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Abstract
The (p-primary) equivariant Euler characteristics of the buildings for the general
unitary groups over finite fields are determined.
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1 Introduction

Let G be a finite group, I1 a finite G-poset, and » > 1 a natural number. The rth
equivariant reduced Euler characteristic of the G-poset IT as defined by Atiyah and
Segal [2] is the normalised sum

- 1 _ ,
xr(I1, G) = Tel Z X(Cn(X(Z")) (1.1)
| | XeHom(Z",G)

of the reduced Euler characteristics of the X (Z")-fixed IT-subposets, Cr(X(Z")),
as X ranges over the set of all homomorphisms of Z" to G. For example, when
G acts trivially on I, X,(IT, G) = X (IT)|Hom(Z", G)|/|G]| is the reduced Euler
characteristic of IT times the number of conjugacy classes of commuting (r — 1)-
tuples of elements of G [10, Lemma 4.13]. Here are three more examples of already
known equivariant reduced Euler characteristics:
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(1) The symmetric group X, acts on the poset B(n)* of non-extreme subsets of the
n-set. The generating function for the (» 4 1)th equivariant reduced Euler charac-
teristics of the X,-posets B(n)* is

1+ 3 %1 (Bon*, Tx” = [ (1 = x"y®

n>1 n>1

where A,(n) is the number of index r-subgroups of Z" ([3, Theorem 2.1] with
M = {0, 1}).

(2) The symmetric group X, acts on the poset IT1(n)* of non-extreme partitions of the
n-set. The equivariant reduced Euler characteristics of the X,-posets [1(n)* are

~ 1
Xr(n(l’l)*, X)) = ;Cr(n)

where ¢, is the sequence with Dirichlet convolution (¢, * A,)(n) = (=" 20,
Theorem 1.3, Corollary 1.4].

(3) The general linear group GL;:‘ (Fy) acts on the poset L;l|r (F4)* of non-extreme sub-
spaces of the n-dimensional vector space over the field F,; of prime power order g.
The generating function for the (r 4 1)th equivariant reduced Euler characteristics
of the GL;} (F,)-posets L\ (F,)* is

1+ %L (Fy). CLIF )" = [ a- gl 0

n=0 O0<j=r

according to [21, Theorem 1.4].

In this article we shall consider the general unitary group GL, (F,), the isometry
group of the unitary n-geometry over the field F 2, acting on the poset L, Fp* =

{0 C U C FZZ | U € U™} of nontrivial totally isotropic subspaces. (See Sect. 2

for more details.) We now emphasise the definition of the equivariant reduced Euler
characteristics in this particular case and proceed to present the main results of this

paper.

Definition 1.1 [2] The rth equivariant reduced Euler characteristic of the GL, (F,)-
poset L, (F,)* is the normalised sum

oo _ 1 -
X (L, (Fy)*, GL, (Fy)) = ———— > X(Cr-p, )+ (X(Z)))
|GL, (Fol — "
€Hom (2" ,GL;, (F,))

of the Euler characteristics of the induced subposets CL;(Fq)*(X (7)) of X(Z7)-
invariant subspaces as X ranges over all homomorphisms of the free abelian group Z~
on r generators into the general unitary group.
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The generating function for the negative rth equivariant reduced Euler character-
istics is the power series

FGL, (g,x) =1— Z % (GL, (F,))x" (1.2)

n>1

with coefficients in the ring of integral polynomials in g. (The shortened notation
Xr(GL;, (F,)) is and will be used for the rth equivariant reduced Euler characteristic
X (L, F*, GL, (F,)) of Definition 1.1.)

Theorem 1.2 FGL., (¢, ) = [To<;, (1 + (=1 g7 )7 D for ait r = 0.

The first few instances of the generating function

, i) ()
FGL, (g, x) = l—[ a+ (_1)r_jqjx)(—l)r—_/(;) _ 1= moa2(1 —l—qf.x)(r)
O<j=r Hj;ér mod 2(1 — ¢/ x)

are
l+gx (A4+¢*’0)04+x) (A+¢>00+gx)?
1—x’ 1—g0)?* =~ (1—-¢g*)30—-x)"
(1 +g*)d +¢%x)°1 +x)

(1 —g>x)* (1 — gx)*

1+ x,

forr +1 =1, 2,3, 4. In particular, —x2(GL,, (F;)) = g + 1 and —x3(GL, (F,)) =
ng" (g + 1) forn > 1.
The proofs of Theorem 1.2 and its corollary below are in Sect. 6.

Corollary 1.3 FGL " (g, x) = exp ( — anl(—l)"(q" — (—1)")”‘7”)]‘0;’ allr > 0.

We also consider, for any prime p, the p-primary equivariant reduced Euler charac-
teristics, xr(p, GL,, (F,)), forthe GL, (F,)-posetL,” (F,)* (Definition 8.1) as defined
by Tamanoi [27]. It turns out that the rth p-primary generating function at g, the gen-
erating function FGL,” (p, ¢, x) for the negative rth p-primary equivariant reduced
Euler characteristics (8.1), is in some sense a p-local version of the exponential form
of FGL, (¢, x) from Corollary 1.3. (We write n, for the p-part of the natural number
n.)

Theorem 1.4 FGL | (p. q.x) = exp (=, (—1)"(¢" = (=1)"), %) forall r > 0.

The infinite product expansions of the absolute and the p-primary generating func-
tions

FGL,_+1(q, x) = l_[(l —x")”r:rl(q’")

n>1

1
ar(@m) =~ 3 (=Dpe/d)(g" = (1))

d|n
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FGL,,,(p,q,x) = [ [(1 = x")ri(Pam)

n>1

1
ar(pog,m = — 3 (=1 um/d) g — (=D,
d|n

follow immediately from Theorems 1.2 and 1.4 using the elementary [21, Lemma 3.7].
More explicitly, the equivariant Euler characteristics and the p-primary Euler char-
acteristics of the general unitary group are

~ _ 1 .
—%r+1(GL, (F,)) = W Z det(w) det(g + w)",
n weWw,
~ _ 1
—%+1(p,GL,, (F,)) = A > det(w) det(q + w)),
n weW,

where the sum ranges over the elements of the standard n-dimensional integral per-
mutation representation W,, of the symmetric group X, (Propositions 6.4, 8.4).

This paper is organised as follows. Section 2 describes the general unitary group
GL; (F,) as a subgroup of GL;" (F,2). Characteristic polynomials for elements of
GL,, (F,) are self-dual and Sect. 3 is an exposition of the combinatorics of self-dual
irreducible monic polynomials over F >. The main result of Sect. 4 is the product
formula of Lemma 4.2 for equivariant Euler characteristics. Section 5 establishes the
key ingredients in the proof of Theorem 1.2: a vanishing result (Lemma 5.2) and a
recursion formula (Lemma 5.3). Theorem 1.2 and Corollary 1.3 are proved in Sect. 6.
This section also connects the equivariant Euler characteristics of the general unitary
group to representation theory and algebraic geometry: Remark 6.3 explains the role
of the second equivariant Euler characteristic x2(GL,, (Fy)) in the Kndrr-Robinson
conjecture for GL, (F,) at the defining characteristic [15], and Sect. 6.2 points out a
curious coincidence with Hasse—Weil zeta functions of supersingular elliptic curves
over F 2. In Sect. 6.1 we develop more explicit expressions for the equivariant Euler
characteristics. (The formulas of Proposition 6.4 may indicate a general description
of the equivariant Euler characteristics of finite groups of Lie type.) In Sect. 7 we
shortly review the S-transform and use it to (re)prove polynomial identities associated
to partitions. Section 8 discusses p-primary equivariant reduced Euler characteristics
of general unitary groups for a given prime p. The corresponding unreduced Euler
characteristics can be interpreted as Euler characteristics computed in Morava K-

theories at p of the homotopy orbit spaces BL,, (F, )Z GL-(F,) for the action of GL; (F,)
n q

on the classifying space of the poset L (F,)*. The proof of Theorem 1.4 together
with more explicit expressions for the p-primary equivariant Euler characteristics
x-(p, GL,, (F,)) can be found here.

The following notation will be used in this paper in addition to notation related to
multisets introduced at the beginning of Sect. 6.1:
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P a prime number

vp(n) the p-adic valuation of n

np the p-part of the natural number n (n, = p"? ()

Zy the ring of p-adic integers

q a prime power

Fy the finite field with ¢ elements

s the characteristic of Fy

% (GLE(F,)) equivariant Euler characteristic ¥ (L (Fy)*, GLiE (F,)) (Definition 1.1)
[21, Definition 1.2],

% (p, GLE(Fy)) p-primary Euler characteristic ¥, (p, Lif (F4)*, GLE (F,)) (Definition 8.1)
[21, Definition 4.2]

(") the signed binomial coefficient (— 1) %)

2 The general unitary group GL, (Fq)

Let g be a prime power, n > 1 a natural number, and V,, (qu) = F;2 the vector space

of dimension n over the field F > with g elements. The non-degenerate sesquilinear
form

(u,v) = c Z =D upl o uv e Va(F ) (2.1

1<i<n

is Hermitian ({au, v) = a{u, v), (u,v)4 = (v, u),a € qu, u,vev, (qu)) when the
constant ¢ € F 2 satisfies c4=1 = (=1)"*1. The general unitary group GL, (Fy) [9,
§2.7] is the group of all linear automorphisms of V,(F,2) preserving the Hermitian
bilinear form (2.1). Let ¢,(g) denote the matrix obtained from g € GLZ‘ (qu) by
raising all entries to the power ¢. Then g liesin GL,, (F,) ifand only if g A (¢, (g))' = A
where A is the matrix whose only nonzero entries are a string of alternating +1°s and
—1’s running diagonally from upper right to lower left corner. The order of GL,; (F,)
is [32, (2.6.1)] [35, (3.25)]

|GL, (Fy)| = (g + DISL, (F)| = ¢@ [] (4" = (=1)")

1<i<n
= [] @ -=0""gH
0<i<n—1
and there is a short exact sequence
_ - det
| ——SL; (F,) —— GL; (F,) —=— Cy41

2.2)

where Cyy1 is the order g + 1 subgroup of the cyclic unit group F;z. We have

IGL, |(g) = (=D"|GL; |(—q) Whete'lGLf{ (@) = Tlo<izn_1(@" — ¢') and
IGL; |(q) = Hosign—l(‘ln — (=D)"'g") are the order polynomials [17, p. 207]
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for the general linear and unitary groups. The special unitary group SL, (F,) is gen-
erated by root group elements xg(¢) or x5(¢, u) of type I, II, and (for odd n) IV [9,
Table 2.4] and the general unitary group GL, (F;) by root groups together with the
diagonal matrices diag(z, 1,...,1,z79) forz € quz.

A subspace of V,,(F2) is totally isotropic if the Hermitian sesquilinear form (2.1)
vanishes completely on it. Let L (F,) be the poset of totally isotropic subspaces
in V,(F,2) and L, (F,)* the subposet of nontrivial totally isotropic subspaces. The
standard action of GL; (F,2) on subspaces of V, (Fy2) restricts to an action of GL,, (F)
on L (F,)*. The classifying simplicial complex of L, (F,)*, the flag complex of
totally isotropic subspaces, is the building for GL, (F,) [1, §6.8]. We may replace

the flag complex L (F,)* by the Brown subgroup poset Séf'j F,) of nontrivial s-
n \tq

subgroups of GL,, (F,;) where s is the defining characteristic [22, Theorem 3.1].
The (non-equivariant) reduced Euler characteristics of the spherical posets L,f (Fy*
are given by

XL ENH = ()", A F)H) = (D2
according to the Solomon-Tits theorem [7, Proposition 8.3] (or [26, Example 3.10.2]
for the case of L} (F,)*).

3 Self-dual polynomials over F
In the next lemma, we consider field extensions F; C Fymi C Fymy where 1 < m <

my. Let 09, 01, ..., o, be the elementary symmetric polynomials in n > 1 variables
[16, Example 1.74] (where o stands for the constant polynomial 1).

Lemma3.1 Letay,...,a, be n elements of the field Fyn>. Then

Vie{0,1,...,n}: 0i(ai, ..., an) € Fgm

& Vie{0,1,....n}:0i(a; !, ...,a, ") € Fym
Proof The nth elementary symmetric function is oy, (ay, ..., a,) = aj - - - a,. Observe
that
Vie{0,1,...,n}: oi(al_l, o ,a;l)on(al, ceosap) =on_i(ay, ..., ay)
If all values of o;(ay, . .., ap) are in the subfield F 1, also all values of o; (afl, e,
a;Yandoj(a?,...,a;") = oi(a;", ..., a; )9 are in this subfield. O

Definition 3.2 (Dual polynomial) [32, Notation p. 13] Let p(x) = aox™ +ajx" ! +
et ap_1x +a, € qu [x] be a polynomial of degree m > 1 with nonzero constant
term (so that ay # 0 and a,, # 0). The dual polynomial to p(x) is

P =a0 [] @—a %

1<i<m
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where p(x) = ag Hlsiim (x —a;) with oy, . . ., &y, in the splitting field for p(x) over
F ».
q
If p(x) = p(x) we say that p(x) is self-dual.

We note that

dualization is involutory: p = p

dualization respects products: p1p2 = p;P»

dualization respects divisibility: p1 | p» < P | P2

a polynomial (with nonzero constant term) is irreducible if and only its dual poly-
nomial is irreducible

e if p=ap]] rl.e " is the canonical factorisation of the polynomial p [12, Theorem
1.59] then p = ap [ | Ff" is the canonical factorisation of the dual polynomial

Although the dual of a polynomial over F > is defined in terms of elements of an
extension of F 2, it is actually again a polynomial over F > as Lemma 3.1 shows that
the coefficients of p(x) lie in qu if those of p(x) do.

Proposition 3.3 Let p(x) = apx™ + aix™ '+ -+ ap_1x +ay € F,2[x] be a
polynomial as in Definition 3.2 with ag # 0 and a,, # 0. The dual polynomial p(x)
is given by

ah p(x) = ap(ahx™ + aZl_lxn“l + .+ aqu + ag)
and p(x) is self-dual if and only if its coefficients satisfy the equation

al(ag, ai, ..., am—1,an) = ap(ag, afn_l, . ,ai], ag)
Proof The reciprocal [16, Definition 3.12] to the polynomial p(x) is

1

PO =x"p) = aux" +am x4 tax tag=an [[ @—e;h)

1<i<m
and thus
al 1_[ (x — ai_q) =al x™ 4+ aZl_lxmfl + -4 ajex + ag
1<i<m

since the Frobenius map o4 (x) = x is a field automorphism of F 2. The dual poly-
nomial is

1

_ - a _
p(x) = aop || (x — o q)za_g(ar%xm+afn,1xm + - +afx +ad)
m

1<i<m

and hence

p(x) =px) <= ahpx) =alp(x)
— af(ax™ +arx™ '+t apo1x + am)
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1

= ag(alx™ + a,qn_lxr’“ 4.+ a‘fx + ag)

which is the criterion of the proposition. O

If g is a unitary automorphism of a vector space over F 2 and p(x) the polynomial
of Definition 3.2 then

ag(p()x, y) = am (" (X), p()() (3.D

for all vectors x, y.

Lemma 3.4 The characteristic polynomial ¢, of any unitary automorphism g €
GL,, (Fy) is self-dual.

Proof Letr € F2[x] be an irreducible polynomial. Then

r{cg < r(g) isinvertible 84 7(g) is invertible <= 7 {c,

or, equivalently, r | ¢, <= 7 | cg. This shows that ¢, = c,. a

Corollary 3.5 [32, Proof of (ii), p. 35] The number of self-dual monic polynomials in
F,2[x] of degree m > 0 with nonzero constant term is g™ + g™

Proof A monic polynomial of degree m, p(x) = x™ +ax" N+ tau_ixtay €
F,2[x] with a,, # 0 is by Proposition 3.3 self-dual if and only if

q q q
am(alaaza”'aam717al/ﬂ)Z(amfla-”7a]71)
or, equivalently,

1
al™ =1and (@1, ..., an-1) =an@?® ... al) (3.2)

Suppose first that m = 2k + 1 is odd. There are g + 1 elements a,, in F 2 such that

aZlH = 1.For1 < j <k, leta; be any element of qu and put a,,—j = amaj. Then

2
ama:]nij = a;? = a;. This shows that the self-duality criterion (3.2) has (g + 1)¢%* =
q" + q’"—l solutions. Suppose next that m = 2k is even. The coefficient a,, can again
be chosen in exactly ¢ + 1 ways. For each j with 1 < j < k — 1, the coefficient a;

can be chosen freely in qu and we let a,—; = amajq.. There are g = (¢ — 1) + 1

possibilities for choosing the coefficient a; such that a; = amaz as a,(f,H = 1. Thus
the self-duality criterion (3.2) has (g + 1)¢**~2g = ¢ + ¢! solutions. O

Definition 3.6 (See Fig. 1) For every integer d > 1,

e IM,(g) is the number of Irreducible Monic polynomials of degree d over F, with
nonzero constant term
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| d= d=2 d=3 d= =5 d=6
dIMq(q) -1 ¢ —q 7 —q ¢ ©—q R A
d1My(g%) ¢-1 ¢-¢ - ¢ —q ¢ —q ="+
dSDIMj (q) q+1 0 P —q 0 @ —q 0

2dSDIMy (q) | ?—q—2 ¢"'—¢* - -+q #—¢* - - +q ¢? - "+

Fig.1 The polynomials IM;(g), IMy (q2) and SDIM? (g)ford=1,..., 6

e SDIM, (g) is the number of Self-Dual Irreducible Monic polynomials of degree
d over qu with nonzero constant term

° SDIM;(q) = %(IMd(cf) — SDIM (¢)) is the number of unordered pairs of
non-self-dual irreducible monic polynomials of degree d over F > with nonzero
constant term

Foralld > 1,IM4(g%) = Y_4, it(n/d)(g** — 1) [16, Corollary 3.21] (simplifying
t0IMy(g%) = Y4, n(n/d)g* whend > 1). The well-known identities [33, p. 258]

—xd\IMa(@) T 1 —_ g%’ _ L d\IMy(g®) T 1 — g2 )
i (1 — x%)™Malq 1 —gx i (1 — x4)Malg?) 1 —g°x

are easily proved using [21, Lemma 3.7]. Whend = 1,IM; (qz) = q2 — 1 (represented
by the polynomials x — A, A € F;z ), SDIM] (¢q) = g +1 (represented by the polynomi-
alsx—2, 4 € F5. 4 =274 and SDIM{ (¢) = 3(4°~ 1= (g+1) = 3(g+1)(g~2)
(represented by the pairs (x — A, x —A79), A € F;z, A FE AT

The next proposition shows among other things that self-dual irreducible polyno-
mials have odd degrees, i.e. that SDIM; (¢) = O for all even d.

Proposition 3.7 Let p(x) € F2[x] be a self-dual irreducible monic polynomial of
degree m > 1 over F 2 with p(0) # 0. Then m is odd and

poy= [ «-27)

0<j<m—1

2 2m—2 ..
where A € Fqu, 29"V =1 and all the elements A, M9, ..., 29" are distinct.

Proof Let p(x) be a monic irreducible polynomial p(x) of degree m over F .. The
field F 2n contains an element A such that

py= [] @-27)

0<j=<m-—1

and all the elements A, qu, oM "2 are distinct [16, Theorem 2.14]. By self-duality
A1 = )ﬂzk for a unique integer k with 0 <k <m — 1.

Assume first that p(x) has degree m = 2. The roots of p(x) are {A, )ﬂZ} where
A~ equals A or 9" by self-duality. In the first case, 1 = AA~1 = AA9 = A9*! and
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29’1 = (W9t1)2=1 = . In the second case, A9 = 1~7" = (A~9)1 = (W) = )9’
and 1 = )»‘13"1 = (qu’l)q SO )»(12’1 = 1 also here. In both cases, we have that
A, A e F*,. Since this contradicts irreducibility of p(x) over F 42» monic irreducible
self-dual polynomials of degree 2 do not exist.

Assume next that m > 2. Since A9° = A 91 = 29" it follows that m divides
2k — 1 and is odd. Furthermore, k equals 1 or %(m + 1) as k is at most m — 1. However,
k = 1 implies A = pd" = e’ contradicting that 24* and A9" are distinct when
m > 3. From2k =m+ 1 wegetA 7 = MZk = )ﬂmﬂ, equivalently, Al = 24" or
At =, O

The next count of self-dual irreducible monic polynomials in F 2[x] is closely
related to the classical count of irreducible monic polynomials or self-reciprocal
irreducible monic polynomials in F,;[x] [16, Corollary 3.21, Theorem 3.25] [18, The-
orem 3]

Lemma 3.8 Let m > 1 be an odd integer.

(1) The self-dual irreducible monic polynomials in F ,2[x] with nonzero constant term
whose degrees divide the odd integer m > 1 are precisely the irreducible factors
of the polynomial x4"+t! — 1 € F2[x]

(2) Y 4mdSDIM; (q) = q™ + 1 and m SDIM,, (q) = >_4, w(m/d)(q® + 1) for
any odd integer m > 1.

Proof (1) Let p(x) be an irreducible factor of x4, Obviously, p(0) # 0. If o
is a root of p(x) in its splitting field then " +! = . Therefore a7 = 7" is also a
root of p(x). This shows that p(x) is self-dual (Definition 3.2).

Next, let p(x) be a self-dual irreducible monic polynomial with nonzero constant

term of degree d dividing m. According to Proposition 3.7, p(x) has aroot A € F 24

such that 297" — 1 = 0. Then p(x) divides x?°"' — 1 which divides x?""" — 1 as

d < m [16, Lemma 2.12, Corollary 3.7].

(2) The polynomial x¢ M _x=x ()cqzm_I —1) € F2[x]has no multiple roots according
to the standard criterion of [16, Theorem 1.68]. The polynomial x"" — 1is a factor
of x4 — x by [16, Corollary 3.7] and hence also has no multiple roots. From (1) it

m+1 . . . . .
now follows that x¢"" — 1 s the product of all self-dual irreducible polynomials with
nonzero constant terms of degrees dividing m. The second assertion is the Mobius
inversion of the first one which is a count of degrees. O

Corollary 3.9 The arithmetic functions IM,,(q) and SDIM;TL (¢) of Definition 3.6 satisfy
the relations

g+1 n=1 LG -1 —1 n=1
SDIM, (¢) = {IM,,(q) n > lodd  SDIM) (q) = {?2
M2, (q) n>1
0 n > 0even

Proof For n = 1, the SDIM] (¢) = g + 1 self-dual irreducible monic polynomials
are the polynomials x — A with 4 € F_ such that A4t = 1. For odd n > 1,

@ Springer



Journal of Algebraic Combinatorics (2021) 54:915-946 925

Lemma 3.8.(2) shows that SDIM,, (g) = % Zd‘n w(n/d)g® = IM, (q), the number of
irreducible polynomials of degree n over F [23, Chapter 2, Corollary], [12, Theorem
3.25].

When n > 1 is odd

1 1 1
Mo (q) = = Y u@n/D)g” = =Y " um/d)g* + — Y u@n/d)q*
2n D|2n 2n d|n 2n din
1 1
=5 ; nn/d)g* — ; u(n/d)q

1 2 +
= E(IMn(q ) —IM,(q)) = SDIM, (¢)

where we use that u(2k) = —u (k) for odd k > 1. When n > 0 is even

1 1 1
Man(g) = 2= ) n@n/D)g” = 3 un/d)g* + - 3 pu@n/d)q*
D|2n dln d|n
dodd
1 1
=5 > uw/d)g* = 5 Ma(g%) = SDIM; ()
din

where we use that an even divisor of 2z has the form 2d for a divisor d of n, an odd
divisor of 2n is a divisor of n, and u(2k) = O even k > 2. O

Corollary3.10 Y, d SDIM; (¢) = ¢"/"> + 1 and Y, d SDIM} (q) = 3(¢*" —
q"'"2) — 1 for any natural number n > 1.

Proof To get the first equation,

D dSDIM;(q) =2+ Y dIMa(q) =2+¢"" —1=g"" +1
din dln/na

we use Corollary 3.9 and [16, Corollary 3.21]. The second equation,

1 _
> dSDIM] (¢) = E(Z dMa(g*) — ) d SDIMy (¢))
din d|n din
— l(q2n _ l _ qn/nz _ l) — l(q2n _qﬂ/}’lz) _ 1
2 2
follows because SDIM (¢) = (IMy(¢?) — SDIM; (¢)) (Definition 3.6). O

4 Equivariant reduced Euler characteristics of products

This short section establishes a multiplicative property of equivariant Euler character-
istics for use in the proof of the crucial Lemma 5.3.
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Lemma4.l —X(P1 * --- * P) = [[jo;<, —X(P;) for finitely many finite posets
Pl, ceey P[.

Proof The join P * Q, of the finite posets P and Q, is the poset P[] Q where all
elements of P are < all elements of Q. The n-simplices of the join are n-simplices of
P, i simplices of P joined to j-simplices of Q wherei + j = n — 1, and n-simplices
of Q. Alternatively, when we regard a poset as having a single cell ¥ in degree —1, the
n-simplices of the join are all i-simplices of P joined to all j-simplices of Q where
i+ j =n— 1.In other words ¢, (P * Q) = Zi+j=n—1 ¢;(P)c;j(Q), where ¢, stands
for the number of n-simplices. The reduced Euler characteristic of the join is

—XPxQ) =Y (D" ei(Px Q)= Y (=DaP)(=Dicj(Q)

n>—1 n>—1i+j=n—1
=Y c(P) ) ¢(Q)
i>—1 j=—1

X(P)X(Q) = (=X(P)(=X(Q))

Proceeding by induction we get the formula for the reduced Euler characteristic of
finite joins of finite posets. O

For a finite poset P with a least element 6, let P* = P — {6} be the induced
subposet obtained by removing 0 from P. Let G; be finite groups and P; finite G;-
posets with least elements indexed by the finite set /. The product poset [ [..; P; is a
finite [ [,.; G;-poset with a least element.

iel
iel
Lemma4.2 The classical and the equivariant Euler characteristics of the [[;c; Gi-
poset ([] P')* are given by

iel 71

—BZ((]_[ Pi)*) =[[-x®H. —)’Zr((]_[ P T] Gl-> =[[-%.Gn

iel iel iel iel iel
wherer > 1.

Proof If P; and P, are finite posets with least elements then Lemma 4.1 implies
—X((P1 x P2)*) = (=X (P{))(=X(P5)) because (P1 x Pp)* = (P1 x P2)_{Gp) =
(P1)>0 * (P2)>0 = P{ % Py by [22, Proposition 1.9], [31, Theorem 5.1.(c)]. The
general formula for the classical Euler characteristic follows by induction over the
cardinality of the index set /. Proceed exactly as in [21, Lemma 2.3] to obtain the
formula for the equivariant Euler characteristics O

5 Semisimple classes of the general unitary group
Conjugacy classes in the general linear group GL;" (F,) or the general unitary group

GL,, (F,) are classified by functions from the set of irreducible polynomials in F [x]
or qu[x] to the set of partitions [5] [4, §2.1, §2.2], [8, Proposition 1A].
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An element of GL,, (F,) is semisimple if it is diagonalisable over the algebraic clo-
sure of F,, [6, §1.4]. Alternatively, the semisimple elements of GL,; (F,) are precisely
the g-regular elements (the elements of order prime to g); see [28, §2]. A semisimple
or g-regular class in GL, (F,) is the conjugacy class of a semisimple (= g-regular)
element.

Corollary 5.1 GL,j1E (F,) contains exactly q" T q"~ ! semisimple classes for any n > 1.
Two semisimple elements of GL,j,E (Fy) are conjugate if and only if their characteristic
polynomials are identical.

Proof The number of semisimple classes is given by a general result of Steinberg [6,
Theorem 3.7.6]. The second statement is an immediate consequence of the classifica-
tion of g-regular classes in GL;; (F,;) mentioned above. m]

For a G-poset I'T, let ~ be the equivalence relation between G-poset endomorphisms
of IT generated by the relation fo ~ f] if fo(x) < fi(x) for all x € I1. We say that
1 is G-poset contractible if there is a G-fixed point x¢ in IT such that 117 ~ xo where
117 is the identity map of IT and xg is the constant map with value x¢ [21, §2]. If 1
is G-poset contractible then any subposet Cpj(X) fixed by a subset X of G is poset
contractible.

Lemma5.2 Forn > 1, the poset Cy - ®,)*(8) s CoL- (k) (8)-poset contractible unless
g € GL, (Fy) is semisimple.
Proof Thisis proved in[34, §4] once we recall Quillen’s identification [22] of L, (Fy)*

with the Brown poset of nontrivial s-subgroups of GL, (F,) where s is the character-
istic of F;. m|

The next lemma facilitates a recursive approach to the equivariant Euler charac-
teristics X, (GL;, (F,)). The characteristic polynomial of any unitary automorphism is
self-dual by Lemma 3 4 and thus admits an essentially unique factorisation of the form

[1r; i X ]_[ (s j) ; where the 7; are distinct self-dual irreducible monic polynomi-
als and the s; are distinct non-self-dual irreducible monic polynomials. ([GL,, (F,)]
denotes the set of conjugacy classes in GL, (F,).)

Lemma5.3 Forn > 1 andr > 1, the (r + 1)th equivariant Euler characteristic of
the GL,, (F,)-poset L,/ (Fy)* is

X1 GL, )= Y % (Crw, () Cor (@)
[gle[GL,; (Fy)]
GCD(q.lgl,=)1

where the contribution from the semisimple class g with characteristic polynomial

= +
l—[r;"’ X ]_[j(sjfj)m/' is given by

=T (o @) Carpay @O =] [F OL, € ) x [[HGLI F )
. i . J
i J

fordegr; =d;, degs; = d;r andy ;m; d; +3; Zm;.rd;f =n.
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Proof View the n-dimensional unitary geometry V as an F 2 [x]-module via the action
of g. Since g is semisimple the F>[x]-module V' is

V=P ker(ri(2) & EP ker(s;(g)) @ ker(5;(g))

ri=Ti $j#Sj
= D ELY N & @D Fplxl/(s;(x) @ Fpelx]/ G (0)™
ri=ri Sj#S;

The direct summands, ker r; (g) and ker(s; (g)) ©ker(s; (g)), in this decomposition
of V are pairwise orthogonal. For example, let r;, and r;, be two distinct self-dual
irreducible factors of the characteristic polynomial. For v; € ker(r, (g)) and vy €

ker(ri,(g)), the inner products (r; 2(g)v1 vp) and (g % ’21) r 2 (g)v2) = 0 agree

up to a nonzero scalar by (3.1). Since T i (g) defines an automorphism of ker(r;, (g)),
this shows that ker(r;, (g)) L ker(ri,(g)). Similarly, ker(s;(g)) L (ker(rj(g)) ®
ker(r;(g))) and ker(r;, (g)) L (ker(rj,(g)) @ ker(rj,(g))) for distinct factors r; and
rj,. Thus all summands kerr;(g) and ker(s;(g)) @® ker(s;(g)) are non-degenerate
unitary geometries.

The centraliser of g in the general unitary group of V is the group [32], [8, Propo-
sition 1A] [4, Lemma 2.3], [30, Lemma 3.3]

CoL-v)(8) = HGL;; (F ) HGLZ} ® o)
i J

of unitary F »[x]-automorphisms and the centraliser of g in the poset of totally
isotropic subspaces of V' is the poset

Cr-v)(8) = [ [ L™ (kerri(g)) x [ ] L™ (ker(sj () @ ker(5,(2)))
i J

of totally isotropic F 2[x]-subspaces. The representation of GL__ (F s )inker(s;(g))

~F Z’d is standard. We now turn to the representation of GLJZr (qu .+)inker(s;(g))®
q ! m;

ker(s;(g)) = (F 2d+ &F 2d+) 7 _F d’ described in [8, §1, p 112, 1])

J
The Kleldman—Llebeck Theorem [14] [35, Theorem 3.9] lists certain natural sub-

groups of the general unitary groups. The unitary 2m-geometry V2, (F,2) over F 2
has a basis ey, ..., en, f1,..., fm such that (e;, f;) = 1,1 < i < m, are the only
nonzero Hermitian inner products between the basis vectors [14, Proposition 2.3.2].
Write Vo, (F2) = Vi & V, as the direct sum of the two maximal totally isotropic
subspaces V1 and V, spanned by ey, ..., ey, and fi, ..., fin, respectively. The repre-
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sentation of GL;}, (F,2) in GL,, (F,) given by

A 0 -
GL) (F2) 5> A — (0 A—l"”> € GL,,, (Fy)

stabilises the direct sum decomposition V = V| @ V, [14, Lemma 4.1.9, Table 4.2.A,
Lemma 4.2.3]. (The matrix A~'%’ is the conjugate-transpose of the inverse of A so
that (Avy, A™1%y,) = (A_lAvl, v2) = (vy, v2) for vy € Vi, vy € V;.) The stabiliser
of g in the poset of totally isotropic subspaces of V2, (F,2) is the GL; (F,)-poset of
pairs of orthogonal subspaces

SLi(F2) = {(U,U) | Uy < V1,Ur < V2, Uy L Us)

The subposet X L;f (qu)*, obtained from ¥ L} (Fg2) by removing the pair (0, 0), is
GL,:Q (F4)-homotopy equivalent to the suspension [31, §3] of Lfn‘ (qu)*: Let {1, 2} be
the discrete poset of two incomparable points. The two GL;, (F,)-poset morphisms

{1,2) x L} (F,2)* i* TLA(F2)*
8
givenby f(1,U) = (U,0), f(2,U) = (0,U), and

(LLU) U #0

g, Uy) = {(2’ Us) Uj =0

are homotopy equivalences as gf is the identity of the suspension of L} (F,2)* and
fg is homotopic to the identity of ¥ L;(qu)* as fg(Uy, Uy) < (U, Uy). By the
product formula in Lemma 4.1,

—Xr(SLf(F,2)*, GLY (F,2))
= =% (1,2} * L (F2)*, GL, (F2)) = X (L;y, (F2)*, GL;f (F,2))

and the formula of the lemma is a consequence of the product formula in Lemma 4.2.
O

Observe that the contribution of a g-regular class depends only on the multiplicities
and degrees of the irreducible factors of its characteristic polynomial.

6 Proofs of Theorem 1.2 and Corollary 1.3

We use Lemma 5.3 in an inductive computation of the generating functions (1.2). The
next proposition gives the start of the induction.

Proposition 6.1 Suppose thatr =1 orn = 1.
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(1) Whenr =1, —x1(GL,, (Fy)) = 81,n is 1 forn = 1 and 0 for alln > 1.
(2) Whenn =1, =%-(GL| (Fy)) = (g + 1)~ forall r > 1.

Proof When n = 1, L] (F,)* = ¥ is empty. Since X (¥) = —1, the rth equivariant
Euler characteristic is

—%(GL{ (Fy)) = | Hom(Z", GL; (F,))|/| GL (F,)|
= |GL; (F) ' = (g + D!

forallr > 1.

The first equivariant reduced Euler characteristic of X1(GL;, (F,)), where n > 1,
is the classical Euler characteristic of the orbit space BL, (F,)*/GL, (F,) for the
GL,, (F,)-action on the building, the classifying space of the poset L (F,)* [19,
Proposition 2.13]. According to Quillen we can replace L, (F,)* by the Brown poset

Séff (F,) of nontrivial s-subgroups of GL, (F;) [22], Theorem 3.1]. Webb’s theo-
n q

rem [34, Proposition 8.2.(i)] applies to this replacement showing X1(GL; (F;)) =
)"((BL; (Fy)*/GL; (Fq)) =0. O

Lemma 5.3 can be reformulated succinctly as the recurrence

FGL,, | (q. x) = Tspp- g FOL; (¢, X)) Tsp+ () (FGL, (g%, %)) (6.1)

using the power series transform from [21, Definition 3.1] reviewed in Sect. 7 below.

Corollary 6.2 The following identities hold

Tspiv-(g) (1 — ) Tspv+ () (1 — x%) = 11 +qxx Tspiv-(g) (1 + %) Tspivi+ ()
x (1 —x2)
_ I+gx
l—x
o (H—x) _ (I+x)(1+4gx)
SOIMT@\1 — %)~ (1 —x)(1 — gx)

Proof For the first identity, note that

TSDIMi(q)(l — x)ilTSDIM+(q)(] — .x2)71 =1 + Z(qn + qnil).xn

n>1

=1+ Z(qx)” +x Z(qx)”*] _ Lt

__1 —
n>1 n>1 gx

since the coefficient of x" in this power series is the number of self-dual monic poly-
nomials in F 2 [x] determined in Corollary 3.5. (An alternative proof,

- +
TSDIM*(q)(l _ x)TSDIM+(q)(1 _ X2) — 1—[(1 _ xd)SDIMd (@) 1_[(1 _ x2d)SDIMd (9)
d>1 d>1
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— (1 _ x)2 1_[ (1 _xd)lMd(q)(l _ x2)71 1_[ (1 _xd)IMd(q)

d>1 d>2

dodd deven
_ 1—x 1—[(1 M@ 39 1 —gx
1+ x 2o 1+x

follows from Corollary 3.9.) Since SDIM (g) is nonzero only for odd d (Proposi-
tion 3.7),

Topmv- (1 +x) = [ [(1 +x)P™M @ = TT(1 = (—x)*)3P™Ma @
d=1 d>1

is the SDIM ™ (g)-transform of 1 — x evaluated at —x. Obviously, the SDIM*(g)-
transform of 1 — x? is an even function of x. Thus Tspiv-(g) (1 +2) Tspiv+ (g) (1 — x?)

is Tspiv-(¢) (1 =) Tspim+(¢) (1 —x?) evaluated at —x. This proves the second identity.
The third identity is simply the quotient of the first two. O

Proof of Theorem 1.2 The first generating function (6.3) is FGL| (¢, x) = 1 4+ x by
Proposition 6.1.(1). Assume the formula of Theorem 1.2 holds for some r > 1. Using
a consequence of Corollary 6.2,
. , 14q/+ %
B J _ 202y =1 =
Tspiv—(g)(1 £ 47 ) Tsppv+ () (1 — g™/ x7) 1T qix

which follows from the multiplicative property of these power series transforms [21,
(3.2)], and recursion (6.1), the computation

FGL (g, x)
= Tspim-(q) (FGL, (g, x))TSDIM*'(q)(FGLj_(qzv x%))
~ Tspv ) U= moa 2(1 + 7)) Tspvt ) [T j=r moa 2(1 — PRIFENON
* Tsona- 0T moa 21 = 490D Tgpnre gy (T moa 21 = 423D
= moa2(1 + a0 14 moa2(1 +47 00
T s mea2( = @00 1 mea2( — a0 ?
ITj=r 1 moa2(1+ ¢/ [Tj=r+1 moa 21 + gix)
[Tt moa 2t = @709 Tl st moa 2 — i) U™
=41 moa2(1 +g70( 1)
)

. r+1
Hj¢r+1 mod 2(1 — q-/x)( !

shows that the formula holds also for r + 1. O
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Proof of Corollary 1.3 The logarithm of the (r+1)th generating function FGL (¢, x)
is

log FGL;+l (g,x)

= > (=) (r) log(1+ (—1)""/g'x)
0=j=r /
— Z (_1)!‘—] <r) Z(_l)l’l-‘rl(_l)l‘l(}”—j)qnjﬁ
0o<j<r J n>1 n
=Y (=)t (r) (= 1)n+DE=) gnj x"
l; OSXJ:'Sr J n
— Z(_l)n+] (qn + (_1)n+])r%
n>1
==Y (D" = ()Y
n>1 n

O

Remark 6.3 (The Knorr-Robinson conjecture) The (non-block-wise form of the) the
Knorr-Robinson conjecture for the general unitary group GL, (F,) relative to the
characteristic s of F, asserts that [15,29] [22, Theorem 3.1]

—X2(GL,, (Fy)) = z,(GL,, (Fy))

where z;(GL,, (Fy)) = |{x € Irrc(GL; (Fy)) | |GL, (Fy)ls | x(1)}| is the number
of irreducible complex representations of GL; (Fy) of s-defect O [13, p. 134]. As
FGL; (¢, x) = IIJF_"XX , the left side is ¢ + 1 and so is the right side [11, Remark, p. 69].
This confirms the Knorr—Robinson conjecture for GL,; (F,) relative to the defining
characteristic.

6.1 Alternative presentations of the equivariant reduced Euler characteristics

The binomial formula applied to the right hand side of Theorem 1.2 gives the more
direct expression

~ _ o (DI e
—%1GL, )= Y ] =nim (( n)j Q)q"f“ D62)

no+--+n,=n0<j<r

where the sum ranges over all ("::r) weak compositions of n into r 4 1 parts [26, p.
15]. This is also a consequence of [21, Corollary 3.10] and ‘Ennola duality’,

FGL; (q,x) = FGL(—q, (=1)'x), r>1 (6.3)
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which follows by comparing the expressions of [21, Theorem 1.4] and Theorem 1.2.

We shall next relate the equivariant Euler characteristics more directly to the struc-
ture of the general linear and unitary groups. Recall that a (finite) multiset X is a (finite)
base set B(A) with a multiplicity function assigning a natural number E (X, b) to all
b € B()\). Representing the multiset as A = {(E*D) | b € B(A)} and assuming the
base B(A) consists of natural numbers, we let

A| = Z E(\, b) nh) = Z bE(\, b)

beB(}) beB(2)

ne) v g = [T @~ DFeD

Ty = E(hb
HbeB(A) E(x, b)!E*-D) beB(L)

so that |A| is the cardinality or number of parts of A, A partitions n, A - n,if n(1X) = n,
T (A) is the number of elements in the symmetric group X,(;) of cycle type A [24,
Proposition 1.1.1], and U (%, q) is an integral polynomial in g. With this notation, the
coefficients of x" in the power series of [21, Corollary 1.5] and Corollary 1.3 are

~ 1
1 (GLI(Fp) = — 3 (—=DHTM)UG, 9,
An

~ 1
~%r+1(GLy (Fy) = (1" =5 (—DHT UG, —g)" (64)
" Akn

with summation over all partitions A of n.

Let F,; denote the standard Frobenius endomorphism of the algebraic group
GL,(Fy), s = char(F,), with fixed points GL,(F,)"s = GL,} (F,). The standard
maximal torus 7, (Fy) = F, x---xF, consisting of the diagonal matrices in GL,, (Fy)
is maximally split with respect to F;; [17, Definition 21.13, Example 21.14]. The Weyl
group W, of T}, (Fy) acts as the standard permutation representation of the symmet-
ric group X, in the n-dimensional real vector space X (T, (F,)) @R spanned by the
character group X(7;, (Fy)). As usual, T, (F,),, denotes the F,-stable maximal torus
of GL,, (F) corresponding to the Weyl group element w € W, [17, Proposition 25.1].

Let o be the graph automorphism of GL, (F,) given by o (M) = A~ (M")~' 4,
M € GL, (FS), where A is the involutory permutation A(i) =n+1—1i,1 <i <n.
The fixed points for the Steinberg endomorphism £, o are GL,, (Fy)fao = GL, (Fy),
T,(F,)isa maximally split torus also withrespect to F o, and o acts on X (7, (F,))®R
as —A [17, Examples 21.14.(2), 22.11.(2)].

Proposition 6.4 The equivariant Euler characteristics of the GL,T (Fy)-posets L,ﬂl:
F)* n>1, are

- (=1)" — .,
Xr+1(GL;} (Fy)) = Z det(w)| T, (Fy)y'|
[Wh| wel,
1
= (|Wn)| Z det(w) det(g — w)"
weW,

@ Springer



934 Journal of Algebraic Combinatorics (2021) 54:915-946

(1<

~%r1(GL; (Fy)) = 3 det(w)| T, By |

weW,

Proof The number of elements of T, (Fy),, that are fixed by the Frobenius endomor-
phism F is

T, (Fy)a?| = UGh(w), q) = det(q — w™)

where A (w) is the cycle type of the permutation w and determinants are computed in the

real vector space X (7, F)QR[17, Proposition 25.3, Example 25.4]. Equation (6.4)
now takes the form

Xr+1(GL; (Fy))

= E0 S sy,

|Wn wew,

CDLS™ Get(u) T, )l

IWal o,

_ ey Z det(w) det(q — w)"

|Wn| weW,

G

Wi > det(w) det(g —w™")"

weW,

since (—*™) = (—1)" det(w) and det(w) = det(w ") forall w € W,,.
The number of elements of T}, (Fy),, that are fixed by Steinberg endomorphism F,o
is [17, Proposition 25.3.(c)]

1T, (Fo)nt’| = det(q — (—wA)™") = (=1)" det(—g — (wA)™")
= (=1)"U(M(wA), —q)

Using Ennola duality (6.3) combined with (6.4), and [17, Proposition 25.3], the cal-
culation

_ir+1 (GL; (Fq))

= e EVD S ey ), —gy

|Wn| wew,
_ v > det)U(w), —q)"
[Wal o)
W, U(w), —q))" = Z det(wA)((—=1)"U A (wA), —¢))"
| | weW, | "I weW,
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> det(wA)|T, Fo)laor =

weW, | ”l

= | > det(wA)det(g — (~wA))’

weW,
|W | > det(wA) det(g + (wA) ™) = |W | > det(w) det(q +w™")’
n weW, n

weW,

det(w) det(q + w)"
|Wn| w§V g

finishes the proof. Here, det(wA) = det(A) det(w) where det(A) = (—1)(;) is +1
forn =0,1 mod 4 and —1 forn = 2, 3 mod 4. O
Let Xr+1 (GLi Fy))™ ! denote the coefficient of x” in the reciprocal power series

FGLr 11(g, x)” I . The proof of the next result is similar to that of Proposition 6.4
except that it is based on the identities

Xr+1(GL (F )™ = — Z TOIU O, q)"
" Akn
Xr+1(GL, (F) ™' = _n—! D TOD"UR, —g)), 6.5)
A=n

rather than (6.4). The right hand sides of these identities are the coefficients of x" in
the reciprocal of the power series of Corollary 1.3 and [21, Corollary 1.5].

Proposition 6.5 The reciprocal equivariant Euler characteristics of the GLf(Fq)-
posets L,jf(Fq)*, n>1, are

1
Xr+1(GL; (Fy)) ™" = = T N T F | = w)”

we W,l we W,l

(—1)" %41 (GL, (F) ™' =

IW |
weW, weW,

Again, the case r = 1 has special significance in that 3> (GL, (Fq))’1 is the number
of semisimple classes in GL,T(Fq) and (—1)"X2(GL,; (Fq,))_1 the number of semisim-
ple classes in GL,; (F,) [6, Proposition 3.7.4].

Example 6.6 The polynomial identities

| | > det(l—quw)=1-g¢

weWw,
3 det(w) det(q — w)? = (=" n(g — 2"
| n| =l
+qw)=1+g¢g
|W | weW,
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Z det(w) det(q + w)> = n(g + 1)>¢" !

|n|

weW,
are the instances »r = 1,2 of Proposition 6.4. The right hand sides of the
equations in the left column, where r = 1, are the negative of the number

of irreducible complex representations of s-defect 0. (Indeed, |W,|(1 + ¢q¢) =
—|Wulx2(GL,, (Fy)) = ZweW,, det(w) det(g + w) = Zwewn det(w™1) det(g +

w™h) =Y ew, det(w) det(q + w) =3 oy det(l +qw).)
The polynomial identities

> det(g—w)=q"—q""" > det(g —w)* = 1= L —
|Wn weW, |Wn weW, + 1
q +1
| | > det(g +w) =¢q" + 4" |W| 1(qz”—n
n weW, weW,

are the instances r = 1, 2 of Proposition 6.5. The right hand sides of the equations in
the left column, where » = 1, count semisimple classes.

The next corollary, an immediate consequence of (6.4) and Proposition 6.4, lists
the generating functions for the equivariant Euler characteristics ¥,+1(GL* (n, Fy)),
r > 0, for a fixed n. (The first part is [21, Proposition 4.19].)

Corollary 6.7 For any fixedn > 1,

v r T()\)
3 %1 (GLf Fp)x’ = —Z< DO __

> Uk, q)x
- 2 _xdiéféﬁ,)_ w)
g —Xr+1(GL, (F))x" = % ;H)m 1— (—1)Tn(I/J\)()\, —q)x
= |V11/n| w;ﬂ 1 —xdjet:f?;)jt w)

For example, the power series n! ) —X,4+1(GL,, (F))x" is

r>0
1 1 1 1
1—(qg+Dx’ I1—(@+D%x 1—(qg%—-1Dx’ 1—(q+1)3x
3 n 2
1-—@>—D(@+Dx 1-(g>+Dx

forn=1,2,3.
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6.2 Hasse-Weil zeta functions and equivariant Euler characteristics

The Hasse—Weil zeta function for a projective variety V defined over F,
Tl’l
Z(V/Fg:T) = exp (Z |V(Fqn)|—)
n>1 n
encodes the number of points on V over Fy» for alln > 1 [25, V.2-V.3].
Proposition 6.8 Foranym > 1

FGL,,.1(q.—T) = Z(E" [F2; T)™!

is the reciprocal of the Hasse—Weil zeta function of the m-fold self-product E™ =
E X .-+ x E of any supersingular elliptic curve E defined over F ;.

Proof Let E be any supersingular elliptic curve defined over F 2 [25, Definition, p.
145]. We note that

o (14+4T)? _ -1 Corls PRy
ZE[fi T) = iy = FOLs (@, =) 71 % exp(;(q (=D n)
(6.6)
and hence
Z(E"/F z~T)=exp(Z<q"—<—1)”)2'"T—") “L2FGLy, ., (¢, —T)~"!
q-’ n 2m+1\1>

n>1

as |[E(F2)| = (g" — (—D)M)? by (6.6) and E™ (Fg2n) = E(F 2 )™ for general reasons.
O

7 Transforms of polynomial power series and polynomial identities

Let F(g,x) =1+ ,.,am)(g)x" € 1 + (x) € Qlgl[[x]] be a power series with
leading term 1 in the power series ring over the ring of rational polynomials in ¢. Given
a sequence S = (S(n)(g)),>1 of rational numbers defined for each prime power ¢,
the S-transform of F(q, x) is the power series [21, Definition 3.1]

Ts(F(q,x) = [ | F(g?, x$)¥@@
d>1

The transformation Ts: 1 + (x) — 1 + (x) is multiplicative in F' and exponential in
S the sense that

Is() =1,  Ts(Fi(g, x)F2(q, x)) = Ts(Fi(q, ) Ts(F2(q, x)),
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Tws(F(q,x)) = Ts(F(q, x)"

for all Fi(q, x), F2(g,x) € 1 4+ (x) € Qlg][[x]] and rational numbers m € Q [21,
§3.2].

For example, the S-transform of 1 % x* is easily determined by evaluating the
coefficient of x¥” in the infinite product expansion T (1 +xk) = Ha’zl (1£xkdyS@ @),
(See the beginning of Sect. 6.1 for multiset notation. We use the convention that the
binomial coefficient (") = (—1)¥(}}) for all natural numbers .)

Lemma 7.1 For any rational number m and natural number k, the mS-transform of
the power series 1 & x* is

Tus(1£x5) =1+)" [Z I1 <Z;(ZL)(Z;)]XM

n>1 AFndeB(.)

The below corollary is Lemma 7.1 applied to the classical identity Ty ) (1 —x) =
1—gx
1—x

(3.3), while the theorem is the lemma applied to the identities
+
Tt (1 =) = FOLE .,

1
ara(gm =~ @ED) un/d)(q" — &)Y
d|n

found below Theorem 1.4 or below [21, Theorem 1.7], and to the power series identities
of Corollary 6.2.

Corollary 7.2 For any rational number m,

I (R ()

n>1 A-ndeB())

Theorem 7.3 For any rational number m and natural number r > 0

XIS TT (" = oo
(+xlx T (k)
(<[Z I (e -y
(+x 0T T (k)
(LX T () - (s
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Thévenaz’ polynomial identities for partitions [28], Theorem A, Theorem B] are
the cases m = =1 of Corollary 7.2. The purely combinatorial proof of a generalised
version of Thévenaz’ polynomial identities presented here may qualify as an answer
to question (1) on p. 129 of [28]. Corollary 7.2 is the special case r = 1 of the first
equation of Theorem 7.3 as a; (g,d) =IMy(q).

These polynomial identities are examples of Corollary 7.2 and Theorem 7.3 at
n=3

<m Il\_’?(fl)) + (m H\_/Ii(q)) (m IMl(C])) n <m IMl(q))

(¢ — Dg* m=—1
_ @ —DGg*+2g+1) m=—%
(=G> +29+5) m=3
1—gqg m=1
m SDIM; (¢) m SDIM ) m SDIM[ (¢)\ (m SDIM{ ()
O + + O
S m=—1
)@+ DG -29+1) m=-1
k@ + D@ -29+5 m=3
14+g¢ m=+1
(m SDIMy (q)) n <m SDIM[ (q)> (m SDIM (q)) (—m SDIM (q))
-1 1
(m SDIM (q)) (—m SDIM1 (q))
+
-1 2
N <—m SD]IM; (q)) N (—m SD;M;(q)>

3@+ g+ m=-3
=320+ D(g>+qg+1) m=-1
4+ 1DBg*+5¢+3) m=-2

The terms on the left side correspond to the three partitions {3'}, {2111}, {13}, of

3 in the first, to (n~,n") in {(3,0), (1, 1)} in the second, and to (n~,nT) in
{(3,0), 2, 1), (1,2), (0, 3)} in the third example.

8 Primary equivariant reduced Euler characteristics
Let p be a prime and, as in the previous sections, g a prime power. (The prime p

may or may not divide the prime power ¢.) In this section we discuss the p-primary
equivariant reduced Euler characteristics of the GL, (F,)-poset L, (F,)*.
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Definition 8.1 [27, (1-5)] The rth p-primary equivariant reduced Euler characteristic
of the GL,, (F,)-poset L, (F,)* is the normalised sum

~ _ 1 ~ _
%r(p. OLy (B) = o=y > K(CL g, (X(Z x Z;71)
nA47 ¥ eHom ZxZ57GLy (Fy))

of reduced Euler characteristics of fixed sub-posets.

In this definition, Z, denotes the ring of p-adic integers and the sum ranges over
all homomorphisms of Z x Z;‘l into GL,; (F,) or, equivalently, over all commuting
r-tuples (X1, X2, ..., X,) of elements of GL,  (F;) where X», ..., X, have p-power
order. The first p-primary equivariant reduced Euler characteristic is independent of
p and agrees with the first equivariant reduced Euler characteristic. If p divides ¢,
then ¥, (p, GL, (F;)) =0forallr,n > 1 by Lemma 5.2.

The rth p-primary equivariant unreduced Euler characteristic x,(p, GL, (Fy)),
obtained by replacing the reduced Euler characteristics with Euler characteristics in
Definition 8.1, agrees with the Euler characteristic computed in Morava K (r)-theory
at p of the homotopy orbit space BL;; (Fq)z GL- (F,) for the action of GL, (F,) on the

classifying space for the poset L, (F,)* [10], [27, 2-3, 5-1] , [20, Remark 7.2].
The rth p-primary generating function at ¢ is the integral power series

FGL; (p,q,x) =1—=Y_ % (p,GL, (F)x" € Z[[x]] ®.1)

n>1

associated to the sequence (—)“(r(p,GL;(Fq))),,zl of the negative of the p-
primary equivariant reduced Euler characteristics. For r = 1, FGL| (p,q,x) =
FGL, (¢,x) = 1 + x, and when p | g, FGL, (p,q,x) = 1 +x forall r > 1.
The interesting case is when the characteristic of F is different from p.

Definition 8.2 For every integer d > 1,

e IM;(p, g) is the number of p-power order Irreducible Monic polynomials of
degree d over F,; with nonzero constant term

o SDIM;; (p, q) is the number of p-power order Self-Dual Irreducible Monic poly-
nomials of degree d over F > with nonzero constant term

° SDIM;ZF (p,q) = % (M4 (p, qz) —SDIM (p, ¢)) is the number of unordered pairs
of p-power order non-self-dual irreducible monic polynomials of degree d over

qu with nonzero constant term

The next lemma follows from Lemma 3.8 combined with the fact from [16,
Lemma 3.6] that x* — 1 divides x® — 1 in qu[x] if and only if a divides b.
Lemma 8.3 Assume p { q and let m > 1 be an odd integer.
(1) The p-power order self-dual irreducible monic polynomials of degree dividing m
are precisely the irreducible factors of 4" TVr — 1 € F2[x].

(2) 3 dSDIM; (p,q) = (¢" + 1), and m SDIM,,(p, ) = Y u(m/d)(q? + 1) .
dlm d\m
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The p-primary version of Lemma 5.3 states that for p { ¢, r > 1, and n > 1,

B (p.GLy )= > %(p. Coqir,y+(®): Car-qr,)(8)
[g1elGL,, (Fg)pl

where the sum ranges over the set [GL, (Fy),] of conjugacy classes of p-elements.
The point here is that a semisimple element of GL,, (F;) has p-power order if and
only all irreducible factors of its characteristic polynomial have p-power order [21,
Lemma 4.4]. In terms of generating functions we get the p-primary version

FGL, | (p. 4. %) = Tspiv-(p.q) FOL; (P. 4. ) Tapiyi+ (.g) FGL;F (p. 4%, x7))

8.2)
of (6.1). In the following we prefer to work with the equivalent relation
ar 1 (p.q. N) = a7 (p.q". N/d)SDIM (p. q)
d|N
+ Y at(p.q*. N/2d) SDIMJ (p. q) (8.3)
2d|N

where

1
ar (p.g,m) = — > (=Du/d)g" = (=D

din

1
af (p.g,m) = > u(n/d)(g* = 1)
d|n

To go from (8.2) to (8.3) we use the infinite product expansions

FGL (p.q.x) = [T (1 —x™)tra P

N>1
Tspim-(p.q) FGL, (p, g, x)) = l_[ FGL, (p, ¢¢, x?)SP™M4 (r.9)
d>1
= H (1 — xdmyar (p.q®,m) SDIM (p.q)
n,d>1
TSDIM"’(p,q) FGL;F([?, qz’ X2) — l_[ FGLj_(p, qu’ de)SDIMZ.'(p,q)
d>1
— H a _den)a;*'(p,qu,n) SDIM;'(p,q)
n,d>1

of the three factors in (8.2) obtained by applying [21, Lemma 3.7] to the expressions
of Theorem 1.4 and [21, Theorem 1.7].
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Proof of Theorem 1.4 We must show that the functions atrﬂE (p, g, n) satisfy recurrence
relation (8.3). The right side of (8.3) multiplied by N is

> dSDIM, (p.q) Y (—1)u(N/de)(g? — (—1)*);!

d|N el(N/d)
+ ) 2dSDIMG(p.q) ) w(N/2de)(g* — 1!
2d|N e|(N/2d)
=Y dSDIM;(p,q) Y (=D°u(N/de)q™ — (=1)9),"
d|N el(N/d)
— > dSDIM;(p.q) Y w(N/2de)(g** — 1),
2d|N e|l(N/2d)
+ Y dMu(p,q>) Y u(N/2de)(g™ — 1)}
2d|N e|(N/2d)

When N is odd, we are left with

~)_dSDIMy(p.q) D n(N/de)(g™ + 1),

d|N el(N/d)
=— Y uldi/HriN/d)g" +1),q" + 1),
fldild2|N
=— Y wN/d)(g' +Dp@®+ 1, Y udi/f)
fld2|N {di: fldild2}
= =Y wN/d)(q*+ 1)}, =Na;,(p.q.N)
d|N

where we first use Lemma 8.3.(2)and next observe that the sum

1 f=d

> ma/hH=i, <dy

{di: fldld2}

contributes only when f = d». Thus (8.3) holds under the assumption that N is odd.
When N = 2N is even we have

Y dMalp.g®) Y w(N/2de) g — 1),

2d|N e|(N/2d)

=Y dIMu(p,q*) Y w(Ni/de)(g** — 1)}
d|Ny de|N;

_ 2 2d> r—1

= Y dilMg (p. gH(Ni/dr)(g*" — 1)),
di|d2| N

= Y wN/d)(@ = Dp@® =1t Y i/ f)
fld2IN {di: fld1]d2}
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= Y uNi/d) (@ = 1), =Y u(N/2d) (g — 1),

di|N 2d|N

which s the partof Na, | (p, g, N) defined by the even divisors of N. Remember that
SDIM,; (¢), and then also SDIM; (p, q), is nonzero only for odd d (Proposition 3.7).
Thus the claim for even N = 2N is

=Y w(N/d) g + 1),
d|N
dodd
= Y (=4, SDIM (p. q) (N /da)(g® — (= 1)/ 41yt
di|dy|N
diodd
— Y diSDIM (p, )p(N1/da) (g — 1)}

dy|d2| Ny
dyodd

Note that for every j = 1,..., k, where N = 2¥ is the highest power of 2 dividing
N, the part of the first sum with 2/ || d5 is annihilated by the part of the second sum
with 2771 || d5. Thus the right hand side reduces to the part of the first sum where d»
is odd. By the computation just done for odd N, that sum equals the left hand side.
Thus (8.3) holds also for even N. O

When p does not divide g, the sequences (SDIMj (p. g))a=1 and hence the gen-

erating functions FGLr_H(p, q,x), r > 1, depend only on the closure (g) of the
cyclic subgroup generated by ¢ in the topological group Z; of p-adic units [21,

Lemma 4.9]. For instance, the 2-primary power series FGL " ; (2, g, x) are identical
forg = 3,11, 19,27, ..., with logFGLr_H(Z, 3,x) = anl(—l)"“@n);x”/n, and
the 3-primary power series FGL 41 (3, g, x) areidentical forqg = 2, 5, 11, 23, ... with
log FGL;+1(3, 2,x) = anl(—l)”+l(3n)§x"/n [21, Figure 3, Example 4.16].

8.1 Alternative presentations of p-primary equivariant reduced Euler
characteristics

Itis immediate from [21, Theorem 1.7] and Theorem 1.4 that there is ‘Ennola duality’
FGL, (p,q.x) = FGL;"(p, —q, (=1 x), r>1 (8.4)

between the p-primary generating functions for GL,j,: (Fy).

We can now proceed exactly as in Sect. 6.1 to prove the next two propositions. In
Proposition 8.5, x,11(p, GL,f (Fq))’1 denotes the coefficient of x” in the reciprocal
power series FGLiEH(p, q,x)" L
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Proposition 8.4 The p-primary equivariant Euler characteristics of the GLf(Fq)-
posets L,jf(Fq)*, n>1,are

~ 1
%r41(p, GL; (F)) = — ?—D'MM)U(A, ),
AbFn

> det(w)|T, (Fy)u |

wew,

> det(w) det(g — w)),

weW,

_ e
Wil

_ e
Wil

—Xr+1(p, GL, (Fy)) = (- 1)"“*” =Y (=DHTOUG, —g),

" Akn
-n® 3 Fo
= det(w)|T,, (Fy)y' )8
|Wn| wew,
- > det(w) det(q + w)’,
| nI weW,

Proposition 8.5 The reciprocal p-primary equivariant Euler characteristics of the
GL,jlE (Fy)-posets L,jf F)* n=>1,are

1

Xr1(p. LI (Fy) ™' = A W E)ul [)) = |W | > det(g — w),,
n weW, n weW,

(—1)"%+1(p,GL, (F) ™' = IWI Fou! I = |W| Z det(q + w)’,
weW, weW,

A slight modification of [6, Proposition 3.7.4] shows that (£1)"%>(p, GLE(F,))~!
equals the number of semisimple p-classes in GL,jlE (Fy).

The next corollary, the p-primary version of Corollary 6.7, is an immediate conse-
quence of Proposition 8.4 and it specifies the generating functions for the p-primary
equivariant Euler characteristics expanded after the parameter » and with fixed n.

Corollary 8.6 For any fixedn > 1,

3 L1 (=M1
Z Xr+1(p, GLy (F))x" = — Z 1—UR, q)px

r>0 " Abn
_ (=D" det(w)
[Wal

et 1 —xdet(qg —w),

Y —%r+1(p, GL, (F))x" =

r>0

(=" (=M1 )
n! Z I = (=D"UQ, —q)px
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1 Z det(w)
[W,| el I —xdet(qg +w)p

For example, whenn = 3, p = 2,and ¢ = 3,11, 19,27, ... is any prime power

with ¢ = 3 mod 8, (q2 — 1) = (32 — 1),, the generating function (times 3!) for the
2-primary equivariant reduced Euler characteristics of GL; (Fy) is

1 3
l—x(@+ D3 1-x(@@*>—Dag+Da
N 2 o N 2 3

1—x(g34+1), 1—64x 1—4x 1-—32x

313 " —%r41(2,GL; (F))x” =

r>0

with the three terms corresponding to the three partitions {13}, {1'2'}, {31} of 3.

Acknowledgements I wish to thank Lars Halvard Halle for pointing out the connection to Hasse—Weil
zeta-functions, and Jean Michel for a helpful remark, used in Sect. 6.1, that, to him but not to me, was
completely obvious.
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