ABELIANIZATION & EXERCISE 1.2.9

MORTEN POULSEN

Let G be a group, let A be a subset of G. We write group composition multiplicatively and
denote the identity element by 1. Let H be the set of subgroups of G containing A. Now the
subgroup

4= H
HeH
of G is called the subgroup of G generated by A. By construction, { A) is the smallest subgroup of
G containing A. It is easily verified that any element of ( A) can be written as a product a; - - - ay,
ai,...,a, € A, n € Z, repetitions are allowed.

The commutator of two elements a and b in G is the element aba=1b~! and is denoted [a, b].
Clearly, [a,b] = 1 iff a and b commute. Let G’ denote the subgroup of G generated by the set of
commutators in G, i.e. G' = ({[a,b]|a, b€ G}).

For any a,b and g in G, g[a,blg™* = [gag™*, gbg™!]. Let [a1,b1] -+ [an,bn], a1,b1 ..., an, b, € G,
n € Z,, be any element of G'. Now

glay,bi] - an,balg™" = gla1, bilg™ g g7 glan, bulg™" = [garg™", gbrg™"] - [gang ™", gbug ']
for any g in G. Hence g[ay,b1] - [an,bn]g~! € G’, i.e. G’ is a normal subgroup of G.

Theorem 1. If H is a normal subgroup of G then G/H is abelian iff G' C H.

Proof. Suppose G/H is abelian. Let a,b € G. Now [a][b] = [b][a] in G/H, i.e. [a][b]la]~1[b]~! =
[aba=1b~1] = [1], i.e. aba~'b~! € H. Hence G’ C H.

Conversely suppose G’ C H, i.e. aba=*b~! € H for all a,b € G. Hence [a][b][a]}[6] ! = [1] in
G/H,i.e. [a] and [b] commutes. O

In other words, G’ is the smallest normal subgroup of G with abelian factor group or G/G’ is
the largest abelian factor group of G. Clearly, G abelian iff G’ is trivial. Let 7: G — G/G’ denote
the residue homomorphism, i.e. 7 maps an element g in G to the residue class [g] in G/G.

Theorem 2. If f: G — H be a homomorphism into an abelian group H then there exists a unique
homomorphism f': G/G' — H such that

f

G—H
| A
G/
commutes.

Proof. Let a,b € G. Since H abelian, f([a,b]) = f(aba™'b"1) = f(a)f(b)f(a) 1 f(b)~ = 1,
i.e. G' C Ker f. By the homomorphism theorem, f factors uniquely through the factor group
G/G'. O

For any group G we define the abelianization G of G to be G/G’. Theorem 1 says that G

is the largest abelian factor group og G. Theorem 2 says that any homomorphism from G into an
abelian group factors uniquely through G;.
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Exercise 1.2.9. A CW complex structure on Mj consists of one 0O-cell, xg, 29 + 1 1-cells,
a1,b1,...,a4,b4,C, and one 2-cell. Hence the 1-skeleton is a wedge of 2g + 1 circles. The at-
tachment map of the 2-cell is [a1,b1] - - - [ag, by]C . (It might be instructive to draw the situation
for h = 2 using the usual visualization of the 1-skeleton of Ms as a polygon with 8 edges and the
circle C' as a circle inside the polygon intersecting the 1-skeleton at one of the points representing
zo. Remember to choose the orientations in accordance with the attachment map or adjust the
attachment map appropriately.)
Now, by 1.26,

Trl(Mf/L’mO) = <a17b1a . ..ag,bg,C| [al»bl] T [agvbg]cil = 1>
Since
(T) [a'lvbl]"'[ambg] =C,

another presentation of the fundamental group is
Wl(M;vaO) = <a17b1a <oy Qg bg >7

i.e. the free product of 2¢g copies of Z.

Suppose 7: M; — C is a retraction. Let ¢: C' — M be the inclusion map. As always, ri = id¢
and r,i, = idy, (¢,z,)- Note that 71(C,z0) = (C') = Z, and i,.(C) = C = [ay, b1] - - - [ag, by], by (1).
We will derive a contraction to the existence of the retraction r in two almost identical ways:

(1) Since m1(C, x0) is abelian,

r4ie(C) = rul[ar, ba] - - [ag, bg]) = [re(ar), me (b)] - - - [ (ag), 72 (bg)] = 1,
i.e. 74ty is the trivial homomorphism, a contradiction.
(2) Since 71 (C, xo) is abelian, there exists a homomorphism 77, : 71 (M}, zo)ap — m1(C, z9) such
that the diagram

idﬂ(cywo)

T

m1(C, m0) —— m1 (M}, 19) ——> 71 (C, 20)

|

m1 (M}, %0)ab
commutes, c.f. theorem 2. Since C is a product of commutators in w1 (M}, o), c.f. (1), mi.(C) = 1,
hence 7.4, = r. i, is the trivial homomorphism, a contradiction.
In particular, there is no retraction M, — C, since restriction would give a retraction M; — C.
Recall that the usual CW complex structure on M, consists of one O-cell, 2g 1-cells, a;, b1, ..., a4, bg
and one 2-cell. The 1-skeleton is the wedge
g
\ (Sa, v S).
i=1
The attachment map of the 2-cell is [a1,b1] - - - [ag, by]. Collapsing

9

V (s, v si)

i=2
gives a quotient map q: My, — M;. The map r: M; = S' x S* — St x {so} = C’, sy € S, defined
by r(x,y) = (z, o) is a retraction. Now rq: M, — C’ is a retraction.
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