory.

Definition 1.1. A category to is a sextuple
C= (GOa Gla S, t? €, O)

consisting of a set €y, whose elements are called the objects of C, a set C;, whose
elements are called the morphisms of €, two maps s,t: €; — Cg that to a morphism
assign its source and target, a map e: €y — C; that to an object assigns its identity
morphism, and a map o: C; — €y, from the subset

82 = {(f,g) S 81 X 61 | S(f) = t(g)} C Gl X 61

of composable morphisms to the set of morphisms that to a pair (f, g) of composable
morphisms assigns their composition f o g, subject to the following axioms:

(C1) For all (f,g) € €2, s(f o g) = s(g) and t(f o g) = t(f).
(C2) Forall f €€, foe(s(f)) =f=e(t(f))of.

1 For example, the first axiom reads VaVy[Vz(z € & z € y) = x = y|, which means that
if two sets x and y have the same elements, then they are equal; and the second axiom reads
JzVy—(y € x), which means that there exists a set x, which has no elements. By the first axiom,
this set z is unique, and we denote it by () and call it the empty set.
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(C3) For all (f,g,h) € C3, (fog)oh = fo(goh), where C3 C C; x C; x Cp is
the subset of (f, g, h) with s(f) = ¢(g) and s(g) = t(h).

The axioms (C1)—(C3) formalize the behavior of maps that we are used to. If € is
a category and if f € C; is a morphism, then we will write f: y — z to indicate that
s(f) =yand t(f) = z. Also, if z € € is an object, then we will write id,: * — « for
its identity morphism e(z) € €;. With this notation, we indicate that composable
morphisms f and g have composition h = f o g by saying that the diagram

A

z4>y

commutes. This expresses the content of (C1), which is that g and h have the same
source, while f and h have the same target. Similarly, the axiom (C2) expresses
that for every morphism f, the diagrams

SN N

y—>x

commute, whereas the axiom (C3) expresses that if f, g, and h are three composable
morphisms, then the tetrahedral diagram

commutes.

Ezample 1.2. (1) If X is a set, then the sextuple C = (X, X,idx,idx,idx, o), where
o: Co — C; is the map that to (z,z) € Cy assigns z € €y, is a category. In this
category, the only morphisms are the identity morphisms id, : * — x. We say that
such a category is a static category. It is common to abuse notation and denote the
category € by X. If X = (), then we call € the empty category.

(2) If G is a group, then the sextuple ¢ = (1,G,p,p, e, u), where 1 = {0} is the
first non-empty ordinal, p: G — 1 is the unique map, e: 1 — G is the map that to
0 € 1 assigns the identity element e = e(0) € G, and p: G x G — G is the map
that to (g,h) € G x G assigns their product u(g,h) = gh € G, is a category. This
category is denoted by BG.

These two examples are both rather extreme. In the first example, we have many
objects (assuming that X has many elements), but we cannot compare objects,
unless they are equal. And in the second example, we have a single object, but we
now have many different ways of comparing this object to itself (assuming that G
has many elements). We wish to consider some more familiar examples, such as the
category of all sets and the category of all k-vector spaces. But here we run into
the problem that set theory does not allow us to form a set of all sets or a set of
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all k-vector spaces. This problem has nothing to do with category theory. It is the
word “all” that is the problem. So we introduce the word “small” to counter it.
We will assume that small sets satisfy the ZFC axioms.

Ezample 1.3. We define the category Set of small sets as follows. The set of objects
is the set Setq of all small sets. Let X, Y € Setg, and let P(Y x X) € Setg be the
power set of their product. We recall that (Y, X,T's) € Setg is defined to be a map
fromY to X if I'y € P(Y x X)) and if for all y € Y, there exists a unique z € X such
that (y,x) € I'y. In this situation, we write f: ¥ — X to indicate that (Y, X,T'y)
is a map from Y to X and we write f(y) = « to indicate that (y,z) € I'y. Now, the
set of morphisms is the set

Set; = {(V, X,Ty) € Setg | (Y, X,T'¢) is a map from Y to X},

and the maps s,t: Set; — Setg are defined by s(Y, X, T'y) =Y and t(Y, X, I'y) = X.
The map e: Sety — Set; is defined by e(X) = (X, X, A), where A C X x X is the
diagonal, and finally, the map o: Sety, — Set; is defined by

(Kle_‘f) o (Za}/ﬂ]-—‘g) = (ZaX;Fh)a

where (z,2) € I'y, if and only if (y,z) € I'y and (z,y) € T'y. So in more familiar
notation, we have h(z) = f(g(2)).

As these examples illustrate, making definions within set theory is cumbersome
and forces us to include a lot of structure that we are not really interested in after
all. For example, we do usually not think of a map of sets f: ¥ — X in terms of
a triple (Y, X,I'f) of two sets and a graph of a function. Instead, category theory
allows us to make definitions in terms of properties that we actually are interested
in. Let us now illustrate this with the definition of a product.

Definition 1.4. Let C be a category. A product of a pair (z1,z2) of objects in C is
a triple (y,p1: y — 1,p2: ¥ — 22) of an object y and two morphisms p;: y — x;
in € with the property that if (z, fi: 2 — x1, fo: 2 — x2) is any such triple, then
there exists a unique morphism f: z — y such that the diagram

f1 fa
f
p1 b2

T)4—— Y ——— T2

commutes.

A product of a pair of objects is not unique. Instead, it is unique, up to unique
isomorphism. But this is a good thing! It means that we have exactly managed
to ignore the unnecessary structure that set theory forced us to consider. Let us
now prove this uniqueness statement. First, we define a morphism f: y — x in a
category C to be an isomorphism if there exists a morphism g: * — y in the opposite
direction such that the composite morphisms fog: x — x and go f: y — y are
equal to the the identity morphisms id,:  — x and id,: y — y, respectively. In
this case, we say that g is an inverse of f.

21f o is an ordinal in our model of ZFC set theory, then we can form the set V, consisting of
the sets of rank < a. The set Vj is itself a model of ZFC set theory if and only if £ is a strongly
inaccessible cardinal. Since k ¢ Vi, we cannot prove within ZFC set theory that such a x exists.
3 The inverse of a morphism is unique.



Proposition 1.5. Let C be a category, and let (x1,x2) be a pair of objects in C.
If both (y,p1:y — x1,p2: y — x2) and (y,ph:y — x1,ph: y — x2) are products
of (x1,x2), then the unique morphisms p':y' — y and p: y — y' are each other’s
1NVErses.

Proof. We show that p’ o p = id,; the proof that p o p’ = id, is analogous. By the
definition of a product, the diagram

p1 p2
Tl 4——Y —— T2

Jidxl Jp Jidzz
’ ’
P P

R
p1 p2
Ty —— Y ——— T

commutes. It follows (by the associativity of composition) that the diagram

P1 p2
T]¢——— Y —— T2

lidwl JP’O P Jidwz
P1 P2

Ll4—Y —— 22

commutes. But so does the diagram

p p
L) —— Y —— T2

Jidw1 lidy J{id\r2
p1

P2
T —Y — T2,

and therefore, it follows from the uniqueness statement in the definition of a product
that p’ o p = id,, as we wanted to prove. O

When we say that a product of (x1,x2) is unique, up to unique isomorphism,
we mean that Proposition holds. It shows that, while two products of (x1,x2)
may not be equal, we have a unique way to compare one to the other. This is all
we care about. Indeed, if I make calculations in one and you make calculations in
another, then we can compare our calculations. Because of this, we agree to write

(5'31 X T2,P1:T1 X T2 —> T1,P2: T1 X T2 — 962)

for any product of (x1,z2) with the understanding that this product is defined, up
to unique isomorphism, only. Moreover, given (z, f1: z = x1, fo: 2 — x3), we write

(f1,f2)
Z— Tr1 X To
for the unique morphism f that makes the diagram in Definition commute.

In a category C, it may or may not be true that every pair of objects admits a
product. It every pair of objects in € does admit a product, then we say that C
admits binary products.



Proposition 1.6. The category Set of small sets admits binary products.

Proof. We give one possible definition of the product of a pair (X7, X2) of small sets
within set theory. We may view the pair (X1, X2) as a map X: {1,2} — Setg, and
in this situation, the axioms of set theory allow us to form the union Ui€{1,2} X;.
We now define the set-theoretic product of (X7, X3) to be the subset

X1 x Xy € Map({1,2}, U123 Xi)

of those maps : {1,2} = U;e1 0y Xi such that (i) € X; for all i € {1,2}. Given
such a map z, we also write x; instead of x(¢) and (z1, z2) instead of z, and for all
i € {1,2}, we define p;: X1 x Xo — X, to be the map that to (x1,z2) assigns x;.
We now claim that the triple

(X1 x Xo,p1: X1 x Xo = X1,p2: X1 X Xo = Xo)
is a product of (X1, X32) in Set. Indeed, given
(Z,f1: Z = X1, fo: Z — Xo),
the map f: Z — X; X X5 defined by f(z) = (f1(2), f2(2)) makes the diagram

f1 P
Js
X1 (L X1 x X5 L) X5

commute and is unique with this property. O

Let us notice that in Definition and Propositions and 1.0, the only prop-
erty of the index set {1,2} that we used was that it was a small set. So let us
upgrade the definition and the propositions to small products in general. As is
common, given a map of sets x: I — X, we will also say that = is an [-indexed
family of elements in X and write (z;);cs instead of z: I — X, where x; = ().

Definition 1.7. Let C be a category. A product of a family (z;);cr of objects in € is
a pair (y, (pi: y — x;)ier) of an object y and a family (p;: y — x;)ier of morphisms
with the property that if (z, (fi: 2 = 2;)ier) is any such pair, then there exists a
unique morphism f: z — y such that f; =p;o f: 2z — x; forall i € I.

The proof of Proposition generalizes to show that, if it exists, then a product
of a family of objects in a category is unique, up to unique isomorphism. So if
(24)ier is a family of object in a category €, then we agree to write

(Hie[ Li, (pi: Hje[ Tj— xz))
for any product of this family, again with the understanding that this product is
only well-defined, up to unique isomorphism. Given (z, (f;: z = 2;);er), we write
(fi)ier
z——[licr @i
for the unique morphism f such that f; = p; o f for all i € I. We say that C admits
all products, if every family of objects in € admits a product, and we say that C

admits all small products, if every family of objects in € indexed by a small set
does so.



Addendum 1.8. The category Set admits all small products.

Proof. Let X: I — Setg be a family of small sets indexed by a small set 1. The
axioms of set theory allow us to form the union | J;o; Xi, and since I and each of
the X; are small, so is this union. Hence, as in the proof of Proposition , we
define the set-theoretic product of (X;);cs to be the subset

[Lic; Xi € Map(Z,U;c; Xi)

of those maps x: I — J;c; X; such that (i) € X; for all i € I, and we define
pi
[Ler Xj—Xa
to be the map that to (z;),es assigns z; € X;. Now, the pair

(ILier Xis (pit TLier X5 = Xidier)

is a product in Set of the family of objects (X;)icr- |

Remark 1.9. The category Set does not admit all products. More generally, if € is
a category, and if € admits products by families of objects (x;);cr, where I has the
same cardinality x as the set C; of morphisms, then the set of morphisms between
any two objects in € cannot have more that one element. Indeed, suppose that
(z,y) is a pair of objects in € such that the set Map(y, z) of morphisms f: y — z
has at least two elements, and suppose that a product (z, (pg: 2 = @)gee, ) of the
(constant) family of objects (z)g4ee, exists. Now, on the one hand, we have that
Map(y, z) C €y, so the cardinality of Map(y, z) is at most %, and on the other hand,
the definition of product shows that the maps py: 2 = x induce a bijection

Map(y7 Z) — ngel Map(y, .13),

so the cardinality of Map(y, z) is at least 2", because Map(y,«) has cardinality
at least 2. So the assumption implies that x > 2%, which, by Cantor’s diagonal
argument, is impossible.

FEzample 1.10. It is always good to consider extreme cases. In Definition 1.7, we can
take I = ) to be the empty set and (z;);cs to be the empty family corresponding to
the unique map z: ) — €. By definition, a product of the empty family is a pair
(y,p: 0 — C1) of an object y and a map p: § — Cy, such that if also (z,q: 0 — C;)
is such a pair, then there exists a unique map f: z — y such that ¢ = po f. The
condition ¢ = po f: ) — @ is automatically satisfied, since such a map is unique.
So to give a product of the empty family is equivalent to giving an object y with
the property that for every object z, there exists a unique map f: z — y. We say
that an object y with this property is a terminal or final object. It is common to
write 1 or x for a terminal object. The terminal objects in Set are the small sets
that have precisely one element.

The notion of a product is a special example of the more general notion of a
limit, which we will discuss in detail in the next lecture. However, we will now
discuss the special case of a base-change.
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Definition 1.11. Let € be a category, and let (f: y — x,g: 2’ — z) be a pair of
morphism in € with common target. A pullback of (f,g) is a pair of morphisms
(¢:y =y, f:y — ') in € with common source such that the diagram

commutes and such that if (b: z — y,a: z — 2’) is any such pair, then there exists
a unique morphism h: z — y’ such that a = f"oh and b= g’ o h.

We also express the fact that (¢’, f') is a pullback of (f,g) by saying that f' is
a base-change of f along ¢g and that ¢’ is a base-change of ¢ along f or by saying
that the diagram in Definition is cartesian. A pullback is unique, up to unique
isomorphism, and we also write (p1: y Xz 2" — y,p2: y Xy 2’ — z') for any pullback
of (f,g). We say that a category admits pullbacks if every pair of morphisms with
a common target therein admits a pullback.

Proposition 1.12. The category Set admits pullbacks.

Proof. Given a pair (f: Y — X,¢: X’ — X) of maps with common target, let
V=Y xx X' ={(y,2') €Y x X[ f(y) = g(a")} C Y x X',

and let ¢': Y/ — Y and f/: Y/ — X’ be the maps that to (y,2’) assign y and 2/,
respectively. Then (¢, f') is a pullback of (f,g). O

Ezample 1.13. Let C be a small category. Given a pair (y,z) of objects in €, we
define the set of morphisms in € from y to x to be the pullback

Map(y, x) SN

l(&t)' l(&t)

(y,2)
1——— Co x G
in Set. Here 1 denotes a terminal object in Set the lower horizontal map takes the
unique element of 1 to the element (y,z) € €y x Cy. The base-change (s,t)’ of (s,t)
along (y,x) is the unique map to the terminal object. Moreover, the diagram

egt*/>61

61 %eo,

where s'(f,g9) = g and t/(f, g) = f, is cartesian.

There is another feature of category-theoretical definitions, which is that if we
reverse all the arrows, then we get a definition of a “dual” concept. In the case of
the product, the dual concept is called a coproduct.
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Definition 1.14. Let € be a category. A coproduct of a family (z;)ses of objects
in € is a pair (y, (is: s — Y)secs) of an object y and a family (is: x5 — y)scs of
morphisms such that if (z, (fs: s — 2)ses) is any such pair, then there exists a
unique morphism f: y — z such that f, = fois: xs — 2z for all s € S.

A coproduct of (z4)ses is unique, up to unique isomorphism, and we write

(Ises zs: (is: @5 = [ie5 @t)ses)

for any coproduct of (x4)ses, and given (z, (fs: s — 2)ses). We also write

ZSES fg

HSES Ls

for the unique morphism f such that fs = f ois for all s € S. The summation
symbol does not (necessarily) indicate an actual sum.

Ezxample 1.15. A coproduct of the empty family in a category € determines and is
determined by an object y with the property that for every object x in C, there is
a unique map f:y — z. We say that an object y with this property is an initial
object. It is common to write 0 or @ for an initial object. The category Set has a
unique initial object, namely, the empty set ().

Proposition 1.16. The category Set admits small coproducts.

Proof. The coproduct in the category Set is given by disjoint union, which is defined
set theoretically as follows. If (X;)secs is a family of sets, then we let

Hiex Xs ={(z,8) € (Useg Xs) x S |2 € Xy C g Xt}

and let is: X, — [[,cq X: be the map defined by is(z) = (x,s). Given a pair
(Z,(fs: Xs = Z)ses), the map f: [[,cg Xs — Z defined by f(z,s) = fs(x)
satisfies fs = f o, for all s € S and is unique with this property. O

We will next prove a theorem, which states that fiber products and coproducts
in the category Set interact in a particular way. The fact that they do so is quite
special and is part of what it means for Set to be a Grothendieck topos. The same
theorem holds for the oco-category of anima.

Theorem 1.17. The category Set has the following properties.

(1) Coproducts are universal: If (fs: Ys = X)scs is a family of maps, and if
(fL:Y! = X')ses is the family of maps obtained by base-change along a
map g: X' — X, then the diagram

Hses Ys/ E— HSES Y

|,

x99 .x

18 cartestan.



(2) Coproducts are disjoint: If (fs: Ys = X)scs is a family of maps, then for
all s € S, the diagram

idx,

X — X,

rdxs l

XS # HuGS’ Xu
is cartesian, and for all s,t € S with s # t, the diagram

) — X,

L

it
Xt HuES X“
1S cartesian.

Proof. We first prove (1). For every s € S, the map i,: Y, — [[,.4Y: induces a
map iy X x X': Yo xx X" = ([],c4 i) xx X', and the family of these maps indexed
by s € S, in turn, induces the map

Haes (Y xx X) =080 (] ¥ o X,
which we wish to prove is a bijection. To this end, we will use the explict model of
the fiber product and the coproduct from Propositions and . The elements
of the left-hand side are tuples ((y,z’),s) with s € S, y € Y, and 2’ € X’ such that
fs(y) = g(2’), and the elements of the right-hand side are tuples ((y, s),z’) with
s€S,y€eYs, and 2’ € X’ such that fs(y) = g(z’). Moreover, the map in question
takes ((y,x'),s) to ((y, s),z’), so it is indeed a bijection, as stated.

We next prove (2). In the model for the coproduct provided by Proposition ,
the map is: Xy = [[,cq Xu takes 2 € X, to (7,5) € (U,eg Xu) X S, and in the
model for the fiber product provided by Proposition , the pullback of (is, ;) is
given by subset of X x X; consisting of the pairs (1, x2) such that is(x1) = it (x2),
or equivalently, such that (z1,s) = (z2,t). If s = ¢, then this equality holds if and
only if #1 = 29, which shows that the first diagram in (2) is cartesian, and if s # ¢,
then the equality does not hold for any (x1,z3) € X5 x X¢, which shows that also
the second diagram in (2) is cartesian. O

We will use Theorem to give an equivalent definition of a category that only
requires us to specify each of the individual morphism sets Map(y, 2) and not the
full morphism set Cy, which is often easier. This description, however, is based on
the following lemma, which has no analogue for anima.

Lemma 1.18. For every set S, the map
[Lies{s} — S

induced by the canonical inclusions is a bijection.

Proof. This is a rephrasing of the (ZFC) axiom of extensionality, which states that
two sets agree if and only if the have the same elements. O
10



Corollary 1.19. Let C be a small category. The map
Ly 2)eeoxe, Map(y, z) —— €
induced by the canonical inclusions is a bijection.
Proof. For every (y,z) € Cg x Cg, the diagram
Map(y, x) — C4
G

{(y,7)} ———Co x Cg

is cartesian, so Theorem (1) shows that the induced diagram

H(y,x)eeoxeo Map(y,z) —— C4

L

H(y,x)eeoxeo{(yax)} — Co x €

is cartesian. But the lower horizontal map is a bijection, by Lemma , and hence,
so is the upper horizontal map. O

Corollary 1.20. Let C be a small category. There is a cartesian diagram

+
H(z,y,x)eeoxeoxeo Map(y7 l') X Map(z, y) H(u,x)eeoxeﬂ Map(u, x)

H(Z,v)eﬁ?ox(fo Map(z,v) Co

in which the maps are defined as follows: The (u, x)th component of the map s takes
every element of Map(u,x) to u € @y, the (z,v)th component of the map t takes
every element of Map(z,v) to v € Cy, and finally, the (z,y,x)th component of the
maps t' and s’ are given by the composite maps

i(y,z)
Map(y, x) x Map(z,y) LN Map(y, ) —— H(v,u)e@oxeo Map(v, u),

P i(z,y)
Map(y, x) x Map(z,y) LN Map(z, y) —— H(w,v)eeoxeo Map(w, v)
respectively.
Proof. Applying Theorem (1) twice, we conclude that the canonical maps

H(u,x)eeoxeo H(v,z)eeoxeo (Map(u, z) xe, Map(z,v))
H(u,x)eeoxeo (Map(u, I) Xe€o (H(z,v)é(‘foxeo Map(z, ’U)))

_ (H(u,z)eeoxeo Map(u, z)) Xe, (H(z,v)EGOXCO Map(z,v)))

are bijections. Now we use Lemma for S = Map(u,z) and S = Map(z,v) and
conclude again from Theorem (1) that the map

H(f,g)eMap(u,m)xMap(z,v) ({f} X e {g}) B Map(:r, u) Xeo Map(z, v)
11



induced by the canonical inclusions is a bijection. Similarly, using Lemma for
S = Co, we see from Theorem (2) that if (f,g) € Map(u,z) x Map(z, v), then
the fiber product {f} xe, {g} is canonically bijective to {(f,g)}, if v = v, and to
(0, otherwise. It follows that the canonical map

Map(y, z) x Map(z,y) — Map(y, z) Xe, Map(z,y)
is a bijection, and that Map(u, z) xe, Map(z,v) is the empty if u # v. |
By the uniqueness of fiber product, there is a commutative diagram

H(z,y,a:)e@oxeox(:‘o Map(y, ) x Map(z,y) — Ca

| |

H(z,x)eeoxeg Map(z, 1') —C

where the bottom horizontal map is the isomorphism of Corollary , and where
the top horizontal map is the unique isomorphism of fiber products determined
by Example and Corollary . The (z,y,x)th component of the left-hand
vertical map is the composition of a “pointwise” composition map

Map(y, x) x Map(z,y) 2 Map(z, z)
and of the canonical inclusion
Map(z, CL‘) E— H(v,u)eeoxeo Map(u u)

Hence, up to unique isomorphism, the composition map o: Co — €; determines
and is determined by the family of pointwise composition maps. In a similarly way,
the identity map e: Cg — €; determines and is determined by pointwise identity
maps e: {x} — Map(z, z), that is, by an element id, € Map(x,z) for all x € Cy.

Corollary 1.21. A category C determines and is determined by a set ob(C) of
objects; for every pair (y, x) of objects, a set Map(y, x) of morphisms fromy to x; for
every triple (z,y,x) of objects, a map o: Map(y,z) x Map(z,y) — Map(z,z); and
for every object x, an identity map id, € Map(z, x); such that for every pair (y, )
of objects and every f € Map(y, ), idyof = f = f oidy; and for every quadruple
(w, z,y,x) of objects and every triple (h, g, f) € Map(w, z) x Map(z, y) x Map(y, x),
folgoh)=(fog)oh.

Proof. This follows from the discussion above. O

Example 1.22. Let us use Corollary to define the category of small k-vector
spaces, where k is a field. Recall that a (right) k-vector space is a triple (V,+, -)
of a set V and two maps +: V xV — V and -: V x k — V satisfying the vector
space axioms. So a k-vector space consists of a set V' with some additional structure
on that set, namely, the vector sum and the scalar multiplication. If (V,+, -) and
(W, 4+, -) are k-vector spaces, then a map f: W — V is k-linear, if it has the
property that it preserves the additional structure. So we define

Map((VVa +a ')’ (‘/7 +7 )) - Ma'p(W’ V)

to be the subset consisting of the maps f: W — V that are k-linear. We now
check that the composition of two k-linear maps is a k-linear map and that the
12



identity map is a k-linear map. So given three k-vector spaces (W, +, -), (V,+, -),
and (U, +, - ), the pointwise composition of maps of sets

Map(V,U) x Map(W, V) —— Map(W, U)
restricts to a pointwise composition of k-linear maps
Map((V, +, -), (U, +, -)) x Map((W, +, -),, (V. +, +))
—— Map((W, +, -), (U, +, -))

and idy € Map((V,+, +)). So the set ob(Vecty) of small (right) k-vector spaces
with the above sets of morphisms, composition, and identity maps define a category
Vecty, that we call the category of small (right) k-vector spaces.

Remark 1.23. Theorem does not hold for the category Vecty of small right
k-vector spaces: the category Vecty is not a topos.

Ezercise 1.24. Let f: y — x be a morphism in a category C. Show that if an inverse
g: x — yof f:y— x exists, then it is unique.

Ezercise 1.25. Let G be a group, and let BG be the category from Example 2 in
the lecture notes. Show that if G is non-trivial, then BG does not admit products.

[Hint: Show that no triple (0,g1: 0 — 0,g2: 0 — 0) can be a product of (0,0).]
Exercise 1.26. We consider a commutative diagram

1" R’ / 9

Yy Yy Yy
J/f,/ lf/ lf
z" b ' < T

in a category C.

(a) Show that if the left-hand square and the right-hand square both are carte-
sian, then so is the outer square.

(b) Show that if the right-hand square and the outer square both are cartesian,
then so is the left-hand square.

(¢) Give an example, where the left-hand square and the outer square both are
cartesian, but where the right-hand square is not cartesian.

13



2. LIMITS AND COLIMITS

We essentially have two methods for building new sets out of old ones, namely,
by forming sets of solutions to systems of equations or by gluing sets together. The
first method is formalized into the notion of a limit, and the second is formalized
into the notion of a colimit, and these notions are the subject of this lecture.

We first give a proper definition of a diagram in a category. A diagram is the
same as a functor, and functors are the morphisms between categories, in the same
way as k-linear maps are the morphisms between k-vector spaces.

Definition 2.1. Let K = (Ko, K1, s,t,e,0) and C = (Cy, C1, s,t, €, 0) be categories.
A functor p: K — C is a pair of maps (po: Ko — Co,p1: K1 — €1) such that the
following diagrams commute.

K 26 K —2se K 26 Ky —25 6,
R O O O O O S
K()Leo K()Leo KO&GO KlLel

Here, in the last diagram, the map po is defined by pa(f,g) = (p1(f),p1(g)). It is
well-defined by the commutativity of the first two diagrams.

Let p: K — € be a functor, let (j,4) be a pair of objects in K, and let (y,x) be
the pair of objects in Cy, where x = pg(i) and y = po(j). The commutativity of the
first two diagrams in Definition expresses that p;: Ky — €y restricts to a map

Map(j, i) ——"" Map(y, )

between the indicated sets of morphisms, and the commutativity of the remaining
two diagrams expresses that the following hold:

(i) For every object ¢ in K,
D1, (5,0 (ids) = idg,
where & = po(i).

(ii) For every triple (i, , k) of objects in K, diagram

Map(j,i) x Map(k, j) ——— Map(k, i)

lpl,(i,j)Xpl,(j,k) lpl,(i,k)

Map(y, z) x Map(z,y) —— Map(z, z),
where & = po(i), ¥y = po(j), and z = pg(k), commutes.
Conversely, a map po: Ko — Co and a family of maps (p1,¢ij))(i,j)ekox K, @ above
that satisfy (i)—(ii) determine a unique functor p: K — C.
As is common, in the following we will now abuse notation and write p for the

maps po, p1, and py (; ;). Let us now prove the simple, but very useful, fact that
every functor preserves isomorphisms.

Lemma 2.2. Let p: K — C be a functor. If the morphisms a: j — i and b: i — j
in K are each other’s inverses, then so are the morphisms p(a): p(j) — p(i) and
p(b): p(i) = p(j) in €.

14



Proof. Indeed, since p: K — C is a functor, we have
p(a) o p(b) = p(aobd) = p(id;) = id,s)
p(b) op(a) = p(boa) = p(id;) = idy;)

which proves the lemma. O

A category G is defined to be a groupoid if all morphisms in G are isomorphisms.
The categories K and BG in the following example are both groupoids.

Ezample 2.3. (1) Let K be a set, and let also K denote the static category with
object set K. A functor p: K — € determines and is determined by the map of
sets po: K — Cp, that is, a K-indexed family of objects in €. Indeed, the map
p1: K — C; is necessarily given by p; = e o pg, and the pair (pg,p1) satisfies the
axioms in the definition of a functor.

(2) Let G be a group, and let BG be the groupoid that has a single object 1, whose
group of automorphism is Map(1,1) = G. A functor p: BG — Set determines and
is determined by the pair (X, p) of the set X = p(1) and the group homomorphism
p=p: G — Aut(X), that is, by a set with left G-action. Similarly, if k is a field,
then a functor p: BG — Vecty, determines an is determined by the pair (V,w) of
the k-vector space V = p(1) and the group homomorphism 7= = p: G — Auty(V),
that is, by a k-linear representation of GG. Note that the fact that the map 7 takes
values in the Autg (V) C Endg (V) is a consequence of Lemma

Definition 2.4. A functor p: K — C is faithful (resp. full, resp. fully faithful) if
for every pair (i, ) of objects in K, the map

Map(j, ) SN Map(y, x),
where & = p(i) and y = p(j), is injective (resp. surjective, resp. bijective).

Ezample 2.5. A subcategory of a category C is a category € such that Cj C Co
and €] C C;. We write €’ C € to indicate that € is a subcategory €. The canonical
inclusions of subsets ig: C{ — Cp and i1: €] — C; define a functor i: ¢’ — € that
we call the canonical inclusion functor. It is always faithful, but it need not be
full. If it is full, then we say that €’ C € is a full subcategory. We note that a full
subcategory € C € is uniquely determined by the subset Cf C Co.

It is tempting to define a category, whose objects are all small categories and
whose morphisms are all functors between them, but while it is possible to do so,
this misses an important point about functors, which is that we also want to have
morphisms, or at least isomorphisms, between functors. These are called natural
transformations and natural isomorphisms, respectively.

Definition 2.6. Let p,q: K — C be functors with a common source and target.
A natural transformation from ¢ to p is a family ¢ = (¢;: ¢(¢) — p(%))iek, of
morphisms in € indexed by the set K of objects in K such that for every morphism
a:j — 1 in K, the diagram



in € commutes. A natural transformation is a natural isomorphism if the morphisms
@; all are isomorphisms in €. We write ¢: ¢ — p to indicate that ¢ is a natural
transformation from ¢ to p.

The word “natural” has the precise mathematical meaning expressed by the fact
that the diagrams in Definition commute. So, in mathematics, we should never
use the word “natural,” except in this precise meaning. This means that if we feel
an urge to say that something is natural, then we should think more and identify
the functors that this something is a natural transformation between.

Ezample 2.7. (1) Continuing Example 2.3, if G is a group, and if p,q: BG — Set
are functors corresponding to two sets with left G-action (X, p) and (Y, o), then a
natural transformation ¢: ¢ — p determines and is determined by the G-equivariant
map f = ¢g: Y — X. Similarly, if p,q: BG — Vecty, are functors corresponding
to k-linear representations (V,7) and (W, 1) of G, then a natural transformation
@: q — p determines and is determined by the k-linear map f = pg: W — V that
intertwines between 7 and .

(2) If p: K — € is a functor, then the family of identity morphisms (id,))icx, is
(obviously) a natural isomorphism from p to p. We write id,, and sometimes just p
for this natural isomorphism.

If we compare two categories, then it is not resonable to ask if they are equal,
just as it is not reasonable to ask if two vector spaces are equal. But it is also not
reasonable to ask if they are isomorphic. The reasonable way to compare categories
is via the notion of an equivalence, which we now define.

Definition 2.8. A functor p: D — € is an equivalence, if there exists a functor
q: € = D and natural isomorphisms €: po g — ide and n: idp — g o p.

Ezample 2.9. Let k be a field, let Vecty, be the category of k-vector spaces, and let
Vecty, C Vecty,

be the full subcategory spanned by the finite-dimensional k-vector spaces. We define
a new category K as follows. The set of objects is the set w of finite ordinals, and
for every pair (m,n) of objects, the mapping set

Map(n, m) = My, n(k)

is the set of (m x n)-matrices with entries in the field k. The identity morphism of
the object n is the (n x n)-identity matrix, and composition

Map(n,m) x Map(p, n) —— Map(p, m)
is the map given by matrix multiplication. We have a functor
K —2 Vecty

that to the object n assigns the (right) k-vector space p(n) = M, 1(k), and that on
mapping sets is given by the map

Map(n, m) = My, (k) —— Map(p(n), p(m)) = Homy (My,1(k), My, 1(k))

defined by p(A)(y) = Ay. As we learn in linear algebra, this map is a bijection, so
the functor p is fully faithful. We claim that it is an equivalence. Indeed, this we
16



also learn in linear algebra. In order to define a functor
Vecty —— K,

we choose a basis (v1,...,0,,) of every finite-dimensional k-vector space V, and
the functor ¢ will depend on this choice.” We now define ¢ to be the functor that
to a finite-dimensional vector space V assigns its dimension ¢(V') = dimg(V'), and
that on mapping sets is given by the map

Map(W, V) = Homy (W, V) —— Map(n, m) = My, (k)

that to a k-linear map f: W — V assigns the matrix A € M,, (k) that represents
f with respect to the chosen bases of V and W. If f: V — U and g: W — V are
composable k-linear maps, then q(f o g) = q(f) o q(g), because we calculate g(f)
and ¢(g) using the same basis for V, and ¢(idy) = idg(y), because we calculate
q(idy ) using the same basis of the domain and target. So ¢ is a functor.

It remains to define €: po g — idvectw and 1: idg — gop. To define €, we again
use the choice of bases that we made in order to define ¢, and let

(p o q)(V) = Mm,l(k) L> Vv

be the map given by ey (x) = viz1 + -+ + VT, It is an isomorphism by the
definition of a basis. In order that € be a natural transformation, we must show
that for every k-linear map f: W — V, the diagram

(poq)(W) = My (k) —X— W

J(Z’OQ)(JI) lyHAy Jf

(poq)(V) = My, (k) —~—V

commutes. But the matrix A that represents f with respect to the chosen bases is
exact defined so that this is true. So € is a natural isomorphism. Finally, define

N
m—"" s m = (o p)(m)
to be matrix @ € My, (k) = Map(m, m) that represents the identity map

idar,, 4 (k)

Mm71(k) Mm71(k)

with respect to the standard basis (eq,...,e,,) of the domain and the (possibly
different) chosen basis (vy,...,v,,) of the target. The matrix @ is invertible, so
Nm 1s an isomorphism. It is also natural, again by the fact that the matrix that
represents the composition of two linear maps with respect to given bases of the
three vector spaces involved is equal to the product of the matrices that represent
the two linear maps separately with respect to the given bases.

Remark 2.10. It may appear from Example that the “inverse” of an equivalence
of categories p: D — € is not unique in any way. But in fact it is unique, up to
contractible ambiguity: isomorphism among objects in a 1-category and equivalence
among 1-categories are both special cases the notion of equivalence among objects
in an oo-category, and the “inverse” of an equivalence in an co-category is as unique

4 This uses the axiom of choice.
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as it can possibly be, namely, the collection of all inverses of a given equivalence is
organized into an anima and that anima is contractible.

Now that we have the proper language to discuss diagrams, it is time to define
limits and a colimits of a diagrams. We first define the join of two categories. Given
categories J and K, their join is a category Jx K, whose set of objects is the disjoint
union of the sets of objects in J and K, and where, in addition to the morphisms
in J and K, there is a unique morphism from every object in J to every object in
K, but not vice versa. So J x K and K x J are typically not equivalent!

Definition 2.11. The join of two categories J and K is the category J* K defined
as follows. The set of objects in J x K is the disjoint union

(J*K)QZJQUKQ

of the sets of objects in J and K, respectively, and the set of morphisms in J x K
is the disjoint union

(J*K)l :J1UK1L|J() XKQ
of the sets of morphisms in J and K, respectively, and the product of the sets of

objects in J and K. The source map s: (J x K); — (J * K)o is the unique map
that makes the diagrams

Ji— s (JxK) <2 K, Jo x Ko —2 (J %K)y
J/s ls ls J/Pl ls
JOL)(J*K)O(LKO JQL)(J*K)O

commute, and the target map ¢t: (JxK); — (JxK)g is the unique map that makes
the diagrams

i~ (Jx K) <2 K, Jo x Ko —2 (J %K)y
Jt lt lt J/Z)? lt
Jo—2 (Jx K)o +2— K, Ko—2 5 (Jx K)o

commute. Note that, with these definitions, the set of composable morphisms in
the join J x K is given by the disjoint union

(J*K)QZJQHKgujlXK0|_|J0><K1.

The composition o: (JxK )y — (JxK); is the unique map that makes the diagrams

Ty~ (T %K)y 2 Koy Ji % Ko —25 (T % K)g ¢ Jy x K,
lo lo JO J{SXKO lo Jngt
J1L>(J*K)1<LK1 JQXK()A(J*Kh(LJ()XKO
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commute. Finally, the identity map e: (J* K)o — (J % K); is the unique map that
makes the diagram

I (JxK) <2 K,

Jo —2s (T K)o 2 K,

commute.

There are functors i1: J — J*x K and i3: K — J x K defined by the canonical
inclusions, both of which are fully faithful. Indeed, in Jx K, we have added a unique
morphism from every object in J to every object in K, but we have not added any
new morphisms within either J or K. We now specialize to the case, where one of
J and K is the static category 1 with a single object.

Definition 2.12. The left cone on a category K is the join K< = 1x K, and the
right cone on the category K is the join K* = K x 1.

Informally, the left cone K< is obtained by formally adjoining an initial object
to the category K. We write i: K — K< for the canonical inclusion, and given a
functor f: K9 — €, we also write f|x = foi: K — C and call it the restriction of
f to K. Similarly, the right cone K* is obtained by formally adjoining a final object
to K. We again write i: K — K" for the canonical inclusion, and given a functor
g: K* — C, we write g|x = goi: K — C and call it the restriction of g to K.

Definition 2.13. Let p: K — C be a functor.

(1) A limit of p: K — € is a functor p: K9 — € with p|x = p and such that
for every functor f: K< — € with f|x = p, there exists a *unique* natural
transformation ¢: f — p with ¢|x = id,.

(2) A colimit of p: K — € is a functor p: K* — € with p|x = p and with the
property that for every functor g: K* — € with g|x = p, there exists a
*unique* natural transformation ¢: p — g with ¢¥|x = id,.

A limit p: K9 — @ of a diagram p: K — C, if it exists, is unique, up to unique
isomorphism. Therefore, we also write limp: K9 — € for any choice of a limit of
p: K — € with the understanding that it is well-defined, up to unique isomorphism
only. Similarly, a colimit of p: K — € is unique, up to unique isomorphism, and we
write colimp: K* — C for any choice of a such a colimit.

Ezample 2.14. (1) Let K be a static category, and let p: K — € be a functor
corresponding to a K-indexed family (z;);cx of objects of C. A diagram p: K< — €
with p|g = p determines and is determined by a pair (y, (p;: y — x;)ick) of
an object y in € and a family of morphisms as indicated. Moreover, the diagram
p: K9 — Cis a limit of p: K — C if and only if the pair (y, (p;: y — x;)ick) is a
product of (z;)ick-

Similarly, a diagram p: K* — € is a pair (y, (is: s — y)sek) of an object y in
€ and a family of morphisms, and the diagram p: K* — C is a colimit of p: K — €
if an only if the pair (y, (is: s — y)sex) is a coproduct of (xs)sck-

5 Alternative notation for the limit (resp. colimit) is @p (resp. li_n>1p)7 and an alternative name
for the limit (resp. colimit) is projective limit (resp. inductive limit).
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(2) Let G be a group, let K = BG, and let p: K — Set be a functor corresponding
to a pair (X,p) of a set X with left G-action p: G — Aut(X) of a group G.
A diagram p: K< — Set with p|x = p determines and is determined by a pair
(Y,p: Y = X)ofaset Y and a map p: Y — X such that p(g)op =pforall g € G.
Moreover, the diagram p: K< — Set is a limit of p: K — Set if and only if the map
p: Y — X induces a bijection of Y onto the subset

XC={zecX|plg)(z)=aforallgc G} C X

of fixed points for the left G-action. Similarly, a diagram p: K — Set with p|x = p
isa pair (Y,i: X - Y) of aset Y and a map i: X — Y such that i 0 p(g) =i for
all g € G. The diagram p: K* — Set is a colimit of p: K — Set if and only if the
map i: X — Y induces a bijection from the quotient set

X—Xe=X/R
of orbits for the left G-action onto Y. Here R C X x X is the relation
R={(p(9)(x),2) e X x X | g€ G,z € X},

which is an equivalence relation, because G is a group, as opposed to a monoid.

The description of the limit and colimit of a diagram p: BG — Set is typical
for diagrams of sets. Let us show that every diagram p: K — Set with K a small
category admits a limit and a colimit.

Proposition 2.15. The category Set admits all small limits and colimits.
Proof. Let p: K — Set be diagram with K small, and let X; = p(¢). We first show
that this diagram admits a limit. To this end, we let
Y C X =[lick, Xi
be the set of solutions = (z;);ck, to the system of equations
pla)(z;) = x;

indexed by the set Ky of morphisms a: j7 — ¢ in K. Define p: K< — Set to be the
extension of p: K — Set, whose value at the cone point is Y, and whose value at
the unique morphism from the cone point to the object ¢ € Ky is the composition

Y —— Tloex, Xs —— X;

of the canonical inclusion and the projection on the ith factor. It is clear that the
diagram p: K< — Set is a limit of p: K — Set.
We next show that the diagram p: K — Set admits a colimit. We let
X = HiGKo Xi
be the coproduct of the family (X;);ck,. Last time, we proved that coproducts in
Set are universal. This implies, in particular, that the map

H(i,j)GK()XKQ XZ X Xj X X X

induced by the canonical inclusions is a bijection. We now define

S = U(a; joiyek; Sa CX X X
20



to be the relation, where for a: j — ¢ a morphism in K,
Se ={(pla)(z),z) e X; x X |z e X;} CX; x X; C X x X.
The relation S C X x X is reflexive and transitive, but it is generally not symmetric.

So § C X x X is generally *not* an equivalence relation. However, there exists a
smallest equivalence relation R C X x X with S C R, and we let

X =1Ten, Xi — Y = X/R

be the quotient of X by this equivalence relation. We now define p: K* — Set to
be extension of p: K — Set, whose value at the cone point is Y, and whose value
at the unique morphism from s € Ky to the cone point is the composition

Xs = HiEKo XZ Y

of the inclusion of the sth summand and the canonical projection. We claim that
the diagram p: K* — Set is a colimit of p: K — Set. Indeed, let f: K* — Set be
any diagram with f|x = p, let Z be the value of f at the cone point, and for all
i € Ko, let h;: X; — Z be the map induced by the unique maps from ¢ to the cone
point, and let h =), &, hit X — Z. The map h defines the equivalence relation

Q={(z,y) € X x X [ h(z) = h(y)} C X x X,

and S C Q, since h; = p(a) o hj: X; — Z for every morphism a: j — ¢ in K. But
then R C @, so h: X — Z factors through the canonical projection X — Y. O

Remark 2.16. There is a stark asymmetry between limits and colimits of diagrams
of sets. If p: K¢ — Set is a limit of the diagram p: K — Set, then the set p(0) is
quite explicitly given as the set of solutions to a system of equations. By contrast,
if p: K* — Set is a colimit of p: K — Set, then the set p(0) is all but unknowable
in general. Indeed, while the diagram p: K — Set gives a “concrete” description
of the relation S C X x X in the proof of Proposition , it is in general very
difficult to understand the equivalence relation R C X x X that it generates.

Ezercise 2.17. First, let p,q,7: K — C be functors, and let ¢: ¢ > pand ¢: r — ¢
be natural transformations.

(a) Show that the family of morphisms
(oK 0 Yr)rek

constitute a natural transformation ¢ - : r — p.
The natural transformation ¢ - 1: r — p is called the vertical composition of the
natural transformations ¢: ¢ — p and ¢: r — q.

Next, let p,q: J — C and r,s: K — J be functors, and let ¢: ¢ — p and
¥: s = r be natural transformations. (So these are different from the functors and
natural transformations considered above.)

(b) Show that for all k¥ € K, the diagram

(g0 5)(k) —L; (gor) (k)

J%(k) Jﬂpr(k)
p(Yr)

(pos)(k) ———(por)(k)



comimutes.

We let (¢ o¢)i: (gos)(k) — (por)(k) denote the common composition of the
morphisms in diagram in (b).

(¢) Show that the family of morphisms
((p o))k
constitutes a natural transformation po: gos — por.

The natural transformation po: gos — por is called the horizontal composition
of p:q—>pand Y: s —r.

Remark 2.18. The following diagram

depicts the “horizontal composition” in (b) and (c).
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3. ADJOINT FUNCTORS

Let us recall the fundamental difference between set theory and category theory.
In a set, it is a property of two elements z and y that equality x = y holds, whereas
in a category, we must provide the structure of a morphism f: y — x to compare
two objects x and y. We are familiar with this phenomenon from linear algebra,
where we must provide a k-linear map f: W — V in order to compare two k-vector
spaces V and W. The structure encoded in the morphisms in a category gives rise
to new phenomena that are very general and yet very powerful, and that have
applications in all parts of mathematics. Adjunctions, which is the subject of this
lecture, is such a phenomenon.

Definition 3.1. Let € and D be categories. An adjunction from D to C is a
quadruple (f,g,€,m) of two functors f: D — € and ¢g: € — D and two natural
transformations e€: f o g — ide and 7n: idp — g o f such that the diagrams of
natural transformations

fogo

f gofoyg
[ Jg=—————9y

commute.

Suppose that (f,g,€,m) is an adjunction. We say that f is the left adjoint functor
of the adjunction, that g is the right adjoint functor of the adjunction, that € is the
counit of the adjunction, and that is 7 the unit of the adjunction. We also express
that the two diagrams in the definition of an adjunction commute by saying that
the triangle identities hold.

Remark 3.2. Let us spell out what it means for the triangle identities to hold. The
natural transformation f o7 is the horizontal composition of n: idp — go f and
the identity natural transformation ids: f — f, which, by abuse of notation, we
simply denote by f. So, by definition, we have (f o n), = f(n,). Similarly, the
natural transformation € o f is the horizontal composition of the identity natural
transformation idy: f — f and €: fog — ide. So (€0 f), = €g(,). Now, for the
left-hand diagram to commute means that the vertical composition of eo f and fon
equal to id¢, which, in turn, means that for all y € D, the diagram

Fla(f(w)))

fny) €1 (w)

Fl) — k()

of objects and morphisms in € commutes. Similarly, for the right-hand diagram in
Definition to commute means that for all x € €, the diagram

9(f(9(x)))

Ng(z) g(ez)

idg(a)

g(x) 9()

of objects and morphisms in D commutes.
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Ezample 3.3. Let Set be the category of small sets, and let Vect; be the category
of small k-vector spaces, where k is a field. We define an adjunction (f, g, €,7) from
Set to Vecty, as follows. The functor f: Set — Vecty assigns to a set S the k-vector
space f(S) = (f(9),4+, -) with f(S) the set consisting of maps z: S — k, whose
support” is finite, and with vector sum and scalar multiplication defined by
(@ +y)(s) = z(s) +y(s)
(x-a)(s) =x(s) - a.

Moreover, the functor f: Set — Vecty assigns to a map p: T — S of sets the
k-linear map f(p): f(T) — f(S) of k-vector spaces defined by

F@@s) = Y u),
tep=1(s)

where the sum is well-defined, because y has finite support. It is straightforward
to check that the map f(p) is k-linear. The functor g: Vecty — Set assigns to a
k-vector space (V,+, -) its “underlying” set g(V,+, -) = V and to a k-linear map
h: (W,+, -) = (V,+, -) the same map g(h) = h: W — V. The counit

E(Vi+, )

(fog)(u+a ) - (Va+a )
is the k-linear map that to a map x: V — k of finite support assigns the sum

€v+,)(x) = Z v-z(v) €V,

veV
which is well-defined, because x has finite support, and the unit

§—"— g(f(9))
is the map that to s € S assigns the d-function ng(s) = ds: S — k defined by
1 ifs=
5o(t) = 1 s=1t,
0 ifs#t.

Let us check that the triangle identities hold. We note that (0s)secs is a basis of the
k-vector space f(5). Indeed, every x € f(S) can be written uniquely as

x = Zés - x(s).

seS
To verify the first triangle identity, we must prove that the composite map

£(8) 1" fla(f(5) 7(8)
is the identity map. We find that

(ersyo fs)(@) = DY y-flns)@)w) = > y- >, a(s)

€F(S)

yef(S) yef(S)  seng'(y)
= Zns(s) cx(s) = Zés cx(s) =z,
seS seS

as desired. Here the first two identities consist in spelling out the definitions, the
third identity holds, because ns: S — g(f(5)) is injective, and the final identity

6 The support of x: S — k is the subset supp(z) = {s € S | z(s) £ 0} C S.
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holds, because (ds)scs is a basis of f(S). Similarly, to verify the second triangle
identity, we must prove that the composite map

g(V) =0 g(f(g(V))) 22 g(v),

where we abbreviate V = (V +, -), is the identity map. So we calculate

(g9(ev) o mg(v))( Z w - Mg ( Z W -+ Oy (

weV weV
which shows what we wanted.

The example above illustrates one source of adjunctions (f,g,€,7). We have a
category C, whose objects are pairs consisting of a set and some structure on that
set, and whose morphisms are maps of sets that preserve the given structure. In the
example, the structure is a structure of k-vector space. The right adjoint functor
g: C — Set is given by forgetting the structure, so we call it a forgetful functor. It
is faithful, because for maps to preserve structure is a property. The corresponding
left adjoint functor f: Set — € assigns to a set S the free example of a set with
the structure in question generated by the set S.

Proposition 3.4. If (f,g,€,n) is an adjunction from D to €, then for all pairs
(y,x) of an object in D and an object in C, the maps

A(y,z)

Map(f(y), z) —— Map(y, g(z))

(y,2)
defined by oy 2)(a) = g(a) ony and By .)(b) = €z o f(b) are each other’s inverses.
Proof. By definition, the morphism o, ,)(a) is the composite morphism

y—" g(f () 2 g(a)

so the morphism (B(y 2) © @(y,2))(a) is the composition of the upper horizontal
morphisms and right-hand vertical morphism in the following diagram.

Fo) —L2 s faF @) —22 f(g(a))
\ Jef(y) J{
fly) ————=

But the left-hand triangle commutes by the triangle identities, and the right-hand
square commutes by the naturality of e. So we find that (8(, ) © a(y.2))(a) = a, as
desired. Similarly, the morphism £, ) (b) is the composite morphism
f( €x
fy) —— flg(@) —— =
80 (Q(y,z) © B(y,2))(b) is the composition of the left-hand vertical morphism and the
lower horizontal morphisms in the following diagram.



Again, the left-hand square commutes by the naturality of n, and the right-hand
triangle commutes by the triangle identities, so (c(y,q) © B(y,2)) (D) = b. |

Ezample 3.5. For the adjunction in Example 3.3, Proposition gives a bijection

B
that to a map v: S — V assigns the k-linear map S(v): f(S) — (V,+, -) given by

Bw)(x) = w(s) - x(s).
ses
We also say that a map v: S — V is a family of vectors in V' indexed by S, and
we sometimes write (vs)ses instead of v: S — V. In linear algebra, we define
three important properties of such families, namely, the property of being linearly
independent, the property of being a generating family, and the property of being a
basis. We can now state these definitions in a way that it is easy both to understand
and to remember: A family v: S — V is

(i) linearly independent, if the map B(v): f(S) = (V,+, -) is injective,
(ii) a generating family, if the map S(v): f(S) — (V,+, -) is surjective, and
(iii) a basis, if the map B8(v): f(S) — (V,+, -) is bljeCthB.

This also makes it clear why the correct definition of a basis of (V,+, -) is that it
is a family of vectors in V' that satisfies (iii) and not e.g. a subset of V' with some
property. Indeed, it is for families of vectors that we have the bijection 3.

We proceed to discuss an extremely useful interaction between adjoints functors
and limits and colimits. In preparation, we need a generalization of Proposition
If f,g: K — C are functors with a common domain and a common target, then we
write Map(f, g) for the set of natural transformations ¢: f — g.

Addendum 3.6. Let (f,g,¢,m) be an adjunction from D to C, and let p: K — D
and q: K — C be functors. There are mutally inverse maps

Map(f o p,q) =—— Map(p,goq)

defined by o p.q) (@) = (g0 @) - (nop) and Bp,q) (¥) = (€0q) - (f o).

Proof. The diagram of functors and natural transformations

fop%fog#op%fogoq

~_ ]

commutes and shows that (8, q) © ®(p.q)) () = . Similarly, the diagram

p%goq

| J\

gofop%gofogoq%goq

commutes and shows that (a(p,q) © B(p,q)) (V) = . O
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We now prove that every left adjoint functor preserves colimits and that every
right adjoint functor preserves limits.

Proposition 3.7. Let (f,g,¢,m) be an adjunction from D — C.

(1) Suppose that p: K — D is a colimit of p: K — D. In this situation, the
composite functor fop: K* — € is a colimit of fop: K — C.

(2) Suppose that p: K9 — C is a limit of p: K — C. In this situation, the
composite functor gop: K< — D is a limit of gop: K — D.

Proof. We prove (1); the proof of (2) is analogous. Given a diagram h: K* — C
such that h|x = fop: K — €, we must show that there exists a unique natural
transformation ¢: f o p — h such that ¢|x = f o p. By Addendum 3.6, we may
instead show that there exists a unique natural transformation : p — g o h such
that |k = nop. Now, since K = K %1 is obtained from K by adjoining the final
object 0 € 1, there exists a unique exists a unique natural transformation

q;)goh

such that g|x = p, ¢}1 = gohl1, {|x = nop, and (|1 = g o h|;. Indeed, the only
part that remains undefined is the value of the functor ¢ on the unique morphism
a: 1 — 0 from an object ¢ € K to the object 0 € 1. But in order that ( be a natural
transformation, the diagram

q(i) = p(i)

¢i=(nop);
LA

(goh)(i) = (go fop)(i)

lq(a) J(goh)(a)

7(0) = (g h)(0) (g 0 h)(0)

must commute, so this determines ¢(a): ¢(i) — ¢(0) uniquely. Since p: K* — D is
a colimit of p: K — D, there exists a unique natural transformation £: p — ¢ such
that &|x = p. But then the composition of the natural transformations

Co=id(gon)(0)

_ ¢ ¢
p——>q——>goh
is the desired unique natural transformation 1: p — goh such that ¢|x = nop. O

Ezample 3.8. Let (f,g,€,m) be the adjunction from Set to Vecty that we defined
in Example 3.3. Given a small diagram p: K — Set, we proved in Proposition
that it admits a colimit p: K* — Set. So it follows from Proposition that
fop: K¥ — Vecty, is a colimit of f op: K — Vecty.

Now, suppose that K is static. We claim that for every gq: K — Vecty, there
exists a diagram of sets p: K — Set and natural isomorphism

o]
fop——q.

Indeed, if we choose, for every i € K, a basis ¢;: p(i) — g(q(7)) of the k-vector space
q(i), then, since K is static, the family of sets (p(4));ex determine a unique functor
p: K — Set and the family of maps (¢;: p(i) — ¢(q(?)))icx determine a unique
natural transformation v : p — g o ¢. Moreover, by the definition of what it means
to be a basis, which we recalled in Example 3.5, the adjunct natural transformation
¢ =a(t): fop— ¢is anatural isomorphism. This proves the claim.
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Let p: K — Set be a coproduct of p: K — Set, so that fop: K* — Vecty, is a
coproduct of fop: K — Vecty. If we choose a natural isomorphism

_ @ _
fop——q

such that @|x = ¢, then §: K — Vecty is a coproduct of ¢: K — Vecty. In less
precise terms, we may restate this conclusion by saying that the canonical map

Dick f(Si) —— f(;cx S)

is an isomorphism. Note also that the forgetful functor g: Vecty — Set does not
preserve colimits, since it does not preserve (binary) coproducts. Therefore, we
conclude from Proposition that g does not admit a right adjoint.

If K is not static, then not every diagram ¢: K — Vecty, is naturally isomorphic
to a diagram of the form fop: K — Vecty for some p: K — Vecty. For example,
if G is a group, then a diagram q: BG — Vect determines and is determined
by a k-linear representation (V,7) of G, and ¢ ~ f o p if and only if the k-linear
representation (V,7) is a permutation representation.

The data of an adjunction (f, g, €, 7) is redundant. In particular, as the following
result shows, it suffices to specify the value of one of the two functors f and g on
objects, only. The requirement that it be part of an adjunction then automatically
determines its value on morphisms.

Proposition 3.9. Let C and D be categories.

(1) Let f: D — € be a functor and suppose given a map go: Co — Do and a
family of morphisms (ez: f(go(x)) — x)zee, such that for every x € Cq
and y € Dy, the composite map

f €z0(—)
Map(y, go(x)) —— Map(f(y), f(g0(x))) — Map(f(y),z)
is a bijection. In this case, there exists a unique adjunction (f,g,e,n) from
D to C such that g(x) = go(x) for all © € Cy and such that € = (€;)zee,-
(2) Let g: € = D be a functor and suppose given a map fo: Do — Co and a

family of morphisms (ny: y — g(fo(y)))yen, such that for every y € Dy
and x € Cy, the composite map

Map(fo(y), 2) —— Map(g(fo(1)) 9(x)) ———"s Map(y, g(x))

is a bijection. In this case, there exists a unique adjunction (f,g,€,n) from
D to € such that f(y) = fo(y) for all y € Dy and such that n = (ny)yen, -

Proof. We sketch a proof of (1); the proof of (2) is analogous. We claim that there
is a unique functor g: € — D such that the map of object sets is the given map
go: Co — Dy and such that €: f o g — ide is a natural transformation. Indeed, if
a: y — x is a morphism in C, then for €: fog — ide to be a natural transformation,

" The analogous result for adjunctions between oo-categories also holds, and it is one of the
main tools available in co-category theory for defining functors.
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the desired morphism g(a): g(y) — g(z) must make the diagram

eyo(—)

Map(g(y), 9(y)) —— Map(f(9()), f(g(y Map(f(g(¥)), )

J{g(a)O() lf(y(a))O() J,aO()

€z0(—)

Map(g(y), g(x)) —— Map(f(9()), f(g(x))) —— Map(f(9(y)), =)

commute. But the composition of the maps in the top and bottom rows are assumed
to be bijections, so there is a unique morphism g(a): g(y) — g(z) with this property,
namely, the unique solution to the equation

cz(f(9(a))) = acey(f(idg(y))-

We leave it as an exercise to show that, with this definition, g: € — D is a functor
and e: fog — ide is a natural transformation. It remains to define the unit natural
transformation n: idp — g o f. But in order to ensure that the triangle identities
hold, we are forced to define n,: y — ¢g(f(y)) to be the unique morphism that is
mapped to idg,y: f(y) — f(y) by the composite map

—~
~—
~—
~—

Map(y, g(f(y))) —— Map(f(y), F(a(f()))) w0, Map(f(y), f(y))-

We leave it as an exercise to check that n is a natural transformation and that the
triangle identities are hold. (I

Ezxercise 3.10. We consider categories and functors

N N
“—

A B
f/
Rl |n gl g
k
C_—_——"D
k/
and assume that f (resp. g, resp. h, resp, k) is left adjoint to f’ (resp. ¢’, resp. b/,

resp. k') and that counits and units for these adjunctions have been chosen. Prove
the following statements:

(a) A natural transformation ¢: go f — koh determines and is determined by
a natural transformation ¢’: h' o k' — f' o g’.

(b) A natural transformation ¢: go f — ko h is a natural isomorphism if and
only if the corresponding natural transformation ¢': ' ok’ — f'og’ is a
natural isomorphism.

Ezercise 3.11. Let K and € be categories with K small, and let Fun(X, €) be the
category, whose objects are the functors f: K — C, and whose morphisms are the
natural transformations between such functors. Let

e—2, Fun(K, @)

be the “diagonal” functor that to an object x of C assigns the constant functor
A(x): K — € with value z, and that to a morphism f: y — x in € assigns the
natural transformation A(f): A(y) — A(x) with A(f); = f for all i € K.
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(a) Suppose that every p: K — € admits a limit p: K< — €. Show that there
is an adjunction (A, g,¢€,7n) from € to Fun(K, €) such that

9(p) = p(0)
and such that €,: (Aog)(p) — p is the natural transformation, whose value
€pi: (Aog)(p)(i) = p(0) — p(i) at i € Ky is the image by p of the unique
morphism 0 — 4 in K<
(b) Suppose that every p: K — € admits a colimit p: K* — €. Show that there
is an adjunction (f, A, €,n) from Fun(K, €) to € such that

fp) = (0)
and such that 7,: p — (Ao f)(p) is the natural transformation, whose value
Np,i: p(1) = p(0) = (Ao f)(p)(i) at i € K is the image by p of the unique
morphism i — 0 in K*.
[Hint: Use Proposition 3.9.]

We have defined limits and colimits “pointwise” which is to say one diagram at
a time. Exercise promotes these definitions to functors.

Exercise 3.12. Given a category K, we define the category K9 = 1x K by formally
adjoining an initial object 0 to K. Suppose that K already has an initial object 3.

(a) Show that the initial object i € Ky determines and is determined by a limit

K
of the identity functor idg: K — K.
(b) Show that the initial object ¢ € Ky determines and is determined by a limit
K<1 L} e
for any K-indexed diagram p: K — € with € any category.

If K admits a final object ¢, then the dual statements for colimits hold, as follows
from the canonical equivalence (K>)°P ~ (K°P)<.
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4. THE YONEDA EMBEDDING

The Yoneda lemma is a very powerful result in category theory that, at the same
time, is very easy to prove. For instance, it allows us to transfer definitions made
in the category of sets to a general category.

Given categories K and C with K small, we define the category of presheaves
Pe(K) = Fun(K°P,C)

as follows. The set of objects Pe(K)q is the set of all functors F: K°P — € and the
set of morphisms Map(G, F) for F, G € Pe(K) is the set of natural transformations
v: G — F. Given F € Pe(K)o, the identity morphism idg: F — F is the identity
natural transformation, and given F, G, H € Pe (K)o, the composition

Map(G, F) x Map(H, §) —— Map(7, 9)

is the vertical composition of natural transformations. A functor F: K°P — C is said
to be a C-valued presheaf on K and a natural transformation ¢: § — F between
such functors is said to be a map of C-valued presheaves on K.

We will only consider € = Set the category of small set, and write P(K) instead
of Pset(K). We define the Yoneda embedding to be the functor

K~ P(K)

given as follows. If S € Ky, then h(S): K°P — Set is the functor that to T' € K,
assigns the small set h(S)(T) = Map(T, S) of morphisms in K from T to S, and if
g: U — T is a morphism in K, then h(S)(g): h(S)(T) — h(S)(U) is the map that
to f: T — S assigns fog: U — S. Finally, if f: T — S is a morphism in K, then
h(f): h(T) — h(S) is the natural transformation, whose value at U € K| is the
map h(f)u: h(T)(U) — h(S)(U) that to g: U — T assigns fog: U — S.
Theorem 4.1 (Yoneda lemma). Let K be a small category. For every object S in
K and every functor ¥ € K°P — Set, the map

Map(h(S). F) — 5(S)
that to p: h(S) — F assigns € 5)(¢) = ps(ids) is a bijection.

Proof. Suppose that ¢: h(S) — F is a natural transformation and that f: T — S
is an element of h(S)(T). On the one hand, the diagram

h(8)(S) —— F(S)

Jh(s)(f) J‘f(f)

F
W(S)(T) —=— F(T)
commutes, by the naturality of ¢, and shows that
er(f) = (er o h(f))(ids) = (F(f) o ps)(ids) = T(f)(€(7,5)(¢));
and on the other hand, given a € F(5), the same formula o7 (f) = F(f)(a) defines
a natural transformation ¢: h(S) — J. O

Theorem has the following corollary, which explains the “embedding” part
of the name for the functor h: K — P(K).
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Corollary 4.2. For every small category K, the Yoneda embedding
K~ P(K)
1s fully faithful.

Proof. Indeed, by Theorem 4.1, for all S,T € K, the maps

h(s,m)
MQUU:Mw@ﬁhjjngwmﬁ%Mﬁ)
€(h(S),T
are each other’s inverses. |

Ezample 4.3. Let G be a group, and let BG be the category with a single object
0 and Map(0,0) = G. A functor F: BG°? — Set determines and is determined by
the right G-set (X, p), where X = F(0), and where p: G — Aut(X) is the group
homomorphism given by p(g)(xz) = F(g): X — X. In this situation, the functor

BG —" P(BG)

takes the unique object 0 in BG to the right G-set (G, p) with p(g)(f) = fg, and
it is given on morphism sets by the map

G = Map(0,0) —* s End(G, p) = Map(h(0), h(0))

defined by h(o,0)(f)(g) = fg. By Corollary .2, the latter map is a bijection. From
this, we learn two things. First, we have End(G, p) C End(G), by definition, but
we learn that, in fact, End(G, p) C Aut(G). Second, we learn that

G —2 Aut(G)

given by A(f)(g) = fg is injective. This shows that the group G is canonically
isomorphic to the subgroup A(G) C Aut(G) of the group Aut(G) of permutations
of the set GG, which is a classical theorem attributed to Cayley.

To state and prove the next result, it is convenient to introduce a bit of notation.
Given an object S in K, we define

r(s,—
PK) ), Go

to be the functor that takes a presheaf F to the set I'(S,F) = F(S) and that takes

a map of presheaves ¢: § — F to the map I'(S, ¢) = ¢g: §(5) = F(5), and given
a morphism f: T — S in K, we define a natural transformation

F(S7 _) M} F(Ta _)a

whose value at F is the map T'(f,F) = F(f): F(S) — F(T). Note that the natural
transformation T'(f, —) goes in the opposite direction of the morphism f. We say
that T'(S,F) is the set of sections of the presheaf F over S and that T'(f,F) is the
restriction along f.

Proposition 4.4. Let K be a small category.

(1) A small diagram p: J> — P(K) is a colimit of p=poi: J = P(K) if and
only if T(S,p): J* — Set is a colimit of T'(S,p): J — Set for all S € K.
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(2) A small diagram p: J¢ — P(K) is a limit of p = poi: J — P(K) if and
only if T(S,p): J — Set is a limit of T'(S,p): J — Set for all S € K.

(3) The Yoneda embedding h: K — P(K) preserves all small limits that exist
in K.

In particular, the category P(K) admits all small colimits and limits.

Proof. We first prove (1); the proof of (2) is analogous. So let p: J — P(K) be
a small diagram. For every S € Ky, the composite functor I'(S,p): J — Set is a
small diagram of sets, so it admits a colimit I'(S,p): J> — Set. We wish to show
that there exists a unique functor p: J*> — P(K) such that I'(S,p) = T'(S, p) for all
S € Ky, and that p is a colimit of p. Since T'(S,p) is a colimit of T'(S, p), there is,

for every morphism f: T — S in K, a unique natural transformation

r'(fip) ————ro
L(S,p) ——T(T,p)

whose restriction along i: J — J” is I'(f,p): I'(S,p) — T'(T, p). The uniqueness of
these natural transformations implies that for every S € Ky,

F(lds,p) = ldm,

and that for every pair (f: T — S,g: U — T) of composable morphism in K,

L(fog,p) =T(g,p) o T(f,p).

So there is a unique functor p: J* — P(K) such that I'(S,p) = I'(S,p) for every
object S in K and such that I'(f,p) = T'(f,p) for every morphism f: T — S in
K. We must verify that p is indeed a colimit of p. By definition, the restriction of
p: J» = P(K) along i: J — J” is equal to p: J — P(K), and if ¢: J* — P(K)
is another functor with this property, then for every S € Ky, there is a unique
natural transformation ¢g: I'(S,p) — I'(S,q) such that pg oi = I'(S,p), and by
the uniqueness of these natural transformations, we conclude that there is a unique
natural transformation ¢: p — ¢ such that I'(S,p) = ¢g for all objects S in
K. But this unique natural transformation satisfies ¢ o4 = p, which shows that
p: JJ» = P(K) is a colimit of p: J — P(K). This proves (1).

To prove (3), let p: J — K be a limit of p: J — K. By definition of the Yoneda
embedding, we have I'(S, h o p) = Map(S, p) and T'(S, hop) = Map(S, p) as functor
from J and J9, respectively, to Set. Since p is a limit of p, it follows from the
definition of limit that Map(S,p) is a limit of Map(.S, p) for all S € Kj. So by (2),
we conclude that hop: J9— P(K) is a limit of hop: J — P(K) as stated. O

Ezample 4.5. Let K be a small category and suppose that K admits finite products.
We define a group object in K to be a pair (G, u) of an object G and a morphism
w: G x G — @G such that the pair (Map(S,G),Map(S, u)) is a group for every
S € Kj. For example, the category Mfd® of compact smooth manifolds and smooth
maps is essentially small” and admits finite products. A group object in Mfd® is
called a compact Lie group.

8A category is defined to be essentially small if it is equivalent to a small category.
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Ezample 4.6. Let K be a small category and suppose that K admits finite products.
A morphism in K of the form (s,t): R — X x X is defined to be an equivalence
relation if for every S € Ky, the induced map of sets

(Map(S,s),Map(S,t))

Map(S, R) Map(S, X) x Map(S, X)

is an equivalence relation. This means that it is injective, and that its image is
symmetric, reflexive, and transitive.

The Yoneda embedding h: K — P(K) does not preserve colimits that might
exist in K. Instead, we will now prove that h: K — P(K) exhibits P(K) as the
category freely generated by K under small colimits. We first prove two lemmas.

Lemma 4.7. Let C be a category. A morphism f:y — x in C is an isomorphism
if and only if for all object z in C, the induced map of sets

M ;
Map(z, z) % Map(y, 2)

s a bijection.

Proof. If € is small, then this follows from the Yoneda lemma applied to C°P. But
let us give a direct proof. The “only if” part of the statement is clear, and to prove
the “if” part, we let z = y, and define g: x — y to be the unique morphism in €
such that Map(f,y) = id,, or equivalently, such that go f = id,. It remains to show
that also f o g = id,. This is an equality in Map(x,x), which, by assumption, is
equivalent to the equality fogo f = f in Map(y, ). But this equality holds, since
go f =idy, so we conclude that f o g = id;, as desired. ]

To state the next lemma, let K be a small category, and let h: K — P(K) be
the Yoneda embedding. Given an object F of P(K), we define the slice category
K5 as follows. The object set is the set of pairs (5, ¢), where S is an object of
K, and where ¢: h(S) — F is a morphism in P(K). A morphism from (T,%) to
(S, ) is a morphism f: T — S in K with the property that ) = poh(f). We claim
that K5 is essentially small. Indeed, let K ;7 be the category, where an object is
a pair (S, x) of an object S in K and an element x € F(.5), and where a morphism
f:(T,y) = (S,z) is a morphism f: T — S in K such that F(f)(z) = y. It is a
small category, since K is small and since the sets F(S) are all small. Moreover, the
Yoneda lemma shows that the functor

K/g:éK;g;

that to (S, ) assigns (S, ps(idg)) and that to f: (T,¢) — (5, ¢) assigns the same
map f: (T,9r(idr)) — (5, ps(ids)) is an equivalence. So K5 is essentially small,
as claimed. The category K ;g is called the category of elements in J.

We define ¢: K,5 — K to be the functor that, on object sets, takes (S, ¢) to S,
and that, on morphism sets, takes f: (T,¢) — (S,¢) to f: T — S. It is a faithful
functor that, typically, is not full.

Lemma 4.8. In the situation above, a colimit of p = hoq: K;,5 — P(K) is given
by the functor p: (K,5)” — P(K), whose restriction to K, is p, whose value at
the cone point 0 is F, and whose value at the unique morphism from (S, ) to 0 is
the morphism ¢: h(S) — F.
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Proof. By lemma 1.7, it suffices to show that for every object G of P(K),

Map(p,9)

(K 5)°P)" = (K 5)7)°P Set

is a limit of Map(p, §): (K,)°? — Set. As we now explain, this is a consequence of
the Yoneda lemma and the definitions. We replace K5 with the equivalent small
category K ;? of elements in F. There is a natural transformation

Map(p, §) —— Gogq,

where a (g ,): Map(p, §)(S,z) — G(S) is the map that to ¢: p(S,z) = h(S) = §
assigns ¥g(ids) € §(5). The Yoneda lemma shows that this natural transformation
is a natural isomorphism. Moreover, by definition,

Map(p, §)(0) = Map(5, §)
is the set of natural transformations from £: F — G, and the composition

(S,x)

Map(p, )(0) —— Map(p, §)(5, x) —— G(5)

of the map induced by the unique morphism to the cone point and the bijection
a(s,z) takes £ to {s(x) € G(S). In order that the diagram Map(p, G) of sets be a
limit of the diagram Map(p, §) of sets, the family ({s(z))(s,») is required to have
the property that for every morphism f: (T,y) — (S,z) in K ;7, the map

5(5) — s g(1)

takes g(x) to &r(y) = &r(f(x)). But this is precisely the definition of what it
means for £: F — G to be a natural transformation. O

A presheaf F on a small category K is defined to be representable if it belongs
to the essential image of the Yoneda embedding h: K — P(K), that is, if there
exists and object S in K and an isomorphism ¢: h(S) — F in P(K). Thus, stated
in less precise terms, Lemma shows that every presheaf on K is a small colimit
of representable presheaves on K.

Proposition 4.9. If K is a small category, and if C is a category that admits small
colimits, then the Yoneda embedding induces an equivalence

. Fun(h,C
Fun®™ (P(K), €) € Fun(P(K), €) —®, pun(K, €)

from the full subcategory spanned by the functors F': P(K) — C that preserve small
colimits to the category of functors f: K — C.

Proof. We first use Proposition to produce a functor
Fun(K, €) —"— Fun®!™ (P(K), ©).

that is left adjoint to the composite functor A* in the statement. Given a functor
f: K — €, we must define a colimit-preserving functor h(f): P(K) — € and a
natural transformation ng: f — h*hi(f) such that the map oy g given by

Map(hi(f), G) —— Map(h*hy(f), h*(G)) — Map(f, h*(G))
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is a bijection for every colimit-preserving functor G': P(K) — C. Let q5: K5 — K
be the canonical projection. We proved in Lemma that the composite diagram
py = hogs: K/ — P(K) admits the colimit py: K7, — P(K) with ps(0) = F.
By the assumption that the category € admits small colimits, we may choose a
colimit 7g: K/D,Jt — € of the composite diagram rg = f o g5: K;5 — C and define

h(f)(F) = 74(0).
Moreover, if F = h(S), then we define the morphism

F(8) =255 (/) ((S)) = h*ha(£)(S)

to be the image by 74sy: (K/n(s))” — C of the unique morphism from (.5, idys)) to
the cone point 0. We note that 7y s is in fact an isomorphism, because (.5, id(g)) is
a final object in Kj,(5). The defining universal property of the colimit implies that
the family (17,s)sek, is a natural transformation ny: f — h*hi(f), which, in fact,
is a natural isomorphism. To prove that the map «a(y ) is a bijection, we define
an inverse map (s ). By definition, if ¢: h(f) — G is a natural transformation,
then, at S in K, ¢ = a(s,q)(@): f — h*(G) is given by the composite morphism

Ph(S)

F(8) L5 h(f)(A(S)) G(h(S)).

Conversely, a natural transformation ¢: f — h*(G) induces

ry=foqr ——3Gohogy =Gopy

which extends uniquely to a natural transformation between their colimits

_ $oqy _
Fqg —— G o pg.

Its value at the cone point 0 is a morphism
h(£)(F) == G(F)

that we take as our definition @5 = (s g)(¢)s. The universal property of colimits
implies that the family (pg) is a natural transformation ¢ = B¢ )(¢). So we con-
clude from Proposition that there is an adjunction (hi, h*, €, n) from Fun(K, C)
to Fun®™(P(K), €) with hy(f) and ns: f — h*hi(f) as above.

We have already seen that 7 is a natural isomorphism, so it remains only to
prove that the same is true for e. By definition, eg: hih*(G) — G is the image by
the map B(x-(g),q) of idy+(q): " (G) — h*(G), and its value at J is calculated as
follows. The identity natural transformation

h*(G)oqs
T?Zh*(G)OQ?%GOth"f:GOp?

extends uniquely to a natural transformation between the chosen colimits

_ h*(G)oqs _
rg ——— G o py,

and the its value at the cone point 0 is the morphism
hh*(G)(F) —=25 G(9).

It is an isomorphism, since colimits are unique, up to unique isomorphism. ([
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The category P(K) is not small, unless K is the empty category, but we learn
from Proposition that it nevertheless controlled by the small category K.

Example 4.10. The simplest non-trivial case of Proposition is, where K =1 a
static category with a single object 0, and I'(0, —): P(1) — Set is an equivalence.
In this case, we learn that the functor

Fun®"™ (Set, €) — €.

given by evaluation at a singleton set 1 = {0} is an equivalence. Informally, this
statement says that the category Set of small sets is freely generated under small
colimits by the singleton set 1 = {0}.

The category P(K) of presheaves on a small category K is an example of what
is called a topos. Here is a general definition.

Definition 4.11 (Grothendieck). A category X is a topos if there exists a small
category K and a fully faithful embedding ¢: X — P(K) that admits a left adjoint
functor L: P(K) — X that preserves finite limits.

We stress that to be a topos is a property of a category X. In Grothendieck’s
philosophy, a topos is similar to the category of sets in all respects, except for one:
The axiom of choice does not hold in a general topos. The axiom of choice is the
statement that every epimorphism p: ¥ — X admits a section s: X — Y. We use
the axiom of choice to prove that free modules are projective. In a general topos,
the corresponding statement fails and leads to the notion of cohomology.

Example 4.12. Let us see that the axiom of choice fails in the topos
X = P(BG),

where G is any non-trivial group. We have earlier identified X with the category of
right G-sets (X, p) and G-equivariant maps. Such a map p: (Y,0) — (X, p) is an
epimorphism if and only if the map p: Y — X is surjective. Let (Y,0) = (G, 0),
where o: G°P — Aut(G) is action by right multiplication, and let (X, p) = (1, p),
where 1 = {0} and p: G°? — Aut(1) is the unique map. The unique map

(Y,0) —— (X, p)

is G-equivariant, but it does not admit a G-equivariant section. Indeed, such a map
s: (X,p) = (Y,0) would map 0 € X to a point s(0) € Y that is fixed by the
G-action. But the G-action on Y is free, so in particular, it there are no points in
Y that are fixed by the G-action.

Ezercise 4.13. Let j: K’ — K be a functor between small categories, and let
PK) —L—s P(K")
be the functor defined by j*(F)(S’) = F(j(S’)) and j*(v)s: = @j(s1)-

(1) Show that j* preserves small colimits.
(2) Show that j* preserves small limits.

9 Coherent cohomology on a scheme (X,0x) is given by H(X,F) = EthDX (0x,5), so the
rank 1 free O x-module Ox is not generally not projective!
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Exercise 4.14. Let Grp® be the category of finitely generated'’ groups and group
homomorphisms, and let F: Grp® — Set be the forgetful functor that to a group
(G, u) assigns the set G, and that to a group homomorphism f: (G, u') — (G, )
assigns the same map f: G’ — G. We view F as a presheaf on K = (Grp“)°P.

(1) Show that the forgetful functor F: Grp“ — Set is representable.

Let C be a category, and let x be an object of €. The composition of morphisms in
C gives the set End(z) = Map(x,x) the structure of a monoid.

(2) Describe the monoid End(F), where F: Grp“ — Set is the forgetful functor.

10 The only reason that we consider finitely generated groups instead of all groups is to not
have to deal with set-theoretic issues.
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5. GROTHENDIECK’S THEOREM

In this last lecture, we introduce two very important tools in category theory,
namely, Kan extensions and Grothendieck’s theorem that, in the category of sets,
filtered colimits and finite limits commute. For example, every theorem concerning
sheaves (in algebraic geometry and elsewhere) is obtained by an application of some
(often clever) combination of these two tools.

Let K be a small category, and let f: K — 1 be the unique functor to the final
category 1, which is static and has a single object 0. We have seen that for any
category C, the functor f induces a “diagonal” functor

€~ Pe(1) —L 5 Pe(K) ~ Fun(K°P, ©).

We have further seen that an adjunction (fi, f*,€,m) determines and is determined
by a colimit F: (K°P)* — € of every diagram F: K°° — €, and similarly, that an
adjunction (f*, f.,€,n) determines and is determined by a limit F: (K°P)? — @ for
every diagram F: K°P — C.

The Kan extensions concern the “in families” generalization of the discussion
above. We replace f: K — 1 by an arbitrary functor f: L — K between small
categories and replace the diagonal functor by the functor

Pe(K) —— Pe(L)
defined by f*(—) = (=) o f°P as before. The “in families” generalization of colimit
is the left Kan extension fi and the “in families” generalization of limit is the right
Kan extension f.. We now show that if these exist in the absolute case of K — 1,
then they also exist in the relative case of L — K.

Theorem 5.1. Let f: L — K be a functor between small categories.

(1) If € is a category that admits small colimits, then f* admits a left adjoint

Pell) == BelK),

(2) If C is a category that admits small limits, then f* admits a right adjoint

*

I

Proof. It suffices to prove (1), since (2) is (1) for C°P. Given §: L°? — €, we define
fi(§): K°? — € as follows. Let S be an object of K, and let Lg, be the slice
category. We recall that the objects of Lg, are all pairs (T, a) of an object T" of
L and a morphism a: S — f(T) in K and that a morphism in L,g from (U,b) to
(T, a) is a morphism h: U — T in L with the property that a = f(h) o b. We also
recall the functor qg: Lg, — L that to h: (U,b) — (T, a) assigns h: U — T. A
morphism k: S — R in K gives rise to a functor Ly,: Lr, — Lg, in the opposite
direction that to h: (U,b) — (T, a) assigns h: (U,bo k) — (T,a o k). Moreover, the
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diagram

Lg, —> Y

DL

commutes. Now, given §: L°P — C, we deﬁne fi(9): K°P — @ as follows. If S is an
object of K, then we let pg: (Lg/)°® — € be the composite functor

(Ls)) —— v —I 5 ¢

and choose a colimit ps: ((Lg/)°P)” — € thereof and define

Si(9)(S) = ps(0)
to be the value at the cone point 0. Moreover, if k: .S — R is a morphism in K, then
there is a unique natural transformation ¢: pr — ps o ((Ly/)°P)” that restricts to
the identity natural transformation of pr = ps o (Ly,)° on (Lg,)°P, and we define

AQ)(R) L= f6)(9)

to be the value of ¢ at the cone point. This defines the presheaf fi(G). We define

S(T) 55 1 £1(S)(T) = A(F)(F(T))

to be the image by ps(r) of the unique morphism (7',id¢(r)) — 0. It remains to
show that the composite map

Map(£1(9), F) —L— Map(f* f(9), F*(F)) —2 Map(S, /()

is a bijection. We define the inverse map as follows. Given ¢: § — f*(F), we extend
the functor ps: (Lg/)°® — € to a functor rs: ((Lg,)°?)” — € that to the unique
morphism (T,a: S — f(T)) — 0 assigns the composite morphism

(1) 2 5(£(1) 22 ().

There is a unique natural transformation ¢: pg — rg with g0|(LS/)op = pg, and its
value at the cone point is a morphism

A(G)(8) === F(S).

The uniqueness property of the colimit implies that the family consisting of these
morphisms is a natural transformation fi(G) — F. One checks that this is indeed
an inverse to the map in question. ([l

Remark 5.2. We record the formulas for f1(G)(S) and f.(G)(S), which we derived
during the proof of Proposition 5.1. Here G: L°P — C is a presheaf on L with values
in €, and S is an object of K. If we let pg = Go q¢’: (Lg/)°® — € and choose a
colimit pg of p, then fi(§)(S) ~ ps(0). Similarly, if pg: Goq¢g’: (L/s)°® — € and if
Ps is a limit of pg, then f.(9)(S) ~ ps(0). So informally, we have

AS)(S) =ty oo S(T),
£o(S)(S) =l o ST,
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We now specialize to the case, where € = Set is the category of small sets, where
we have the following more useful characterization of the Kan extensions.

Proposition 5.3. Let f: L — K be a functor between small categories. Up to
unique natural isomorphism, the right Kan extension along f is the unique functor
that preserves small colimits and makes the diagram

—' Kk

P(L) L P(K)
commute, up to unique natural isomorphism.

Proof. By definition, the right Kan extension has this property, and the uniqueness
statement follows from Proposition 4.9. O

Proposition further characterizes f* as a right adjoint of f; and f. as a right
adjoint of f*, both of which are unique, up to unique natural isomorphism. This
has the following useful consequence.

Corollary 5.4. Let C be a category that admits small limits and colimits, and let

f
L, " K
g

be an adjoint pair of functors between small categories. In this situation, there are
unique natural isomorphisms between adjoint functors
fi

?@(L) fe2g™ ?@(K)

Proof. If € = Set, then Proposition shows that g is a right adjoint to f;. But so
is f*, and therefore, we conclude, by the uniqueness of right adjoints, up to unique
natural isomorphism, that f* and gy are uniquely naturally isomorphic as stated. By
the same argument, we further conclude that also f, and ¢g* are uniquely naturally

isomorphic. For general €, we use the fact, which we proved in Lemma 4.5, that
limits and colimits in categories of C-valued presheaves are calculated pointwise to
reduce to the case C = Set. (I

Example 5.5. A small category K admits an initial object if and only if the unique
functor p: K — 1 admits a left adjoint s: 1 — K. In this case, Corollary shows
that py ~ s*, which is the familiar fact that the a colimit indexed by a small category
that admits a final object is given by evaluation at said final object.

Similarly, a small category K admits a final object if and only if the unique
functor p: K — 1 admits a right adjoint s: 1 — K. So we conclude that p, ~ s*, or
equivalently, that limits indexed by a small category that admits an initial object
are given by evaluation at said initial object.

Let K and L be small categories. We define K x L to be the category, whose
set of objects is Ky X Lo, whose set of morphisms is K7 x Ly, and whose structure
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maps are the products of the structure maps for K and L. We would like to say
that K x L is the “product” of K and L and that the diagram

X
L
where 1 is a final category, where p and ¢ are the unique functors, and where p’
and ¢’ are the canonical projection functors, is a “cartesian” diagram of categories.

These statements are both true, but to make sense of them, we need to pass to
oo-categories. ' The induced diagram of restriction functors

1%

Pe(K x L) +—— Pe(K)

Tp, ) Tp*

Pe(L) +——— Pe(1)

K

=

L—>

)—l<;

—

)

commutes, but it does not make sense to ask if the “base-change” diagram

Po(K x L) L Po(K)

J{p; J{p*

Pe(L) ¢+ Pe(1)
does so, because, the functors p, and p, are well-defined, up to unique natural
isomorphism only. However, by the commutativity of the diagram of restriction
functors, we may consider the composite natural transformation

//*
VAN S !k ok VAPwAS

q P« —>p*p 4 Px = DPyq P P+« —>p*q
between the two composite functors in the “base-change” diagram, and we can ask
whether or not it is a natural isomorphism. We call this natural transformation the
base-change map, and we say that base-change holds, if it is a natural isomorphism.
For cartesian diagrams of categories in general, this is not true, but it is so in the
case that we consider, because the functor p: K — 1 is “proper.” The following is
a special case of proper base-change for presheaves on categories.

Proposition 5.6. Let C be a category that admits small limits, and let K and L
be small categories. The base-change map ¢*p. — pl.q'* for the diagram

Po(K x L) <L Po(K)

lpi Jp*

Pe(L) +——— Pe(1),

is a natural isomorphism.

1t suffices to pass to (2, 1)-categories, but it is easier to pass to (oo, 1)-categories right away.
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Proof. We wish to prove that for every F € Pe(K), the base-change map
7'p«(F) —— plq” ()

in Pe(L) is an isomorphism. This map, in turn, is an isomorphism if and only if for
every object T in L, the induced map

¢ p«(FNT) —— plg" (F)(T)

in € is an isomorphism. To prove that this is so, we consider the diagram

K
l”
1
where T” is the functor that to S in K assigns (S,T) in K x L. Now, we can rewrite
the map in C, which we wish to prove is an isomorphism, as the map

T

T rkxL-Y K

X
Jp’ lp
L—% 41

)

T

Tq"pu(F) —— Tplq"" (F)
induced by the base-change map for the right-hand square. But the composition
T*q*p(F) —— T*pld"(F) —— p T ¢"*(F)

of this map and the map induced by the base-change map for the left-hand square
is the base-change map for the outer square, which is the identity map of p.(F), so
we may instead show that the right-hand map is an isomorphism. In fact, we will
show for all § € P(K x L), the base-change map

T*p(§) —— pT"(9)

for the left-hand square is an isomorphism. To this end, we consider the diagram

(K x L) v "

K——KxL

Jp P
T

1— 7,

where f((S,T7"),a: T" — T) = S and ¢(S) = ((S,T),idr: T — T). (The outer
square and the top triangular diagram do not commute.) We now have

T*p;(g) ~1.q7(9) ~ P« f+q7(9) = peg™qr(9) ~ p*T,*(g)a

where the first isomorphism is the formula for the right Kan extension that we gave

in Remark 5.2, and where the next to last isomorphism follows from Corollary
We leave it to the reader to check that the composite isomorphism is equal to the
base-change map. This completes the proof. O
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We may now repeat this process. So we consider the diagram

Po(K x L) —1 Pe(K)

Pe(L) ——— Pe(1)

and use the fact that Proposition gives rise to a natural transformation

) _apin VRS R /
QP — 7 QDG Q) S Q@ Pxqy — P«q),

where the “wrong-way” arrow is the base-change map. Indeed, by Proposition 5.6,
the base-change morphism is a natural isomorphism, so it has a unique inverse
natural transformation, and it is this unique inverse natural transformation that
we use to form the composite natural transformation qip,, — p.qf. Informally, a
presheaf on K x L is a functor H: K°P x L°P — C of two variables, and qp,, takes
H to the object of € obtained by first taking the limit in the K°P-variable and
then the colimit in the L°P-variable, whereas p.q| instead takes J to the object
of C obtained by first taking the colimit in the L°P-variable and then the limit in
the K°P-variable. For this reason, we call ¢ip), — p.¢q| the limit-colimit-interchange
map, and we also write it informally as

1g’[‘op @Kop g{ m[{op hg/lLop j-(:
even though the functors p,, and ¢| are not really limits and colimits. In general, it
is not a natural isomorphism. Let us give a counterexample.

FEzample 5.7. In order to produce a counterexample, it is always good to think
about extreme cases. So let us suppose that K and L are both the empty category.
In this case, also K x L is the empty category, and H: K°P x L°P — C is necessarily
the unique functor. Similarly, p/, (H): L°? — € and ¢|(H): K°? — C are both the
unique functors, since this is the only possibility. So gip’, (H): 1°P — € is an initial
object of €, whereas p.q/(H): 1°° — C is a final object of €, and therefore, the
limit-colimit-interchange map is the unique morphism ¢/, () — p..g{(3() from an
initial object to a final object in C. If € = Set, then this is not an isomorphism,
since the unique initial object in Set is the empty set (), whereas a final object in
Set is any set with exactly one element.

In the case € = Set, Grothendieck’s theorem gives sufficient - conditions for the
limit-colimit-interchange map to be a natural isomorphism.

Definition 5.8. A category J is filtered the following conditions are satisfied.

(1) The category J is non-empty.
(2) For every pair of objects (i,7) in J, there exists a pair of morphisms

i\ak
g

J

121 turns out that, for € = Set, these conditions are also necessary.
151*]011.1iva1ently, a category J is filtered, if every functor p: K — J from a finite category K
extends to a functor p: K> — J.
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with the given objects as sources and with a common target.
(3) For every pair of parallel morphisms (a: ¢ — j,b: i — j) in J, there exists
a morphism c: j — k such that the two composite morphisms

. a . C
i : (j——k

are equal.

FEzample 5.9. Here is a typical example of a filtered category. Let X be a topological
space, and let z € X be a point. Let K be category, whose objects are open subsets
x € U C X that contain z, and where there is a unique morphism z‘(j U—Vif
UcCV.IfU ¢ V, then there are no morphisms from U to V. In this case, the
opposite category J = K°P is filtered. We also say that K is cofiltered.

We proved in Proposition that Set admits all small colimits, but we also
remarked in Remark that if p: J — Set is a colimit of p: J — Set, then the
set p(0) =: hi>n ;P is all but unknowable, in general. However, for J filtered, the
situation turns out to be much better.

Proposition 5.10. Let J be a small filtered category, let p: J — Set be a diagram,
and let p: J — Set be a colimit. Let X = H]GJ[) j» and let R C X x X be the
relation that consists of the pairs (z;,x;) with x; € p(i) and x; € p(j) for which
there exists a: i — k and b: j — k such that p(a)(z;) = p(b)(x;) € p(k).

(1) The relation R C X x X is an equivalence relation, and the map X — p(0)
induced by the unique maps j — 0 in J* factors through a bijection

X/R—— p(0).

(2) Given (z;,z;) € R with z; € p(i) and x; € p(j), there exists k € Jy and
xy, € p(k) such that both (zz,zk) (xj,zr) € R.
(3) Given (z;,x}) € R with x;,x} € p(i), there exists a: i — j in J such that

p(a)(z;) = p(a)(z}) € p(j)-

Proof. The statement (1) is clear, once we prove that R is an equivalence relation.
Moreover, it is clear that R is both reflexive and symmetric, so only transitivity
needs proof. So we assume that (x;,z;) € R and (z;,x;) € R with z; € p(3),
zj € p(j), and x, € p(k) and must prove that (z;,xz;) € R. We use this the
assumption and the fact that J is filtered to choose morphisms

™~
N
>~
"



such that the two composite morphisms ;7 — o are equal and such that, in the
induced diagram of sets

()
™~
p(J) p(n) — p(o),
"

the elements x; € p(i) and x; € p(j) have the same image z,, € p(I) and the
elements z; € p(j) and z, € p(k) have the same image z, € p(m). Since p is a
functor, we conclude that x; € p(i), x; € p(j), and z; € p(k) all have the same
image z, € p(0), which shows that (z;,xx) € R, as desired.

The statement (2) follows immediately from the fact that J is filtered, so it
remains only to prove (3). If (z;,2;) € R with z;,2} € p(i), then, by definition,
there exists f,g: ¢ — ' such that p(f)(x;) = p(g)(x}) € p(i'). Since J is filtered,
we can choose h: i’ — j such that ho f = hog: ¢ — j. Hence, if a: ¢ — j is the
common morphism, then we find that

pla)(z:) = (p(h) o p(£))(x:)) = (p(h) 0 p(9))(w7) = p(a)(x}),
as desired. 0

We define a category K to be finite if both the set of object Ky and the set of
morphisms K; are finite. For example, the empty category is finite. We can now
state and prove Grothendieck’s theorem.

Theorem 5.11. Let K and L be small categories. If K is finite and if L is cofiltered,

then, in the diagram of categories of presheaves of small sets

P x L) —" s p(K)

the limit-colimit-interchange map
QP — P«
is a natural isomorphism.

Proof. We wish to show that the limit-colimit-interchange map
@ (H) —— pagi (3)

is a bijection for every presheaf H: K°P x L°P — Set. In order to do so, we first

determine the source and target of this map by using the description of limits

given in Proposition and the description of filtered colimits given in Propo-

sition above. An element of qp/,(H) is an equivalence class of families of the

form (z; ;)iek,, Where z; ; € H(4,j) and H(a,j)(z; ;) = z ; for all a: i — ¢ in
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K, and two such families (7;;)ier, and (7] )ick, are equivalent if there exists
morphisms b: [ — j and c: I — k in L such that 3(i,b)(z; ;) = H(i, c)(z] ;) for all
i € K. Similarly, an element of p,¢(H) is a family (class(x; ;))ick, of equivalence
classes of elements x; ; € 3(¢, ), where z; ; and z; ; are equivalent if there exists
morphisms b: I — j and c¢: I — k such that 3((¢,b)(z; ;) = H(7,¢)(zik), and this
family is required to satisfy that class(H(a,j)(z;,;)) = class(xy ;) for all a: i — i
in K. Finally, the limit-colimit-interchange map is given by

class((2;,5)ick,) > (class(x; ;))ick,-
Since K is finite, it follows immediately from Proposition that it is a bijection.
Indeed, given an element (class(x; ;))ick, of p«q/(H), we can find a common m € Ly
and a family (z;m)ick, of representatives of the given classes such that every
morphism a: ¢ — ¢ in K, we have H(a, m)(z; m) = s m. Hence, the map
class((@i,m)ick,) $— (class(z; ;))ic Kk,
is inverse to the limit-colimit-interchange map. O
Ezercise 5.12. Use Proposition to check that the limit-colimit-interchange map

is an isomorphism in the case, where K is the empty category and L is a small
cofiltered category.

Remark 5.13. Theorem is valid for presheaves with values in a topos X, but it
does not hold for presheaves with values in a general category €. For example, it
fails for the category € = Set°P.

Ezercise 5.14. Let € be a category that admits small limits, and let K and L be
small categories. We consider the diagram of categories of C-valued presheaves

Pe(K x L) —1 s Po(K)
L
Pe(L) —2— Pe(1).
Show that the composite natural transformation

/% % !k %k

o 0P Pa, .
QP —qp ¢ Q@ =qq pq—pq
is a natural isomorphism.
[Hint: Show that this statement is equivalent to Proposition 4 for C°P.]
Ezxercise 5.15. Let K be a small category that admits finite coproducts, and let
PE(K) C P(K)

be the full subcategory spanned by the functors F: K°P — Set that preserve finite
products. Since finite products in K°P are given by finite coproducts in K, the
requirement that JF preserve finite products amounts to the requirement that for
every finite family (x;);er of objects in K, the canonical map

F(Lics i) — Tlies F(22)

is a bijection.
a7



(1) Show that the P¥(K) C P(K) is closed under small filtered colimits. More
precisely, given a functor p: J — P*(K) with J small, we know that its
composition ¢ = iop: J — P(K) with the inclusion i: P*(K) — P(K)
admits a colimit g: J* — P(K). Show that if J is filtered, then there exists
a (unique) functor p: J> — P¥(K) such that § =i o p.

(2) Conclude that small filtered colimits in P*(K) are calculated pointwise.

Remark 5.16. As an application of Exercise , we let CAlg(Ab) be the category
of commutative rings and ring homomorphisms, and let K C CAlg(Ab) to be the
full subcategory spanned by the polynomial rings Z[z1,...,z,] in finitely many
variables, including n = 0. It admits finite coproducts. There is a functor

CAlg(Ab) —— P¥(K)

defined by h(R)(—) = Map(—, R), and this functor is an equivalence of categories.
Thus, the fact that small filtered colimits in P*(K) are calculated pointwise implies
that a diagram p: J> — CAlg(Ab) with J small and filtered is a colimit diagram
of commutative rings if and only its composition §: J* — Set with the forgetful
functor CAlg(Ab) — Set is a colimit diagram of sets.
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14 More generally, small sifted colimits in P¥(K) are calculated pointwise.
15 Again, this statement is true more generally for small sifted diagrams.
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