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ABSTRACT. We describe the spaces of homotopy fixed points of unstable Adams operations
acting on p-compact groups and also of unstable Adams operations twisted with a finite
order automorphism of the p-compact group. We obtain new exotic p-local finite groups.
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1. INTRODUCTION

The main purpose of this paper is the description of the structure of the spaces of homotopy
fixed points of unstable Adams operations 7 acting on p-compact groups and also of unstable
Adams operations twisted by automorphisms of p-compact groups 7¢7.

In the classical case, for a prime number p, a prime power ¢, prime to p, a compact
connected Lie group G, and a finite order automorphism 7 of G, Friedlander showed that
there is a homotopy pullback diagram

BG(q)) —1 BG)
1| |s
BGh M BGh x BGY
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where "G(q) is the twisted Chevalley group over F, of type GG, A is the diagonal map, and
1% an unstable Adams operation of exponent ¢ [32, 33]. Here and throughout, p-completion
is understood in the sense of Bousfield-Kan [10].

The concept of a p-compact group was introduced by Dwyer and Wilkerson in [25] as a
p-local homotopy theoretic analogue of compact Lie group. A p-compact group is a triple
(X, BX,e), where H*(X;F,) is finite, BX is a pointed p-complete space, and e : X — QBX
is a homotopy equivalence. We will usually refer to a p-compact group simply as X. BX
is then understood as its classifying space, a concrete loop space structure imposed in the
underlying space X. If G is a compact connected Lie group, then the p-completion of its
classifying space B G;\ is a p-compact group. A p-compact group that cannot be obtained in
this way is called exotic. We postpone till Section 2 a more detailed description of the theory
of p-compact groups.

Unstable Adams operations 9, for any p-adic unit ¢, can be defined for any connected
p-compact group X (see Section 2). Following the above pattern, if 797 a twisted Adams
operation, then the space B7X(q) is defined by the homotopy pullback square

f

B7X(q) BX (1)
/| »
Bx —2™ | BX « BX.

Thus if X is obtained as the p-completion of a compact Lie group G, and 7 is a finite order
automorphism of G, B7X(q) is homotopy equivalent to the p-completed classifying space of
the twisted Chevalley group "G(q).

The concept of p-local finite group has been recently introduced in [13] as algebraic objects
that are modeled on the p-local structure of finite groups and as such they have classifying
spaces which are p-complete spaces. In turn, the classifying space of a p-local finite group
determines its algebraic structure. Every finite group G determines a p-local finite group at
a prime p with classifying space BG]/J\. Like in the case of p-compact groups, p-local finite
groups that do not arise in this way for any finite group G are called ezotic. We refer to
Section 3 for the precise definition and main properties of p-local finite groups. Our main
result shows that B7X(q) is the classifying space of a p-local finite group. We will also
determine the cases in which they are exotic p-local finite groups.

Theorem A. Let p be an odd prime. If X is a 1-connected p-compact group, q is a prime
power, prime to p, and T is an automorphism of X of finite order prime to p, then the space
of homotopy fixed points of BX by the action of T4, denoted B7X (q), is the classifying space
of a p-local finite group.

By analogy with the classical case, we will call the p-local finite group X(q) ("X (q)) with
classifying space BX(q) (B7X(q)) obtained in Theorem A a (twisted) Chevalley p-local finite
group of type X.

Our arguments concentrate on the exotic p-compact groups at odd primes, and break into
two separate steps. One deals with actions of finite groups of order not divisible by p on
p-compact groups and the results obtained have an independent interest. The other step
deals with the action of unstable Adams operations ¥? where ¢ = 1 mod p and it is the one
leading to the new exotic examples of p-local finite groups.
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Group actions will be understood in the weak sense of proxy actions; that is, we will say

that an action of a group G on a space M is a fibration M - M,q 2 BG [25]. The total
space Mpq is referred to as the homotopy quotient space. The space of homotopy fixed points
is the space
MhG = {BG i> MhG | pros = idgg}

of sections. Two actions will be considered equivalent if they are defined by fibre homotopy
equivalent fibrations. If M is a G-space in the usual sense then M), is the Borel construction
and M"% is homeomorphic to the space Map,(EG, M) of equivariant maps where EG is a
contractible free G-space. When we specialize to p-compact groups X, an outer action of G
is a homomorphism p: G — Out(X), where Out(X) is the group of outer automorphisms of
the p-compact group X, in other words, unpointed homotopy classes of self-equivalences of
BX. By obstruction theory, it turns out that if G has finite order prime to p, then an outer
action on a connected p-compact group X determines a unique action, up to equivalence,
and the space of homotopy fixed points is again a connected p-compact group.

The space B7X(q) defined by pullback square (1) can also be viewed as a homotopy fixed
point space BX"™" for the action of the infinite cyclic group generated by 719 € Out(X).
More details are given in as explained in Section 6.

Theorem B. Let X be a connected p-compact group. If G is a finite group of order prime
top and p: G — Out(X) an outer action, then

(1) p lifts to a unique action of G on X, up to equivalence.

(2) XhC s a connected p-compact group with H*(BX"%;Q,) = S[QH*(BX;Q,)c], the sym-
metric algebra generated on the coinvariants QH*(BX;Q,)q.

(3) (Harper splitting) X" — X is a p-compact group monomorphism, there is a homotopy
equivalence

X ~ X" x X/ Xh¢

and X/ X" is an H-space.

(4) Assume that p is odd. If H*(BX;F,) is a polynomial ring, then H*(BX"Y;F,) is also a
polynomial ring.

Here and throughout, H*(—;Q,) stands for H*(—;Z,) ® Q, and QH*(BX;Q,) denotes the
module of the indecomposables in H*(BX;Q,).

Some interesting cases to which Theorem B applies are F) at the prime 3 and FEy at
the prime 5, where the p-compact groups X, respectively, X3y split off (see Section 2 for
notation). In the first case, Friedlander’s exceptional isogeny ¢ of Fj at the prime 3 gives
rise to an automorphim of order 2 and the homotopy fixed point p-compact group Fy"¢?
is the p-compact group X5 = DIy whose cohomology realizes the rank 2 Dickson algebra
H*(BX19;F3) 2 F3]x19, 216] (subscripts of cohomology classes indicate degrees) over F3. This
case was already considered in our previous work [15]. In the second case, a cyclic group
of order 4 generated by the unstable Adams operation v, i = /—1, acts on Eg. The
homotopy fixed point p-compact group E§C4 is the p-compact group Xgz; corresponding to
the reflection group number 31 on the Clark-Ewing list, and its mod 5 cohomology ring is
[’I*<B)(317 F5) = Fg) [xlﬁ, T24, L40, .I'48] (see A12)

It turns out that X5 and X3; are the two exotic p-compact groups originally constructed
by Zabrodsky [69], and later included in the Aguadé family [1]. Zabrodsky used the actions of
these same automorphisms, ¢ and 1, on the homotopy groups of BF, and BFEj, respectively,
and realized the invariant subgroups as homotopy groups of new spaces, BX 5 and BX3;.
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The corresponding splittings are Fy ~ DIy x Fy/DI, at the prime 3, first discovered by
Harper [36], and Fg ~ X3; X Eg/ X3, that was obtained by Wilkerson [66]. Other examples
appear in 5.4.

Our second step deals with the action of unstable Adams operations ¥? of exponent ¢ =
1 mod p, ¢ # 1, on connected p-compact groups X. These automorphism have infinite order
and the effect now is opposite in some sense to the case of finite groups of order prime to
p. The spaces of homotopy fixed points BX(gq) have the same p-rank as the original p-
compact groups X, but the maximal tori 7" ~ ((S')")) are cut down to finite maximal tori
T = (Z/p")™, £ = v,(1 — q), keeping the same Weyl group (see 7.5, 7.6).

We restrict our calculations in this part to p-compact groups for which the mod p co-
homology ring H*(BX;F,) is a polynomial ring. For simplicity, we will refer to them as
polynomial p-compact groups. At odd primes, these include all irreducible exotic examples
and will therefore suffice to our purposes.

Theorem C. Let q be a p-adic unit such that ¢ =1 mod p, q # 1. If X is an irreducible 1-
connected polynomial p-compact group, then BX(q) is the classifying space of a p-local finite
group.
The proof is based on the classification theorem for p-compact groups at odd primes [7],
see Section 2. The irreducible polynomial p-compact groups are
(1) BSU(n), (family 1 in the Clark-Ewing list),
(2) the generalized Grassmannians (family 2a in the Clark-Ewing list),
(3) the Clark-Ewing p-compact groups (p-compact groups with Weyl group of order prime
to p), and
(4) the Aguadé family X9, Xag, X3, X34 at primes p = 3, 5, 5, and 7, respectively, and of
rank p — 1. (The subscripts indicate the number of the Weyl group in the Clark-Ewing
list.)
Theorem C is proved by considering separately these four cases in 11.1, 11.4 , 9.8, and 10.3,
respectively.
In cases (1) and (3) we always obtain that BX(q) is the p-completed classifying space of a
finite group. The other two families contain the new exotic examples of p-local finite groups.
A complete description of the structure of the p-local finite groups X;(q), ¢ = 12,29, 31, 34,
is obtained in Section 10. Fix ¢ = 1 mod p and let v5(1 + 22"*1) = 13(1 — q). For Xi5(q),
p = 3, we obtain that BX;(q) ~ B(*F,(2*"*1))5 (Example 10.7). For X3(q), p = 5, it turns
out that if v5(1 + 2*™*2) = v5(1 — q), then BX3(q) ~ BEg(2*"1)2 (Example 10.8). In
particular, we can obtain the p-compact groups Xi5 and X3; as telescopes of a sequence of
p-completed classifying spaces of finite groups (see 10.9):

BX 5 =~ hocolim B(*F,(2°"))}
BX3; ~ hocolim BEg(2°")? .

The cases BXagg(q) and BXg34(q) at primes 5 and 7, respectively, are classifying spaces of
exotic p-local finite groups (Example 10.6).

Family 2a in the Clark-Ewing list consists of the pseudoreflection subgroups of GL,(Z,)
G(m,r,n) with r|m|(p—1) generated by the permutation matrices and the diagonal matrices
diag(ai, as, . ..,a,) with ;™ = 1 and (ajas...a,)™" = 1. We denote X(m,r,n) the p-
compact group of rank n with Weyl group G(m, r,n). We also prove that BX(m, r,n)(q) is the
classifying space of an exotic p-local finite group provided n > p and r > 2 (Proposition 11.5).
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It is remarkable the list of new exotic p-local finite groups that arise in this way.

Theorem D. For ¢ = 1 mod p, q # 1, the following are classifying spaces of exotic p-local
finite groups:

e BXo9(q) and BX34(q) at primes p =5 and p =7, respectively, and

e BX(m,r,n)(q) forn>p andr > 2.

Our next theorem provides the necessary arguments in order to deduce the general case of
Theorem A from the two steps.

Theorem E. Let p be an odd prime and X a connected p-compact group, T an automorphism
of X of order prime to p and ¥? an unstable Adams operation of exponent a p-adic unit.

(1) If X is 1-connected and ¢ = 1 mod p, q # 1, then B"X(q) ~ BX""(q).
(2) If ¢ is another p-adic unit such that ¢ = ¢’ mod p and v,(1 — q") = v,(1 — ¢'"), where r
is the order of ¢ mod p, then BX(q) ~ BX(¢).

Since we can decompose a p-adic unit g as ¢ = (qo where ( is a (p — 1)st-root of unity and
go = 1 mod p, part (1) of the above theorem will reduce the question of computing BX (¢) to
the case where ¢ = 1 mod p which turns out to be easier to handle in abstract calculations
and concrete examples. The second part of the theorem tells us that BX (¢) does only depend
on the order 7 of ¢ mod p and the p-adic valuation v,(1 — ¢"), so we can change the exact
value of ¢ at our convenience if we keep those parameters fixed.

Part (2) of Theorem E also explains the often observed fact that finite Chevalley groups
G(q) and G(¢') have same cohomology ring or identical p-local structure when ¢ and ¢’ are
prime powers, with ¢" = ¢ = 1 mod p and v,(1—¢") = 1,(1—¢"), for some r, 1 <r < p—1.

Proof of Theorem A. We consider B7X(q) as the homotopy fixed point space BX"™") for
the action on BX of the group generated by 7¢9.

If we write ¢ = (qo, where ( is a (p — 1)th root of unity and gy = 1 mod p, go # 1, so that
7% = 79p%p% then we have

B7X(q) = BX"™" ~ BXMT) (g)

according to Theorem E.
Xh(4) is a 1-connected p-compact group by Theorem B, hence it splits as a product of
irreducible 1-connected p-compact groups [26, 54]

BXM™Y ~ BX, x -+ x BX,,

and then, also, BX™™) (q)) ~ BX1(q) X -+ X BX,(qo). It remains to show that each
BX;(qo) is the classifying space of a p-local finite group.

If X; is polynomial, Theorem C applies and BX;(qp) is the classifying space of a p-local
finite group.

If X; is the p-completion of a compact Lie group G, then we can find a prime number ¢
with ¢, = ¢ = 1 mod p and v,(1 — q) = v,(1 — ¢}), and then BX,(q) ~ BX;(q,) by
Theorem E (cf. Remark 6.6), and this last is the p-completed classifying space of a finite
Chevalley group of type G, by the classical result of Friedlander [33].

By the classification theorem of p-compact groups at odd primes [7] (see Section 2), every
irreducible, simply-connected p-compact group is either polynomial or the p-completion of a
compact Lie group, hence the proof is complete. O
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Many authors have been interested in the cohomology rings of finite Chevalley groups at
primes different from the defining characteristic. Quillen [59, Theorem 4], shows that for an
odd prime p and a prime power ¢ prime to p, if m is the order of ¢ mod p and ¢ = v,(1 —¢™),
then

H*(BGL(TL, q); ]Fp) = P[xl, . ,.1'[%}] X E[yl, . ,y[%]]
where deg(z;) = 2mi and deg(y;) = 2mi — 1.

Fiedorowicz and Priddy, [29, 30] computed the cohomology rings of Chevalley groups
of classical type. Kleinerman [38] has computed the cohomology of Chevalley groups of
exceptional Lie type at large primes. M. Mimura, M. Tezuka, and S. Tsukuda [43] have
recently approached the cohomology rings of finite Chevalley groups at torsion primes, by
newly constructing a spectral sequence of Eilenberg-Moore type.

The result that we include here is essentially due to L. Smith, at least part (1) already
appears in [62]. We include it here for the convenience of the reader, as it is an important
step in our arguments.

Theorem F. Let X be a polynomial p-compact group with
H*(BX;F,) = Plzy,...,x,]
and q a p-adic unit with ¢ = 1 mod p, ¢ # 1. Then:
(1) H(BX(q);Fp) = Plz1,...,2.] ® Elys, . . ., yn] with higher Bockstein relations B, (y:) =
zi, b = vp(1 — q%), 2d; = deg x;, 2d; — 1 = degy;, and
(2) the inclusion of the mazimal finite torus i: BT} — BX(q), { = vy(1 — q), induces a
monomorphism i*: H*(BX (q);F,) — H*(BT}; F,)"x.

The inclusion i*: H*(BX(q);F,) — H*(BT;;F,)"* is an isomorphism in many cases.
This is checked by direct calculation of the relevant invariant rings. In cases in which
X is a Clark-Ewing p-compact group or a generalized Grassmannian, ¢* is an isomor-
phism (see Section 9). It is also an isomorphism in the case of the Aguadé p-compact
groups X;(q), ¢ = 29,31,34, however, i* is not an epimorphism in case of Xjs(q), for
which we obtain H*(Bxlg(q),Fg) = P[Im,l’lﬁ] & E[yn,y15], while H*<BTKQ;F3>WX12 =
P12, 16) @ EY10, v11, Y15]/ (Y11Y15 — T16Y10, Y10Y11, Y10Y15) (see Example 9.7).

We have restricted our calculations at odd primes, although some of the results are also
valid at the prime two. At present the classification of 2-compact groups has not been
completed although a plausible conjecture is that the Dwyer-Wilkerson 2-compact group
DI(4) is the only irreducible exotic 2-compact group. The finite Chevalley versions of DI(4),
named BSol(q), for odd prime powers ¢, have been first considered by Benson [8] and then
by Levi and Oliver [39] who proved that they are classifying spaces of 2-local finite groups
and their 2-local structure is in fact a system of fusion relations studied by Solomon [63] and
defined over the Sylow 2-subgroup of Spin(7,q).

The paper is organized as follows. In Sections 2 and 3 we review the definitions and
main results from the theory of p-compact groups and p-local finite groups. In Section 4 we
further develop some aspects of the theory of p-local finite groups concerning the homotopy
characterization of classifying spaces of p-local finite groups. The main results in Sections 10
and 11 stating that BX(q) is the classifying space of a p-local finite group if X is a p-compact
group in the Aguadé family or a generalized Grassmannian are based in this homotopy
characterization of classifying spaces.

Section 5 deals with what we have called first step. There is a discussion of different ways
in which we can understand an action of a group on a p-compact group and it contains the
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proof of Theorem B. This Theorem states that a homotopy fixed point space X"“ is again
a p-compact group if X was a connected p-compact group and G is a finite group of order
prime to p. Identifying X"“ with a p-compact group in the classification list requires a close
look to the restriction of the action to the maximal torus normalizer. This will be considered
in Appendix A. In particular, Corollary A.6 contains a criterion for the recognition of the
homotopy fixed point p-compact group by action of unstable Adams operations of finite order.
This is applied to many examples through the Clark—Ewing list at the end of this appendix,
A.7 through A.12.

Section 6 is devoted to the proof of Theorem E. It reduces the analysis of the structure
of a general homotopy fixed point space B7X(q) to first analysing a homotopy fixed point
p-compact group and then a homotopy fixed point space by the action of an unstable Adams
operation 17 of exponent ¢ = 1 mod p. This allows us to complete the argument for the
proof of Theorem A from steps one and two.

The second step starts in Sections 7, 8, and 9, where we analyse the general subgroup
structure of spaces BX(q), where ¢ = 1 mod p, ¢ # 1, and their cohomological properties.
Theorem F is proved in Section 8. Some technical results concerning the Bousfield-Kan
spectral sequence for the cohomology of a homotopy colimit are postponed to Appendix B.

Finally, sections 10 and 11, are devoted to the more specific properties of the p-compact
groups in the Aguadé family and the generalized Grassmannians, respectively. With them,
we complete the proof of theorems C and D.

We would like to thank Bob Oliver and Ran Levi for many helpful discussions. We are
particularly indebted with them for the discussions during our stay at the Max-Plank Institute
in Bonn in the spring of 2001, about the material presented in Section 4. We are also grateful
to Bob Oliver for bringing to our attention that the 3-local structure of DI, could be related
to that of the twisted Chevalley groups of type Fj, after our previous work on DI, [15].
This was one of our original motivations for the project that led to the present article. The
numerous suggestions of the referee significantly improved the presentation of this paper, and
we are thankful for his or her thorough read of the manuscript.

We would also like to thank the Departments of Mathematics of the Kgbenhavns Uni-
versitet and of the Universitat Autonoma de Barcelona, the Centre de Recerca Matematica
in Barcelona, and the Max-Planck Institut in Bonn for their hospitality in helping the two
authors get together at various stages of the project, and to the European Modern Homotopy
Theory Network for helping to finance several of these visits.

2. p-COMPACT GROUPS

A p-compact group is a triple (X, BX, e) where X is a space, BX is a p-complete connected
pointed space, H*(X;[F,) is finite, and e: X — QBX is a homotopy equivalence from X to
the space QBX of based loops in BX.

Throughout the paper, and when no confusion is possible, we will simply denote a p-
compact group (X, BX,e) as X. We shall say that X is connected if my(X) is a point
and simply connected if also 71(X) is trivial. These spaces were introduced by Dwyer and
Wilkerson in 1994 as p-local homotopy theoretic versions of compact Lie groups [25]. We
present here a short summary of the theory of p-compact groups and refer to the surveys
[47, 56, 22] for more information. Examples of p-compact groups include all simply connected
p-complete spaces with polynomial IF,-cohomology, and the p-completed classifying spaces of
all compact Lie groups G such that mo(G) is a finite p-group. The p-compact group obtained
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in this way from a torus is called a p-compact torus. Thus a p-compact torus BT of rank
n is simply a K(Z,,2)" and we have that Hy(BT;Z,) = Zj is a finitely generated free Z,-
module. A mazimal torus of a p-compact group BX is a pointed map BT — BX, satisfying
an injectivity and a maximality condition, of a p-compact torus into BX. The Weyl group W
of the maximal torus BT — BX, which we may assume is a fibration, is the monoid of fibre
homotopy classes BT — BT over BX. It turns out that all elements of W are invertible so
that W is actually a group. Equivalently, the Weyl group is the group of components of the
Weyl space which is the associative topological monoid of self-maps of BT over BX. The
Borel construction, BN, for the action of the Weyl space on BT is called the normalizer of

the maximal torus. The monomorphism BT — BX extends to a monomorphism BN — BX
(25, 9.2,9.8].

Theorem 2.1 (Existence of maximal tori [25, 9.7]). Any p-compact group X admits a maz-
mmal torus BTx — BX and a Weyl group Wx. When X is connected, the Weyl group Wx
acts faithfully on the finitely generated free Z,-module Lx = Hy(BTx;Z,), the pair (Wx, Lx)
is a Zy-reflection group, and

H*(BX;Z,) © Q — (H"(BTx; Z,) © Q)"
1S an tsomorphism.

This theorem introduces a relationship between p-compact groups and Z,-reflection groups
as defined below.

An automorphism of a finitely generated free Z,-module is a reflection if it acts as the
identity on a hyperplane. A Z,-reflection group is a pair (W, L) where L is a finitely generated
free Z,-module and W a subgroup of Autz, (L) = GL(L) that is generated by the reflections
that it contains. A morphism between two Z,-reflection groups, (Wi, L) and (Ws, L),
is a pair (a, ) consisting of a group homomorphism a: W; — W, and an a-linear Z,-
module homomorphism 6: Ly — Ly [52, 4.1]. The Z,-reflection group (W, L) is irreducible if
L®z,Q, is an irreducible Q,W-module. Using the Shephard-Todd classification of irreducible
complex reflection groups [61], Clark and Ewing [18] produced the list of all finite irreducible
Zy-reflection groups [52, 11.18]. At odd primes the list is as follows:

e Family 1: (3,41,5 (ZZH)) where the symmetric group X,, .1 permutes the n+1 factors
of Zp* and S(Z2+Y) = {(21,. .., xps1) € Z2H | -2 = 0},

e Family 2a: Let » > 1 and m > 2 natural numbers such that » | m | p — 1. The
cyclic group C,, of order m is contained in the group of units Z; for Z,. The Z,-
reflection group (G(m,r,n),Zy), n > 2, is the group generated by the subgroup ¥,
of all permutations of the n coordinates and the subgroup

A(m,r,n) = {diag(6:,...,60,) € C™ | (B;---0,)™" =1}
consisting of diagonal matrices.
e Family 2b: (Dy,,, Zg), m > 2, when m = +1 mod p or m = 3,6 if p = 3 is the dihedral

group of order 2m, generated by matrices ((1) 0 J:el,l ) and (‘1) (1)), where 0 is a primitive
mth-root of unity. It is also usual to call them G(m,m,2), following the notation of
Shephard-Todd [61].

e Family 3: (C,,,Z,) when m | p — 1 and C,, is the order m cyclic subgroup of Z.

e Sporadic groups: 34 sporadic Z,-reflection groups G;, 4 <1 < 37.

See [6] for a more detailed description of this list of all irreducible Z,-reflection groups.
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The automorphism group of the Z,-reflection group (W, L) is isomorphic to Nep)(W).
There is an obvious homomorphism from this group to the group of trace preserving auto-
morphisms of W. The kernel is the group Autz,w (L) of automorphisms of the Z,W-module
L. Using this we get an exact sequence of groups [52, 3.14-16]

1 — Autg w(L)/Z(W) — Napwy(W)/W — Outy (W) (2)
where the group to the right is the group
Outy, (W) = {a € Out(W) | Vw € W tr(a(w)) = tr(w)}

of trace preserving outer automorphisms of W < GL(L). Observe that there is a group
homomorphism
'Lbi Z; — NGL(L)(W)/W
that takes the p-adic unit u € Z; to scalar multiplication, ¢": L — L, by w on L. The kernel
of 1 is the finite subgroup Z; N Z(W) of W < GL(L).
If (W, L) is irreducible, Autz,w (L) = Z) consists only of the scalar matrices 1" according
to Schur’s lemma so that (2) takes the form

1 — 2 /Z(W) “ Nowiwy(W)/W — Oute,(W). (3)

Moreover, an explicit case-by-case computation shows that the group Out, (W) is trivial for
all irreducible Z,-reflection groups except for a few of the dihedral groups G(m,m,2) and
for the sporadic reflection groups Gs, G7, and Gag = W(F}), and in these cases it consists of
elements that lift to finite order elements 7 in Ngpy(W)/W. We conclude that if (W, L) is
irreducible then Ngp)(W)/W consists only of elements of the form 71" where 7 has finite
order.

Theorem 2.2 (Classification of p-compact groups at odd primes [52, 7]). Let p be an odd
prime. The assignment X ~ (Wx, Lx) gives a bijective correspondence between isomorphism
classes of connected p-compact groups X and isomorphism classes of Z,-reflection groups
(W, L). We have

Out(X) = Nerw)(W)/W

where (W, L) is the reflection group assigned to the connected p-compact group X.

The irreducible p-compact groups, which are the p-compact groups corresponding to the
irreducible Z,-reflection groups of the Clark-Ewing classification table [18] (see also [23, 1.5])
are

e Family 1: BSU(n + 1)) (the special unitary groups)
e Family 2a: BX(m,r,n), (m,r,n) # (m,m,2), (the generalized Grassmannians)
e Family 2b: BX(m,m,2), m > 3
e Family 3: Bgf,mfl (the Sullivan spheres)
e Sporadic groups: 34 sporadic p-compact groups BX;, 4 < i < 37.
Among the generalized Grassmannians we find

BX(2,1,n) = BSO(2n + 1)), BX(2,2,n) = BSO(2n)},

in family 2b
BX(3,3,2) = BPU(3)), BX(6,6,2) = (BGQ);\,

P )
and among the sporadic cases we find

BXys = (BF,)), BXgs = (BE;)), BXss = (BE;)), BXs; = (BEs)).
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Any simply connected p-compact group splits as a product of irreducible p-compact groups
[26, 54], and, in general, any connected p-compact group is locally isomorphic to the product
of finitely many irreducible simply connected p-compact groups and a p-compact torus [48,
2.8].

If H*(BX;F,) is a polynomial F,-algebra, we say that BX is a polynomial p-compact
group. Observe that all the irreducible p-compact groups are either polynomial or of the
form BG) where (i is an irreducible compact connected Lie group [52, 7.4].

The polynomial irreducible p-compact groups, which include all irreducible p-compact
groups that are exotic, can be constructed as homotopy colimits of diagrams whose nodes
are the p-subgroups of the Weyl group [52, 7.8]. We mention these special cases for later
reference:

e Clark—Ewing p-compact groups: The p-compact groups corresponding to the reflec-
tions groups (W, L) where the order of W is prime to p [18]. They have the form
BX = (B(T x W))),

where T x W is the semi-direct product for the action of the Weyl group on the
discrete maximal torus 7' = (L ®z, Q,)/L = (Z/p™)" where r is the rank. The
Sullivan spheres (family 3)

d2m—1 __ 0
BSP = B(Z/p™ x Cm);\,

where m|(p — 1), are special cases of this construction. Also family 2b for p > 3 is
included here.

e Aguadé p-compact groups: The four p-compact groups, X5 at p = 3, Xog at p = 5,
X3 at p = 5, and X34 at p = 7 constructed by Aguadé [1] in a uniform way as
homotopy colimits of diagrams

R \wep

2wyr (BSU(r + 1)%

BT )we

with two nodes where r = 2,4,4, 6, respectively, is the rank and Z (W), cyclic of
order 2,4,4,6, respectively, is the center of the Weyl group W. In all four cases p
divides the order of the Weyl group exactly once. The two cases X5, X3; had been
constructed by Zabrodsky using different methods [69].

e Generalized Grassmannians: The p-compact groups X(m,r,n) corresponding to the
reflection groups G(m,r,n) where r|m|(p — 1). The cases r = 1 where constructed
by Quillen as p-completed classifying spaces of general linear groups over suitable
infinite fields for characteristic prime to p. The cases with r > 1 where later obtained
by Oliver, see Notbohm [57]. See also [52, 7.10].

Theorem 2.2 describes Out(X), the group of invertible elements of the monoid [BX, BX]|
of unpointed homotopy classes of self-maps of BX, in purely algebraic terms as the ‘Weyl
group of the Weyl group’, Ngy(W)/W. In particular, we may regard the automorphism "
of (W, L) as the homotopy class of a self-homotopy equivalence of BX. The map ¢": BX —
BX is called an unstable Adams operation of exponent u € Z.

Classically, unstable Adams operations were first defined by Sullivan [65] on BU(n), for
q€Z, (p,q) =1, ¢ > n, as restrictions of Adams operations defined on BU. Then extended
by Wilkerson to all compact Lie groups [66]. In [37] it is shown that p-completed classifying
spaces of compact connected Lie groups admit unstable Adams operations 17 of exponent a
p-adic unit ¢ € Z;. This is extended to p-compact groups for odd primes p in [52].
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3. p-LOCAL FINITE GROUPS

The concept of p-local finite group has been introduced in [13] (see also [14]). A p-local
finite group is a triple (S, F, L) where S is a finite p-group, F a saturated fusion system
over S, and L a centric linking system associated to F. We will state here again all necessary
definitions for the convenience of the reader.

A fusion system over a finite group S consists of a set Homz(P, Q) of monomorphisms
for every pair of subgroups P, ) of S, such that it contains at least those monomorphisms
induced by conjugation by elements of S and all together form a category where every
morphism factors as an isomorphism followed by an inclusion. A fusion system is saturated if
it satisfies certain additional axioms formulated by L. Puig (see [13, §1] or the original source
[58]). Two subgroups P, P’ of S are called F-conjugate if there is an isomorphism between
them in F.

Definition 3.1. Let F be a fusion system over a p-group S.

(1) A subgroup P < S'is fully centralized in F if |Cs(P)| > |Cs(P’)| for all P’ < S which is
F-conjugate to P.
(2) A subgroup P < S'is fully normalized in F if |[Ng(P)| > |Ns(P’)| for all P" < S which
is F-conjugate to P.
(3) F is a saturated fusion system if the following two conditions hold:
(i) For each P < S which is fully normalized in F, P is fully centralized in F and
Autg(P) is a Sylow p-subgroup of Autx(P).
(ii) If P < S and ¢ € Homz(P,S) are such that ¢P is fully centralized, and if we set

N, ={g € Ns(P) [pcgp" € Auts(pP)},
then there is ¢ € Homz (N, S) such that ¢|p = ¢.

A subgroup P of S is F-centric if Cs(P') < P’ for every subgroup P’ < S which is
F-conjugate to P. F¢ denotes the full subcategory whose objects are the F-centric subgroups
of S.

A subgroup P < S is F-radical if Outz(P) = Autz(P)/Inn(P) is p-reduced, namely, it
does not contain non-trivial normal p-subgroups.

Definition 3.2. Let F be a fusion system over the p-group S. A centric linking system
associated to F is a category L whose objects are the F-centric subgroups of S, together
with a functor

m: L — F°,
and distinguished monomorphisms dp: P — Aut,(P) for each F-centric subgroup P < S,
which satisfy the following conditions.

(A)  is the identity on objects and surjective on morphisms. More precisely, for each pair of
objects P, Q € L, Z(P) acts freely on Mor,(P, Q) by composition (upon identifying Z(P)
with 0p(Z(P)) < Aut,(P)), and 7 induces a bijection

Morz(P,Q)/Z(P) — Homz(P, Q).

(B) For each F-centric subgroup P < S and each g € P, 7 sends 0p(g) € Autz(P) to
¢y € Autg(P).
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(C) For each f € Mor,(P,Q) and each g € P, the following square commutes in L:
P—1-qQ
5P(g)l J{‘sQ(W(f)(g))
P—1-q.

The classifying space of the p-local finite group (S, F, £) is defined as the p-completion | L]}
of the nerve of the category L. The classifying space determines the p-local finite group in
the sense that two p-local finite groups are isomorphic if and only if they have homotopy
equivalent classifying spaces. Actually, the complete structure of a p-local finite group can
be recovered from its classifying space by homotopy theoretic methods.

Finite groups are the main source of examples and motivation for p-local finite group
theory.

Example 3.3 (The p-local finite group (5, Fs(G), LE(G)) of a finite group G). If G is a finite
group and S a Sylow p-subgroup, the monomorphisms from P < S to @ < S induced by
conjugation in G, Homg (P, Q) = Ng(P,Q)/Cq(P), where Ng(P,Q) = {z € G|zPz" <
Q }, form a saturated fusion system over S, Fg(G). The Fg(G)-centric subgroups of S are
the subgroups P < S which are p-centric in G. A p-subgroup P < G is p-centric if its center,
Z(P), is the Sylow p-subgroup of Cg(P), or, equivalently, if the centralizer splits as the
product of the center of P and a group C{,(P) of order prime to p, Cq(P) = Z(P) x Ci(P).

Now, we define L§(G) as the category with objects all subgroups of S which are p-centric
in G, and morphisms Mor.(P, Q) = Ng(P, Q)/C(P), where Cf(P) is the p’-complement in
Ce(P) of the center of P, which is well defined because P is p-centric. L§(G) is a centric
linking system associated to Fg(G), and (S, Fs(G), LS(G)) is a p-local finite group with
classifying space |LG(G)|) ~ BG)) (see [12, 13]).

A p-subgroup P of G is called p-radical if it is the maximal normal p-subgroup of Ng(P),
P = O,(Ng(P)), or, equivalently, if Ng(P)/P is p-reduced [34], whereas being Fg(G)-radical
means that Outzyc)(P) = Ng(P)/PCq(P) = Outg(P) is p-reduced. However, if P < S is
Fs(G)-centric and Fg(G)-radical, then it is p-centric and p-radical in G: Assume that P is
not p-radical in G, then there is another p-subgroup @ with P<@Q < Ng(P) and @ # P. Since
P is p-centric, Cg(P) = Z(P)x Cf(P), where Cf(P) is a p/-group, hence also Cj(P)NQ = 1,
so, therefore P <@ < Ng(P)/CL(P) and Q/P < Ng(P)/PC{(P) = Ng(P)/PCg(P), hence
Outg(P) is not p-reduced. The converse it is not always true.

Alperin’s fusion theorem for saturated fusion systems [13, A.10] establishes that morphisms
in a saturated fusion system JF are composites of automorphisms of fully normalized, F-
centric, and F-radical subgroups of the system, or restrictions of those. Hence in order to
describe a saturated fusion system F over a finite p-group S it is enough to describe Autz(Q);)
for a set @1, ...,Q, of fully normalized representatives of F-conjugacy classes of F-centric,
F-radical subgroups of S in F. This motivates the next construction.

If Fy is a fusion system over S, and @)y, ...,Q, are subgroups of S, and A; a group of
automorphisms such that Inn(Q;) < A; < Aut(Q;), for each i, then we denote by Fo,(4;)
the fusion system over (); whose morphisms are restrictions of elements of A;, and define

F = (Fo; Fo, (A, ..., Fo. (A))

the fusion system over S whose morphisms are composites of morphisms belonging to any of
the generating fusion systems (cf. [13, §9]).
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R Ner, (g (R) Outer,(q) (1)
Zy GLP(Q) 1

1y (F3)P % 5, Xip

S (F)Px(Z/pxZ/p—1) Z/p—1
Upiq Fry X Z/p Z/p

TABLE 1. p-radical subgroups of GL,(q) for ¢ = 1 mod p

Thus, in particular, if F is a saturated fusion system over a finite p-group S and @, ..., Q,
is a set of fully normalized representatives of F-conjugacy classes of F-centric, F-radical
subgroups of S in F, then

F = (Fs(Autx(9)); Fo,(Autz(Q1)), . .., Fo,(Autz(Q,))) .

We now describe the fusion systems of GL,(¢q) and SL,(q) over the respective Sylow p-
subgroups, where p is a prime number and ¢ is a prime power ¢ = 1 mod p. This will be
useful in later sections.

Example 3.4 (The fusion system of GL,(q)). We will describe the fusion system of GL,(q)
over a Sylow p-subgroup, for p a prime and ¢ a prime power such that ¢ = 1 mod p. We
can use the Alperin—Fong description of p-radical subgroups of general linear groups [4]. The
elements

00 ... 1
10 0
B = diag(1,¢,¢%,...,¢P7h), =101 0
00 ...10

where ¢ be a primitive pth root of unity in F;, generate an extraspecial subgroup I'y =
(B,C) < GLy(q) of order p* and exponent p.

The p-primary part of the multiplicative group of units [} is isomorphic to Z/ p’ where
(= 1v,(1—q). Let T} = (Z/p*)?, the maximal finite torus, be the group of diagonal matrices
of p-power order. Then S =T} x (C) 2 Z/p*1Z/p is a Sylow p-subgroup of G L,(q).

Define the subgroup I'y = Z,0I'y < GL,(q) to be the central product over the center of I'y
of the center Z, 2 Z/p* of GL,(¢q) and T';.

There is an standard inclusion F}, € GL,(g), obtained by letting [}, act on Fg by multi-
plication and considering F» as F -vector space. We define U4, as the image in GL,(q) of
the cyclic group Z/p**t < [, of all roots of unity of p-power order in Fp.

With this notation and according to [4], if R is a p-radical subgroup of GL,(q) then R is
conjugate to one of the subgroups displayed in Table 1.

It is now easy to extract from Table 1 the F-centric, F-radical subgroups of S in the fusion
system F = F5(GL,(q)) of GL,(q) over S. Notice that Z, is clearly not F-centric and U4
clearly not F-radical. This leads to Table 2.

Example 3.5 (The fusion system of SL,(q)). We proceed now by describing the fusion
system of SL,(q) over a Sylow p-subgroup, for p a prime and ¢ a prime power such that
¢ = 1mod p. Let £ =v,(1 — q) as in the previous example.
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R OutGLp(q) (R)

Iy Xp
S Z/p—1
Fg SLQ(p)

TABLE 2. F-centric, F-radical subgroups in the fusion system of GL,(q)

P Outgr,(P) Conditions
v 5, p>3
S Z]p—1
e SLa(p)  r=0iff=1,p=3
r=20,1,...,p—1if £ > 1 or
p >3,
TABLE 3. F-centric F-radical subgroups in the fusion system of SL,(q)

We first show that every p-radical subgroup of SL,(q) is the intersection N SL,(q) of a
p-radical subgroup @ of GL,(q) with SL,(q). For a given p-radical p-subgroup P of SL,(q)
define @ = Op(Nar,()(P)). Q@ N SLy(q) is a normal subgroup of Ngz,, g (P) and since P is
the maximal normal p-subgroup of Ngr, ) (P), we have @ N SL,(¢) < P. Same argument
with Ner, (g (P) shows that P < @ and therefore Q N SLy(q) < P.

Every element g € GL,(q) normalizes SL,(g), so if g normalizes () it also normalizes
QN SL,(q) < P, so Nap,(Q) < Ngr,q(P). But, by definition of @, this is nor-
mal in Ngr,g(P), hence we actually have Ngp,)(Q) = Nar,q(P). So, therefore, QQ =
Op(Nar,()(Q)) is p-radical.

Fix the Sylow p-subgroup S = SN SL,(q) of SLy(q), and let F = Fg(SL,(q)) be the
fusion system of SL,(q) over S. Assume that P < S is F-centric and F-radical. Then P
is p-centric and p-radical in SL,(¢). In particular P = Q N SL,(q) where @ is p-radical in
GL,(q), hence conjugate by an element g € GL,(q) to a p-subgroup in the Table 1. Among

those intersections, only S = SNSL,(q), Tg(p_l) =SNT}, and I'y = SNTy are also p-centric.
Hence, the complete list of conjugacy classes of p-centric and p-radical subgroups of SL,(q),
is obtained by conjugating these three subgroups by elements g € GL,(q): where I'1(¢"),
r =0,1,...,(p — 1) are subgroups of SL,(q), defined as the conjugates of I'y in GL,(q),
[1(¢") = x,Tyzt, where z, = diag(¢7,1,...,1) € GL,(q), £ a (¢ — 1)st root of unity. Notice
that for g € GL,(q), gSg~" lies in S if and only if it is exactly S and the same happens with
Tg(p_l). In the case of 'y we just need to check which of the subgroups I';({") are conjugate
in SL,(q). In fact, Alperin’s fusion theorem [13, A.10], together with the list of p-radical
p-centric subgroups that we have obtained so far, tells us that if two subgroups I'1(£") and
I'1(&£°) are conjugate in SLy(q) they are already conjugate in Ngy,(q)(S), hence we obtain the
Table 3 by direct calculation as a list of p-centric and p-radical subgroups but, by inspection,
this coincides with the list of F-centric F-radical subgroups.

An p-local finite group that is not of the form (S, Fs(G), LE(G)) for any finite group G is
called ezotic. Examples of exotic p-local finite groups are already shown in [13]. Recently,
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Levi and Oliver have obtained a family of exotic 2-local finite groups, B Sol(q) [39], based
on fusion systems originally described by Solomon [63].

Definition 3.6. (a) For any saturated fusion system F over a p-group S, and any P < S,
fully centralized in F, the centralizer fusion system Cz(P) over Cg(P) is defined by setting

Home,(p)(Q, Q") = {(¢lq) ’ ¢ € Homz(PQ, PQ'), ¢(Q) < Q', ¢|p =Idp}
for all Q, Q" < Cs(P).

(b) For a p-local finite group (S,F,L) and P < S fully centralized in F, we define the
category Cr(P) whose objects are Cz(P)-centric subgroups @@ < Cs(P) and where

More,p)(Q, Q") = {go € Hom,(PQ, PQ") } 7(o)|lp = Idp, m(¢)(Q) < Q' } )

It is proved in [13, §2] that if (S, F, £) is a p-local finite group and P < S'is fully centralized
in F, then (Cs(P),Cx(P),Cr(P)) is a p-local finite group.

In [39] Levi and Oliver have obtained necessary and sufficient conditions for a fusion system
to be saturated. We reproduce here their result for the convenience of the reader. We will

write C'r(z) = Cx({x)) for z € S.

Proposition 3.7. [39] Let F be any fusion system over a p-group S. Then F is saturated
if and only if there is a set X of elements of order p in S such that the following conditions
hold:

(a) Each x € S of order p is F-conjugate to some element of X.

(b) If x and y are F-conjugate and y € X, then there is some ¢ € Homg(Cgs(x), Cs(y)) such
that ¥(z) = y.

(c) For each x € X, Cr(x) is a saturated fusion system over Cg(x).

4. RECOGNITION OF CLASSIFYING SPACES OF p-LOCAL FINITE GROUPS

In [13] it is shown that a p-local finite group can be completely recovered from its classifying
space by homotopy theoretic methods. Also, a recognition principle for classifying spaces of
p-local finite groups is provided in [13, Thm. 7.5]. We will briefly describe these methods
and derive an inductive method that will be useful in our situation.

We will first recall how a fusion system Fg s (X) and a linking system Lg ) (X) are
attached to a space X equipped with a map f: BS — X, where S is a finite p-group.

If (S, f) is a p-subgroup of a space X we can define a fusion system over S, Fg s)(X), by
declaring

Homg () (P Q) = { ¢ € Hom(P, Q) | flep =~ flpgo By}
for all P,@Q < S, where f|pp denotes the composition BP Bir. gs L x. Next, we define
the category Ls )(X) that has objects the subgroups of S and

Morg ., x)(P,Q) = { (¢, [H])| ¢ € Hom(P,Q) and
[H] is the homotopy class of a homotopy from f|gp to f|pg o By } ,

and the full subcategory L{g ;) (X) whose objects are F{s y)(X)-centric subgroups P < S.
The important question and the aim of the rest of this section is to find sufficient conditions
on a space X and a p-subgroup (5, f) under which

(S, Fis.p(X), Lis py(X))
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is a p-local finite group and X is its classifying space [L{g ;(X)[; ~ X.

One first important case is that of X = |L[, the classifying space itself of a given p-local
finite group (S, F, £). The distinguished homomorphism dg: S — Aut,(S) provides a functor
BS — L, where BS denotes the category that has one object and its group of automorphisms
is S. In turn, this functor induces a map between the respective nerves |BS| — |£|. Finally,
composing with the p-completion of |£| we obtain a canonical map for (S, F, £):

05': |BS| - |£‘;/)\7

where we can identify |[BS| ~ BS. It turns out that (S, F(ss)(|L]}), Ligge (L)) is iso-
morphic to the original (S, F, L) [13, 7.3]. This is how a p-local finite group is completely
recovered from its classifying space.

The basic tool in order to show that these systems define a p-local finite group with clas-
sifying space X is [13, Thm. 7.5]. In order to apply this theorem in our situation we face
two main difficulties, namely, to show that the p-completed nerve of Lg s (X) is homotopy
equivalent to X and to show that F(g ) (X) is a saturated fusion system. In order to over-
come these difficulties, we develop in this section an inductive method mainly based on the
centralizer decomposition of p-local finite groups.

Definition 4.1. Given spaces X and Y, we say that a map a: X — Y is a homotopy
monomorphism at p if the homotopy fibre of «, F', over any connected component of Y, is p-
quasi-finite; that is, the inclusion F' — Map(BZ/p, F’) as constant maps is a weak homotopy
equivalence.

Given two maps f: X — Y and ¢g: Y — Z, where ¢ is a homotopy monomorphism at p, it
is not hard to prove f is also a homotopy monomorphism at p if and only if the composition
go f is so.

Definition 4.2. Let X be a space. A finite p-subgroup of X is a pair (P, f), where P is a
finite p-group and f: BP — X is a homotopy monomorphism at p. A p-subgroup (S, f) of
X is called a Sylow p-subgroup of X if for any other p-subgroup (@, g) of X, g: BQ — X
factors through f: BS — X, up to homotopy. If (P, f) is a p-subgroup of X, then we denote
BCx (P, f) = Map<BP’X)f'

Our basic example comes from p-local finite groups. If (S,F, L) is a p-local finite group,
then (S, 0s) is a Sylow p-subgroup of |£|). The map 0g: |[BS| — |L]} satisfies the required
conditions by [13, Thm. 4.4].

We will need later the next technical lemma.

Lemma 4.3. Assume that X and Y are spaces for which Map(BZ/p,X)s ~ X and
Map(BZ/p,Y)e ~ Y. Let f: X — Y be a homotopy monomorphism at p and ju: BP — X
a finite p-subgroup of X, then each map in the diagram

BCXU%/OL)X (4)

|

BCy<P,fO,u) e

ev

18 a homotopy monomorphism at p.
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Proof. Let F' be the homotopy fibre of the evaluation map
BCx (P, ) = Map(BP, X),, = X .
There is an induced fibration
Map(BZ/p, F) — Map(BZ/p,Map(BP, X),)s — Map(BZ/p, X)«

where ct stands for all components mapping down to the component of the constant map in
Map(BZ/p, X). Since Map(BZ/p, X)) ~ X, also

Map(BZ/p, Map(BP, X),)s ~ Map(BP,Map(BZ/p, X))z ~ Map(BP, X),,,

and therefore Map(BZ/p, F) ~ F; that is, F is p-quasi finite and ev: Cx(P,u) — X is a
homotopy monomorphism at p. Similarly, ev: BCy (P, f o u) — Y is a homotopy monomor-
phism at p. Finally, since all other maps in diagram (4) are homotopy monomorphisms at p,
then, also f; is a homotopy monomorphism at p. 0

The next is a useful result that provides conditions on the space X and a Sylow p-
subgroup (S, f) under which the fusion system Fg s)(X) is saturated. An element x € S of
order p determines a homomorphism i,: Z/p — S an then a map f o Bi,: BZ/p — X. We
write BCx(x) = Map(BZ/p, X).., the connected component that contains the map f o Bi,,
and f,: BCg(x) — BCx(x) the map induced by f.

Proposition 4.4. Let X be a space, (S, f) a Sylow p-subgroup of X, and X a set of elements
of order p in S. Assume that:

(1) Map(BZ/p, X)e ~ X.

(2) Forallx € X, the natural map f,: BCs(x) — BCx(z) is a Sylow p-subgroup for BCx(x).
(3) For all x € X, Flog(x).1.)(BCx(x)) is a saturated fusion system over Cg(x).

(4) For allz € S of order p, there is p € Homz , (x)({x),S) such that p(z) € X.

Then Fsp)(X) is a saturated fusion system over S and Cgyg . (x)(x) coincides with
Fies@), ) (BCx(x)) as fusion systems over Cg(x), for all x € X.

Proof. Write F = Fs 5)(X) for short. Clearly, F is a fusion system over S. Condition (a) of
Proposition 3.7 holds by (4); and it remains to show that conditions (b) and (c) of 3.7 hold.

Condition (b) of 3.7: Fix z,y € S of order p such that y € X, and such that there
is 9 € Homgz((x), (y)) with ¢p(z) = y. We must show that 1)y extends to some ) €
Homz(Cs(z), Cs(y)).

Since x and y are F-conjugate,

[f o Bi,] = [f o Bi,| € [BZ/p, X],

so Map(BZ/p, X ), = Map(BZ/p, X),. Since Cs(y) is a Sylow p-subgroup of Map(BZ/p, X),
by (2), the natural map BCg(x) — Map(BZ/p, X), factors through BCs(y). In other
words, there is some 1) € Hom(Cgs(z),Cs(y)) such that the following square commutes up to
homotopy

foB(inclXig)

()

BCg(z) x BZ/p
waldl
BCs(y) x BZ/p

foB(inclxiy)




18 CARLES BROTO AND JESPER M. MOLLER

Thus ¢ € Homz(Cg(x), Cs(y)). If p, p’ € Hom(Cs(z) x Z/p, S) denote the homomorphisms
p(g,t) = gz' and p'(g,t) = ¥ (g)y’, then fo Bp ~ fo Bp' by (5), and hence Ker(p) = Ker(p')
by [13, Proposition 5.4(d)] (and point (1)). And this implies that ¢ (z) = y.

Condition (c) of 3.7: Fix some x € X; we must show that Cz(z) is a saturated fusion system.
By (3), the fusion system F’ = Fies@), 1) (BCx(x)) is saturated, so it suffices to show that
these two fusion systems over Cg(x) are equal.

To see this, fix P,Q < Cs(z), and let ¢ € Hom(P, Q) be any monomorphism. Set P =
P-(x) and Q = Q- (x). Let p € Hom(P x Z/p,S) and p' € Hom(Q x Z/p, S) be defined by
p(g,t) = ga* and p'(g,t) = ga'. Then ¢ € Homg (P, Q) if and only if the following square
commutes up to homotopy

BP x BZ/p — - x (6)
Bcpxldl
foByp'

BQ x BZ/p —— X .

By (1) and [13, Proposition 5.4(d)], this holds if and only if K % Ker(p) = Ker(p' o (¢ x Id))
and the induced maps from B((P x Z/p)/K) to X are homotopic. The kernels are equal if
and only if ¢ extends to a monomorphism ¢ from P to ) which sends x to itself. And in this
case, the induced maps on B((P x Z/p)/K) are homotopic if and only if f|,5 ~ o By,
if and only if ¢ € Home, () (P, Q).

Now, Proposition 3.7 implies that Fs s (X) is a saturated fusion system over S and
the argument for condition (c) already contains the proof that C'x(x) coincides with F' =
Fies(@), ) (BCx(x)) as fusion systems over Cg(x). O

f‘B@

We derive now another characterization that will be useful in the specific cases in which
we are interested or more generally in cases in which there is a good knowledge of elementary
abelian p-subgroups of X and of their centralizers.

Theorem 4.5. Let X be a p-complete space and (S, f) a p-subgroup of X. Assume that
(1) Map(BZ/p, X)e ~ X, and
(2) for each non-trivial element x € S of order p
(a) BCx(x) is the classifying space of a p-local finite group, and
(b) if (H, g) is a Sylow p-subgroup for BCx(x), there is a group homomorphism p: H —
S that makes the diagram
Bp

BH BS

| |’

ev

commutative up to homotopy,

then, (S, f) is a Sylow p-subgroup for X and
(S, Fis.p(X), Lis py(X))

15 a p-local finite group.
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Furthermore, X ~ |L s (X)|7 if and only if the natural map induced by evaluation

hocolim Map(BE, X) — X

Fls,p(X)oP

flBE

18 a mod p homology equivalence. Here ‘7-"(@57}0) (X) denotes the full subcategory of F(s p(X)
consisting of non-trivial fully centralized elementary abelian p-subgroups of S.

Proof. The proof is divided in five steps. First, we prove that (S, f) is a Sylow p-subgroup of
X. Next, that the fusion system of X over (S, f), Fs,5)(X) is saturated. In the third step
we show that for each Fg s)(X)-centric subgroup P < S the map f|gp is centric. A map
g: BP — X is called centric if the induced map f;: Map(BP, BP);q — Map(BP, X), is a
weak homotopy equivalence.

These two last steps are the hypothesis (a) and (c) of [13, Theorem 7.5]. According to
the remarks after the proof of this theorem in [13], this suffices in order to conclude that
(S, Fis.n(X), Lis (X)) is a p-local finite group. This is the first part of the theorem.

The second part states that X ~ [Lg ) (X)[) if and only if the natural map induced by
evaluation hocolim].-(es’ﬂ( xyor Map(BE, X),, — X is a mod p homology equivalence. This

is proved in steps 4 and 5. Notice that X ~ [Lg ) (X)[) is condition (b) in [13, Theorem
7.5].

Step 1: (S, f) is a Sylow p-subgroup for X. Let (P, u) be a finite p-subgroup of X. Choose
a central element z of order p in P. It determines a homomorphism i,: Z/p — P for which
Cp(Z/p) = P, and a map p o Bi,: BZ/p — X. According to our hypothesis, BCx(x) is
the classifying space of a p-local finite group, and if (H, g) is its Sylow p-subgroup, there are
homomorphisms p: H — S and ¢: Cp(Z/p) — H that make the diagram

By

BCp(Z/p) —=> BCx(Z/p, o Bi,) <*— BH

= Jo f pr

I

BP X BS

commutative up to homotopy. Hence, po ¢: P = Cp(Z/p) — S provides the factorization
of (P, ) through (S, f).

Step 2: The fusion system of X over (S, f), Fs,p(X) is saturated. This part of the proof
will be based on Proposition 4.4. Define

X={z€S|zoforder p and f,: BCs(z) — BCx(x)
is a Sylow p-subgroup for BCx(z) } .

Notice now that conditions (1) and (2) of Proposition 4.4 are satisfied by our hypothesis and
by definition of the class X. Condition (3) is easily verified, too. In fact, by hypothesis, for
each x € X, BCx(x) is the classifying space of a p-local finite group and since f,: BCg(x) —
BCx(x) is a Sylow p-subgroup for BCx(z), the fusion system F(cg(x), 1) (BCx(x)) is satu-
rated.

It remains to verify condition (4); that is, that every element x € S of order p is Fs 5)(X)-
conjugate to an element of the class X.
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Assume that x € S has order p. It gives a homomorphism i,: Z/p — S and a map
foBi,: BZ/p — X. There is an evaluation map ev: BZ/p x BCx(z) — X. Let (H,g)
be a Sylow p-subgroup of BCx(z). Since (S, f) is a Sylow p-subgroup of X, there is a
homomorphism p: Z/p x H — S making the diagram
Bp

BZ/p x BH BS

| I

BZ/p x BCx(z) —= X

commutative up to homotopy.

Let ¢ = p|z, the restriction of p to the first component Z/p. From the above diagram we
deduce that ¢ € Homg . (x)(Z/p, S). Let y = ¢(z).

Then, p induces

BH % BCs(y) ™ BOx(y) © X

where all maps are homotopy monomorphisms at p. The first one because p is a monomor-
phism, the others by Lemma 4.3.

Now, ¢ induces a homotopy equivalence BC'x(y) ~ BCXx(z), hence also an isomorphism
between the respective Sylow p-subgroups. Since (H,g) is a Sylow p-subgroup for Cx (z), it
follows from the above sequence of maps that (Cs(y), f,) is a Sylow p-subgroup for Cx (y).
Hence y = ¢(x) € X.

Step 3: f|gp is a p-centric map for each Fs ) (X)-centric subgroup P < S. Suppose that
P < S'is Fs,5)(X)-centric. Choose a central element x € S or order p. Since P is Fg, 5 (X)-
centric, x € P and we have a sequence of homotopy monomorphisms at p

BP 2 BS = BOy(x) & X .
By hypothesis, BC'x(x) is the classifying space of a p-local finite group, and from the above
sequence of maps we easily obtain that (5, f,) is a Sylow p-subgroup for BCx(x). Fur-
thermore, P is also F(s ,)(BCx(x))-centric, and then f,|pp is a p-centric map. There is a
sequence of equivalences

Map(BP, BP)14 ~ Map(BP, BCx(x)),|5p
~ Map(BP x BZ/p, X) j|zponm =~ Map(BP, X) 1 (7)

where m: P X Z/p — P denotes multiplication by z, the generator of Z/p = (x). The last
equivalence is implied by the Zabrodsky’s lemma (cf. [21, Proposition 3.5]) applied to the

fibration BZ/p — BP x BZ/p L™, BP. The homotopy equivalence (7) shows that f|gp is
a p-centric map.

Step 4: There is a map k: |Ls ) (X)]) — X that induces homotopy equivalences

kp: Map(BP,|Lis (X)) = Map(BP, X)

|0sllBp flBp »

for each non-trivial subgroup P < S. The construction of the map r: [Lfg (X)] — X
requires some technical constructions and will be explained in Proposition 4.6. Indeed, it
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will be shown that there is a homotopy commutative diagram

/\

1Lis.s

where we have identified BS ~ |BS]|.
We will show that the induced map

tp: Map(BP, [Lis p(X)]))os|sp — Map(BP, X))y - 9)

is a homotopy equivalence by induction on the order of the group P.

If P = (z), for some x € S of order p, then BCx(x) = Map(BP, X)y|,, is the classifying
space of a finite p-local group, by hypothesis. According to Step 2 above, we can assume
without loss of generality that = € X, and so, the induced map f,: BCs(x) — BCx(x) is the
inclusion of a Sylow p-subgroup, and the fusion system Fcg(),f.)(BCx(2)) coincides with
Cr s x)(x) by Proposition 4.4.

Now, diagram (8) induces the new homotopy commutative diagram

BCg(x) (10)

Map(BP, wsf)< )p)oizr BCx(x)

Kkp

where, according to [13, 6.3], the map 6y is the inclusion of a Sylow p-subgroup of the mapping
space Map(BP |Lls.5)(X)[5)o)5» Which is the classifying space of a centralizer p-local finite
group with fusion system C’f s (X (x)(x). Furthermore, xp induces an equivalence of fusion
systems, and therefore a homotopy equivalence.

For an arbitrary non-trivial subgroup P < S, we fix an element x of order p in the center
of P. Again, we can assume that x belongs to X. There is a diagram

Map(BP, |Lis 1) (X))ol —— Map(BP x B(z) ,|L{g 1)(X))o|ppom —

RP\L RPx(z)l

Map(BP, X) Map(BP x B(z) , X)) f|ppoBm

flep
—— Map(BP, Map(B(z) , |£fs,f) (X>|)Bmcl)9|3p

iMap(l,fi@))
Map(BP, Map(B(x), X),)

flBP

where horizontal arrows are homotopy equivalences, by adjunction and by Zabrodsky’s lemma
(cf. [21, Proposition 3.5]) applied to the fibration BZ/p — BP x B(x) B, BP, where we

identify Z/p with the kernel of the multiplication homomorphism m: P x (z) = P. Also,
Map(1, k(z) is a homotopy equivalence. That concludes the proof that sp in equation (9) is
a natural mod p homology equivalence for subgroups P < S.
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Step 5: X =~ |Lis,p (X)) if and only if the natural map

hocolim Map(BE, X)

Flo,py(X)oP

_>X

flBE

induced by evaluation is a mod p homology equivalence. Diagram (8) induces an isomorphism
of fusion systems over S: F(s)(|L{g ;) (X)]) = F(s,5)(X). We will consider the full subcat-
egories of non-trivial fully centralized elementary abelian p-subgroups F < S. In order to
simplify the notation, we will write F* = Fg 4 (|L{g ) (X)]) = F ;) (X).

For every elementary abelian subgroup E < S, the map kg, as defined in step 4, fits in a
commutative diagram

Map(BE, |L{g (X))o, ——> Map(BE, X)

|£fs,f) (X)] . X
where vertical maps are induced by evaluation at the base point. As a consequence, we

obtain a map between the corresponding homotopy colimits together with compatible maps
induced by evaluation:

flBE

h(()fcg)lolpml\/[ap(BE |£(5f (X )’/\)G\BE HhO;ngmMap(BE X)flse (11)
1Lls (X - X

where & = hocolim(zeyor £ is the induced map between the respective homotopy colimits.
It turns out that % is a homotopy equivalence because all kg are homotopy equivalences
according to step 4. Also, the left vertical map of is a homotopy equivalence by [13, 2.6 and
6.3].

Hence, the right vertical map ev in (11) is a homotopy equivalence if and only if  is a
homotopy equivalence. This proves step 5. 0

Notice also, that, reciprocally, if X is the classifying space of a p-local finite group with
Sylow p-subgroup (S, f), then all conditions of Theorem 4.5 are satisfied according to [13,
87].

There seems to be no natural way to construct a map between X and [L{g ;(X)| in either
direction. This problem was solved in [12] by means of some auxiliary constructions. For
the convenience of the reader we shall reproduce the argument here. For this aim we will
introduce a variation of the categories Fg )(X) and Lg s (X), independent of the choice of
a Sylow p-subgroup.

For a space X, we denote F,(X) the category in which the objects are finite p-subgroups
(P, f) of X, and the morphisms are defined

Morz,x)((P, f), (Q,9)) = { ¢ € Hom(P,Q) | f ~go By } .

Similarly, £,(X) is the category in which the objects are the p-subgroups (P, f) of X and
morphisms are defined as

Morz,x)((P; ), (Q, 9)) = { (¢, [H]) | ¢ € Hom(P, Q) and
[H] is the homotopy class of a homotopy from f to g o By } )
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Notice that if (S, f) is a p-subgroup of X, then, there are obvious functors Fg ) (X) — F,(X)
and Lg,5(X) — L,(X), sending and sending an object P of Fg ) (X) (resp. L5 (X)) to
the map f|pp: BP — X considered as an object of F,(X) (resp. £,(X)). Furthermore, if
(S, f) is a Sylow p-subgroup, then these are equivalences of categories.

Proposition 4.6. Let X be a space, S a finite p-group, and f: BS — X a map. Assume
that (S, f) is a Sylow p-subgroup of X and that for each Fs 5)(X)-centric subgroup P < S,
flBp is a centric map, then there is a homotopy equivalence kg: |BS| — BS and a map
kx: |Lig p(X)| — X such that the diagram

IBS| = BS
9si f
‘ﬁfs,f) (X)| —= X.

18 homotopy commutative.

Proof. We will sketch here the necessary constructions in order to obtain the map
rx [L{g p(X)| — X. We refer to [12, §4] for full details.

We denote £5(X) the full subcategory of £,(X) whose objects are the p-subgroups (P, f)
of X where f is a centric map. The hypothesis on (5, f) and on Fg s (X)-centric sub-
groups imply that the functor Lg ) (X) — L,(X) defined above restricts to an equivalence
of categories

Lis (X)) — Lo(X).

In order to connect the nerve of £5(X) and X, in [12], it is defined the simplicial space
M¢(X) where n-simplices are maps 1: A(P) — X, where P = (P, & P 83 ... &3 p)
is a sequence of p-subgroups of S and monomorphisms, and A(P) can be regarded as the

homotopy colimit of the sequence BF, Bey BP, Bey .. Ben BP,, with the condition that

the restriction of 1 to any BPF; is a centric map.

The inclusion of base points in BP; provides a map tp: A" — A(P), and then, an evalu-

ation map
evx: [MJ(X)| — X,
evx (t,n) = n(p(t)).

For each i, the mapping cylinder of BP,_; 5 BP, embeds naturally in A(P) and the
restriction of 7 to this mapping cylinder can be interpreted as a homotopy between 7|gp,_,
and n|gp, © By;, thus, a morphism of E;(X) from n|gp_, — X to n|lpp, — X. In this
way, the n-simplex n: A(P) — X determines an n-simplex in N,(L;(X)) and gives rise
to a simplicial map from MJ(X) to the nerve of L5(X), and therefore a map between the
respective geometric realizations:

Tx: [MI(X)| — [£5(X)].

Each object a: BP — X of L(X) is a centric map. In particular, Map(BP, X), =
Map(BP, BP);q ~ BZ(P) is aspherical, and so, according to [12, Lemma 4.2] (see its proof),
Tx 1 |[MJ(X)| — [£5(X)] is a homotopy equivalence. Then, choosing a homotopy inverse of
7x we can define kx : [L{g ;(X)| — X as the composition

EVX

[Lis ) (X — L5 (X)] <= [ME(X)| —> X (12)
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In case X = BS, Proposition 2.7, Lemma 4.2 and Lemma 4.3 of [12] provide homotopy
equivalences

L5 — |£5(BS)] <= |M{(BS)| —= BS (13)

hence, the key to finish the proof of the Proposition lies in the naturality properties of this
construction with respect to f: BS — X. However, in general, a subgroup P < S which
is centric in .S, need not be centric when regarded as a p-subgroup of X by considering the
restriction f|gp : BP — X of f to BP. For this reason, we will have to restrict M¢(BS)
to the subspace M7 (BS) of simplices n: A(P) — BS of M¢(BS) where every group in the
sequence P is S itself. Accordingly, we call £5(BS) the full subcategory of L£5(BS) with
objects the homotopy equivalences g: BS — BS. With this notation we have a diagram of
homotopy equivalences

IBS| —=—|L5(BS)| <= |M$(BS)| “2% BS (14)

T

|L5(9)] = |L5(BS)| <= |Mg(BS)| —2> BS

where same arguments as in [12] for the sequence (13) are used.

Now, for every equivalence g: BS — BS, the composition BS < BS L, X defines a centric
p-subgroup of X, and then f induces a well defined map of simplicial spaces M2 (BS) —
M¢(X), that makes commutative the diagram

~

BS| L3 (BS)| <=— |M5(BS)| “2% BS (15)

R

evx

|Lés.5) (X —= [L5(X)| <=— [MI(X)| —> X .

Then rg: |BS| — BS is the composite homotopy equivalence in the top row of the above
diagram, and this finishes proof. O

5. HOMOTOPY FIXED POINT p-COMPACT GROUPS

Let M be a space and G a discrete group. An action of the group G on the space M is
group homomorphism
p: G — aut(M)
where aut(M) is the topological monoid of self-homotopy equivalences of M.
Dwyer and Wilkerson introduced [25, §10] the homotopy theoretic notion of proxy actions.
A proxy action of G on M is defined as a fibration

p

M Mg BG (16)
Now, this is classified up to fibre homotopy equivalence by a map
BG — Baut(M).

Any action p: G — aut(M) of G on M determines a proxy action by taking Mg = M X EG
to be the Borel construction and the classifying map is Bp: BG — Baut(M). Conversely,
the proxy action (16) produces a rigid action of G on a space homotopy equivalent to M by
turning M — M, into a covering space.
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We will adopt the more flexible notion of proxy actions throughout this paper and by abuse
of language will call just an action to a proxy action. In this setting, the total space Mg
of (16) is called the homotopy quotient space and the homotopy fized point space is defined
as the space M"“ of sections of fibration (16). In this section we use obstruction theory to
develop some basic structure results for M"*“, and we apply them in the case where M = BX
is the classifying space of a p-compact group and to the proof of Theorem B.

We will show conditions under which M"“ is nonempty, and if this is the case, a way to
describe the set of path-components. Fibration (16) induces an action of G' on the set of
path-components of M and 7o(M)“ denotes the set of path-components of M that remain
fixed under this action. Then, evaluation of a section at the base point b € BG induces a
map

mo(M"S) T, o (M)C (17)
thus, a necessary condition for M"“ being nonempty is that mo(M)® is nonempty.

Fix now a point m € M which represents a G-invariant path-component of M, then, there
is a short exact sequence

1 — m(M,m) — m(Mpg,m) — m(BG,b) — 1 (18)

of fundamental groups, where b = p(m). If m € 7o(M)% happens to be in the image of the
evaluation map (17), then s(b) = m for some homotopy fixed point s € M"“ and then the
exact sequence (18) does have a section, namely 7 (s).

Define H(G;m(M,m)) [60] to be the set (possibly empty) of m (M, m)-conjugacy classes
of sections m(BG,b) — m (Mg, m) of the exact sequence (18). Then, the argument in
the previous paragraph produces a well defined map my(ev)~'([m]) — H(G;m(M,m)). In
next Lemma it will be shown that, under certain conditions, this is a bijection for every
[m] € mo(M)C.

Since 71 (Mpa, m) acts on the homotopy groups m;(M,m) of the fibre, also G = m(BG, b)
acts on m;(M,m) through m(s), for a given element s € M"“. We let m;(M,m)*>%, i > 1,
denote the fixed point group for this action.

Lemma 5.1. Suppose that G is a finite group of order prime to p and that m;(M,m) is a

module over the ring Z, of p-local integers for all i > 2 and all base points m € mo(M)C.

Then the following hold:

(1) A class [m] € mo(M)€ is in the image of the evaluation map (17) if and only if the exvact
sequence (18) splits.

(2) If [m] € mo(M)Y is in the image of the evaluation map (17), then there is an eract
sequence of pointed sets

v — HY(Gm (M, m)) — mo(M"7) ™, o (M)©
where [m] is the base point of mo(M)C.
(3) If s € M"Y is a homotopy fized point with s(b) = m then
T (M"C | s) =2 (M, m)>¢
foralli > 1.

Proof. The Postnikov functors P,, defined as nullification with respect to S™™! (see [19]),
determine a tower of fibrations

Mg — - — P.Myg— P_Myg — - — PiM,c — BG
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so that M"“ is the homotopy inverse limit of a sequence
oo = (PM)'C — (P M)'C — o — (PLM)PC

of Postnikov homotopy fixed point spaces.

Note that mo(PyMpg) = mo(Mpg) and that each path-component of Py M, is aspherical
with fundamental group 71 (P, Mg, m) = w1 (Mg, m) for all m € Py M. It is now easy to see
that H(G;m (M, m)) is indeed the fibre over [m] € mo(PLM)¢ = 75(M)¢ of the evaluation
map 7o(PLM"Y) — 75(M)% and also that 7 (P, M"Y s) = m (M, m)*¢ for any s € P,M"¢
with s(b) = m, cf. [46, §6]. Obstruction theory implies that mo(M"®) = mo(P, M"). This
proves the first two items.

For the third item, suppose that the homotopy fixed point space is nonempty and let
s € M" be a homotopy fixed point. Then the component (M hG,s) containing s is the
homotopy inverse limits of the corresponding components

RN (PTMhG,Sr) — (PT*IMhG,STA) NN (P1MhG,51)

of the Postnikov homotopy fixed point spaces. To finish the proof, observe [46, 3.1] that the
fibre of (P,M"“ s,) — (P,_1M"“ s,_) is the Eilenberg-Mac Lane space K (m,(M,m)* r).
O

Theorem 5.2. Let M be any simply connected p-complete space, G a finite group of order
prime to p, and
M — MhG — BG

an action of G on M. Then the homotopy fired point space M" is nonempty, m(M"S) =
(M) for all i > 0, and there is a homotopy equivalence

QM = Q(M") x Fib(M"Y — M)
In particular, the fibre Fib(M"Y — M) of the evaluation map M"S — M is an H-space.

Proof. The space of sections M"“ is nonempty, connected, and 7, (M"%) = 7,(M)“ according
to Lemma 5.1 since M is simply connected and p-complete. We will show first how to turn
this action with a homotopy fixed point into an honest action of G on a space homotopy
equivalent to M and with a fixed point. The pullback diagram

MszG

|

My —= BG

realizes M — My as a regular covering space with G acting on M. Liftings of sections
BG — M provide G-equivariant maps FG — M. Let M/EG = M U C(EG) be the
homotopy cofibre of any such G-map. Then M — M/EG is a G-equivariant homotopy
equivalence and the G-action on M/EG has a fixed point.

Now, we can assume that there is an honest G-action on M with a fixed point. Let QM
denote the loop space based at any G-fixed point. There is a fibration sequence

- — QM — QM — Fib(M"® — M) — M"¢ — M

and it suffices to construct a homotopy left inverse for QM"¢ — QM.
Define tr: QM — QM to be the map that takes any loop w to the product [ gw of the
loops gw where g runs through the elements of G in some fixed order. The image of the
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induced map tr,: m.(QQM) — m.(QM), which takes a homotopy class o to > . g.c, is con-

tained in the fixed group m, (QM)¢ and the composition 7, (QM)% — 7, (QM) =5 7. (QM)°
is an isomorphism. This implies that the composition QM"¢ — QM — T, where T is the

mapping telescope of QM Som s ... , is a (weak) homotopy equivalence and we have the
left inverse we were looking for. O

Let (X, BX,e) be a p-compact group or, more generally, a loop space. The above argu-
ments suggest the following definition of a (proxy) action of a discrete group G on X.

Definition 5.3. Let (X, BX,e) be a loop space and G a group. A prozy action of G on
(X,BX,e) is a fibration

; P
BX —>BX,c—BG. (19)
with a section, fixed up to vertical homotopy.

When it is clear from the context that we refer to an action in the sense of this definition, we
will simply say that G acts on the loop space X. The section in (19) guarantees an induced
action of G on the space X, compatible with the loop structure. In fact, the homotopy
quotient for this action on X is defined as the pullback space in the diagram

Xoo ——~ BG (20)

/| I

BG —> BXjg .

This diagram turns out to be a diagram of spaces over BG. The homotopy fibre of p is X,
and it has a canonical section 5 defined by the pullback diagram (20) that we can interpret
as the homotopy constant loop

X Xpe—=BG.

The action of G on X depends on the section s: BG — BX,q, and for this action we obtain
that the homotopy fixed point space X"“ is a loop space with classifying space B(X"%) ~
(BX)" the connected component of (BX )" with base point the section s. Furthermore, the
evaluation map X" — X is seen to be the loop map of the evaluation map (BX)"“ — BX,
thus we have a sequence of fibrations

XG0 X > X /XM~ (BX)C - BX

where we write X/X"¢ for the homotopy fibre of the evaluation map (BX )Y — BX.

In section 2 we have introduced Out(X) as the group of invertible elements of the monoid
[BX, BX| of unbased homotopy classes of unbased self-maps of BX. By analogy with discrete
group theory, we call outer action of G on X to a homomorphism of groups p: G — Out(X).
Since Out(X) is well understood (see Theorem 2.2), outer actions will be a source for group
actions on p-compact groups provided we can lift outer actions to actions in the sense of
Definition 5.3. Theorem B solves the problem in case of finite groups of order prime to p.

Proof of Theorem B. Fix a finite group G of order prime to p and p: G — Out(X) an outer
action of GG on a connected p-compact group X. Recall that we have a fibration sequence

B%*Z(X) — Baut(BX) — BOut(X)
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and that the center of X, Z(X), is p-local. By obstruction theory we obtain a unique lifting
of p to a map ¢: BG — Baut(BX), that determines an action BX — BX,s — BG.
Furthermore, since 7;(BX) = 1, Lemma 5.1.(2) implies that 7o(BX"®) = x; that is, there is
a unique section
BX ——BXc—=BG. (21)

up to fibre homotopy equivalence; in other words, p lifts to a unique action of G on X.

This is part (1) of the Theorem. Now, Theorem 5.2 provides the splitting X ~ X"¢ x
X /X" Tt follows that X/X" is an F,-finite H-space, X" is a loop space with classifying
space BX" and it is also F,-finite. Furthermore, BX"% is p-complete because BX is p-
complete [25, 11.13], hence X"¢ is a connected p-compact group.

The rational cohomology algebra H*(BY'; Q,) is polynomial for any connected p-compact
group Y and it follows that the Hurewicz homomorphism induces an isomorphism

QH*(BY;Q,) — m.(BY)' @ Q

between the indecomposables and the rationalized dual (7 = Homg, (7, Z,)) of the homotopy
groups of the simply connected space BY [5, Theorem 3.2.3]. For the connected fixed point
p-compact group BX"“ in particular, we have

QH*(BX"%;Q,) 2 m(BX"%)" @ Q= (1.(BX)"® Q). = (QH*(BX;Q,)),,

for . (BX"Y) = 7, (BX)Y as the order of G is prime to p. This proves points (2) and (3).
We finish by proving point (4). Assume p is odd. If X is a polynomial p-compact group

H*(X;F,) = H (X" F,) @ H*(X/X"%F,)

is an exterior algebra, hence H*(X"“;F,) is an exterior algebra, too. Therefore, H{( BX"%;F,)
is a polynomial algebra. 0

Example 5.4. At any odd prime, let C5 act on Eg through the unstable Adams opera-
tion 1!, Since the fixed point p-compact group BEQC2 is the p-compact group BFj (A.12),
there is a splitting

EG ~ F4 X E6/F4
of homogeneous spaces. This splitting is due to Harris [35]. Also, B PEgC2 ~ BFy, where PFg
is the adjoint form of Fj, (A.12), thus there is also a splitting PFg ~ Fy x PEg/F}.

Let p be an odd prime and m a divisor of p — 1 so that the cyclic group C,, of order m
acts on BSU(mn + s), 0 < s < m, through unstable Adams operations. Since the fixed
point p-compact group BSU (mn+ s)"“m is (A.9) the generalized Grassmannian BX (m, 1,n)
with polynomial cohomology H*(BX (m,1,n);F,) = Fp[m, ..., Tpm], |Tim| = 2im, there is a
splitting

SU(mn + s) ~ X(m,1,n) x SU(mn + s)/X(m,1,n)
of homogeneous spaces. This splitting is originally due to Mimura, Nishida, and Toda [44]),
although the recognition of X (m,1,n) as a loop space is due to Quillen [59] (see also [64, 69,
17]). The case m = 2 is the classical splitting SU(2n) ~ Sp(n) x SU(2n)/Sp(n). Similar
splittings for central quotients of SU(n) can be worked out.

Similarly, at p = 5, let Cy act on BEg through unstable Adams operations. The fixed
point p-compact group BEQC4 is the p-compact group BXgs; corresponding to reflection
group number 31 on the Clark-Ewing list (see A.12), H*(BX31;F,) = Fylzi6, To4, Ta0, Tas]
where subscripts indicate degrees, there is a splitting

Eg ~ X31 X Eg/Xgl
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of homogeneous spaces, that was obtained in [66].

At p = 3, BF; admits an exceptional isogeny of order 2 and the fixed point group BF}
[15] the p-compact group BDI, whose cohomology realizes the Dickson algebra Fs[zi2, 216).
The corresponding splitting

hC2 ig

F4 ~ DIQ X F4/DIQ

was first obtained in [36]. Later proofs of this splitting were obtained independently by
Wilkerson and by Kono, using Friedlander’s exceptional isogeny of Fj localized away from
two.

In these last two cases, it was Zabrodsky [69, 4.3], who first recognized the factors X5 =
DI, and X3; as loop spaces. Later, Aguadé gave a nice uniform construction of a family of
modular p-compact groups including these cases [1].

6. HOMOTOPY FIXED POINT SPACES OF TWISTED UNSTABLE ADAMS OPERATIONS

In this section we proof Theorem E. Part (1) of the Theorem follows from Proposition 6.2
and Remark 6.3, while Part (2) is Proposition 6.5.

Let X be a connected p-compact group and set a: X — X a p-compact group automor-
phism. The homotopy pullback diagram

BXxhe ——— BX (22)

| 2
(L)

BX —— BX x BX

serves as the definition of the space BX"*. If a is homotopic to o, then BX"* ~ BX"",

In the special case where a = 797 is a twisted unstable Adams operation with ¢ € Z,,
q # 1, and ¢ #Z 0 mod p, we also write B"X (¢) = BX"™" or just BX(q),if T =1. Forq=1
we trivially obtain BX (1) ~ A(BX), the free loop space.

Assume that « represents an element of finite order r in Out(X), with r prime to p, and
X is a connected p-compact group. According to Theorem B, it defines an action of the
cyclic group C, on X. The next proposition shows that the natural map A(BX"“") — BX"
is a homotopy equivalence.

Proposition 6.1. Assume that X is a connected p-compact group. If 3: BX — BX repre-

sents an element of Out(X) of finite order r, prime to p, then BX"? is homotopy equivalent
to the space of free loops on BX"Cr | where the action of the cyclic group C, on BX is given

by 3.

Proof. According to Theorem B, 3 defines an action of C, on X,

BX—>BXy0, =—=BC, .
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Evaluation at the base point of BC, induces a map ev: BX"“r — BXje, that makes the
triangle

BX
B XhC'r 8
BX
commutative up to homotopy. Therefore, we can form a homotopy commutative diagram
A(BX"Cr) BXhCr (23)
\ ‘ K
BXhCT a \L BXhCT % BXhCr
BX"he BX
\ K
(1,8)
BX BX x BX.

We will show that A(BX"“") — BXh“ is a homotopy equivalence. According to Theo-
rem 5.2, BX"C" is the classifying space of a connected p-compact group and by Lemma 5.1
the map ev: BX" — BX induces an identification of the homotopy groups of BX"“" with
the invariant elements in the homotopy groups of BX by the action of C,: m;(BX"¢") =
7 (BX)Y — m;(BX). There is a Mayer—Vietoris long exact sequence for the homotopy
groups of BX",

.= ﬂi(BXhﬂ) — mi(BX) b, mi(BX) — Wi,l(BXhﬂ) — ...
and for the homotopy groups of the free loop space,
= m(A(BX")) = my(BX") L m(BX"C) = 1 (A(BX"C)) — ...
Both long exact sequences together give
0 —— M1 (BX)S —— m;(A(BX"")) —— 1;(BX) ——0

| | |

0 — Coker{l — (.} m;(BX"9) Ker{l — .} —0.

Now, Ker(l1 — 3,) = m(BX) and Coker(1 — 3.) = m;1(BX)¢,. Since r is prime to
p, and the homotopy groups m;(BX) are Z)-modules for every ¢ > 2, the composition
Tip1(BX)Y — w1 (BX) — m41(BX)¢, is an isomorphism. Hence also the middle vertical
map 7;(A(BX"°")) — m;(BX"%) is an isomorphism. O]

Our next result contains Proposition 6.1 as a special case and it will reduce, in many cases,
the question of describing BX"® to two separate steps. The computation of the homotopy
fixed point space BX"“" for elements a of order r prime to p, and the case in which a = )¢
is an unstable Adams operation of exponent ¢ = 1 mod p (see Theorem 2.2 and formula (3)
in Section 2). It is one of the two claims of Theorem E.
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Proposition 6.2. Let X be a connected p-compact group. If o is an automorphism of X

that factors o = 3 with

(1) ¢ =1mod p, and (¢9)*: H*(X;F,) — H*(X;F,) is the identity, and

(2) B is an automorphism of X that represents an element of finite order r, prime to p,
in Out(X),

then BXh* ~ BXhC" (q) where C, = (3) C Out(X) is the cyclic group of order r generated

by the homotopy class of 3.

Proof. Let BY = BX"®" denote the homotopy fixed point p-compact group for the action of
the cyclic group C,. = (3) C Out(X) and i: BY — BX the evaluation map. Now, (3 restricts
trivially to BY, an in the proof of Proposition 6.1, and then, since /¢ commutes with 3, up
to homotopy, we have a homotopy commutative diagram

By —% - By

a=y18

BX — BX

that extends to

BY(q) BY
\ (1,269) \
BY i BY x BY
BXhe BX N
\ (1,0) \
BX BX x BX

where the top and bottom faces are homotopy pullback diagrams, and the front face commutes
up to homotopy. Consequently, the homotopy fibres of the vertical maps form another
homotopy pullback diagram:

(X/Y )k XY
| |2
Xy —2 Xy o« Xy

with (X/Y)h* ~ hofib(BY (q¢) — BX"), and where we still denote by a the self-equivalence
of X/Y induced by a: BX — BX. Theorem B says that X/Y is a connected H-space
and then we can also describe (X/Y)" as the homotopy fibre of 1 — a: X/Y — X/Y. It
also implies that the map (¢9)*: H*(X/Y;F,) — H*(X/Y;F,) can be read off the map
(19)* defined on H*(X;F,), which by hypothesis is the identity. This fact easily implies that
(1= ) = (1- §)° on H*(X/Y;F,).

According to Proposition 6.1, the homotopy fibre, (X/Y )", of 1 — 3 is contractible, hence
(1 — )* is an automorphism of H*(X/Y;F,). Thus, a spectral sequence argument shows
that (X/Y)" is mod p acyclic. Finally, it is easy to see that (X/Y)"® is p-complete, hence
contractible, and therefore BY (q) ~ BX". O

Remark 6.3. If X polynomial, the effect of €2¢?, ¢ = 1 mod p, on mod p cohomology of X
is determined by the effect of ¢ on H*(BX,F,) and this is in turn determined by the effect
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of 97 on H*(BTx;F,) which is multiplication by ¢, hence the identity. For X = Fy, Eg, Ex,
Eg at the prime 3 or X = Ejy at the prime 5, we also obtain that (2%, ¢ = 1 mod p, acts
trivially on H*(X;F,). In order to check this, we can look at the Serre spectral sequence for
the path-loop fibration X — PBX — BX. It turns out that the generators for H*(X;F),)
either transgress to elements detected in the maximal torus of BX, or are linked to such
elements by Steenrod operations (cf. [45, Ch7]). In particular, 6.2 applies to all 1-connected
p-compact groups, p odd, according to the classification theorem [7].

In particular, BX((q) = BX™%(q) when ( is a (p — 1)th root of unity and ¢ = 1 mod p
satisfies the conditions of Proposition 6.2. If ¢ = 1 we obtain Proposition 6.1, BX(() =
BX™MO(1) = A(BX™9), as a special case.

For the next result, we need to interpret BX"® as homotopy fixed point set by the action
of Z generated by o« € Out(X). In fact, given a € Out(X), we denote again by a a
representative homotopy equivalence ov: BX — BX. The mapping torus is defined BX}, =
BX x I/~, where I = [0,1] is the unit interval and (x,0) ~ («(z),1). There is a fibration,
up to homotopy,

BX — BXj, — S!

given by projection onto the second component. This fibration is classified by a loop w,: St —
Baut(BX) that represents o € m(Baut(BX)) = Out(X).

The space of sections for this fibration clearly coincides with BX"® as defined in diagram
(22), so we can interpret BXp, and BX"® as the homotopy quotient space BXjz and the
homotopy fixed point space BX"”, respectively, for the action of Z on BX determined by
a € Out(X). Notice that since X is connected, so is BX" ~ BX"? and therefore, there is
a unique lifting, up to equivalence, of the action of Z on BX to an action of Z on X, in the
sense of Definition 5.3.

We will use this point of view in order to proof the second claim of Theorem E. We will
see that an action of Z on BX generated by an unstable Adams operation ¥? of exponent
¢ = 1 mod p, extends to an action of Z, on BX, and that this implies that the homotopy
type of the homotopy fixed point space BX (q) = BX"2 depends only on the p-adic valuation

vp(1 —q).

Lemma 6.4. Suppose that BXyz, — BZ, is a fibration over BZ, with fibre BX. The p-
completion map {: BZ — BZ, induces a homotopy equivalence BX"*» — BX"” of spaces of
sections.

Proof. The maps BZ BZ, BXyz, determine a commutative diagram
Map(BZp, BXth) Map(BZ, BXth)

| l

Map(BZ,, BZ,) Map(BZ, BZ,)

~

which is a pullback diagram since ¢: BZ — BZ, is an Fj-equivalence [9, 12.2]. Thus the
fibre of the left fibration over the identity map of BZ,, BX"?» is homotopy equivalent to
the fibre of the right fibration over the p-completion map ¢: BZ — BZ,, BX". O

Using the description of Out(X) in Section 2 we will see that actions of Z on connected
p-compact groups given by Adams operations 17 extend to the p-adics precisely when ¢ =
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1 mod p. The inclusion of Adams operations in Out(X), described as ¢ € Z + ¥? € Out(X)
induces a diagram of group homomorphisms

Hom(Z,, Z)) —=— Hom(Z, Z))

| |

Hom(Z,, Out(X)) —= Hom(Z, Out(X))

where the horizontal homomorphisms are given by restriction.

Recall that, for an odd prime p, Zx = Z/p — 1 x Z,, where Z/p — 1 corresponds to the
subgroup of Z; of roots of unity and Z, is identified with the subgroup of elements ¢ € Z,
with ¢ = 1 mod p, via the exponential map:

a € Zy — exp(pa) € Z,

(exp defined by the usual expansion exp(pa) = 1+ pa + ...). Since there are no non-trivial
homomorphisms Z, — Z/p — 1, an action of Z on BX determined by an Adams operation
¥? can only be the restriction of an action of Z, if ¢ = 1 mod p. On the other hand, if
¢ = 1mod p, then, we can write ¢ = 1+ pm, (m, = %log(q)), and the homomorphism
wy: Z — Z,; that maps 1 to g is clearly the restriction to Z of the homomorphism &,: Z, —
Z) defined w,(z) = exp(zpmy).

Now, we can prove the second claim of Theorem E.

Proposition 6.5. If ¢,¢' € Z), ¢ = ¢’ mod p, both are of order r mod p, and v,(1 —¢") =
vp(1 —¢'"), then BX(q) ~ BX(q'), for any connected p-compact group X.

Proof. The proof is divided in two steps. First, we will consider the case ¢ = ¢’ = 1 mod p
(r =1). In these cases, the actions of Z given by 97 and Y7 | respectively, extend to actions
of the p-adics described by m, = %log(q) and my = %log(q’ ), respectively. The homotopy
fixed point space BX"%» depends only of the image of the action Z, — Out(X). The image
of the two actions are clearly the same if and only if m, and m, differ by a p-adic unit; that
is, if and only if v,(m,) = v,(my ), if and only if v,(1 —q) = v,(1 —¢'), in which case, we have

BX(q) ~ BX"™" ~ BX"%» ~ BX"™" ~ BX({).

In the general case, we can decompose ¢ = ( - gp and ¢’ = ( - ¢, where ( is a primitive rth
of unity and ¢y = ¢j = 1 mod p, thus

BX(q) ~ BX"(q9) ~ BX"(qp) ~ BX({) . O

Remark 6.6. If ¢ is a p-adic unit, we can find a prime number ¢y such that ¢ = ¢ mod p
and v,(1 — ¢") = v,(1 — ¢fy), where r is the order of ¢ mod p, and then,

BX(q) ~ BX(q)

by Proposition 6.5.

In fact, we can assume that ¢ is an integer, otherwise change it by the sum of enough first
terms in its p-adic expansion. Then, by Dirichlet’s theorem there is a prime number ¢q of
the form gy = pVc+ ¢, with N > 1,(1 — ¢"), satisfying the above conditions.
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7. GENERAL STRUCTURE OF CHEVALLEY p-LOCAL FINITE GROUPS

In this section we will study some general properties of the spaces BX(q), obtained as
homotopy fixed point spaces for the action of unstable Adams operations on classifying spaces
of connected p-compact groups. The main results being the identification of the maximal
finite torus, the Weyl group, and the fusion category of elementary abelian p-subgroups of
BX(q).

Proposition 7.1. Let X be a connected p-compact group and o a self homotopy equivalence
of X. Then

(1) BX" is connected and p-complete.
(2) ¢: BX" — BX is a homotopy monomorphism at p.
(3) For any finite p-group P, Map(BP, BX"*), ~ BXhe,

Proof. From the definition we obtain a fibration X — BX"* 5 BX where X and BX are
p-complete, X is connected and BX is simply-connected. It follows that BX"® is connected
and p-complete.

For any finite p-group P, Map(BP, BX). ~ BX, and Map,(BP, X) ~ X for any choice
of base point. It then follows that +: BX"* — BX is a homotopy monomorphism at p, and
from the induced fibration

Map(BP, X) — Map(BP, BX"), — Map(BP, BX),
it follows that Map(BP, BX"*). ~ BX". O

Lemma 7.2. Let X be a p-compact group, o a self homotopy equivalence of BX, and (P, v)
an object of Fp(BX) fized by a up to homotopy; that is, v ~ aov. If Cx(P,v) is connected,
then there is a unique lifting of v: BP — BX to a homotopy monomorphism g: BP —
BX" and

Map(BP, BX"), Map(BP, BX),

i J

Map(BP, BX), —— Map(BP, BX), x Map(BP, BX),

15 a homotopy pullback diagram.

Proof. Since (22) is a homotopy pullback diagram, there is at least a lifting of v, g: BP —
BX"he,

The homotopy fibre of Map(BP, BX), 2, Map(BP, BX), xMap(BP,BX), is Cx(P,v) =
QY Map(BP, BX),, hence pulling back along 1 x oy we obtain a fibration, up to homotopy,

Cx(P,v) — Map(BP, BX"); % Map(BP, BX),

where Map(BP, BX"); consists of all possible liftings of v up to homotopy. The base space
consists of just one connected component, hence if we assume that the fibre C'x (P, v) is also
connected, then the total space must be connected, and therefore any other lifting of v is
homotopic to g. 0

The following lemma will help us determine the restriction of « to the centralizers.

Lemma 7.3. Let X be a connected p-compact group and a a self-equivalence of BX. Let T'(«)
be a given restriction of o to the maximal torus T = Tx, and (P,v) an object of F,(BX).
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Suppose that v: BP — BX admits a factorization pu: BP — BT through the mazimal
torus j: BT — BX. Then, the object (P,v) is fized by o if and only if T(a)p = wp for
an element w of the Weyl group. If this is the case, the restriction to the maximal torus of
the induced self homotopy equivalence o|c (py) of the centralizer Cx(P,v) is T(a|cy(py)) =
wloT(a).

Proof. (P,v) is fixed by @ means that v ~ « o By, and if v factors as j o u, that is to say,
joBu~aojou~joT(a)opu, and according to [53, 4.1], [48, 3.4], this is equivalent to
the existence of w, in the Weyl group of X, such that w o u ~ BT («) o p.

Now assuming the existence of such element w, we read from the commutative diagram

T(a) w
BT BT BT
Map(BP, BT), s Map(BP, BT ), = Map(BP, BT,

1

Z\Ljﬁ leu 7

Map(BP, BX), Map(BP, BX),

that the restriction of &|cy(p,) = @4 to the maximal torus of Cx(V,v) is w™! o T'(«). O

If the centralizer C'x (V,v) is connected, this determines the restriction a|c (v, (see Section
2).

Corollary 7.4. Let X be a p-compact group and v: BV — BX a toral elementary abelian p-
subgroup such that its centralizer C'x(V,v) is connected. If 17 is an unstable Adams operation
of exponent ¢ =1 mod p, q # 1, then

(a) there is a unique lift of v to g: BV — BX(q),
(b) ¥cy vy is an unstable Adams operation of exponent q, and
(c) the centralizer of (V,g) in X(q) is Cx(V,g9) = Cx(V,v)(q).

Proof. In particular, when v: BV — BX is a toral elementary abelian p-group in X and
a = 17 is an Adams operation of exponent ¢ = 1 mod p, then we can write T'(¢7) = 99, the
qth power map in the maximal torus 1" = Tx and ¥? o  ~ pu, where p: BV — BT is a lift
to BT of v: BV — BX, so, by Lemma 7.3, there is a commutative diagram

T (h9)=1H1
BT S BT
i Yoy (v J’
BC)((‘/, l/) BCX(V, V)
BX v BX
this proves (b), namely, 19| oy (v, is, as well, an unstable Adams map 9.

Now, (a) and (c) follow from Lemma 7.2. O
We will now restrict our attention to cases with ¢ = 1 modp, ¢ # 1. According to

Proposition 6.2, the general case can be reduced to this one, in the cases that are of interest to
us (see Remark 6.3). Hence, essentially, there will be no loss of generality in our assumption.
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Proposition 7.5. Let X be a connected p-compact group, p an odd prime, and 1? an unstable
Adams operation of exponent q € Z,,, with ¢ =1 mod p, g # 1. Then the inclusion v: Btx —
BX of the subgroup of elements of order p in the maximal torus Tx has a unique lift to
g: Btx — BX(q) and its centralizer is

Cx(tx,9) = Tx(q) -

Proof. Since Cx(tx,v) = Tx [48, 3.2] and 4|, = T'(?) = ¢ this follows from 7.3 (see
7.4). O

The group Tx(q) = T = (Z/p")", where n is the rank of X and ¢ = v,(q — 1), established
in Proposition 7.5, embeds in BX(q)

i: BT} — BX(q)

as a subgroup (7}*,4) that will be referred to as the mazimal finite torus of X (¢q). When no
confusion is possible we will simply write 7, for the maximal finite torus of BX(q). Notice
that 7} is self-centralizing in BX(gq). Then, we define the Weyl group of BX(q) as the
automorphism group

Wxq)(T7', i) = Autr,xe)(T7) = { ¢ € aut(T}") |i ~ i o Bp }

of (T7,) in the category F,(BX(q)). It comes with a faithful representation Wx ) (7;",7) —
GL,(Z/p") afforded by T}

The Weyl group of BX(q) can also be interpreted as the set of connected components of
Map, (BT}, BT}") that lie over the connected component of i: BT,* — BX(q) through the
map Map, (BT}, BT}") — Map(BT}", BX(q)). The normalizer of the maximal finite torus of
BX(q), BNx)(1}), is defined by its classifying space, the Borel construction for the action
of Wx(¢)(T}') on Map(BT;', BX(q));, together with the inclusion

it BNx(q)(1") = (Map(BT}', BX(q)):) — BX(q)

hWx () (T3")

induced by evaluation at the base point of BT}

Proposition 7.6. Let X be a connected p-compact group, p an odd prime, and ¥? an unstable
Adams operation of exponent q € Zy, with ¢ = 1 mod p, ¢ # 1. If (T}",1) is the mazimal
finite torus of BX(q), then its Weyl group is

WX(q) (Tzn) = Wx

the Weyl group of X, with action on T} given by the mod p* reduction of the p-adic represen-
tation of Wx. The normalizer of the mazimal finite torus is the split extension Nx o (T7') =
T) X Wx (T}, and its classifying space fits in a homotopy commutative diagram

BNx(y(T}') —— BN (24)

] I

BX(q) —— BX.

where j: BN — BX s the inclusion of the mazximal torus normalizer of X.

Proof. We will first see that the automorphism in F,(BX) of T}* as a subgroup of BX via
the composition ¢ oi: BT;» — BX, Wx(T}"), coincides with the Weyl group Wx. In fact, an
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element w € Wx is a homotopy equivalence of BT over BX. Its restriction to BT}, factors
again to give a homotopy equivalence w of BT}' and a homotopy commutative diagram

BT} —— BT (25)
|
BTy BT —>BX

where BT ~ K(Z,,2) and the map BT;* — BT classifies the estension class of the exact

sequence (Z,)" 2, (Z,)" — (Z/p*)". Hence, if w is represented by a certain matrix in
GL,(Z,), then w is represented by its mod p* reduction in GL,(Z/p"). We have produced a
homomorphism Wy (T}) — Wx which is injective because W is finite and mod p* reduction
has torsion free kenel in GL,(Z,). Furthermore, since Map(BT}", BX),.; = BT, it turns out
that every homotopy equivalence of BT} over BX can be extended to a diagram like (25)
and therefore we actually have an isomorphism Wx (7)) = W.

Next, we compare Wxq)(7;) and Wx (T7'). By composition with ¢: BX(q) — BX, every
homotopy equivalence w of BT}' over BX(q) can also be considered over BX

BTy

)| N

BT} —'~ BX(q) > BX

what gives an inclusion Wx ) (1}") — Wx(1}'). Now, Lemma 7.2 implies that this is actually
an isomorphism.
Finally, the natural maps

Map(BT}", BX(q)); — = Map(BT}", BX(q)).c; <—— Map(BT}", BX(q));

induced by composition with ¢: BX(¢) — BX and with the inclusion BT}* — BT, respec-
tively, are equivariant for the respective actions of Wy (17"), Wx (T}') and W, respectively,
induced by the natural actions on the first component. Applying the Borel construction, we
obtain a map

BNy (o) (T7) = (Map(BT}, BX(0))uei) i) = BN

and diagram (24) is induced by evaluation at base points. Moreover this maps extends the
map between classifying spaces of tori to give a diagram of fibrations

T = T
BT} — BNx ) (T}) — BWx (T}
BT BN BWx

where T' ~ QBT ~ K((Z,)",1). By [6, 1.2] the bottom row fibration has a section and by [6,
3.3] this section lifts to a section of the fibration in the middle row. It follows that Nx 4 (1}
is a split extension. O
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For X a p-compact group and « a self equivalence, the inclusion ¢: BX" — BX induces
a functor between the respective fusion categories

u: Fp(BX") — F,(BX)

and Lemma 7.2 above gives some useful information in order to compare the morphism sets.
Thus, for instance,

Mor g (pxray((P, 9), (Q, h)) — Morg,zx)((P,t0g),(Q,t0h)) (26)

is a bijection provided C'x (P, to g) is connected. It rarely happens that those centralizers are
connected for a general p-group P, but it is not so unusual if we restrict to some particular
classes of small groups. For a space Y, we denote F7(Y’) the full subcategory of F,(Y') whose
objects are the elementary abelian subgroups of Y.

Corollary 7.7. Let p be an odd prime. If X is a connected polynomial p-compact group and
a a self homotopy equivalence, then the functor

w: Fi(BX") — F¢(BX)
15 both full and faithful.

Proof. If X is a connected polynomial p-compact group, then centralizers of elementary
abelian p-subgroups are connected and Lemma 7.2 applies. In fact, if (F,v) is an elementary
abelian p-subgroup of X, then the centralizer C'x (F, v) is also a polynomial p-compact group,
hence H'(BCx(E,v);F,) = 0 and therefore Cx(E,v) is connected (see [28, 1.3]) and the
map (26) is a bijection for every elementary abelian p-subgroups (P, g) and (Q, h) of BX".

O

Corollary 7.8. Let p be an odd prime. If X is a connected polynomial p-compact group and
Y7 an unstable Adams operation of exponent q € Zy, with ¢ =1 mod p, then

L f;(BX(q)) — F;(BX)
18 an equivalence of categories.

Proof. By Corollary 7.7 we only have to check that ¢4 induces in this case a bijection between
isomorphism classes of objects, and this follows from Proposition 7.5, because in a polynomial
p-compact group every elementary abelian subgroup is toral. 0

Let X be a polynomial p-compact group with trivial center and ¢ € Z, a p-adic unit with
¢ = 1modp, ¢ # 1. Putting BCx,)(V,g) = Map(BV,BX(q)), for any object (V,g) of
F5(BX(q)) we get a functor from F(BX(q))® to topological spaces. There is natural map

hocolim BC. BX
A PO @ = BX(@)

from the homotopy colimit of this functor. When Cx(V, g) is connected, we have

BCx)(V,9) = BF (Y cy(vg))(Cx(V e 0g)) ~ BCx(V,10g)(q)

according to Lemma 7.3 and Remark 7.4.

Let T'x be the maximal torus and Wx the Weyl group of a p-compact group X, p odd. As
usually, we denote by tx the group of all elements of order p in Ty, and g: Bty — X(q) the
inclusion. For any nontrivial elementary abelian p-subgroup E < T, write Wy (E) for the
point-wise stabilizer subgroup of E.
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Proposition 7.9. Let X be a polynomial p-compact group with trivial center, p odd, and
q € Zy, a p-adic unit with ¢ =1 mod p, ¢ # 1. Assume that

H*(BX(q);F,) = H*(BTx(q); Fp)WX
and that
H*(BOx()(E. glpp);F,) = H*(BTx(q); F,)"*®
for any nontrivial, subgroup E of tx. Then, the natural map

hocolim BC — BX 27
F5(BX @) @ 27)

is an Fp-equivalence.
A similar statement holds with F,(BX (q)) replaced by the full subcategory generated by all
objects of the form (tx)¥ where P runs through the subgroups of a Sylow p-subgroup of Wx.

Proof. The functor from F5(BX(q)) = F,;(BX) to the category of IF-vector spaces that takes
an object (V, g) to H*(BCxy(V, g);F,) = H*(BTx(q); F,)"x®) is acyclic in the sense that
lim" = H*(BTx(q); F,)"* and the higher limits vanish [24, 8.1]. Therefore, the Bousfield-
Kan spectral sequence for the cohomology of the homotopy colimit

hocolim BC
F(BX(@)

(see [10, XII.4.5]) collapses at Es-term, and then, it shows that (27) is an [F,-equivalence.
The same conclusion holds if we replace the category Fy(BX(q)) by its full subcategory
generated by all objects of the form (tx ) where P runs through the subgroups of a Sylow
p-subgroup of Wx [52, 2.16]. O

This result motivates the research in next sections of the cohomology rings H*(BX(q);F,)
and the invariant rings H*(BTx(q); F,)"".

8. COHOMOLOGY RINGS

This section is devoted to the proof of Theorem F. The Eilenberg-Moore spectral sequence
is used in order to get a hold of the cohomology rings of the spaces BX(q) of fixed points
of unstable Adams operations acting on polynomial p-compact groups BX. We follow the
arguments of [62] that already contain the first part of the theorem.

Proof of Theorem F. Part (1) is due to L. Smith [62]. We will sketch his arguments here and
then will continue with the proof of the second part of the theorem.
There is an Eilenberg-Moore spectral sequence associated to the pullback diagram

BX(q) —— BX (28)
] |
1x3)1
BX —— BX x BX.
This is a second quadrant spectral sequence with

B3 2 Tor. i oo (H*(BX:E,), H'(BX:E,)) = H*"'(BX(q):F,)

converging to a graded ring associated of H*(BX (q);F,).
For simplicity, we will write P[z;] = Plxy,...,z,] = H*(BX;F,). The Koszul complex

E(x;) = Pla;] ® Plx;] @ Elszq, ... sx,]
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with bideg(sz;) = (—1,2d;) and d(sz;) = 7; ® 1 — 1 ® x;, is a free resolution of P[z;] as
(P[z;] ® Plx;])-module, with module structure given by the multiplication m = A*. Then,
Torpy, e Pz, (P[2il, Plr;]) is the homology of the complex

Plz;] ® plzjopw) €(2:) = Pla;]| @ Elsty, ... sty

where now the action of P[z;] ® P[z;] on the left hand side term P[z;] in given by the algebra
map (1 x ¥9)*, hence one obtains the expression d(sx;) = z; — q%x; for the differential, but
since ¢ = 1 mod p, we actually have d(sx;) =0 for all i = 1,...,n. This yields

E5* = Torp), jo ppe (Plrd, Plzi]) & Pl ... 2] @ Elsay, ., s3]

and, since the algebra generators appear in filtration degrees 0 and —1, the spectral sequence
collapses at the E»-page and then we can find elements y; in H*(BX (q);F,) representing sz;
in the graded associated ring, with

Let Tx be the maximal torus of X and Wyx the Weyl group. Since X is polynomial, the
mod p cohomology ring of BX coincides with the invariants by the action of the Weyl group
on the mod p cohomology of BTx, H*(BTx;F,)"x =2 H*(BX;F,) & P[xy,...,z,].

According to 7.4, 7.5, the classifying space of maximal finite torus of X (q) is BT(q) = BT}
and it is obtained from a pullback diagram

BT} —— BT (29)
eI
1x9
BT —— BT x BT.
Furthermore, the Weyl group is Wy (7.6) hence, the restriction map
i*: H*(BX(q);F,) — H*(BT;";F,)

has image in the invariant subring by the action of the Weyl group, Wx. It remains to show
that this restriction map is injective.
The pullback diagram (29) yields another Eilenberg-Moore spectral sequence:

o2 (H*(BT;F,), H*(BT;F,)) = H*"'(BT};F,).

=S5t A~y s
By = Tory pri,

We will pay special attention to the map between the two spectral sequences *: E'* — E:*
induced by the natural map from diagram (29) to diagram (28) given by inclusion of the
maximal torus. In order to describe the induced map at the level of Ey-pages, we need some
elementary algebraic considerations.

Again for simplicity, we will write P[t;] = Plty,...,t,] = H*(BTx;F,). The kernel of the
multiplication m: P[t;] ® P[t;] — PIt;] is a Borel ideal

Kerm=(t®1-1®¢t,...,t,01—-1t,)
and then we can define derivations

for i = 1,...,n, in the following way. For any homogeneous polynomial f € P[t;], f ® 1 —
1® f € Kerm, hence we can find an expression f®1—-1® f =) c(f)ti®1-1®1t),
with coefficients ¢;(f) € P[t;] ® P[t;], and then define 0;(f) = m(ci(f)) € P[t:]. A routine
calculation shows:
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(1) 0; is well defined and does not depend on the choice of coefficients ¢1(f), ..., c.(f),
(2) 0; is a derivation of P[t;], and
(3) 0;(t;) =1 and 0;(t;) = 0 if j # 1.

These properties show that these are the partial derivatives:

0
az(f>:a_tj;

After these considerations we can easily describe the map between the respective Es-pages
and show that it is injective. In order to compute the EQ*, we define now the Koszul complex

with bideg(st;) = (—1,2) and d(st;) =t; ® 1 — 1 ® t;. As before, we obtain that
EQ = TOI'P[t ]®P[t ](P[t ], P[tl]> = P[tl] ®P[ti]®P[ti] g(tz) = P[tz] ® E[Stl, R Stn] (30)

since the differential in this complex turns out to be trivial, again, because ¢ = 1 mod p. Also
as before, the algebra generators of EZ* appear in filtration degree 0 and —1 and therefore
the spectral sequence E:* collapses at the Fy-page.

Now, the inclusion i*: P[z;] — P[t;] extends to a map of Koszul complexes

i*: E(xy) — E(t)
which is a P[x;] ® P[x;]-module map defined by
Z*(le) = Z Cl<l‘l) ® Stj
J
on generators. Then the induced map
1 Torpl, e p, (Plril, Plzi]) = Pl © Elszy, . .. sz,
— Torpj, e pp, (Plti], Plti]) = Plti] @ E[sty, . .. st,]

is determined by
8.%1'
*(s2;) Za ) ® st; ;a—tj@stj.
Now, 7* is injective because the Jacoblan determinant is non-trivial,

J = det (axz> 40,

Ot
by [67]. Since both spectral sequences collapse at the Es-page, it follows that the induced
homomorphism i*: H*(BX(q);F,) — H*(BT};F,) is also injective. O

Remark 8.1. The argument with the Eilenberg-Moore spectral sequence used in the proof
of part (1) of the above Theorem applies more generally to the case of any unstable Adams
operation ¢? of arbitrary exponent ¢ € Z; acting on a polynomial p-compact group (see
[62]). Under these more general hypothesis we obtain that if H*(BX) = Plzy,...,x,] then
the cohomology of BX(q) is

H*(BX(q);Fp) = Plag,, ... 23] @ Elyiy, - - -, 43,

where the polynomial generators w;; correspond to those x; with degree 2d; = deg x; where
m|d;, if m is the order of ¢ mod p, and 2d; — 1 = degy;.
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Notice that we can write ¢ = (¢’ where ( is an m-root of one in Z, and ¢’ = 1 mod p.
Hence 9?7 = 97 o ¢)¢, and 1¢ has finite order m as automorphism of the p-compact group X.
It follows from 6.2, 6.3, that BY (¢') ~ BX(q) if BY = BX"* Moreover, by Theorem B,
Y = XM s again a polynomial p-compact group. According to Theorem F the cohomology
of BY must be

H*(BY;F,) = Pz, ..., ;]

9. INVARIANT THEORY

Let X be a polynomial p-compact group of rank n and let ¢ be a p-adic unit, ¢ = 1 mod p,
q # 1, and ¢ = v,(1 — ¢). In the second part of Theorem F we obtained a monomorphism
i*: H*(BX(q);F,) — H*(BT};F,)"*, where T} is the maximal finite torus of BX(q) and
Wx the Weyl group (see 7.5, 7.6). Whether or not ¢* is an isomorphism, H*(BX(q);F,) =
H*(BT}; F,)"V* | is now a question of invariant theory and this is the subject of this section.

We recollect the necessary results from invariant theory and apply that in a case by case
discussion, based on the Clark-Ewing list, and restricted our cases of interest, namely:

(1) Non-modular groups. This consists of groups represented in a characteristic p that
does not divide the order of the group. (Example 9.2.)

(2) Family 1 in the Clark-Ewing list. These are the symmetric groups 3,1 represented
as Weyl groups of SU(n + 1). (Examples 9.3 and 9.4.)

(3) Family 2a en the Clark-Ewing list. The groups G(m,r,n), rlm|(p — 1), m > 1,
(m,r,n) # (m,m,2). (Example 9.5.)

(4) Family 2b en the Clark-Ewing list. Dihedral groups Ds,, = G(m,m,2), m > 3.
(Example 9.6.)

(5) The Aguadé family. These are the groups G1a, Gag, G31, and G4 in the Clark-Ewing
list (see [1]). (Example 9.7.)

We obtain that i*: H*(BX(q);F,) — H*(BT;";F,)"* is an isomorphism in all cases except
for 35 at the prime 3 (included in class (2) above) and W, the Weyl group of G2 and Gy,
at the prime 3. It is also excluded the case 2b with m = 3 and p = 3, that corresponds to
PU(3) at prime 3.

From here one easily derives the structure of BX(q) for Clark-Ewing p-compact groups
and this is done in Theorem 9.8. The Aguadé family and 2a family are our cases of main
interest and the discussion is postponed to sections 10 and 11, respectively. All of the other
cases correspond to compact Lie groups.

At the end of the section we illustrate this methods with some examples going from 9.9 to
9.13.

Continuing with the notation of the preceding section we write V' = tx for the elements of
order p in the maximal finite torus and identify the dual vector space with the two dimen-
sional primitive elements in the cohomology of BT}, V* = PH?*(BT};F,). The Bockstein
operations provide a vector space isomorphism PH?*(BT};F,) = H'(BT};F,), that we will
denote as d: V* — dV*, of degree (—1). If P(V*) is the symmetric algebra on V* and E(dV*)
the exterior algebra on dV*, we can describe the algebra structure of H*(BT}";F,) as

K(V*) = P(V*) @ E(dV*) = Plzr, ..., 20 ® Elday,. .., da]

and d extends to an algebra derivation on K (V*). Moreover, any subgroup G < GL(V) of
linear substitutions acts on K(V*) in a natural way that commutes with the derivation d,
hence K (V*)9 is still a differential algebra.
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Assume that the ring of invariants, P(V*)¥ = P[py,...,pn] is a polynomial algebra;
in particular, G is a pseudoreflection group. Then dpy,...,dp, are also invariant under
the action of G. The purpose of the next theorem is to establish the cases in which
{p1,-.,pnsdpr, ..., dp,} is a free system of generators for K (V*)¢.

An element f of P(V*) is invariant relative to det™ if g - f = det™'(g)f for all g €

G < GL(V). The subspace of relative invariant elements, P(V*)$ _,, is a module over
the invariant ring P(V*). In fact, P(V*)S 1 = fyq-1 - P(V*)Y is a free module on one

generator fy,—1 € P(V*), unique up to an invertible of F,, [16]. For instance, if we write dp; =
iy @ijdzj, then the jacobian J = det(a;;) € P(V*), of degree deg J = 37 (degp; — 2),
is invariant relative to det™. In particular, f,,—1 divides J in P(V*) and deg fy,1 <
Z?:1(deg pi —2)

Theorem 9.1 ([11]). Let V be a vector space of dimension n over a field of characteristic
p # 2. Assume that G < GL(V) is a group of linear substitutions such that P(V*)¢ =

Plp1,...,pn] is a polynomial algebra, then
K(V*Y = Plpy,...,pn @ E[dpy, ..., dpy)
if and only if fie—1 has degree deg fuo—1 = Y iy (deg p; — 2).

Proof. Since P(V*)% = P[py, ..., p,] is a polynomial ring of invariants, the Jacobian is non-
zero, J #0 (see [67]), and this implies that the homomorphism P|py, ... ,p,|®@E[dps, ... dp,]—
K(V*) defined from the free anticommutative algebra to the subalgebra of K (V*)¢ by map-
ping the variable p; to the polynomial p; of P(V*)¢ and dp; to the differential of p; in K (V*)
is injective.

If I = (i1,...,4) is an ordered sequence of integers 1 < iy < -+ < ip < n, we write
dp; = dpy,dpi, .. .dp;, and also dr; = dx; dx;, ...dx; . Let FP(V*) be the graded field of
fractions of P(V*). Then, FK(V*) = FP(V*) ®p+ K(V*) is a vector space over F'P(V*)
spanned by {dz;};. And then, {dp;}; is also a base of FK (V™).

Assume that deg fg-1 = .. (deg p; — 2). This is the degree of the Jacobian J, hence
J = fye-1, up to an invertible of F,. Let w € K(V*) be an arbitrary element. We can write
w =Y ;widpr, with w; € FP(V*) and then we will show that actually, for each index I,
wy € P(V*). We choose I of minimal length such that wy, # 0. Let I be the complementary
sequence, then

w dpfé = wlodplodpl(f) = twydp; ...dp, = fwy Jdzy ... dz,

is an element of K'(V*)“, and, since dy . . . dz, is invariant relative to det, wy,.JJ € P(V*)$ -, =
faer-1 P(V*)Y. So, our assumption implies that w;, € P(V*)¢. Now we can repeat the
argument with w — wy,dpy, € K(V*)¢. Tt follows that each w; belongs to P(V*)¢ and then
w € Plp1,...,pn| @ Eldps, ..., dp,].
Assume otherwise that deg fuo—1 # > i, (deg p; — 2); that is, J = ¢ f -1 for some element
L € P(V*)Y of positive degree, then
dpy...d

w= 2P OPn faet—1dxy . . . dx,
L

is an element of K (V*)¥ which does not belong to Plp1,. .., p.] ® Eldpy,...,dp,)]. O

In the examples below, we explore the invariants K (V*)¢ for all groups G in the Clark-
Ewing list that have polynomial invariants. We proceed by looking at the families.... and
isolate the cases.... the only ones where K (V*)% is not free graded anticommutative algebra.
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Example 9.2 (G a non-modular group [3]). If G < GL(V) is a pseudoreflection group
of order not divisible by p, then it is known that P(V*)¢ = P[py,...,pn] is a polynomial
algebra and also that the degree of f,,-1 is twice the number of pseudoreflections of G. On
the other hand, the number of pseudoreflection is G is > 1 (982 — 1). Hence deg fyo-1 =
> i (degp; — 2) and then Theorem 9.1 implies

KV = Plpy,...,pn) ® E[dpy, ..., dp,).

For a group G < GL(V) we denote [x] = {gz|g € G} the orbit of an element x € V*.
The coefficients ¢; of the polynomial Hye[x] (X —y)=X"+a X"+t X +on
are the Chern classes of the orbit [z] and belong to P(V*)¢. The element c,, = [Tey
is also called the Euler element of [z]. If we choose just one element z;, € L N [z] for each
1-dimensional vector subspace L of V* that intersects the orbit [z] non trivially, E[x] =[] 21,
is the pre-Euler element of the orbit [z], defined up to a non-zero escalar. This is a relative

invariant respect a linear character y of G that we can associate to the orbit [z] by the
equation g(E[x]) = x(g) - E[z], for all g € G. (See [11, 16].)

Example 9.3 (Family 1 in the Clark-Ewing list: ¥,.1, except X3 at p = 3). The symmetric
group Y,,1 acts on the integral lattice of SU(n + 1) that we can describe as V = Z{(t; —
£n+1), (fg — £n+1), - (fn — fn+1)} where 3,1 permutes the letters ty,...%,.1. Dually, V*
is generated by classes t1,ts,...,t,, and X, .1 permutes ty,%s,...,t,,t,+1 with the relation
tid b+ 4 b+ tgs = 0.

The orbit of t; is [t1] = {t1,t2,...,tn, tny1}, and the Chern classes of this orbit, obtained
as the coefficients of the polynomial H?jll (X —t,;), are, up to a sign, the generators ¢; of the
invariant ring P(V*)*+1 = Plcy, ..., Cpy1).

The orbit of t; — 5 is

o —t] ={t:—t)[1<ij<n+1,i#j}
={£t;—t;))|1<i<j<n+1}
(=) |1 i S J Sy ULl + -+ 24+ )| 1S <},
thus the pre-Euler element associated to this orbit is
1<i<j<n 1<i<n

Notice here the exception n = 2 at p = 3, in which case E[t; — t3] = (t; — t3). With
this exception, we can check that the linear character associated to the pre-Euler element is
precisely the determinant (det = det™ in this case) and also that the degree of E, n? + n,
coincides with the degree of the jacobian J. Thus for (n,p) # (2, 3), we have

KV = Pley, ..., o] @ Eldcy, . .., denyq] .

Example 9.4 (33 at the prime 3). The integral lattice of SU(3) is mo(Tsu3) = Z{(t —
t3), (ty — t3)} with the action of X3 that permutes #;, 5, and ¢3. If Y3 is generated by the
3-cycle o and the transposition 7, the representation afforded by 7 (BTgy(s)) is determined

by
(-1 -1 (01
g 1 o) T 10/
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The dual action in mod 3 cohomology V* = H?(BTsy); Fs) = Fs{ti, ta} gives P(V*)*s ==
Plx4, z6], where x4 = t,% + tity + t% and wg = tito(t; + to). This is the particular case of
Example 9.3 with n = 2 at the prime 3.

The action extends to K(V*) = P[ty,ts] ® E[dt, dty] where we obtain invariant elements

ys = day = (ty — t)dty + (t; — t5)dts
ys = dag = (3% — tita)dty + (12 — tito)dts
and
ys = (ty — t1)dt,dty

so that
YslYs = <t12 + tltg + t22)<t2 — tl)dtldtg = T4Y4 -

These elements together with the polynomial invariants generate the invariant ring K (V*)>s:

K (V)5 o Plxy, 26)| @ Elys, ya, ys) _ (31)

(Y3Ys — Ta¥a, Y3Ya, Yays)

The proof follows the method of Theorem 9.1. In this particular case 1,dty, dts, dt dts is a
basis of K (V*) as a free P(V*)-module, while 1, y3, ys, y3ys or 1, ys, y4, y5 are basis of FK(V*)
as graded F'P(V*) vector spaces.

Assume that w is an element of K (V*)*3 of even degree. We can write w = wq+w;ys, with
wo, w; € FP(V*). First, multiply the equality by ys: wy, € K(V*)® and wys = woys =
'on(tQ — tl)dtldtg Then, wo(tg - tl) € P(V*>§e3t_1 = <t2 — tl)P<V*)E3, hence Wy € P(V*)ES
Now, we also have wyy,; € K(V*)¥, hence the same argument implies that w; € P(V*)>s.

Next, assume that w is an element of K (V*)*2 of odd degree. In this case, w = ways +wsys
with wy, w3 € FP(V*). If we multiply this equality by ys € K(V*)* we get wys € K(V*)*3
and wys = woysys = waTgys, and then again the equality wozsys = worwy(ts — t1)dt1dty €
K(V*)*s implies that wery € P(V*)*. Since P(V*)* = Plxy,x], we can write wy =
g2 + )\%, g € P(V*)* and A\ € F3, r > 0. A similar argument, in which we multiply w

by ys3, implies that ws = g3 + ui—i, g3 € P(V*)® and p € F3, s > 0. If we substitute these
expressions in w = wyys + wsys we can easily check that this element can only belong to
K(V*) provided A = p = 0. It follows that wy = ¢ € P(V*)® and w3 = g3 € P(V*)*s. This
proves the isomorphism (31).

Example 9.5 (Family 2a in the Clark-Ewing list: G = G(m,r,n), rlm|p—1, [11]). G(m,r,n)
is the subgroup of GL,(Z,) generated by the permutation matrices and the diagonal matri-
ces diag(fs,...,0,), where 0™ =1 and (0;...6,)+ = 1. In particular, G(m, 1,n) is isomor-
phic to the semidirect product (Z/m)™ x %,,. In this case we clearly have P(V/*)&(m1n) —
Plp1,...,pn), where 14+ py + -+ + p, = [[1 (1 + af), if we write P(V*) = Plzy,...,,).
Now, p, = (x1...x,)™ is the Euler element associated to the orbit of 1, [x1]. The pre-Euler
element is Fy = E[x1] = z7...x,. It carries an associated linear character xi, defined by
x1(diag(by,...,0,)) =61...0, and x1(0) = 1 if 0 € ¥, is a permutation matrix. Notice that

m

G(m,r,n) = Ker y; and

P(V*)Smrm = Ploy, .. a1, By
The orbit of (xq — x9) is [x1 — x2] = {012, — Oz |67 = 05" = 1,1 < j } and its pre-Euler
element is Fy = [[,_;(#}" — 27'). In this case the associated character is x, defined by

%
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x2(diag(#y,...,0,)) =1 and XQ( ) = sg(o) is the sign of the permutatlon We clearly have
det = x1x2 and then det™! = X1 X2 It follows that fj-1 = EF E2 Counting degrees, we
obtain 31" (deg p; — )+deg(E )—2 =" (2im—2)+2n" —2 = n(n—1)m+2n(2—1) =
deg fiei-1- Hence, Theorem 9.1 implies

K(VAEmrn) — Ploy o py, By | @ Eldpy, . .., dpa_1, d(E;")].

Example 9.6 (D;, at the prime 3). In family 2b there are two modular cases at odd primes,
namely, Dg and Dis at p = 3. The first one is the Weyl group of PU(3) which is not
polynomial at p = 3, the second case corresponds to the Weyl group of the exceptional Lie
group G. The action of Dy on me(BTg,) gives a representation

(0 -1 (01
Y= o1 ) T\ o)

The dual action in mod 3 cohomology V* = H?*(BTg,;F3) = F3{t1,ta} gives P(V*)P12 =~
P[.T4, 51312], where Ty = t12 + tth + t22 and T2 = (tltg(tl + tg))Q.
The extension of this action to K(V*) gives now

P4, 212] ® Elys, Y10, Y11]
(y3y11 — Z4Y10, Y3Y10, yloyn)

with elements Y3 = dCL’4 and Y = dl)?lg, so that YsY11 = (t12 +11to —|—t22)t1t2 (t12 — t22)dt1dt2 =
T4Y10, which serves as definition for ;9. The isomorphism (32) is proved with same arguments
of Example 9.4.

Actually, the inclusion of SU(3) as maximal subgroup of G, induces an inclusion 33 —
D, identifying the generator 7 and o with w?. The induced inclusion K (V*)P12 — K(V*)*s
identifies the generators x4 and y3 and maps 215 to x¢%, y10 to —z6ys and 311 to —26ys.

K (V)P =

(32)

Example 9.7 (G2, Gag, G31, and G3y in the Clark-Ewing list at modular primes). The
groups Go (rank 2, p=3), Gog (rank 4, p=>5), G (rank 4, p=5), and Gs4 (rank 6, p=7), of
the Clark-Ewing list have polynomial invariants [1, 2, 68].

We obtain by direct calculation that the generator of the det™'-relative invariants f,., 1
has the same degree as the corresponding jacobian in cases Gag, G317, and G4, and then
Theorem 9.1 applies.

The case G135 = GL(2,3) is special. Notice that all those groups contain a copy of the
symmetric group of the same rank affording the representation of Example 9.3. G1» con-
tains X3 as described in Example 9.4. The invariant ring K (V*)GL 23) was computed by Mui
[55] (alternatively, use the arguments in Example 9.4):

K(V*)GL@,S) ~ Plx12, 216] ® Ely10, Y11, Y15)
(y11y15 — T16Y10, Y10Y11, yloyls)

where

(tltgg — tgtlg) (t13t29 - t23t19))

(tltgg — t2t13> ’ (t1t23 - t2t13) ’

Y11 = dz12, Y15 = dz16, and y;o is defined by the relation y11y15 = T16Yy10-
We can easlily obtain the description of the inclusion

K(v*)GL(Q,?)) N K(V*)Zd

T16 = P1($12) =

T12 =
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as
Plaig, 216] © Elyro,y11:415] - Plaa, 26] © Elys, ya, ys)

R:
(?/11?/15 — Z16Y10, Y10Y11; y1o?/15) (y3y5 — T4Y4, Y3Y4, y4y5)

mapping
3 2
T2 = T4” + Tg™,
2
T16 > T T4,

2
Y15 V> T Y3z — TaTelYs

Y11 — —TeYs, and
Y10 > TelYs -

Let X be a Clark—-Ewing p-compact group; that is, a connected p-compact group for which
p does not divide the order of the Weyl group. Models for these p-compact groups were
constructed by Clark-Ewing [18]. If Wy is the Weyl group of X, the action of W on the
maximal torus Ty is determined by the induced representation p: Wx — GL,(Z,), where n
is the rank of X. This representation gives W the structure of a pseudo-reflection group,
thus product of irreducibles listed in [18]. It turns out that BX ~ (BTwy);, where the
action of Wy on BT is given by p [23]. Our next result is a similar description of X(q), for
q = 1 mod p.

Theorem 9.8. Let X be a Clark-Ewing p-compact group and ¢ =1 mod p, g # 1, then
BX(q) = ((BTx(q))wwy), = B(T;" x Wx))
with TP = (Z/p°)", where n is the rank of X and £ = v,(q — 1).

Proof. In Proposition 7.5 we have obtained a map BT} — Map(BV, BX(q))s: — BX(q)
and according to Proposition 7.6 we have a factorization

BT} ~ Map(BV, BX (q))p: — (Map(BV, BX(4))5:) ., — BX(q) .
The induced maps in cohomology are
H*(BX(q);Fp) ——= H* (BT} )w ) —= H* (BT

where the second arrow is an isomorphism because the order of W is coprime to p and the
composition is a monomorphism by Theorem F.

According to theorems F and 9.1, H*(BX (q);F,) and H*(BT}")"* has the same Poincaré
series, hence H*(BX (q);F,) = H*((B1}')nwy ) and the result follows. O

Example 9.9 (BSU(2) at odd primes). The Weyl group of SU(2) is Z/2 that acts on the
maximal torus S' C C by sign change, that is, as ©»~!. Then, Theorem 9.8 applies. All
spaces will be considered completed at p.

Let 97 be an Adams map of exponent ¢ € Z3, ¢ # 1. For ¢ = 1 mod p, define £ = v,(1—q),
and then BSU(2)(q) has maximal finite torus Z/p’ and Weyl group Z/2, acting by sign
change, so

BSU(2)(q) ~ (BZ/PK)hZ/z
is an equivalence at the prime p. In case ¢ = —1 mod p, we can write ¢ = ¥~ o 1p79,
with ¢~ in the Weyl group and —¢ = 1 mod p, in which case we should define ¢ = v,(1+¢),
and the above equivalence holds.
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Notice that if ¢ # £1 mod p, then we can write 17 = ¢)¢o1)? | where ¢ is a (p—1)th root of 1,
different than +1, and ¢ = 1 mod p. Then, by Proposition 6.2, BSU(2)(q) ~ BSU(2)""(¢),
and according to Proposition A.5 (see A.8), BSU(2)"* is trivial, hence BSU(2)(q); is also
trivial.

For ¢ a prime power, coprime to p, SU(2)(q) is equivalent at p to the finite Chevalley
group SUs(q). This agrees with the above calculations, for in any case £ = v,(1 — ¢?).

Example 9.10 (Sullivan spheres S?™~1 m | p — 1). This generalizes the previous example.
When m > 2 divides p—1, the cyclic group C,, of order m acts on Z/p>. The Sullivan sphere
BS?™~1 is the p-completion of the classifying space of the semi-direct product Z/p> x C,,
for this action and H*(BS*™ 1, F,) = P[za,]. If u is any p-adic unit then

A(BS?m1) u™ =1
BS*™ Y u) =< B(Z/p* x Cy,) ™ # 1L,u™ =1mod p, £ = v,(u™ — 1)
* u™ % 1 mod p
All spaces are understood to be completed at p. To see this, note that BS*™!(u) is con-
tractible if u™ # 1 mod p by Theorem B. Otherwise, if ©™ = 1 mod p, then u = (¢ with { €
Con C Cp1, ¢ = 1mod p and BS?(u) = (BS?™ 1)) (q) = BS*™1(q) = B(Z/p" x Cy,)
by Proposition 6.2, A.8, and Theorem 9.8, because v,(¢ — 1) = 1,(¢" — 1) = (™ — 1).

Example 9.11 (SU(3)(q) at the prime 3). Fix ¢ a 3-adic integer with 0 < ¢ = v53(1—¢q) < 0.
According to Theorem F

H*(SU(3)(q); F3) = Plxs, 76) ® Elys, ys] ,

with B (y3) = 24 and B (ys) = we.
According to propositions 7.5 and 7.6, T = (Z/3%)? is the maximal finite torus of SU(3)(q)
with Weyl group 3. Now, the invariant ring
H* (T2 Fy) = Play, 6] ® Elys, ya, ys)
(Y3Ys — T4y, YsYs, YaYs)

computed in Example 9.4, turns out to differ from H*(SU(3)(q);F3). The natural map
H*(SU(3)(q);F3) — H*(T#;F3)>* (see Theorem F) has cokernel isomorphic to P[zg]y,.

Example 9.12 (G, at the prime 3). The exceptional Lie group G5 has rank two and the Weyl
group is dihedral D5 = 33 x (), listed in family 2b for m = 6 in the Clark-Ewing list. The
category F5(Gs) of non-trivial elementary abelian 3-subgroups of G has an isomorphism class
of rank two elementary abelian 3-subgroups with automorphism group Dis, the Weyl group
of GG, and two classes of elementary abelian 3-subgroups of rank one, with automorphism
group of order two. It is equivalent to the category I(2) of Appendix B, with G = Dy,
H, = X3, and Hy = Y,. The centralizer diagram for elementary abelian 3-subgroups is
equivalent to
(E3)°P\(D12)°?

./,\ Z 2 N U
Cy \%BSU(?)) < % (52)°P\(D12)7 > BU(Q)ﬁJ Ca .

(D12)°P

By Corollary 7.8 the categories of non-trivial elementary abelian 3-subgroups of G5 and
Ga(q) coincide: F5(Ga(q)) = F5(Ga), and furthermore, for every object (E,v) of F5(G2),



CHEVALLEY p-LOCAL FINITE GROUPS 49

BCq,)(E,v) ~ BCgq,(E,v)(q), thus the centralizer diagram of elementary abelian sub-
groups of Ga(q) is equivalent to

(23)°P\(D12)°?
: CBSUg(Q) < fgg E2) (D) BUx(9) D “ (33)
(D12)°P

and there is a natural map hocolimze(c,(g))or BCgy(q) — BG5(q) which is a a sharp homology
decomposition [20]; that is, the Bousfield-Kan spectral sequence for the homotopy colimit
collapses at the Fr-term and gives

H*(G5(q); Fs) = @O H*(BCg,(q); F3) =2 Plxa, x12] ® Elys, yi1] -
Fe(Ga(q))

This result can also be obtained by direct calculation from Proposition B.1 using the invariant
theory calculations in Examples 9.4 and 9.6. Notice that Proposition 7.9 does not apply
to BGa(q) at the prime 3 (see Example 9.11).

Example 9.13 (G, at primes p > 3). Let p be a prime > 3. The compact Lie group G,
at the prime p, is a Clark-Ewing p-compact group and H*(BGs;F,) = P|x4, x12]. The Weyl
group has order |IWW(G2)| = 12 and the center is cyclic of order two. Let u # +1 be a p-adic
unit, and let r denote the order of © mod p. Then

BGy(u?) = B(T} x W(Gs)) re{1,2}, L =v,(u®—1)
BGy(u) = ¢ BS™(uS) = B(Z/p* x Cs) 1 €{3,6}, £ =u,(u’ —1)
* otherwise,

where it is understood that all spaces are completed at p. To see this, write u = (¢ where
¢ is a (p — 1)th root of unity and ¢ = 1 mod p. Note first that BG5(u) = BGy(+u) as the
Weyl group of G contains —1. In case u? = 1 mod p (u* # 1), we have that u = +¢ so that
BGy(u) = BGo(du) = BGy(u?) = B(TZ x W(G3)) by 9.8 and 6.5. If u* # 1 mod p,u® =
1 mod p, then u = 4+ g where 0® = 1 and BGy(u) = BGo(+oq) = BGy(oq) = BG’IZM‘7> (q) =
BSY(q) = BS™(u%) by 6.2, A.10; the last equality follows from 6.5 since v,(u® — 1) =
vp(¢® —1) = v,(¢—1). If u® # 1 mod p then BG5(u) is contractible by Theorem B. It follows
that
P[l’4,[[’12] ®E(’y3,y11) r e {1,2}
H*(BG>(u);Fy) = { Plz1a] ® E(yn) r € {3,6}
F, otherwise

with higher order Bocksteins as explained in Theorem F. This provides the geometric expla-
nation of Kleinermann’s computation [38, Thm 1-1] of cohomology rings of finite Chevalley
groups of type Gj.

10. CHEVALLEY p-LOCAL FINITE GROUPS FROM AGUADE p-COMPACT GROUPS

In [1], Aguadé constructed the exotic p-compact groups X;, i = 12,29, 31, 34, with Weyl
groups the groups Gy (rank 2, p = 3), Gog (rank 4, p = 5), G3; (rank 4, p = 5), and G4
(rank 6, p = 7), on the Sheppard—-Todd and Clark—Ewing lists, respectively. All four of them
are obtained as the homotopy colimit of a diagram that we proceed by describing.

Write G; to denote one of the groups Gia, Gag, G31, or Gsy4, and Z its center, namely,
Z = 7)2 for Gio, Z = ZJ4 for Gay, Z = 7Z/4 for Gsy, Z = 7/6 for G34, in all cases
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represented by diagonal matrices with entries p — 1 roots of unity. In all four cases we also
fix a subgroup isomorphic to ¥,. Then, the index category is the opposite category of I(1),
with two objects 0 and 1 and

Auty1)(0) =
Auty)(1) = ( p)/ X =2,
Moryy(1,0) = ,,\Gz7 and
Mory1y(0,1) =
The functor assigns BT~ to 0 and BSU(p) to 1, up to homotopy, where the center of G;,

Z, acts on BSU, via unstable Adams operations. The diagram is described in the following
picture

(Zp)P\(Gi)P

z(_BSU(p) BTP=1 ) (@7
Each X; is a p-compact group with maximal torus Tk, = 7?~' and Weyl group Wk,
Gi. The respective cohomology rings coincide with the invariant rings H*(BX;;F,)
H*(BTx,;F,)%, and these are the polynomial rings ([1, 2, 68]):
H* (BXlg, Fg)
H* (BXQQ, ]F5)
H* (BX31, ]F5)
H* (BX34, ]F7)

e 1l

$127J716]

Il
P[JU 9516,1’24,1’40]7
[

12

I

Plx16, T24, Ta0, Tas]

12

P[ZC12, T24, X365 L48, L60, 5C84] .

Throughout this section we fix an unstable Adams operation 1)? of exponent ¢ € Z; with
g = 1modp, ¢ # 1. We will describe the p-local structure of the spaces BX;(¢) and will
show that they are classifying spaces of p-local finite groups. In particular, cases i = 29,34
provide new exotic examples of p-local finite groups.

The first results on the p-local structure of BX;(q) are given by Propositions 7.5 and 7.6.
Set ¢ = v,(1 — ¢). The maximal elementary abelian p-subgroup of X;, (¢x,,v), factors as a
p-subgroup (tx,,g) of X;(¢q), and the centralizer of this group

Cxio)(tx, ) =2 TP =2 (Z/p")

is the maximal finite torus of X;(¢). All elementary abelian p-subgroups of X;(q) factor
through this one. Moreover, the Weyl group is Wx,q) (T} _1) = (4, and the normalizer

Nx, (T} _1) =17 ~! % @, sits in the maximal torus normalizer of X;(q), making homotopy
commutative the diagram

BNx,(T/~") — BNx, (T"7!)

| |

BX(q) BX;.

Now, we fix the Sylow p-subgroup S = (Z/p")*~Y x Z/p of Nx,(TF"), generated
by TP 'and a p-cycle of ¥, < G;. We will denote by f: BS — BX;(q) the homotopy
monomorphism obtained as the composition BS — BNx, ) (T¢~') — BX;(q). Then (S, f)
is a p-subgroup of BX;(q), and it will play the role of a Sylow p-subgroup.
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Since X;, i = 12,29, 31, 34, are polynomial p-compact groups, according to Corollary 7.8,
t: BX;(q) — BX; induces an equivalence of categories

w: Fp(BX;(q)) — Fp(BX;).

Thus, we obtain that every elementary abelian p-subgroup (E, u) of BX;(q) factors as a
subgroup of tx,: F < tx, and pu ~ v|gg. There is a distinguished subgroup Z/p = Z < tx,
such that, Z < tx, < Tx, < SU, = Cx,(Z,v|pz). If E < tx, is not conjugate to Z in X;,
then the centralizer Cx,(F,v|pg) is a p-compact group whose Weyl group, the point-wise
stabilizer of F' < Tx,, Wx,(F), has order not divisible by p. In X;(q), we obtain:

Proposition 10.1. There is one conjugacy class of elements of order p in X;(q), (Z,q|pz),
such that the centralizer is

Cxi(q)(Z, 9lB2) = SUy(q)
and contains (S, f):
BS

Bincl

BSUP(Q) — BXz‘(Q)

as Sylow p-subgroup of SU,(q).
If E < tx, represents another conjugacy class of elementary abelian p-subgroups, then

Cx,()(E, glpp) ~ T}~ x Wx,(E)
where the order of Wx,(E) is not divisible by p. Furthermore, the diagram

BTZ(p_ 1) Bincl BS

B'mcll lf

BCx,()(E, g9|pr) —= BX,(q)

is commutative up to homotopy, where j: BCx, (¥, g9|pr) — BXi(q) is the natural map
iduced by evaluation.

Proof. For Z < tx,, we have Cx, (%, 9|pz) = SU,(q) by Corollary 7.4.

If £ < tx, be another subgroup, not conjugate to Z, then the centralizer in X, is the
Clark-Ewing p-compact group BCx,(E,v|pr) ~ B(Tx, x Wx,(£)),, and then, first, Corol-
lary 7.4 implies that BCx,(y)(E, g|pr) ~ BCx,(E,v|sr)(q), and secondly, Theorem 9.8 gives
BOx,(E,v|ze)(g) = B(T; ™" x Wx,(E)),.

Finally, we use the inclusions BE — Btx, — BS ER BX;(gq) in order to compare the
centralizers of E and tx, in S and X;(q):

~

BT! ' ~ BCs(tx,) BCs(E) BS

Zlfﬁ lfu f

BCOx, () (tx;, 9) — BCx,(9)(E, g|5r) — BXi(q) . O
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Proposition 10.2. For = 12,29,31, 34, the natural map

hocolim BC BX,; 34
Aoslim BCxiw = (9) (34)

1s a mod p homology equivalence.

Proof. According to Theorem F the cohomology rings of BX;(q) are:

H*(BX12(q); F3) = Pla1g, v16] ® Elyi1, y1s]

H*(BX29(q); Fs5) & Plxg, 716, Tos, Tao] @ Elyr, Y15, Y23, Y] ,

H*(BXa31(q); Fs) & Plx16, T4, Ta0, Tas] @ Ey15, Y23, Y39, Yar) ,

H*(BX34(q); F7) = Pla1, T4, 736, Tag, Teo, Taa) @ E[y11, Y23, Y3s, Ya7: Ys9, Yss) »

and they embed in the invariant rings H*(BX;(q);F,) € H*(BT'";F,)%. These invariant
rings are described in the Example 9.7. It turns out that the above inclusion is an isomorphism
if 1 = 29,31, 34, but it is not surjective when 7 = 12.

The centralizers of elementary abelian p-subgroups of BX;(q) are described in Proposi-
tion 10.1. The centralizer, Cx,(q)(E, g|pr), of an elementary abelian p-subgroup E < tx,
in X;(q) is either SU,(q) or C(q) where C is a Clark-Ewing p-compact group.

In cases i = 29,31,34, H(Cx,(o)(E,9|E); Fp) = H*(BTx,;F,)"®) is satisfied by Theo-
rem F and examples 9.2 and 9.3, hence we meet the conditions of Proposition 7.9 and the
map (34) is a mod p homology equivalence.

In the case i = 12, Proposition 7.9 does not apply, so we will need a separate analy-
sis. The p-compact group X9, p = 3, is also denoted DI5, because G5 = GL(2,3) and
H*(BDIy;Fs) = H*(BT?;F3)“23) = Fy[x15, 21] is the rank two Dickson algebra at p = 3.
It admits two conjugacy classes of elementary abelian p-subgroups, one of rank one and
another of rank two, hence so does BDI5(q), as well. We have equivalences of categories

f;(BDI2) = f;(Bsz(Q)) =1(1)

with Autﬂ(l)(()) = GL(2,3), Autﬂ(l)(l) = NGL(2,3)(E3>/E3 = Z/2, where NGL(Q,S)(Z3) =
33 x Z/2, and Moryq)(1,0) = ¥3\GL(2,3), Mory1y(0,1) = 0. The centralizers diagram
BCpr, (q) is described in the picture

DIP\GL(2,3)°P

72 @SUg(q)

\Z
The Bousfield—Kan spectral sequence
By’ = 1im' HY(BCppy(q); Fs) = Hi”(hoﬂ(cl())lim BCpryg); Fs)
1(1) g

BTIZ?D GL(23)P . (35)

computes the cohomology of the homotopy colimit hocolimyyor BCpyp, (g
The computation of the Ey-term follows from Proposition B.1. Since Ngp2,3)(33) = X3 X
Z/2 and H*(GL(2,3); A) = H*(Ngr23)(X3); A) = H*(X3; A), for any GL(2,3)-module A,
there is an exact sequence
. * * * G ’
0 — lim® H*(BCpryg): Fs) — H*(BSU(3)(q); F)*/* @ H*(BT?; Fy) >
I(1)

)23><Z/2

— H*(BT?;Fs lim' H*(BCppy(q);Fs) — 0, (36)

H(l)
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and lim', | BCpiyq) = 0if i > 2.

The invariant rings H*(BT%F3) " and H*(BT2;F;)™ as well as the restriction
R: H*(BT%F;) "% — H*(BT?F;)™ have been described in examples 9.4 and 9.7.
The cohomology of BSU(3)(q) is identified with the subalgebra Plz4,x¢] ® Elys,ys| of
H*(BT};F3)*3. The cokernel of the inclusion is isomorphic to P[zg)ys, and then the ex-
act sequence (36) is simplified to

P E
0 — 1im® H*(BCpig): Fs) — (212, T16] ® Ely10, Y11, Y15]
E) (Y11915 — T16Y10, Y10Y11, Y10Y15)

i) (P[$6]y4)z/2 — liinl H*(BCDIQ((]);IF?,) — 0,
I(1)

and (P[xG]y4)Z/2 = P[z¢?](z6ys) which is in the image of R. It follows that

liLﬂO H*(BCpry(g); F3) = Plx12, 16| ® Ely11, y15]
I(1)

and pinil W BCpr,q) = 0if ¢ > 1, so, therefore the Bousfield-Kan spectral sequence collapses

to an isomorphism

H*(h(%(clt))};m BCpr,(q):F3) = liLHO H*(BCpiry(g); F3) = Plx12, 216 ® Ely11, ¥15) ;
I(1)

that is, hocolimy1yer BCpr,(q) — BG5(q) is a sharp homology decomposition at the prime 3
and

H*(DI5(q); Fs) = liﬂlo H*(BCpiy(g); F3) = Pla12, 16) ® Ely11, y1s5] - O]
(1)

Theorem 10.3. (S, f) is a Sylow p-subgroup for BX;(q), the fusion system Fs r)(BX;(q))
of the space BX;(q) over the p-subgroup (S, f) is saturated, and

(S, Fis.n(BXi(q)), Lis.n(BXi(q)))
18 a p-local finite group with classifying space
|Lis.n(BX(a))l, ~ BXa(q) -
Proof. 1t is a consequence of Theorem 4.5, using the above propositions 10.1 and 10.2. [

Now, we will go deeper into the structure of the fusion system F = Fg 5 (BX;(q)). We
have seen that the fusion category of elementary abelian p-subgroups is equivalent to that
of the p-compact group X;; in particular, every elementary abelian p-subgroup is toral;
that is, F-conjugate to a subgroup of Tz(p_l). If we denote Z = Z(S) the center of S,
then (10.1) BCx,q)(Z2) = BSU,(q); =~ BSL,(q),, so, the centralizer fusion system Cr(Z2)
over Cg(Z) = S coincides with the fusion system of SL,(q) over S. Hence, we can identify
S with the Sylow p-subgroup of SL,(q) and then use the notation of Example 3.5. Recall
from 3.5 that any centric radical subgroup of S in C'x(Z) is conjugate to either S, Tg(p - or
an extraspecial group I'1(§"), r=0,...,p— 1.
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Proposition 10.4. Any centric radical subgroup of S in F = F(s.5)(BX;(q)) is conjugate to
one of the groups in the table:

Q Out£(Q) Conditions

Y G
S Z/p-1)xZ/(p—1) (37)
Fl GLQ(p)

I'(¢) SLy(p) if ¢ >1 orp>3.

Proof. The proof is divided in four steps, where we first determine a set of representatives
for centric radical subgroups of S in F, and then refine it to a minimal set of representatives
and compute their automorphisms groups in F.

~

Step 1: Toral and non toral centric radical subgroups. Tgp_1 is centric in F and Outf(Tg’_l)
G, is p-reduced, hence TP~" is also radical in F. No other subgroup of TP~" is centric, so for
any other centric and radical subgroup @) < S in F, there is a morphism of extensions

Qo—=Q——=1Z/p (38)

L

' —8—=1Z/p

where Qo =TP' N Q.

We are assuming that () is centric, hence the center Z = Z/p of S should be contained
in Q. But if Qy = Z, then Q = Z/p x Z/p is elementary abelian and then toral in F, hence
it would not be centric. Thus Z # Qo and the center of Q) is Z(Q) = f/p = Z. In particular,
every automorphism of () restricts to an automorphism of Z, so we obtain a homomorphism
Aut£(Q) — Autxz(Z). The kernel is composed of automorphisms of ) that restrict to the
identity in Z; that is, automorphisms of ) in the centralizer fusion system C'x(Z), hence we
have an exact sequence

1 — Aute,(2)(Q) — Autz(Q) — Autz(Z2) (39)

where Autz(Z) < Z/p — 1 lifts to Autf(TZ(p_l)) and Autz(S) as unstable Adams operations
(the center of G;). Thus, if @ is radical in C'x(Z), then it is radical in F.

Step 2: Non-abelian centric radical subgroups, all of which abelian characteristic subgroups
are cyclic. Assume that all abelian characteristic subgroups of () are cyclic, then a theorem
of Hall implies that @) is the central product of an extraspecial group I' of exponent p and
a cyclic group C, where the elements or order p in C, ;(C), coincide with the center Z(I")
of I' (cf. [34, Chap. 5, 4.9, 5.3]).

The faithful irreducible representations of the central product of an extraspecial group I'
or order p'*?" and a cyclic group of order p’ over the algebraic closure of a field of ¢ elements,
(g,p) = 1, have degree p", and there are exactly p‘~!(p — 1) inequivalent representations in
this degree.

Hence, only the case r = 1 can appear in GL,(q). We denote I'; the extraspecial group
of order p* and exponent p, and I'y, the central product Z/p* o I';. The different irreducible
faithful representations of I'y in GL,(q) are obtained by composing with the extension to I'y
of the automorphisms of Z/p*, (Z/p*)*. Thus, there is at most one subgroup isomorphic



CHEVALLEY p-LOCAL FINITE GROUPS 55

to 'y in GL,(q), up to conjugation. A subgroup of GL,(¢q) isomorphic to I'; is described in
Example 3.4. Since Car,)(I'1) = Z(GLy(q)) = GL1(q), I'x is a subgroup of GL,(q) if and
only if Z/p* < GLy(q). Hence Ty, £ = v,(1 — q), is the biggest one that can occur in GL,(q)
(see Example 3.4).

Finally, the intersection of I'y with SL,(q), and hence, of any conjugate of I'y, is isomorphic
to I'1, and there are exactly p conjugacy classes of such subgroups I'1(£") (see Example 3.5).
These are radical in C'x(Z), and so, therefore, they are also radical in F.

Step 3: Non-abelian centric radical subgroups having non-cyclic abelian characteristic sub-
groups. Assume now that () contains a non-cyclic abelian characteristic group. If @) is radical
in Cx(Z), then it is radical in F. Now, we assume also that ) is not radical in Cx(Z).

We can view @) < S as subgroups of SL,(q) and GL,(q), for an appropriate prime power ¢
such that S is the Sylow p-subgroup of SLy(q): £ = v,(1 — q). Write N = Ngyp,(o(Q). The
arguments of [4, (4A)] show that (up to conjugacy in GL,(q))

Q< NN(Z/P"Z/p) <N
for some k < ¢, or, taking the intersection with SL,(q)
Q<NNS, <N
where Sy, = (Z/p* 1 Z/p) N SL,(q) < S and N = N N SLy(q) = Ng1,(9)(Q), an then

InnQ < (NN Sy)/Z(Q) < Aute,(z)(Q)

where N/Csp,()(Q) = Aute,(2)(Q). We will see that (N N S;)/Z(Q) is still normal in
Aut]:(Q)

Assume that ¢ € Autxz(Q) restricts to Z as the unstable Adams operation ¥,  a (p—1)st
root of unity. If /<(Q) = @' < S, then ¥'/Cop: Q — @' is a morphism of F, that restricted
to Z is trivial, hence a morphism of Cz(Z). Since, we have assumed that @ is not radical in
Cx(Z), "¢ oy should be obtained as composition of restrictions of automorphisms of centric
radical subgroups of Cz(Z), by Alperin fusion theorem [13, A.10]. This is the fusion system
of SL,(q), and the Sylow p-subgroup S itself is the only centric radical that contains @),
hence, there is x € Aute,(z)(S) with x|o = P 0 p, hence ¢ = 1o x|g extends to an
automorphism ¢ o y of Autz(S). Notice that ¢(S;,) = Sk and also x(Sx) = Sk, hence, if
g € Sk normalizes Q, we have @ o ¢, 0 ™' = ¢y, With p(g) € N N Sj. This proves that we
have

InnQ < (NN Sy)/Z(Q) < Aut#(Q)

and since @ is radical in F, Q) = S;.

We claim that only the case S, = S is radical. First we compute the normalizer of
Z/p" 1 Z/p in GL,(q). The subgroup (Z/p*)P is a characteristic subgroup of Z/p*1Z/p, for it
is the only abelian subgroup of index p, hence, Ngr,(q)(Z/P* 1 Z/p) < Nar, o) ((Z/p")P). Tt is
not difficult to compute Ner,q)((Z/p")*) = GL1(g)15,, the group of invertible matrices with
only one non-trivial entry in each line and column. By direct computation one can obtain
that Ngu,q(Z/p" 1 Z/p) = GLi(q) - (Z/p* 1 Nx,(Z/p)), where GL:(q) is identified with the
subgroup of all diagonal matrices of GL,(q); that is, the center of GL,(q).

Call N, = Ner, (o) (Z/p* 1 Z/p) N SL,(q). We have Ny, = By, X Ny, (Z/p), with

Bk:{(z-ml,...,z-xp)EGLl(q)p}xiGZ/pk, Pry.wy, =1}
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and NSLP(q)(Sk) = Np. Notice that, when k < ¢, S, has index p in the Sylow p-subgroup
By, % Z/p, and this is normal in N}, hence only S = S, is radical in SL,(q).

The centralizer of Sy in SL,(q) is Csr,)(Sk) = Z = Z/p and then Autc, z)(Sk) =
Autgr, () (Sk) = Np/Z. (Bx/Z)XZ/pis normal in Ni,/Z, and, since the Adams operations ¢,
¢ a (p — 1)st root of unity, act internally in By, (Bg/Z) x Z/p is also a normal of Autz(Sk):

Inn Sy, = Sy/Z/p < (B /Z/p) X Z/p < Aut£(Sk)

thus, S} is radical in the fusion system F if and only if k& = ¢; that is, only the case Sy = S is
radical. In this case we have obtained Autz(S) = N;/Z xZ/(p — 1), where Z/(p — 1) on the
right is generated by the Adams operations of exponent a primitive (p — 1)st root of unity,
and Outx(S) = Z/(p— 1) x Z/(p — 1), given by the Adams operations and Ny, (Z/p)/Z/p.

Step 4: Minimal set of representatives and automorphism groups. It remains to check which
of those are F-conjugate to one of the others in the list and also to compute their F-
automorphisms.

For @) = S the restriction Autz(Q) — Autz(Z) is split because unstable Adams operations
extend to S. Moreover, since they are realized by the center of G;, the F-automorphisms
of S are given by conjugation in the normalizer N;; of the maximal finite torus Te(p . We

have seen already that the same is true for ) = Tg(p -,

Finally, we analyse the case @ = I'1(¢"), r = 0,...,p — 1. Assume that ¢ € Autz(Q)
and that the restriction to the center Z is the unstable Adams operation 1*. This extends
to an F-automorphism of S. Write Q' = ¥*(Q). Then x = 1 o p™V: Q — Q' is a
homomorphism of F that restricts to the identity in Z, hence it belongs to the centralizer
fusion system C'z(Z). In other words, every automorphism ¢ € Autz(Q) is the composite of
an isomorphism x: Q — Q' of Cx(Z) and a unstable Adams operation .

It is then enough to compute the effect of unstable Adams operations on the family of
subgroups I'1(£"). It turns out that unstable Adams operations restrict to automorphisms of
[y =T1(€Y) so that Out#(T'y) = GL,(q), while, for p > 3 or £ > 1, they conjugate I';(£") for
r=1,...,p—1 to each other and Outz(I'1(§) = SL,(q). O

Corollary 10.5. The fusion system of BX;(q) is

Fis.n(BXi(q)) = (Fn, ()5 Fr.(GLa2(p)) , Fri()(SL2(p)) ) ,
forp >3 ortl>1, and F55(BXi2(q)) = (Fn,(S); Fr,(GLy(p)) ), forp =3 and £ =1,
where Ny; = in(q)(Tg(p_l)) = Tg(p_l) x G

Proof. 1t is a consequence of Proposition 10.4 and Alperin’s fusion theorem for saturated
fusion systems (see section 3). O

We end this section with a case by case study in order to determine which spaces BX;(q) are
p-completed classifying spaces of finite groups and which cases correspond to exotic examples
of p-local finite groups.

As we shall see, S contains no proper strongly closed subgroups in F = Fs )(BX;(q))
and so, according to [13, 9.2], if F is the p-completed classifying space of a finite group, this
group is almost simple.

In fact, a strongly closed subgroup of S in F is a normal subgroup P of S such that no
element of P is F-conjugate to any element in S\ P. Now, if P is non trivial it contains

at least an element of order p, and this is F-conjugate to an element of order p in Te(p -,



CHEVALLEY p-LOCAL FINITE GROUPS 57

)

Now, the maximal elementary abelian p-subgroup t of Tﬁ(p ~Y turns out to be an irreducible

G;-module, hence ¢t C P and since the cycle of order p generating S/ Te(p s conjugate to an
element of ¢, the extension of ¢ by this cycle is in P. Thus we have a diagram of extensions

Pr P Z[p

L]

7V ——=S—=1Z/p

where t < Pr = PNT. Now S/P = Tg(pfl)/PT is abelian. The abelianization of S is seen
to be Z/p x Z/p, and then we obtain that Tz(p_l)/PT is either trivial or has order p. It
follows that all elements of order up to p‘~! of T, Z(p - belong to Pr. Taking the quotient by

this subgroup we obtain an inclusion of G;-modules Pr < Tg(p _1), but again, this last is an
irreducible G;-module, hence Pr = Tg(p _1), and then P = S.

Example 10.6. BXy(q) at p = 5 and BXg34(q) at p = 7 are classifying spaces of exotic
p-local finite groups. We have seen that the Sylow subgroup does not contain any proper
strongly closed subgroup in Fs s)(BX;(q)), hence if this is the p-completed classifying space
of a finite group G, then G is almost simple [13, Lemma 9.2]. A complete list of almost
simple groups with a Sylow subgroup isomorphic to S is provided by [13, Proposition 9.5].

No group in the list contains Gag or G34 as automorphisms of 7, g(p Y induced by conjugation
in the group. Hence Xy9(gq) at p =5 and X34(q) at p = 7 are exotic.

Example 10.7. BXi5(q) at p = 3 is the 3-completed classifying space of a twisted Chevalley
group of type Fy. More precisely, BX15(q) = B(2F4 (28 "))5 where £ = v3(q> —1).

The 3-completed classifying space of the twisted Chevalley group 2F4(22"*!) can be de-
scribed at p = 3 as B(3,(22"MY)) ~ BF2, for a = ¢ o 92", where ¢ is the Friedlander’s
exceptional isogeny of Fjy [31]. ¢ has the effect of reflecting the Dynkin diagram of Fj
by sending the short roots to the long roots and the long roots to 2 times short roots.
Furthermore, ¢? ~ 9?2, and then we can choose ¢ a square root of —2 in Zs such that
B = o< is a self equivalence of BFy at p = 3 of order two and 2"¢ = 1 mod 3. We
can write a = 3 0?"¢, and then, by Proposition 6.2, BF® ~ (BF,)"’(2"¢). In [15] it is
shown that (BF;)" ~ BXy, hence BX5(2"¢) ~ B(*F,(2*"1)),. Since ¢! belongs to
the Weyl group of X2, BXi2(q) ~ BX12(—¢q), and then, according to Theorem E; the ho-
motopy type of BXi2(4q) does only depend on ¢ = v3(¢*> — 1), thus, if we choose n with
(=13(¢> — 1) = v3(1 — 2"C) = v3(1 + 2*"*1), then we have

BXi3(q) ~ BX15(2"¢) ~ B(2F4(22n+1)):/1,\~

In particular, BX15(q) ~ B(¥,(2*"))4. The local structure of 2F(22"+1). also called Ree
groups of characteristic two, was studied by Malle [42].

Example 10.8. For any 5-adic unit, ¢ € Z3, BX31(q) at p = 5 is the 5-completed classifying
space of a Chevalley group of type Eg, namely, BX3(q) ~ BEg(2*™™1) if vs(¢* — 1) =
1/5(1 +24m+2)‘

Let i = v/—1 be a primitive 4th root of unity. Since v belongs to the Weyl group of X3,
we can assume that ¢ = 1 mod 5 for otherwise we can multiply ¢ by an appropriate power
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of 7 and still have BX3;(q) ~ BX31(i"q). Moreover, according to Theorem E, the homotopy
type of BX3;(q) will only depend on £ = v5(¢* — 1).

We fix a prime power gy with gy = £2 mod 5 and £ = v5(Fige—1) = vs5(qo*—1) = v5(q>+1),
where we choose +¢ or —¢ in order that the equality makes sense.

We can write gy = i - (—i - o), where now —i - gy = +1 mod p. Since ¢~! belongs to the
Weyl group of Eg, we can apply Proposition 6.2 and get BEg(qo) ~ (BEg)"™'(—iqo). Now
we have seen in Example A.12(2), that (BEg)"" ~ BX3, so, therefore

BEg(qo) ~ BX31(—iqo) ~ BX51(qo) ,

and this last is homotopy equivalent to BX31(q) by our choice of gy with v5(g?* — 1) =
vs(q* —1).

Similar considerations can be made, more generally, at any prime p such that p = 1 mod 4;
that is, any prime at which X3; can be defined, and then obtain that BEg(qo) ~ BX31(qo)
for a prime power gy with go? + 1 = 0 mod p.

The local structure of Eg(q) was described in [40].

Remark 10.9. One can easily obtain natural maps BX;(¢”") — BX;(¢”"""), that at the level
of maximal finite tori induce inclusions 7, e(inl) < Tgni)l, and then obtain that the p-compact

group X; can be reconstructed by means of a telescope construction

BX; ~ hocolim BX;(¢"") .

In particular, we may obtain the p-compact groups BXs (at p = 3) and BX3; (at p = 5) as
telescopes

BX, = hocolim BX,(4*") = hocolim B(*F,(2%"))
BX3; = hocolim BX3;(16°") = hocolim BFg(2°")
of p-completed classifying spaces of finite Chevalley groups.

11. CHEVALLEY p-LOCAL FINITE GROUPS FROM GENERALIZED (GRASSMANNIANS

We discuss here the Chevalley p-local finite groups of type X(m,r,n). Let p be an odd
prime, m > 1, r > 1, and n > 1 with r|m|(p — 1). The simply connected polynomial
irreducible p-compact group X(m,r,n) has Weyl group G(m,r,n) (see Section 2) and its
cohomology is the invariant ring

H*(BX(m,r,n);F,) = H (BT (X(m,r,n)); F,) ™) = Pla ., €]

with deg(xz;) = 2mi and deg(e) = 222, See [59, 57, 52] for the construction of these spaces.
We are here interested in the associated spaces BX(m,r,n)(q) defined by the pull-back
diagram (22) with a@ = 17 where ¢ is a p-adic unit.

Remark 11.1. Many cases already appear in the literature ([29, 33, 59]). We can extract
the following equivalences, up to p-completion, for a prime power ¢, prime to p:

(1) BSU(n+ 1)(q) ~ BSL,1(q).

(2) BU(n)(q) ~ BX(1,1,n)(q) = BGL,(q).
(3) BX(m,1,n)(q) ~ BGL,(q).

(4) BX(2,2,n)(q) ~ BSO(2n)(q) ~ BSO5. (q).
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By Remark 6.6, we have that, also for any p-adic unit ¢, BSU(n + 1)(q), BX(m,1,n)(q)
and BX(2,2,n)(q) are homotopy equivalent to classifying spaces of finite groups, up to p-
completion.

These also include the cases BX(m,2,n)(q), that can be reduced to BX(2,2,n)(q') using
propositions A.10 and 6.2, so they are also equivalent, up to p-completion, to classifying
spaces of orthogonal groups over finite fields.

The above observations will be used as the starting point of the induction arguments that
we will develop in the rest of this section in order to study the structure of BX(m,r,n)(q),
for ¢ = 1 mod p, ¢ # 1, and general values of m, r, and n.

Fix ¢ =1 mod p, ¢ # 1. The p-compact groups X(m,r,n) are polynomial, hence propo-
sitions 7.5 and 7.6 apply. The maximal elementary abelian p-subgroup of X(m,r,n), (tx,v),
factors as a p-subgroup, (tx, g), of X(m,r,n)(¢q), and the maximal finite torus of X (m,r,n)(q)
is

BT; = BCX(m,T,n)(q) (tXa g)

where ¢ = v,(q¢ — 1). The Weyl group is Wxm,rn)q)(17") = G(m,r,n), and the extension
NX (mrm) (o) (1) = T} % G(m, r,n) sits in the maximal torus normalizer of X (m,r,n), making

the following diagram homotopy commutative:

BNx(m.rm)(@)(T7) —= BN () (T")

| |

BX(m,r,n)(q) = BX(m,r,n).

Corollary 7.7 implies that the functor
Ly F;(X(m,r, n)(q)) — ]—";(X(m,r, n)) (40)

is an equivalence of categories. The next result is a description of the centralizers of elemen-
tary abelian p-subgroups.

Proposition 11.2. [52, 7.11] Let p be an odd prime, m > 1, r > 1, n > 1 with r|m|(p — 1),
and ¢ =1 mod p, ¢ # 1. Then,

(1) any elementary abelian p-subgroup h: BE — BX(m,r,n)(q), factors through the mazi-
mal finite torus, and
(2) for any subgroup E <t, <1}, the centralizer of (E, g|pr) in X(m,r,n)(q),

BCx () (B, 9|5E) = BX(m,r,10)(q) X BU(n1)(q) X - -+ x BU(ns)(q),
n=mny+n; +---+ns, is determined by the point-wise stabilizer of E <T} in the Weyl
group G(m,r,n), G(m,r,n)(E) = G(m,r,ng) X Xp, X -+ X 3.

Proof. All elementary abelian p-subgroups of X(m,r,n) are toral, hence the same is true
for X(m,r,n)(q) by the equivalence (40). If E < tx, by Corollary 7.4, the restriction of ¢4
to the centralizer of (E, g|pg), is 17 again, ¢q|Cx(m,r,n>(q>(E,g|BE) =9, and

BCX(m,’r,n)(q) (Eu g|BE) ~ BCX(m,r,n) (E, VlBE)(Q) .

The centralizers Cx(m,r,n)(E ,V|pE) are known to be connected p-compact groups of maximal
rank, with Weyl group G(m,r,ng) x ¥, X --- x ¥,_, the point-wise stabilizer of E' in T™ by
the action of the Weyl group G(m,r,n):

BCx(mrn)(E,v|pEg) ~ BX(m,r,n0) X BU(n1) X --- x BU(ny),
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thus,
BCX(mrn) (B, v|BE)(q) =~ BX(m,r,n0)(q) X BU(n1)(q) x --- x BU(n,)(q)

contains the same maximal finite torus 7;" as X(m,r,n)(q), { = vp,(¢—1), n = ng+ny+- - -+ns
and the Weyl group is G(m,r,ng) X £,, X -+ X 5, (see Propositions 7.5 and 7.6). O

Proposition 11.3. Let p be an odd prime, m > 1, r > 1, n > 1 with r|m|(p — 1), and
q =1 mod p, g # 1. The natural map

hocolim  BCx(mrn) ) — BX(m,r,n
FeX(mamygyer X @) ( )(q)

18 a mod p homology equivalence.

Proof. According to Theorem F and Example 9.5
H*(BX(m,r,n)(q);F,) = H*(BT};F,) ™™ 2 Play, ..., 2p_1,€] @ E[y1, ..., Yn-1, 1

with deg(z;) = 2mi, deg(e) = 222, deg(y;) = 2mi — 1, and deg(u) = 222 — 1.
Since this is true for all values of m, r, n, we obtain from Proposition 11.2 that also, for
every elementary abelian p-subgroup F < tx,

H*(BOx(m,rn)(@) (B, 9lE); Fp) = H* (BT} Fy)9mrm )

where G(m,r,n)(E) is the point-wise stabilizer of E in 7", by the action of the Weyl
group G(m,r,n). So, then, the result follows from Proposition 7.9. O

Fix a Sylow p-subgroup of Nx(mrn)q) (L), Sne = Z/p" 1 S,, where S, is the Sylow p-
subgroup of the symmetric group %,. Call f the composition BS,; — BNxmrn)q)(17") —
BX(m,r,n)(q), Thus (S, f) is a p-subgroup of BX(m,r,n)(q).

We will denote by

]:(ma T, T, Q) = F(Sn,e,f)(BX(m7 Ty n)(Q))
the fusion system of BX(m,r,n)(q) over (S, f) and by
ﬁ(m, rn, Q) = ‘C(Snyz,f) (BX(mv T, n) (q)) )

the associated centric linking system. Recall that the underlying category of F(m,r,n,q) is
equivalent to F,(BX(m,n,r)(q)).

Theorem 11.4. If q is a p-adic unit such that ¢ =1 mod p, ¢ # 1, and £ = v,(1 — q), then,
(Sn.e, f) is a Sylow p-subgroup for BX(m,r,n)(q) and

(STMZ? f(m7 r? n? Q)7 £<m7 r? n? Q)>
18 a p-local finite group with classifying space
[L(m, 7, n,q)l; ~ BX(m,rn)(q) .

Proof. We proceed by induction on n, the p-rank of X(m,r,n)(¢q). For n < p, X(m,r,n)
is a Clark-Ewing p-compact group, and then, X(m,r,n)(q) is the p-completed classifying
space of a finite group (see 9.8). Also, for BX(1,1,n) ~ BU(n);, Remark 11.1 character-
izes BX(1,1,n)(q) as p-completed classifying spaces of finite groups. In all that cases, the
conclusion of the theorem is clearly satisfied (see Section 3).

Assume that n is large and that the theorem holds for every ny < n. That is, for
every ng < n, the space BX(m,r,ng)(q) is the classifying space of the p-local finite group
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(Sng.es F(m,r,n9,q), L(m,r,n0,q)). The result about BX(m,r,n)(g) will follow from Theo-
rem 4.5. We will show that the space BX(m,r,n)(q) and its p-subgroup (S,., f) meet the
conditions of 4.5. Condition (1) of 4.5 is satisfied by Proposition 7.1.

Condition (2a) of Theorem 4.5 amounts to show that if £ < tx, then the centralizer
BCxX(mrn)q)(E, g|BE) is the classifying space of a p-local finite group. This follows by the in-
duction hypothesis. In fact, by 11.2, there is a homotopy equivalence BCx (m.r.n)(q)(E, 9| BE) =~
BX(m,r,n9)(q) x BU(nq1)(q) x -+ x BU(ns)(q), for n = ng + ny + ...n,, a non-trivial de-
composition of n into positive summands, and by the induction hypothesis and [13, 1.4] this
is the classifying space of the p-local finite group defined as the product

(Sno,ﬁvf(m>ra no,q),ﬁ(m,r, nOvQ))
X (Snl,l7f(17 17nl7q)7£(]—7 17”17Q)) X oo X (Sn&g,f(l, 17nS7q)7£(]-7 17”57Q)) .

Condition (2b) of 4.5 establishes that Sylow p-subgroups of centralizers of elementary
abelian subgroups of BX(m,r,n)(q) factor through (S, ¢, f). This is proved by reducing the
question to unitary groups, obtained as centralizers of the center of .S, 4.

Let Z 2 Z/p denote the diagonal elements of order p in T} = (Z/p*)™ < S, 4. Then, the
point-wise stabilizer of Z in T;* by the action of G(m,r,n) is ¥, and therefore, according to
Proposition 11.2, BCpx(mrn)¢)(Z, 9|B2z) ~ BU(n)(q).

By naturality of the construction of the normalizer of the maximal finite torus, we obtain
a diagram

BNym)g)(17) — BNx(mrn) (@) (1T7)

l |

BU(n)(q) —"—= BX(m.r.n)(q)
hence a factorization of (S, f):
BS, ¢ (41)
f! !
/ N \
BU(n)(q) BX(m,r,n)(q)-

Choose any other subgroup £ < ty < S, ,. Assume that the point-wise stabilizer of E
in T}" by the action of G(m,r,n) is G(m,r,n)(E) = G(m,r,ng) X L, X -+ - x 3,,. Define E' =
Z-E < tx, then, the point-wise stabilizer of £’ will be G(m,r,n)(E') = X,, X Xy, X -+ X 5.
The inclusions E < E' > Z induce a commutative diagram of centralizers

Bjf
BCX(m,r,n)(q) (E/7 g|BE’) 43) BCX(m,r,n)(q) (E7 g|BE> (42)

| o

Bjn
BCX(m,T,n)(q) (27 Q|BZ) ’ BX(m, T, n) (q) .

Now,
BCx(mrm)o)(E, 9lBE) >~ BX(m,7,n0)(q) X BU(n1)(q) x - -+ x BU(ns)(q)
with Sylow p-subgroup Sy, X -+ x S, , while
BCxm,ranya)(E' glper) ~ BU(no)(q) x BU(n1)(q) x -+ x BU(ns)(q)
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and from the above discussion we have a factorization

B(Spge X -+ X Sn.u) BU(ng)(q) x BU(n1)(q) x -+ x BU(ns)(q) (43)

\ lBjEl:Bjnoxlx--.ﬂ

BX(m,r,ng)(q) x BU(n1)(q) x -+ x BU(ns)(q) .

Diagrams (41), (42), and (43) provide a homotopy commutative diagram

T

Bijn

B(Sno,Z XX Sns7£) E—— BCX(m,r,n)(q)(Elvg|BE’> I BOX (m,ryn)( )(Eag|BE)

| l

Bjn
BSn,Z BOX(m,r,n)(q) (Z7 g|BZ) d BX(ma r, ’I’L) (Q)

where the existence of the homomorphism p: Sy X -+ X Sy, 0 — S, making homotopy
commutative the left square is obtained because S, is a Sylow p-subgroup of U(n)(q).

We have proved that BX(m,r,n)(q) and (S, f) satisfy the conditions (1) and (2) of
Theorem 4.5, and therefore, that (S, f) is a Sylow p-subgroup of BX(m,r,n)(¢) and
(Sn.e, F(m,r,n,q), L(m,r,n,q)) is a p-local finite group.

Finally, BX(m,r,n)(q) is the classifying space |£(m, r,n, q)|7 according to Proposition 11.3
and Theorem 4.5. O

Proposition 11.5. For ¢ = 1 mod p, ¢ # 1, X(m,r,n)(q) is a exotic p-local finite group if
r>2n2>p.

Notice that in the above hypothesis r|(p — 1), thus r > 2 can only occur with p > 5, so
that we are implicitely assuming also that p > 5.

Proof. We wil first reduce the question to the rank p-case. Then we classify the centric
radical subgroups in the fusion system of BX(m,r,p)(q) and show that they coincide with
the p-local finite groups of [13, Example 9.4].

There is an elementary abelian p-subgroup E < tx, in X(m,r,n)(q), of rank n — p such
that

CX(m,r,n)(q)(Evg|BE> = X(marvp)<Q) X U(1>}/7\(q>n—p

(see Proposition 11.2). If we assume that there is a finite group G such that BX(m, r,n)(q) ~
BGY), then the map Bg|pg: BE — BX(m,r,n)(q) ~ BG) is induced by a homomorphism
¢: EF— G, and

BCa(p(B)): ~ BX(m,r,p)(q) x BUCY (@)

U(
Since BU(1))(q) ~ BZ/p", the projection BCq(¢(E)); — BU(1); ()" is the p-completion
of the map induced by a homomorphism p: Cq(p(E)) — (Z/p )” P, It has a section, also
induced by a homomorphims o: (Z/p*)"? — Cg(p(E)), hence p is an epimorphism. There-
fore, we have a short exact sequence Kerp — Cg(p(E)) — (Z/p*)" P and an induced fi-
bration B(Kerp)) — BCa(¢(E))) — B(Z/p")""?, from which we obtain an equivalence
B(Ker p) ~ BX(m,r,p)(q). This reduces the question to showing that X(m,r,p)(q) is an

exotic p-local finite group.
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We will show now that X(m,r,p)(q) coincide with the p-local finite groups constructed
in [13, Example 9.4] in purely algebraic terms. For this aim we will need to describe the
centric and radical p-subgroups of X (m,r, p)(q).

Recall that T7 = (Z/p*)? is the maximal finite torus of X(m,r,p)(q) with Weyl group
G(m,r,p) and they form a split extension

Téj - Nx(mv’rvp)(q) (ng) - G(m7 7”, p)

that contains S,y = T, X Z/p < Nx(mrp)q)(T}), @ Sylow p-subgroup of X(m,r,p)(q). For
simplicity we will denote F = F(m,r,p, q), the fusion system of BX(m,r,p)(q) over (Spe, f).

The center of the Sylow p-subgroup is Z(S,,) = Z/p’ embeded diagonally in 77, and, if
we write Z(tx) for the elements of order p in Z(S,), then we obtain BCX (mrp)(g)(Z(Sp,e) =~
BCX(mrp)(q)(Z(tx)) =~ BU(p),(q) (see Proposition 11.2). We also know (see Remark 11.1)
that BU(p),(q) ~ BGLy(qo); for a prime power gy with £ = v,(1 — q) = v,(1 — qo), hence
we conclude that the centralizer fusion system C'x(Z(S,,)) coincides with the fusion system
of GL,(qo), that has been described in Example 3.4.

The Sylow p-subgroup S, is clearly centric and radical. T} is centric and Outz(7}) =
G(m,r,p) hence it is also radical (p > 5). Proper subgroups of T} are not centric, so we will
look at subgroups @ < S, , not contained in 7;. such a subgroup fits in an extension

Qo Q Z/p

L

Tf SM Z/p

where Qo = Q N1}, and since @ is centric, Z(S,,) < Qo. It turns out that this is actually a
characteristic subgroup of ), Hence there is an exact sequence of groups:

1 — Autey(z(s,,)(Q) — Autr(Q) — Autr(Z(S,0))

where Autz(Z(S,)) = Z/(m/r) is given by the action of the Adams operations of exponents
a (m/r)th root of unity.

Assume that Q) is abelian. Then Qo = Z(S,,) and @ is either Z/p x Z(S,,) or cyclic
Z/p*1. In the first case, Q is F-conjugate to a subgroup of T}, hence it is not centric
while in the second case, it is conjugate to the group Uy, described in Example 3.4. Adams
operations do not act internally in Upy 1, hence Outz(Upy1) = Outey,(z(s, ) (Uer1) = Z/p and
then Uy, is not radical in F.

Assume that @) is non-abelian. The same arguments as in 10.5 show that @) is either S,
or I'y, and both are radical in C'#(Z(S,,)). Thus we obtain that they complete the list of
conjugacy classes of centric radical subgroups of S, in F.

In order to complete the picture it remains to compute the F-automorphisms of I',. We
have Oute,(z(s,,))(I'e) = SLa(p). Now, the Adams operations act internally in I'; and we
get Outz(I'y) = SLy(p).(m/7).

By Alperin’s fusion theorem, a fusion system over S is generated by the automorphisms of
its fully normalized centric radical subgroups in S. Since in our case al the automorphisms
of T} are induced by conjugation in Nx(m.rp)q) (1} ), We can write

F(m,10,0) = (Frg 1) (Sp)s Fry (SLa(p).(m /1))

(see Section 3) but this is precisely the definition of the fusion systems in [13, Example 9.4].
0
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The cases BX(m,r,n)(q) with r = 1,2 or n < p, are homotopy equivalent to p-completed
classifying spaces of finite groups according to Theorem 9.8 and Remark 11.1.

APPENDIX A. RECOGNITION OF HOMOTOPY FIXED POINT p-COMPACT GROUPS

The objective of this appendix is to obtain a recognition principle for the homotopy fixed
point p-compact group BX" where p is an odd prime, X a connected p-compact group, G
a finite group of order prime to p, and p: G — Out(X) and outer action.

Let N — X be the maximal torus normalizer for the p-compact group X. The short exact
sequence of topological monoids

BZ(N) = aut(BN); — aut(BN) — Out(N)

induces a fibration sequence

B%*Z(N) — Baut(BN) — BOut(N)
which shows that equivalence classes of fibrations over BG with fibre BN is in one-to-one
correspondence with

[BG, BOut(N)] = Hom(G, Out(N)) .
Also, we know from Theorem B that equivalence classes of fibrations over BG with fibre BX
is in one-to-one correspondence with

[BG, BOut(X)] = Hom(G, Out(X)).

However, Out(X) = Out(N) [52, 7] and therefore there is a bijective correspondence between
fibrations with fibre BX over BG and fibrations with fibre BN over BG. We shall now make
this correspondence more explicit.

Define the group-like topological monoid aut(Bj) to be the submonoid of aut(BN) x
aut(BX) consisting of all pairs (a,b) € aut(BN) x aut(BX) such that the diagram

BN —— BN
le lBj
BX ——= BX
commutes.
Lemma A.1. Assume that p is odd. The forgetful homomorphisms
aut(BN)<—aut(Bj)—aut(BX)
are homotopy equivalences.

Proof. The group homomorphisms myaut(BN) « mpaut(Bj) — maut(BX) are injective
because X has N-determined automorphisms [52, 7]. The group homomorphism to the left
is surjective because X is N-determined and the one to the right is surjective because any
self-homotopy equivalence of BX lifts to a self-homotopy equivalence of BN [50, §3]. The
identity components fit into a map of fibrations [27, 11.10]

aut(BX),

autpy(Bj); — aut(Bj);

| -

autBX(Bj)1 —_— aut(BN)1 —_— Map(BN, BX)B]‘
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where the right vertical map, defined by composition with Bj, is a homotopy equivalence [27,
7.5, 1.3] [25, 9.1] [50, 3.4]. The fibre, consisting of the space of maps BN — BN over BX and
vertically homotopic to the identity map of BN, is (one component) of the space (X/N)"V
which is contractible [48, 5.1]. O

Thus we have bijections
[B, Baut(BN)] = [B, Baut(Bj)| = [B, Baut(BX)]

for any space B and this means BN-fibrations and BX-fibrations over B are in bijective
correspondence.

Proposition A.2. Let X be a connected p-compact group with maximal torus normalizer
N — X. If G is a finite group of order prime to p, then any outer action p: G — Out(X),
lifts to a unique G-action on BX and unique G-action on BN. Moreover, these actions make
the map BN — BX G-equivariant; that is, the diagram

BN I BN}LG I BG
BX — BXj¢ — BG
15 homotopy commutative.
Proof. Let us say that our input is an outer action

of the finite group G on X and N. By Theorem B, p lifts to a unique action of G on BX,
and by Lemma A.1 the same is true for BN. In particular, p determines a unique map, up
to homotopy,

Bp: BG — Baut(Bj)

inducing p on fundamental groups.
Over Baut(Bj) there are two related fibrations

BNhaut(Bj) BXhaUt(Bj)

\/

Baut(By)

with fibre BN and BX, respectively. Pull back these two related fibrations along the map
Bp to obtain the commutative diagram of the Proposition. O

Next, we need to lift the action of G on BN and BX to an action on the loop spaces N
and X (see Definition 5.3), such that the inclusion N — X is still equivariant.

Lemma 5.1 applies to show that the fibration BX — BX,s — BG admits a section,
unique up to vertical homotopy, when X is connected; that is, there is a unique lifting of the
action on BX to an action on X. However, BN is not simply connected as m (BN) = W and
then Lemma 5.1 ensures neither the existence nor the uniqueness of a lifting of the action of
G on BN to an action of G on N. Instead, it leads to the next description of the possible
actions.
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Proposition A.3. If a finite group G of order prime to p acts on BN with outer action
p: G — WA\Ngry(W) = Out(N), then there are natural one-to-one correspondences between
the sets:

(1) 7T-O(B]VhG)7
(2) W-conjugacy classes of lifts in the diagram

Nerwy (W)

G = W\Narw) (W) .

If these sets are non-empty, then they are also in one-to-one correspondence with H'(G; W).
Proof. An action of G on BN is by definition a fibration
BN — BN,g — BG, (45)

and according to A.2 this action of G on BN is uniquely determined by p.
Next, we map mo( BN") directly to the set (2). Let ¢: BG — Baut(BN) be a classifying
map for the fibration (45). Thus, ¢ extends to a map of fibrations

BN BNya BG

| |20

BN — Baut,(BN) — Baut(BN)

into the universal BN-fibration. Here, aut,.(BN) is the topological monoid of based self-
homotopy equivalences of BN. On the level of fundamental groups we get an induced mor-
phism

W —— mo(Nig) G (46)

| |

W — Nar)(W) — W\ Nar ) (W)

of group extensions. Here we use the short exact sequence from [49, 5.2] in combination with
the vanishing results from [6, 3.3].

We have seen (Lemma 5.1) that the existence of an action of G on N lifting the action
on BN is equivalent to the existence of a section of the exact sequence on the top row
of (46), and the diagram shows that this is equivalent to the existence of a lifting of p to a
homomorphism o: G — Ngr)(W). This gives the bijection between 7o(BN"C) and the set
(2).

Finally, if these sets are nonempty, then obstruction theory as in Lemma 5.1 shows that
they are in one-to-one correspondence with the set H'(G; W) = H'(G;m(BN)). O

Proposition A.4. Let X be a connected p-compact group with Weyl group W and maximal
torus normalizer N — X. If G is a finite group of order prime to p and

p: G — Out(X) = W\NGL(L)(W)
15 an outer action, then p lifts to a unique action of G on X, and each lift

0: G — Ngry(W)
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determines a unique action of G on N such that the inclusion N — X is G-equivariant.

Proof. The first part was proved in Proposition A.2. According to Proposition A.3, the
actions of G on N that lift the given outer action are in one-to-one correspondence with lifts
of p to Nery(W). If we view one of these actions as a sectioned fibration

BN — BNy — BG

it clearly induces an action on X that makes N — X equivariant:

BNy BX¢

N

The proposition follows because there is only one action of G on X inducing p. U

Proposition A.5. Let p be an odd prime and G a finite group of order prime to p. Assume
that G acts on the connected p-compact group X and that

ﬁi G — NGL(L)(W)

15 a lift of the given outer action. If Y is a connected p-compact group that satisfies

(1) WPC contains a subgroup W, complementary to the kernel of WP¢ — GL(LP%), such
that (W, L(X)P%) is a reflection group similar to (W(Y), L(Y)), and

(2) QH*(BY;Q,) = QH*(BX;Qy)c,

then BY = BX"C,

Proof. By the classification theorem for p-compact groups at odd primes [52, 7], it suffices [51,
1.2] to find an map BN (Y') — BX"¢ that induces an isomorphism on H*(—;Q,) and restricts
to monomorphism on the p-normalizer N,(Y), is a p-monomorphism. The homomorphism p
corresponds (A.4) to compatible G-actions BG — BN (X)), — BXpg on N(X) and X.
Taking homotopy fixed points we obtain a commutative diagram of loop space morphisms

N(X)hG —— xhG

L

NX)——X

which shows that N (X )" — X"% is a p-monomorphism. Since the discrete approximation to
N(X), N(X)h¢ and N(Y) are semi-direct products [6], there is a p-monomorphism N (V) —
N(X)" for W(Y) is a subgroup WPY = myN (X )" by the first condition. By the second
condition, H*(BY;Q,) = H*(BN(Y);Q,) and H*(BX"%;Q,) are abstractly isomorphic
graded vector spaces. Therefore, Y and X" have the same rank [25, 5.9] so that T(Y) —
N(X)"¥ — XhC is a maximal torus and H*(BX"“;Q,) — H*(BN(Y);Q,) is injective [25,
9.7], hence bijective. O

A special case arises when G acts through unstable Adams operations so that the action
mop: G — Out(N) — Out(W) is trivial. Then the image of G' in Out(N) = W\Ngrr) (W)
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is contained in the subgroup Z(W)\Cgrry(W) [52, 3.16] and we have a morphism
To(Nha) G

| pr

W — W.Cary(W) — Z(W)\Carr)(W)

w

of group extensions. The possible extensions occurring in the upper line, realizing the trivial
action G — Out(W), are classified by H?(G; Z(W)); they are all isomorphic to

W — ZWN\(D xW)— G

for some central extension Z(W) — D — G [41, IV.§8]. If Z(W) is trivial, 7o(Npg) = Gx W
and H'(G; W) = Rep(G, W).

Assume that G = C, is a cyclic group of order r, and the outer action of G on X,
p: C, — Out(X), is given by an Adams operation p(\) = 1*, where \ € Z) is a p-adic unit
of order r|(p — 1). We can lift ¥* € Z(W)\Cgr) (W) to an element ¢ € Cer ) (W), such
that (" € Z(W). If there is a choice of ¢ with (" = 1, then pA = { provides a lifting of p.

Assume, otherwise, that " has order s in Z(W). Since p is odd, Z(W) has order prime
to p, hence s is prime to p. Now, even if there is no lift of the action of C, on X to an
action on N, we can reduce the problem by extending the action of C to an action of C,
on X determined by p'(A) = ¢* € Z(W)\Carr)(W) C Out(X), that now admits the lift
p'(\) = (. Notice that C, = (\") acts trivially on X, so that BX"“ ~ BX, and then
BX"Csr =2 BXhCr 50 we can still determine BX"“" by analyzing the equivariant action of
Cy on N and X.

Notice also, that if W is irreducible, then Cgpr) (W) consists of diagonal matrices and
therefore ( is an Adams operation.

Corollary A.6. Let A € Z) be a p-adic unit of order v|(p —1). Consider the outer action
p: Cp = (N) = W\Ngrr) (W) through unstable Adams operations given by p(\) = ¢*. Then,
if p admits a lift p: C,, — Ngry(W), then all possible lifts are parameterized by H(Cy; W) =
Rep(C,, W), the set of conjugacy classes of order r elements w of W, and

(WP, LPC7) = (Cyp (), L)
for the lift p(\) = Aw corresponding to w.

Proof. The lifts
W.Cary(W)

Cr = () —> ZW\Corny(W)
are given by p(A\) = wy* where w € W is any element of order 7. O
We next apply the recognition principle (A.6) in some concrete cases.

A.7. The three infinite families. We identify the fixed point p-compact groups for the
actions of finite cyclic groups of order prime to p through unstable Adams operations on the
p-compact groups of the three infinite families of irreducible p-compact groups, namely the
projective or special unitary groups, the generalized Grassmannians, and the Sullivan spheres
(as defined in Section 2).
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Proposition A.8 (Sullivan spheres). Let p be an odd prime. Suppose that m andr > 1 divide
p— 1. Consider the outer action through unstable Adams operations 1: C, — Out(S*™~1) =
L) |Cm of the cyclic group C, < Z on the Sullivan sphere S2m=L " Then the homotopy fized

point group s
(S2m—1)hcr _ {Sle T | m

* otherwise,

Proof. Let A be a primitive rth root of unity, so that C, = (\) < Z;. According to Theorem B,
(8?m=1)hN s a connected polynomial p-compact group. If r does not divide m, H>™(y*) =
A™ is nontrivial, so that the vector space of covariants QQH *(BSZm_l;Qp)<,\> vanishes in
positive degrees, and the fixed point p-compact group is trivial. If r does divide m, 1 acts
trivially on S?™~! because the kernel of 1 is C,, which contains C,, and the fixed point
p-compact group is again S?m1L. [

Proposition A.9 (Special unitary groups). Let p be an odd prime. Suppose that m > 1
divides p — 1, and let C,, = (\) C Zy be the cyclic group generated by a primitive mth root
of unity acting through unstable Adams operations. Then

X 1 0
X (mn + s)'" = U(mn + )" = { (m,1,n) n>
* n = O
for any p-compact group X (mn + s) locally isomorphic to SU(mn +s), 0 < s < m.

Proof. In the rational cohomology algebras H*(BU(mn + s);Q,) = Qplc1, ..., Cmnts] and
H*(BX(mn+ s);Q,)=Q,lca, . .., Cmn+s) we have

c; is preserved by H* () <= mli
and therefore
QH*(BU<mn + S); Qp)Cm = QP{CWH cee 7cmn} = QH*(BX<m> 1777'); Qp)
= QH"(BX(mn+s);Qp)c,, -

The Weyl group W = X,,,,,15 is the symmetric group in its natural representation on L =
Z;””“. Let e, ..., emnis be the canonical basis vectors of L. The permutation

w=(1--m)(m+1---2m)---(m(n—1)+1---mn) € Xis

has order m and

(szn-ks ('LU), L<)\w>>

= (Cn 1y, X g, Zp{rer + Neg+ -+ N, ... s Amn—1)+1 + -+ A"emn})

contains the reflection group G(m,1,n) = C,,, 1 ¥,, as a a subgroup complementary to the
kernel, ¥, of the action of (Cy,,,. (w) on L. This means (A.6) that the fixed point
p-compact group U(mn + 8)"“m = X (m, 1,n).

From the two short exact sequences of Z,%,,,+s-modules [52, §10]

0—Z, 2L LPU(mn+s)—0, 0— LX(mn+s)— LPU(mn+s)—7—0

where A is the diagonal and 7 a subgroup of m (PU(mn+s)) = Z,/Z,(mn+ s) (with trivial
Y mnis-action), we get that

LY = LPU(mn + s)* = LX (mn 4 s))
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as Z,Cs,,, .. (w)-modules. O

The proof of (A.10) will make use of the following elementary facts:

e For arbitrary natural numbers m and n we write m,, for m/ged(m,n). Then m,n =
lem(m,n) and m,n,, = lem(m,n)/ ged(m,n).

d Olcm(q,m) - </\7 ,u|)‘q =1, p4"m =1, = pA, AT = :umq>'

o Let A(a,t) € GL(Zy,t) denote the linear automorphism

Ala,t)(z1, ..., x1) = (axy, 1, ..., T4—1)

where a € Z¥ is a unit. The ith power A(a,t)’ has characteristic polynomial (z* —
a)/t and A(a,t)! = aF.

o If A € Z} has order ¢, then A(A™",¢q,,) also has order ¢ for A(\™",¢qy,)"" =
A" E has order gcd(q,m). The A7! eigenspace of A(A™%",¢,,) has rank one and
A(AT g,,)~! acts on it as multiplication by A.

e In the exact sequence 1 — A9 — Cuya(a,g) — Ca(g) the image in Cg(g) consists
of those h € Ci(g) that fix a € A/(1 — g)A.

Proposition A.10 (Generalized Grassmannians). Let X(m,r,n), m > 2, r > 1, n > 2,
r|m|p—1, be the irreducible polynomial p-compact group corresponding to the imprimitive
reflection group G(m,r,n). Suppose that the natural number ¢ divides p — 1 and let the
cyclic group Cy C Crem(e,m) C Zy; act on X(m,r,n) through unstable Adams operations. The
homotopy fixed point group for this action is

X(lem(l,m),r,n/ly) rl | mn
X(m,r,n)" = { X(lem(l,m),1,n/ly — 1) 7ltmn, 0| mn,
X(lem(¢,m), 1, [n/ly])  Cfmn
where L, = £/ ged(£,m) and [n/l,,] is the biggest integer < n/l,,. (By convention, G(m,r,1)
is cyclic of order m/r and G(m,r,0) is the trivial group.)
Proof. Let A € Z; be a primitive (th root of unity. In the rational cohomology algebra
H*(BX(m,7,n); Qp) = Qp[z1,. .., 2,1, €] the degrees |z;| = 2im and |e| = 2™n so that
x; is preserved by H*™ () = N'™ & 0| im < £, | i
e is preserved by H* (") = A" & (| nm/r & Ly, | n
and thus QH*(BX(m,r,n);Q,)¢, is isomorphic to the indecomposables of the rational co-
homology algebra of the p-compact group on the right hand side of the equation.

We have 10 | mn < £y, | n, | mn & Ly, | n, and £y, | Ly | £p — 1.
Uy | n: The element

w = diag (AN, y), ..., AN 0,)) € G(m,r,n)
n/tm
has order £. Since ((A=¢m)n/fm)m/m = \=mn/r — 1 because £|(mn/r) by assumption, w does
indeed belong to the index r subgroup G(m,r,n) of G(m,1,n) = C, 1 X,. Let {eq,...,en}
be the canonical basis for the free Z,-module L = Z7 on which G(m,r,n) acts. The free
Z,-module

L<Aw> = <61 + A62 + T + Agm_lez'rn’ A 76(nfﬁm)+1 + Ae(nffm)+2 + o + )\Km_len> Y
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has rank n/¢,,. We shall now compute the centralizer of w. Let ( be a generator of the
cyclic group Ciem(e,m) C Z,; so that Cy, = (u) and Cp = (\) with p = ¢t and A\ = (™. The
homomorphisms A(¢, 1,n/0,,)—=Cem1n)(w)<—A(m, 1,n/l,,) defined by

N —diag (E,...,E, AN 0,)" " E,....E), diag(E,....,E,uE,E,... . E) « y
i—1 i—1

combine to a homomorphism defined on A(lem(¢,m),1,n/¢,,) since they agree on their com-
mon domain A(ged(¢,m),1,n/l,,) = <,umf)n/£m = <)\Zm>n/em, Observe that (A%, ... \%/tm) €
A(l,1,n/l,,) lies in the subgroup A(lem(¢, m), r,n/¢,,) if and only if its image lies in G(m, r, n)
and that (u™, ..., u*m) € A(m,1,n/l,) lies in the subgroup A(m,r,n/¢,,) if and only if
its image lies in G(m,r,n). Together with the diagonal A: ¥,/ — ¥, given by A(o)((i —
Ve +7)=(0(@) = )l + 4, 1 < li <n/ly,, 1 <j <L, weobtain a group isomorphism

G(lem(€,m), 1,n/lmn) = Coapmn(w)

that restricts to a group isomorphism G(lem(¢,m),r,n/Cy) = Cemrn) (w) between index r

subgroups. This isomorphism identifies the pair (Ce(m,rn)(w), LA)) and the imprimitive

reflection group (G(lem((,m), r,n/bn). 75/,

Urnyr ¥ 10, Ly | e It will suffice to consider the case of G(m, m,n) where £{n and £,, | n. The

element

w = diag (AN, 6,), .., AT 0,), AT £0,) ) € G(m,myn)

TV
n/lm—1

1-n/lm

has order £. Note that A1 is not an eigenvalue for A\~ /,,) because

AN 0,)1 /0 has eigenvalue A7t < A(AT4 £,,)"/ 1 has eigenvalue
e Nmnjem—1 — \~n(/tm=D)en o ¢ | (gm)n/gm_l A+l ()l — 1),
< Cn/ged(lp,n/ly —1) =L |n= "L, |n
which is not the case. Therefore the A\~!-eigenspace
I — <€1 + ey + -+ )\meleemj e €2ty 41+ A2t )2+ )\sz1en_em>
has rank n/¢, — 1. The two monomorphisms A(¢,1,n/ly, — 1) — Cgummmn(w) and
Cammm)(w) < A(m, 1,n/l,, — 1) given by

N —diag (E,...,E, AN 6,) " E,...,E; AN 0,))
—1
diag(E,...,E,uE,E,...,E,,LFIE) —
i—1
agree on their common domain A(ged(¢,m), 1,n/¢,,—1) and together with the monomorphism
> /gm,fi Y, —2m they define a homomorphism on the group
A(lem(€,m),1,n/lp — 1) x Xy 4,,—1 such that the composition

A(lcm(ﬂ, m)v 1a n/em - ]-) X En/fmfl — CG(m,m,n) (w) — Im (CG(m,m,n) (w) - GL(LO\U))))
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is an isomorphism with image similar to G(lem(¢, m),1,n/¢,, — 1).
U 1 m: It will suffice to consider the case of G(m, m,n). The element

w = diag (A" £y), .., AN £,), N0/ 1) € G(m,myn)

/] b1/ ]

has order ¢. Note that A~! is not an eigenvalue for A\[*/=] hecause
Nonln/nl — X"V o 0] 0,00/ l] + 1S Loy ged(€,m) | b0/ ln] +1 = £y | 1

which is not the case as /,, > 1. Therefore the A~! eigenspace L% has rank [n/¢,,]. The
two monomorphisms A(¢, 1, [n/,])—=Cammn) (W)<—A(m, 1, [n/ly]) given by

N —diag (E,...,E, AN 6,) L E,...,E,\x"1,...,1)
N——— N’
(i—1)lm n—Lfm[n/lm]
diag (E,...,E,uE E,...,E,u=" 1,...,1) « 1
(Z—l)fm Tl—fm [n/‘gﬂl}

agree on their common domain A(ged(¢,m),1,[n/¢,]) and together with the inclusion of

permutation groups X, e,,] CiEnggm] —3J,,, they define a homomorphism on the group
A(lem(€,m), 1, [n/ly]) X Bp/e,, such that the composition
AQlem(€,m), 1, [0/ l]) % Bins) = Cotmamany (w) = 10 (Cmmm) (w) — GLLN))

is an isomorphism with image similar to the reflection group G(lem(¢,m),1,[n/¢,)). O

The outer automorphism group of X(m,r,n) is isomorphic to A(m,r,n)\ZxA(m,1,n)
except in the cases (m,r,n) € {(2,1,2),(4,2,2),(3,3,3),(2,2,4)} [57, §6] [52, 7.14]. The
(exotic) homotopy action

p: Con = (1) — OUL(X(m, 7,m)) 2 A(m, 1, m)\Z; A(m, 1,m)
that takes the generator u of Cy, to A(m,r,n)(u,1,...,1) is distinct from the actions through
unstable Adams operations of (A.10) when ged(r,n) > 1 [52, 7.14].
Proposition A.11 (Exotic actions on generalized Grassmannians). Assume that m > 2,
r>1,n>2, and (m,r,n) € {(2,1,2),(4,2,2),(3,3,3), (2,2,4)}. Then the homotopy fized
point p-compact group
X(m,r,n)"" = X(m,1,n—1)
for the above exotic homotopy action on X(m,r,n).
Proof. The second assumption of (A.5) is clearly satisfied as the action preserves the genera-
tors xy,...,x,_1 but does not preserve the generator e. To verify the first assumption, take
p: Cp — Nap)(G(m,r,n)) = Z;G(m,1,n) to be the obvious choice p(u) = (1, 1,...,1).
Then - -
G(m,r,n)’“" = A(m,r,n) x S,_y, Lo =77"
and the composition
A(m,1,n —1) x X, =G (m,r,n)P’—=Im (G(m,r,n)P°» — GL(LP“™))

where the first morphism is (f2, . . -, ft) — (2 o) ™5 fh2y oo s fin), Bt = Xy, identifies
the group to the right as the reflection group G(m, 1,n — 1). O

The results of A.9 and A.11 were obtained by Castellana [17] using different methods.
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A.12. The sporadic p-compact groups. As in Section 2 we write G;, 4 < i < 37, for
the sporadic irreducible and simply connected Z,-reflection group with number ¢ in the
Clark—Ewing classification table, and X; for the corresponding simply connected p-compact
group. When X is defined at the odd prime p and r divides p — 1, X?C’“ denotes the fixed
point p-compact group for the homotopy action ¢: C, — Out(X;) through unstable Adams
operations on the p-compact group X;. We identify the fixed point p-compact groups for
actions through unstable Adams operations on the 34 sporadic irreducible p-compact groups.
We may summarize our results in the following diagrams

XMZX/ \ ST
NN S SL J;

-
TN TN
AL N AL

where, for instance, Xzs — X0 means that X450 = X0 (when p = 1 mod 12) and X, 2, 8%
means that X3® = $% (when p = 1 mod 30). The relevant primes are mentioned in the
more detailed explanations below but not displayed in the above diagrams. We use (A.6)
to identify the homotopy fixed point groups. With a computer algebra program it is quite

easy to find eigenspaces for the elements of these reflection groups. We used the program
MAGMA.

(1) (G3y = W(F3g),C3,G32,p = 1 mod 3) There is an element w € G3; of order 3 and a
primitive 3rd root of unity A € Z; such that
(Casr (w), Ly </\w ) = (G2, L)

meaning that that Fp© = X5 = X,
(2) (G3y = W(FE3g),Cy,Gs1,p = 1 mod 4) There is an element w € Gz; of order 4 such
that

(Car(w), L") = (Ga1, L)

meaning that E§C4 th4 X31.
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(3) (G37r = W(Eg),Cs,G16,p = 1 mod 15) There is an element w € G3; of order 5 and a
primitive 5th root of unity A € Z; such that

(Casr (W), L:%w)) = (G16, L16)

meaning that Ep% = X505 = X 4.
(4) (Gs4,Cy,G19,p = 1 mod 12). There exists an element w € G34 of order 4, a (index 4)
subgroup G of Cg,,(w), and a primitive 4th root of unity A € Z,* such that

(Ga Léi”) = (Glo, Llo)

meaning that X" = X,.
(5) (Gs2,C4, Gro,p = 1 mod 12) There is an element w € G3; of order 4 and a primitive
4th root of unity ¢ € Z; such that

(CG32 (w)v LéiQw>) = (Gloa Llo)

which means that X5 = X,.
(6) (Gs2,C30,C5,p = 1 mod 30) There is an element w € G3g of order 5 and a primitive
5th root of unity A € Z; such that

(Cay(w), L") = (Cs0, Zy)

which means that X35 = 5%
(7) (G31,C3,Gh0,p = 1 mod 12). There exists an element w € Gg; of order 3 and a
primitive 3rd root of unity A € Z; such that

(Cay (W), LH™) = (Gio, Lro) -

This means that ng # = Xy9. (The group that the computer finds is G19 and not
G115 (of the same rank and the same degrees) because the elements of order 8 square
to central elements [61, p. 281].)

(8) (G31,Cs,Go,p = 1 mod 24). There exists an element w € Gs; of order 8 and a
primitive 8th root of unity A € Z; such that the reflection group

(Ca (w), L") = (Go, Lo)
which means that X% = X,
(9) (Gho,Cs,Coy,p = 1 mod 24) There is an element w € Gy of order 8 and a primitive
8th root of unity A € Z such that
(Cano(w), Lig"”) = (Co, Z,)

which means that X!§® = 547,
(10) (Gg,C3,Co,p = 1 mod 24) There is an element w € Gy of order 3 and a primitive
3rd root of unity A € Z; such that
(Con(w), L§™) = (Cos, Zy)

which means that XA = 547,
(11) (G34,Cy, Cis,p = 1 mod 18) There is an element w € Gs4 of order 9 and a primitive
9th root of unity A € Z such that

(Cayy (w), LYY = (Cig, Z)
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which means that X2 = 537,
(12) (G = W(Ey),Cs,Ga6,p = 1 mod 6) There is an element w € G of order 6 and a
primitive 6th root of unity A € Z; such that

(Case(w), L:%w) = (Gag, Log)

which means that EI9 = X5 = Xy
(13) (G3g = W(Ey),Cy,Gg,p = 1 mod 8). There is an element w € Gzg of order 4, a

subgroup W < Cg,,(w) of index 8, faithfully represented in Lé%m, and a primitive

4th root of unity ¢« € Z; such that
(W, Lyg") = (Gs, Ls)

which means that E9 = X2 — Gy, (The reflection group W contains elements of
order 8 with central square so it is not similar to Gy3 [61, p. 281].)

(14) (G = W(E;),C4,Chra,p = 1 mod 14) There is an element w € Gz of order 14 and
a primitive 14th root of unity A € Z; such that

(Cas (), L") = (Cua, Z)

which means that EF9* = X4 — 27,
(15) (Gs¢ = W(E,),Cis,Cis,p = 1 mod 18) There is an element w € G3g of order 18 and
a primitive 18th root of unity A € Z; such that

(Cos(w), L") = (Cig, Zy)

which means that E79"s = Xhs — §35,
(16) (Gag, Cis, Cis,p = 1 mod 18) There is an element w € Gog of order 18 and a primitive
18th root of unity A € Z) such that

(CG%‘ (’LU), L;éqm) = (0187 Z;D)

which means that X5 = §°.
(17) (Gg, Ci2,Cha,p = 1 mod 12) There is an element w € Gg of order 12 and a primitive
12th root of unity A € Z; such that

(Cay(w), LYY = (C1a, Z,)

which means that X212 = §23,
(18) (Gs,Cs,Cs,p = 1 mod 8) There is an element w € Gy of order 8 and a primitive
8th root of unity A € Z; such that

(Cay(w), L) = (Cs, Z,)

which means that X} = 515,
(19) (G35 = W(Eg),Co,Gos = W(Fy),p = 1 mod 2) There is an element w € Gs5 of
order 2 such that

(Cays (w), L:<s_w>> = (Glas, Log)

which means that E“> = X2 = .
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(20) (G35 = W(FEg),C3,Ga5,p = 1 mod 3) There is an element w € G35 of order 3 and a

primitive 3rd root of unity A € Z; such that
(Cas (w), Liz") = (Gas, L)

which means that Ef = X555 = Gys.

(21) (G35 = W(FEg),C5,Gas,p = 1 mod 5) There is an element w € G35 of order 5 and a

primitive 5th root of unity A € Z; such that
(Cans (w), L") = (Cs. Z,)

which means that Ef% = X555 = g9

(22) (G35 = W(Eg),Cy, Gg,p = 1 mod 4) There is an element w € G35 of order 4 and a

primitive 4th root of unity ¢ € Z; such that
(Caayy (w), L") = (G, Ls)

which means that Ef* = X554 = Gy.

(23) (Gas,C5,Gs,p =1 mod 6) There is an element w € G5 of order 2 such that

(Caus(w), L") = (G5, Ls)

which means that X3¢ = X,

(24) (Gag = W (Fy),C5,G5,p = 1 mod 6) There is an element w € Gag of order 3 and a

primitive 3rd root of unity A € Z; such that
(Cans(w), Ls") = (G, L)

which means that F,"? = ngf” = Xs.

(25) (Gog = W(F}),Cy,Gy,p = 1 mod 4) There is an element w € Gag of order 4 and a

primitive 4th root of unity i € Z) such that
(Cst (w)’ Lgsw>) = <G87 LS)

which means that F,"“t = X;Lg“ = Xs.

(26) (Gas, Cla, Ch2,p = 1 mod 12) There is an element w € Go5 of order 12 and a primitive

12th root of unity A € Z) such that
(Cany (w), L") = (Ci2, Z,)

which means that X312 = §23,

(27) (Gas, Cia, Ch2,p = 1 mod 12) There is an element w € Gos of order 12 and a primitive

12th root of unity A € Z) such that
Aw
(Cay(w), L§™) = (Cr2, Z,)

which means that X212 = §23,
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APPENDIX B. DERIVED FUNCTORS OF INVERSE LIMIT FUNCTOR

In this appendix we discuss higher limits over some finite categories of a special type.

Given a finite group G and subgroups Hi, Hs, ..., Hy < G, we define a finite category I(k)
with objects {0,1,2,...,k}, where G is the group of automorphisms of 0 and for each i >
0, H;\G = Homyy)(i,0) as G-sets and Autyy) (i) = Ng(H;)/H;, and other morphism sets
are empty. Those categories appear in the context of the Aguadé p-compact groups and
other compact Lie groups, as categories of elementary abelian subgroups. The next result is
essentially contained in [1, 52].

Proposition B.1. Let M be a given diagram of Z,-modules index by the category I(k).
Assume that

(a) Restriction gives an isomorphism H(G; A) = HI(Hy; A), for any Z,)G-module A and
j=>1
(b) pt |Ng(H;)| and M; = MJ", for every i > 2.
Then there is an exact sequence
0 — Lm® M — Mt/ g M§ — MéVG(Hl) — lim'M — 0,
P P
1(k) 1(k)

M =0 if j > 2.

i
and i’

Proof. We consider a star-shaped category I(k) with k£ + 1 objects {0,1,2,...,k}. There is
an exact sequence of the form [52]
0 —lim® M — M¢ x [ a0 — T ap'et™
>0 >0
—lim' M — H'(G; M) x [ [ H'(Ne(H;)/Hi; M;) — [ [ H' (Ne(H;); M)
>0 >0
—lim* M — H*(G; My) x [ [ H*(Ne(H:)/Hi; Mi) — [ [ H*(Ne(H;); M)
>0 >0
—lim*M — - -
Under condition (b) this exact sequence reduces to the exact sequence
0 —lm® M — M x MYt/ peti
—lim' M — H'(G; My) x H'(Ng(Hy)/Hy; My) — H'(Ng(Hy); Mo)
—lim®* M — H*(G; My) x H*(Ng(Hy)/Hy; My) — H?*(Ng(Hy); Mo)
—lim*M — - --
Condition (a) implies that H; and G have the same Sylow p-subgroup. Hence p does
not divide |Ng(H,;)/H,| and so therefore H*(Ng(H,); A) = H*(Hy; A)NeUH)/Hi - Now, in
the diagram given by restrictions H?(G; A) — H?(Ng(H,); A) — HI(Hy; A), j > 1, the

composition is an isomorphism and the second arrow is a monomorphism, hence both arrows
are isomorphisms:

H'(G; A) = H(Ng(H); A) = H(Hy; A), j>1,
and the Proposition follows. O
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