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0 Introduction

Consider a compact connected Lie group G with maximal torus 7' < G. The Weyl
group Wy = N(T)/T of G is, simply by applying the cohomology functor to the
Weyl group operation on 7, faithfully represented in H'(T'; R) where R is some
suitable commutative ring. The title of this paper refers to the normalizer, denoted
Nr(Wg), of W considered as a subgroup of the R-module automorphism group of
H'(T;R).

The normalizer Nz,(W;) obtained by taking coefficients in the p-adics is of
particular interest here because of its close relation to the group of homotopy
classes of self homotopy equivalences of the p-completed classifying space BG,.
The link between these two groups is provided by the Adams-Wojtkowiak theorem
[A-W] implying that any self homotopy equivalence of BG,' restricts to a self
homotopy equivalence of BT, such that the induced map on H*(BT;;Z,)
= H'(T; Z, ) normalizes the Weyl group. (Since the restriction to BT, is unique
up to left Wi-action, one actually gets an anti-homomorphism, studied in detail in
[W2] and [JMO3], from the group of self homotopy equivalences of the
p-completed classifying space into the quotient group Nz;(Wg)/Ws.) The main idea
of this paper is to apply information about the algebraic structure of the normalizer
of the Weyl group to an investigation of self homotopy equivalences and genus sets
of Lie group classifying spaces.

The normalizer is described algebraically in Theorem 1.3 as an extension of two
groups defined (almost) explicitly in terms of the group of units of R and the group
of automorphisms of the Coxeter graph of G. Two consequences of Theorem 1.3
are mentioned in Corollary 1.6 and Corollary 1.7. The first of these is the main
input for the treatment of self homotopy equivalences of BG and the second one
will be needed in the discussion of genus sets. Corollary 1.6 shows that the nor-
malizer behaves very rigidly under formation of product Lie groups. Indeed, the
normalizer associated to a simply connected compact Lie group is generated by the
normalizers associated to each of the simple factors together with permutations of
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identical factors (where Spin{2n + 1) and Sp(n), n > 2, are considered identical if
2 is invertible in R). Corollary 1.7 concerns the action, for a simply connected
simple G, of Nx(W;) on the cohomology algebra H*(BG; k) with coefficients in the
field of fractions, k, of R. This action is obtained by identifying the cohomology of
BG with the ring of invariants H*(BT; k)". Tt is shown that Niz(W;) acts on
H*(BG; k) = k as multiplication by a square unit from R (except that in some
special cases multiplication by 2 or 3 may also occur).

The next section, concerned with the cardinality of genus sets of Lie group
classifying spaces, is motivated by Rector’s demonstration [R] of the existence of
uncountably many distinct homotopy types of the same genus as BSU(2). As
shown in Theorem 2.3, the same extreme non-rigidity conclusion holds if SU(2) is
replaced by any other compact connected Lie group which is not a torus. Genus
sets of localized classifying spaces are also considered. The proofs of these results
use the Arithmetic Square.

It is not true in general, of course, that any self homotopy equivalence of
a Cartesian product of spaces is homotopic to a product of self homotopy
equivalences of each of the spaces. Nevertheless, the above is true for products of
classifying spaces of simply connected compact Lie groups whose Dynkin diagrams
have no identical components. This is a consequence of Corollary 3.2 expressing
the group of self-homotopy equivalences of BG, for a simply connected G, explicitly
by means of the self homotopy equivalences of the simple factors in G. Actually,
a little more general statement about rational self equivalences of BG can be found
in Theorem 3.1. The paper closes with a short discussion of rational equivalences
between members of the genus of BG.

1 The normalizer of the Weyl group

Let G be a simply connected compact Lie group with maximal torus T G and
Weyl group W = Wg = N(T)/T.

The Weyl group acts by conjugation on T and hence also on m,(7, 1) and
Hom(n,(T), R) = H'(T; R) for any commutative ring R. The object of this section
is to describe the normalizer Ng(W;) = Autg H(T; R) of W;. The ring R will
always be assumed to be an integral domain of characteristic zero; typically
R =17, Q,Z;} orQ,, the p-local integers, the rationals, the p-adic integers or the
p-adic numbers.

In terms of Lie theory, the action of W on H'(T; R) may be described as
follows; see [B-tD, H].

Let LT be the Lie algebra of 7. The integral lattice I is defined to be the kernel
of the universal covering map exp: LT — T; thus I =n(T) and H'(T;R)
=Homg{I, R). The real roots of G are certain R-linear forms on LT'; the root
system @ = LT* is the set of all roots. Actually, the roots are integral, i.e.

¢ = Homg(l, Z) < Homgz(I, R) = LT* .
Each root @€ @ has an inverse root o* € [; the inverse root system

P*cJcI@®zR =LT
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is the set of all inverse roots. Define
o, Homgz(I, R) > Homgz(I, R)

to be the R-automorphism given by
o.(f) =B — B(a*)a, BfeHomg(l, R).

Here we view a as an element of Homgz(I, Z) = Homg(I, R). The map o, is an
idempotent, W is isomorphic to the subgroup of Auty Homgz(I, R) generated by
{o,lae®}, and the isomorphism Hom(I, R) =~ H'(T'; R) is an isomorphism of
W-modules.

The integers n,p = B(a*), o, fe @, are the Cartan numbers of G.

Choose a set of positive roots @ < @ and a set of simple roots, i.c. a basis for
LT* A < @*. The Dynkin diagram of G is a graph with 4 as its set of vertices and
5N, e€dges connecting the simple roots o and f. If two simple roots are connected
by more than one edge, the Dynkin diagram has an arrow pointing to the shorter
(w.rt. a W-invariant metric on LT *) root.

We define the R-Dynkin diagram of G to be diagram obtained from the Dynkin
diagram by removing all arrows on r-fold edges whenever r is invertible in R,
r =2, 3. In particular, the Z-Dynkin diagram is the Dynkin diagram and the
Q-Dynkin diagram is the Coxeter graph. Let I'x(G) denote the group of all
automorphisms of the R-Dynkin diagram. Then Iz(G) < IR(G) = Iy(G). For an
irreducible root system, I'p(G) has order =< 2 except that [7(D4) = Ip(Dy) = 25
has order 6. The root system B, has I'y equal to Z/2 if 2e R* and to {1} if 2¢ R*.

Viewing W < Autg H'(T; R) as a group of R-automorphisms of H'(T'; R) we
consider in the next two theorems the centralizer

Zr(Wg) = {AcAutg H'(T; R)|Vwe W: Aw = wA}
and the normalizer
Na(Wg) = {AeAutxg H (T; R)| AW = WA}

of W;.
A version of the first result can also be found on p. 651 of [N-S] and for R = @

or R Papadima [P] proved the existence of a short exact sequence similar to the
one in Theorem 1.3.

Theorem 1.1. The centralizer Zg(Wg) is isomorphic to the abelian group
R* x- - - x R* where the number of factors equals the number of connected compo-
nents of the Dynkin diagram of G.

The description of the normalizer is less elegant. Let Perm(® ™) be the group
of permutations of the positive roots. Consider the subgroup Pg(G) of those
@ePerm(®*) for which there exist a transformation 4e Ng(W;) and a function
i:®% — R* such that A(a) = A(@)@(x) for all positive roots ae®*. There is
a homomorphism

W— Pr(G):w—w"
where
N if waed™
W) { —wo if wxg®*

for any positive root «. Let W™ denote the image of this homomorphism.
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Propesition 1.2. (a) The isotropy subgroup
Pr(G)y= {9 Pr(G)| 4 = 4}

is isomorphic to I'x(G).
(b) Pr(G) = (W7")-Ig(G).

W™ is a normal subgroup of Px(G) which may have a non-trivial intersection
with [R(G); thus Pg(G) is in general not equal to (but rather a quotient of) the semi-
direct product of these two subgroups.

Theorem 1.3. There is a short exact sequence
0= Zr(Wg) — Nr(Ws) - Pr(G)— 1
of groups.

Proof of Theorem 1.1. Let Ac Zz(W;). For any root o, — Aa = Ao,a = 6,Aa, S0
Ao = A(a)a for some A(x) € R*. The statement

VO!, ﬂ€¢l Aaa(ﬁ) = O.atA(.B)
is then equivalent to
Vo, Bed: AMa)ng = A(B)ng .

In particular, if o, § € 4 are simple roots connected by an edge in the Coxeter graph,
1. += 0and A(w) = A(f). Thus 1: 4 —» R* is constant on each connected component
of the Coxeter graph.

Conversely, suppose that A: 4 - R* is constant on each component of the
Coxeter graph. Let 4 be the R-automorphism of H'(T; R) that satisfies
Ao = A{a)a, e 4. Then AeZg(W;). O

Proof of Theorem 1.3. Let k > R be the field of fractions of R. Equip LT with
a W-invariant euclidean metric ¢, ) such that (I, I> < Z; the Killing form multi-
plied by the factor — 2 will do [B-tD, p. 214]. Extension of scalars gives us
a non-degenerate W-invariant k-valued bilinearform on I ® k& and thereby also on
the dual vector space Hom,(I ® k, k) = Homg([, k). The symmetry o,, « € , then
becomes reflection w.r.t. at, ie.

<x! a>
o, o)

o,(x)=x —2

o

for all xeHomgz(l, k).

Suppose AeAutzgHom(I, R) < Aut,Hom(l, k) normalizes W. In particular,
w:= Ao, A~ e W for any given positive root « e @~ . Note that w sends 4o to — Ao
and fixes pointwise the hyperplane A(x"). I claim that w = g for some (positive)
root f.

First note that we must have A(a') = p* for some (positive) root g. If not, the
difference

A(e*) — | Bt = Hom(l, k)
fed

would be non-empty. Choose an x in it. Since xe A{a'), wx = x. However, W acts
freely [B-tD, Theorem V.4.1] on Hom(I, @) — v ' and thus, by extension of
scalars, also freely on Hom(I, k) — U f*. We arrive at the contradiction w = 1.
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The orthogonal transformation w carries § into some vector on the line kf.
Write Ao = AB + u for some Aek and ue f*. Since

— I —u=—Au=wlAa=Awf + u

the uniqueness of such decompositions shows that u = 0. Hence 4o = Af and,
because wf = — f and w fixes f* pointwise, 6, = w = Ao, 4.

We conclude that for any A e Ng(W;) and any positive root ae @ there is
a unique positive root p(a)e @™ and scalar A(x) e R* such that Aa = A(a) () and
Ao, = O'(p(a)A.

The map Ngr(W;)— Pg(G), taking A to the associated permutation ¢@e
Perm(® ™), is easily seen to be a homomorphism. By the very definition of Pg(G),
it’s surjective. The kernel, consisting of those 4e Ng(W;) for which As, = 0,4,
oe @7, is the centralizer Zx(W;). O

Proof of Proposition 1.2. (a) There is an obvious homomorphism
Pp(G)y = TR(G):p— 0|4

Let’s first verify that indeed ¢|AelR(G), ie. that the permutation ¢|A of
the vertices of the Dynkin diagram is an automorphism of the R-Dynkin dia-
gram. Each ¢ e Pr(G), comes from some Ae Ng(W;) with Aa = A{a)p{a) and
Ao, = 04u»A. The statement

Va,Bed: A6,(B) = o, A(B)

is equivalent to

Va, fed: Aa)ngg = A(B)owep) -

Consequently,
M) A(B)nagnpy = (A(2) 1) (A(B) 1)
= (A(B)nowem) (A (pyp)
= @) A(BInpwep)Neipreow

SO TagNpy = Nyme(f) ool SiNcE R is an integral domain. This means that
¢|4eTIp(G) is an automorphism of the Coxeter graph. Suppose that the graph
contains an r-fold edge, r = 2, 3, between two simple roots « and f such that
la] > | B| but |p(x)| < |@(B)|- This means that ¢ reverses the direction of an arrow:

aayof  p@ooe(f)  (r=2).

In this situation [B-tD, Proposition V.5.9], n,; = — 1 and ngy(;4s = — r. From
the equation A{a) = — Ha)ng = — A(B)ngmep) = rA(B) we see that r must be
a unit in R, This means that ¢ | 4 is an automorphism of the R-Dynkin diagram.

Let AeNg(Wg) with Aa = Ma)e(a), aed*. Suppose ¢(x) = o for all simple
roots, i.e. Aa = AMa)a for ae 4. Since 4 is a basis for Hom(l, k), it follows that
Ax = A(x)o for all positive roots ae @*, ie. that pePerm(@™) is the identity
transformation. This shows that the homomorphism ¢ — ¢ | 4 is injective.

In order to prove surjectivity we note that the Dynkin diagram of G consists of
finitely many irreducible components. For a simple Lie group I'y = Iz except when
the group is B,, F4 or G, and 2 or 3 is invertible in R. For a general simply
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connected compact Lie group, I'r(G) decomposes into the (semi-direct) product of

the automorphism groups corresponding to the simple factors of G with the group

of permutations of identical components of the R-Dynkin diagram. Furthermore,

when 2¢R* any pair of irreducible components of type B, and C, may be

interchanged. Hence it suffices to prove surjectivity in the following three cases
() R=1Z.

(i) 2e R* and G = Sp(2), F,, Spin(2n + 1) x Sp(n), n > 2.

(i1} 3eR* and G = G,.

In case (i}, any automorphism of the Dynkin diagram is known to be induced by an
(outer) Lie group automorphism f: (G, T') — (G, T); i.e. any permutation in [7(G)
comes from an H'(f; Z)e Nz(W;). In cases (ii) and (iii), Adams and Mahmud
demonstrate that the (exotic) permutations of the roots extend to automorphisms
of Hom(I, R) = H'(T; R). These automorphisms are admissible, i.e. they normal-
ize W. This finishes the proof of (a).

(b) Let @& Pg(G) come from Ae Ng(Wg): Ax = i(a)p(o) for xe ®@*. Choose
weW such that w '4 = ¢@A. The product waeNg(W;) and, for aed,
wda = A(x)we(x) where wo(a)ed = &+ meaning that w™ o = weo. Hence
wroelg(G)y. O

We next list some consequences of Theorem 1.3.

Let G be a simply connected compact simple Lie group and G" =G x-- - xG
the n-fold Cartesian product. Choose T" = T x- - - x T as a maximal torus for G"
where 7 is a maximal torus for G. Since H(T")= HY(T)x- - -x H'(T) and
Wyn = Wgx- - - x W, there is an obvious homomorphism

Nr(Wehl 2, = Ne(Wg)">< 2, = Ne(Wgn) .
The semi-direct, or wreath, product is w.r.t. to the usual right action
(A1, An) o= (Ao 1)+ - -5 As 1)
of the symmetric group X, on Ng{(W;)"

Corollary 1.4. Ng(Wg.) = No{W;)l Z, for any simply connected compact simple Lie
group G and any n 2 1.

Proof. Since @*(G)u- - - U @*(G) may serve as the set of positive roots for G" we
also have a homomorphism

Pr(G)"1 2, — Pr(G")

on the quotients. This map is clearly 2 monomorphism and it’s also an epimor-
phism because

Pr(G™) = (W)™ IRx(G")
=(W* x- - x W -(Ig(G)x- - - xTp(G))- Z,
=(W* TR(G)x- - x W' Tp(G)- 2,

= (Pr(G) x - - x Pg(G))- Z,
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where we've used I'R(G") = I'R(G)!Z,. These homomorphisms extend to a map

0 — Zpx(Wg)" — Ne(W5)02, — Pr(G)lZ, — |1

0 — Zi(Wen) —  Ne(Wgn) ——  PRrGY) — 1

of short exact sequences. The middle vertical arrow is an isomorphism since the
two outer ones are. [J

A similar argument shows

Corollary 1.5. Let G and H be two simply connected compact Lie groups such that no
component of the R-Dynkin of one of the groups is isomorphic to any component of the
R-Dynkin diagram of the other group. Then Np(Wg)x Nrp(Wy) = Np(Ws x Wy).

When G = Spin(2rn + 1) and H = Sp(n), n > 2, and 2 R*, the R-Dynkin dia-
grams, B, and C,, of G and H are isomorphic and Corollary 1.5 doesn’t apply. But
since [A-M, Example 2.7] HY(T(Spin(2n + 1)}; R) and H'(T(Sp(n)); R) are
isomorphic as Wepin2n+ 1) = Wepm-modules we get immediately

Nr(Wspinizn+ 1) xspam) = Nr(Wapm < spim) -
For a general simply connected compact Lie group G, write G as a product

= 11 Bl xcix <11 HP

i=1

of distinct simple Lie groups such that (B;, C;) has type (B,,, C,,) for some n; > 2,
1 £i < s, and the groups H;, 1 £i < t, have Dynkin diagrams that are not of type
B, or C,, n > 2. Combining Corollary 1.4 and 1.5 we get

Corollary 1.6. Ni(Wg) is isomorphic to

C—BNR(WB J{Zs, @ Ne(We )L X, @@NR(WH.)ZZ;.,

i=1 i=1

if 2¢ R* and to

E_B % 22h+c®@NR(VI/H)2Zh
if 2€ R*.

Now recall Borel's theorem H*(BG; k) >~ H*(BT; k)". By restricting the ac-
tion of Ngx(Wg) on the polynomial algebra H*(BT'; k) to the ring of Wg-invariants
we obtain a homomorphism

Nx(Wy) = Aut, H*(BG; k)

whose image we list below for the simple Lie groups. We write A = {{/"|re R*} for
the (central) subgroup of unstable Adams operations and <{¢) for the cyclic group
generated by an (exotic) automorphism ¢e Aut, H*(BG; k).

Also, let H*(Ng(W5); k) be the image of the homomorphism

Ne(Wg) — Aut, H*(BG; k) - Aut, H(BG; k) = k — {0} .
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Thus H*(Nx(Wg); k) is the group of degrees in H*(BG; k) of maps induced by the
elements of Nx(M5). Write S(R*) for the multiplicative group of square units in R.
The last statement of the following corollary is not surprising in view of the fact
that any outer automorphism induces the identity on H*(BG; Q).

Corollary 1.7. For the simply connected compact simple Lie groups G the image of
Ni(Wg) in Aut H¥(BG; k) is

(i) a group containing A with index < 6 if G = Spin(8).

(i) A-<e), where £2 = y', if G = Spin(4n), n > 2.

(iil) A-<e>, where e* = Y%, if G = Sp(2) or F, and 2e R*,

(iv) A-<eD, where e2 = 3, If G = G, and 3eR*,

(v) A in all other cases.

Furthermore

S(R*) in case (i), (i) and (v)
H*(Ng(Wg); k) = { S(R*)-{2> in case (iii)
S(R*Y- (3> in case (iv) .

Proof. 1. I'x(G) = {1}: In this case (4,; B, and 2¢ R*; B, | > 2, C;, 1 > 2; E; Eg;
F, and 2¢ R*; G, and 3¢ R*) Pr(G) = W so Ng(W;) = R*. W. (The product is
direct if and only if — 1¢ W)

IL IR(G)=Z/2:

(@) 4;,122; D, 1= 5 o0dd; E¢. The nontrivial element of I'x(G)is (wy)* where
wg € W is the element of maximal length [B, Planche I, IV, V. Hence Pr(G) = W+
and Ngx(Wg) = R*-W. (The outer automorphism of G corresponds to — wg
inducing y ~! on H*(BG;k).)

(b) D;, 1 = 6 even. LT = R! with coordinates (0, . . ., 0;) and integral lattice
I={(6,,...,08)eZ') 6,€2Z}. The integral forms

oy =0, =05 .. ., 1=0_,-0, 4u=0_,+0

form a system of simple roots. One easily checks that there is a unique isomorphism
¢ of Hom(l, Z) satisfying ¢6; = 0, for i < [ and ¢0; = — 6,. Moreover, ¢€ Nx(W;),
¢? = 1, and, since ¢ projects to a generator of I'g(G), Ng(W5) = R*- W - {¢). Note
also that ¢ preserves the invariant form ) 67.

(c) B, and 2eR*. LT ~R? with coordinates (0;,0,) and integral lattice
[ = Z*. The simple roots

ay =0, — 0, o, =20,

form a basis for Hom(I, R). Let ¢ be the R-automorphism with sot; = a5, €05 = 20,
Then e e Ng(Wg), e = 2, and, since ¢ projects to the generator of I'x(G), Ng(Wg) =
R*.W.{¢&>. The invariant form 62 + 02 is taken to twice itself by &.

(d) F4and 2€ R*. The simple roots oy, a,, 3, o4 form a Z-basis for Hom(/, Z)
because the Cartan matrix has determinant 1. Let ¢ denote the R-automorphism of
Hom(I, R) taking o, a5, o3, %4 tO a4, a3, 205, 20, respectively. Then ee Ng(Wg),
g2 =2, and, since & projects to the generator of Ix(G), Ng(Wg) = R*-W. (&
According to [A-M, Table 2.14] the map induced by ¢ has degree 2 on H*(BF,; k).

(e) G, and 3eR*: Similar to (d).

IIl. I'gx(D4) = Z4: The root system is described in 11(b) with [ = 4. When [ = 4
there is another abelian group isomorphism é of Hom(l, Z) that permutes «; and
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a3 and leaves a, and o, fixed. Moreover, de Nx(Wg), 62 = 1, and, since the
subgroup {4, &) = Ng(W;) generated by J and ¢ maps isomorphically onto I'x(D,),
Nr(Wg) = R*- W- {4, &). From the formulas

00, =30, + 0, + 05— 04) 60, =30, + 0, — 05+ 04)
593 :%(91 —'02+03+04) 604:%(—‘ 91+92+03+04)
we sec that (also) & preserves the invariant form ) 67. [

See [W3, Theorems B and C] for related results.

2 Genus sets of classifying spaces

Let X be a connected nilpotent space of finite type and L a set of primes. Denote by
G(X ) the genus set of all homotopy types Y of Z,-nilpotent spaces of finite type
over Z; such that ¥, ~ X, for all pe L.

We investigate here the genus set of a classifying space BG localized, first, at
a finite set of primes and, next, away from a finite set of primes.

Theorem 2.1. Let G be a compact connected Lie group whose universal covering
group is non-contractible and not homotopy equivalent to SU(2). Then

card G(BG) = ¥,
Jfor all finite sets L of at least two primes.

The compact connected Lie groups not covered by Theorem 2.1 are tori,
T=TY of dimension d =20 and SUQ)xT, U2)xT and SO(3)x T (where
UQQ), =SUQ2),x T and SO(3), = SU(2), if 2¢ L).

Proposition 2.2. Let G be any of the Lie groups UQ)x T,dim T 2 0, or SU(2)x T,
SOQ3)x T,dim T = 1. Then G(BG,) % = for all ( finite) sets L of at least two primes.

Rector [R] shows the genus set G(BSU(2)) is uncountably large. The next
theorem shows that in fact G(BG) is uncountably large for all compact connected
Lie groups but tori. This even remains true after inverting finitely many primes.

Theorem 2.3. Let G be any non-abelian compact connected Lie group and L any
cofinite set of primes. Then the genus set G(BG ) is uncountably infinite.

Now follow the proofs. The proof of Theorem 2.2 consists of Proposition 2.4 —
Lemma 2.8 and the proof of Theorem 2.4 makes use of Lemma 2.9 — Lemma 2.12.

We begin with a couple of remarks of a general nature. Note that when M = L
are sets of primes the natural map G(X,,) — G(X ) is surjective. Note also that
according to Glover and Mislin [G-M] there is, for finite L, a bijection between
G(X,) and

Aut(X(O))\Aut(X(o))L/ [T Aut(X,,)) .
pel
Here, Aut(Z) denotes the group of homotopy classes of self homotopy equivalences

of the space Z and Aut(X o))" = [, Aut(X o)) is the group of functions of L into
Aut(X ).
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Proposition 2.4. Let L be a finite set of at least two primes. Then G(X ) is trivial if
and only if the obvious map

Aut(X () x Aut(X;, _ () = Aut(Xq))
is surjective for all pe L.

The “obvious map” mentioned in Proposition 2.4 is the one that takes
feAut(X,)and ge Aut(Xp (1) to fi0)° g(o)- We omit the proof as only the special
case where L = {p, q} contains just two distinct primes p # g will be needed. Note
that in this case

G(X(p, q) = Aut(X )\ Aut(X o))/Aut(X ) -

Specializing to the case X = BG, the above formula for G(BG, ;) indicates
that a key point in the proof of Theorem 2.1 is to show that the image of the
anti-homomorphism

H*(= Q): Aut(BG(,)) —» Aut H*(BG; @) = Aut(BG )

is rather small. This follows from the theorem of Adams and Wojtkowiak [A-W]
which says that for any given p-complete homotopy equivalence f: BG, — BG,
there exists a homotopy equivalence k, unique up to left Wg-action, such that the
diagram

k

BT} —*» BT}

BG, —- BG}

commutes up to homotopy. Here, G can be any compact connected Lie group with
maximal torus i: T o G. Moreover, k is admissible in the sense that

H*(k; Z)e Ng,(G) c Autz, H*(BT; Z,") .
Therefore we have
Lemma 2.5. The image of the map
Aut(BG, ) - Autg, H*(BG; Q,)
is contained in the image of the map
Nz (Wg) — Autg, H*(BG; Q,) .

The existence of the first map in Lemma 2.5 relies on the natural isomorphism
H*(BG, ;Z;)® Q = H*(BG; ®,). Wojtkowiak [ W2, Theorems 1.3-1.4] shows
that, when (p, | W]) = 1, the first map is injective and

Aut(BG,') = Nz, (We)/We
so that the two maps have the same image in this case.

Lemma 2.6. Let G be any non-trivial simply connected compact Lie group but SU(2).
Then

card G(BG{I,, q}) =¥,

for any choice of two distinct primes p % q.
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Proof. First assume that G is simple, G+ 1, G #+ SU(2). For a prime p, let
A, < Aut H*(BG; Q) be the central subgroup of unstable Adams operatlons
determmed by p-adic units; ie. 4, contains Y, ue(Z,)*, provided u eZ(,,,
whenever H2*(BG; Q) # 0. Lemma 2.5 and Corollary 1.7 show that H*(f; Q) is
contained in a finite extension E, of A, for all fe Aut(BG,,). Using the abbreviation
A = Aut H*(BG; Q) we have surjections

Aut(BG(,))\ A/Aut(BG ) » E )\ A/E,«— A\ A/A,

where the fibres of the right map contain at most |E,: A,|-1E,: A,| points. The right
set is countably infinite because rank G > 1; the two other sets are then also
countably infinite.

For general compact simply connected G, write

s 4

[] B¥xC)x [] H

i=1

as in Corollary 1.6. Lemma 2.5 and Corollary 1.6 show that the images of
Aut(BG,) and Aut(BG,) in Aut H*(BG; Q) are contained in the subgroup

@ Aut H*(BB;; Q)22+, ® D Aut H¥(BH;; Q)1 2, .
i=1 i=1

Note that the corresponding set of double cosets is countably infinite if at least one
of the numbers b; + ¢;, h; or s + t is > 1; i.e. whenever G is non-simple. [

This finishes the proof of Theorem 2.1 for simply connected Lie groups. We
now deal with the non-simply connected ones.

Lemma 2.7. Let G be a compact connected Lie group with universal covering group
G. Then

card G(BG,) = card G(BG,)
for any finite set L of at least two primes.

Lemma 2.7 follows immediately from the more general statement below by
noting that BG is homotopy equivalent to the 2-connective cover BG(2) of BG.

Lemma 2.8. Let X be a simply connected Hy-space of finite type with n-connective
cover X {n>,n > 1, and L any finite set of at least two primes. The n-connective cover
map

— <y G(X ) > G(X{nyr)
is surjective.
Proof. Naturality (of the Postnikov approximations to the path space fibration
over X ) determines a homomorphism
Aut(X) > Aut(X<{n)), n>1.

Similar homomorphisms exist for the various localizations of X. The rational
version, in particular, is surjective because X o, is a product of Eilenberg-MacLane
spaces. The induced map will then take

G(X.)= Aut(X(o,)\Aut(X(o,)L/ [T Aut(X,)

pel
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onto

G(X(nyL) = Aut(X <n>(o>)\Aut(X<n>(m)L/ [T Aut(X{mp,) . O

pel

This finishes the proof of Theorem 2.1.

Proof of Proposition 2.2 for G=U(@2)xT. We may choose coordinates
01,02;11,....n3), d=dim T = 0, for the Lie algebra of the standard maximal
torus T(G) = S! x S! x T'in G such that the integral lattice I = Z? x Z¢ and the real
roots are the integral forms 6, — 6, and 6, — 8,. For any A e Ngx(W;), At =14
where 1€ Wy = Z/2 is the non-trivial element. The computation

— A0y — 0,) = At(0, — 03) = 14(0, — 03)

shows that 4(f, — 0,) is a (— 1)-eigenvector for 1, i.e. A0y — 0,) = A0, — 0,) for
some A€ R* The theorem by Adams and Wojtkowiak [A-W] then implies that
(6, — 0,)>€e H*(BT(G); ®)" = H*(BG, @Q) is an eigenvector for H*(f; Q) for all
fe Aut(BG,). Since this property is not shared by all members of Aut(BG ),

G(BGyp, ) = Aut(BG,))\ Aut(BGp))/Aut(BG,) * *
for any choice of primes p 4. [

The proof of Theorem 2.3 makes use of Lemma 2.9-2.12 below. First we need

a small observation concerning Legendre symbols <g), p prime, acZ — pZ.

Lemma 2.9. Let E be a finite set of primes and s a prime not in E. Then there exist

-1 s
infinitely many odd primes p such that (T) = <E> = — 1 and (g) = + 1 for all
p
ecE.
Proof. Put g:= []..ze. Let p be any of the infinitely many (Dirichlet) primes of the
form p = 4me — 1. For any odd prime e€ E, p = — 1(mod ¢) and by the quadratic
reciprocity law [S, Theorem 1.6]

66+

2
so (—;) =+ 1.1f2€E, p= — 1(mod 8) so (;}) = + 1 by [S, Theorem 1.5]. More-

—1
over, <7> = —1lasp= — l(mod4)

2
Let now s¢ E be a prime. If s = 2,then 2¢ E so p = 3(mod 8), i.c. (;) = — 1,for
any of the infinitely many primes of the form p = 4(2m + 1)e — 1 = m8¢ + (4¢ — 1).

—1
If s> 2, choose natural numbers a and b such that L—l> = — T) and
$
4be — 1 = a{mod s). Then p = a(mod s) for any of the infinitely many primes of the

form p = 4(b + ms)e — 1 = mdes + (4be — 1) so by the quadratic reciprocity law

()-60-(6-—

This finishes the proof. [
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For the rest of this section, the letter L will stand for some cofinite set of primes
and E for the complementary finite set of primes. IT denotes the set of all primes.
For any given partition II = E U L, the set

(Y1 m vrn(3) -+

is infinite. Therefore there are uncountably many sequences (a,),. satisfying

4= +1 péS or p=s
P714+1 peS but p#£s.

S={peL,p>2

Here, s is some fixed prime in S. The idea of the proof is to associate to each such
sequence a space in the appropriate genus set. For technical reasons it is convenient
to consider the localization genus set G(BG,) as a subset of the completion genus
set G4 (BGp). The completion genus set G (X ) consists of all homotopy types of
Z,-nilpotent spaces Y of finite type over Z; such that Y, ~ X, peL, and
Yo) = Xo0)-

Lemma 2.10. Let G be any non-trivial simply connected compact simple Lie group.
Then the genus set G(BGy) is uncountably infinite.

Proof. Wilkerson’s double coset formula [ Wi]
G4 (BGL) = Aut(BGo))\ C Aut((BG{ )0))/Aut(BG/')

expresses the completion genus set as a quotient of the subgroup C Aut((BGY )q)
consisting of those elements of Aut(BG/ ),) that induce Q &® Z, -linear automor-
phisms in homotopy. In particular, the self-homotopy equivalence | [ ez a,x 1 of
the formal completion

K@®Z[,4) x (BG4 o)

of BG, represents a space B(a,) in the completion genus G4 (BG. ). Moreover, since
each a, is a rational number, B(a,) is in fact contained in the localization genus
G(BG,). It suffices to show

B(a,) = B(b,) = (a,) = (b,)

for any two sequences (a,) and (b,) that meet the requirements.
Assume B(a,) = B(b,). Then

Re(Tapxt) = (1)

for some Re Aut(BGy,) and some N e Aut(BG;). In

H*(BG(); Q) ® Z{ = HYBG[; Z') ® Q = H*(BG; Q ® Z1")
we get
(*) YpelL:pa,=v,b,

where p is the degree of H*(R; Q) ® Z," and v, the degree of H*(N; Z,) ® Q. We
may assume that 2 and 3 are in E. Then 2 and 3 will be square units in Z;* for all
peS; by the computation of H*(Ng(W;); Q,) in Corollary 1.7 the same is true
for v,.
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Formula (*) implies pe Z§, i.e. p = + ei' - - - ej* for some exponents i;e Z and
some primes e;eE, 1 <j <k All primes in E are, by construction, quadratic
residues mod p for any prime peS. In particular, |p} is a quadratic residue mods.
As also p = v, is a quadratic residue mods whereas —1 is not, we must have
p=ef ... e >0 Hencepisasquare unitin Z, for all pe S. We observed above
that also v, is a square unit in Z,' for all pe S and that — 1 is not. Therefore ()
now says a,= — 1 < b,= ~1, peS. If p¢S, a,= 1= b, by definition. Hence
(ap)pen = (bp)pen- O

Lemma 2.11. Let G be any non-trivial simply connected compact Lie group. Then the
genus set G(BGy) is uncountably infinite.

Proof. A detailed proof is given only in the case where G = H x---x H = H",
n > 1, for some simple Lie group H % 1. I'll show that the map

— x BH!"': G(BH,) - G(BH, x BH}™ )

has an uncountable image.
Write IT = E u L where 2 and 3 are in E. It’s enough to show

B(a,)x BH} ' ~ B(b,) x BH} ! = B(a,) ~ B(b,)

for any two sequences (a,)pc;, and (b,),., associated to the given partition. So
assume the left statement is true.

The space Bfa,)x BH} '€G¢(BG,) is represented by the self map
(IT,.. diag(a,, 1,. . ., 1)) x 1 of the formal completion

(BGL Yoy = K@Q"®Z{, 4) x (BGL4)( o) -

By the double coset formula for the completion genus there exist Re Aut(BG,q,)
and N,e Aut(BG,') such that for all pe L

R(diag(a,, 1,...,1)x 1) = (diag(b,, 1,. .., 1) x )N,
in C Aut((BG, )0))- The induced @ ,-linear maps on

H*(BG; Q,) = H*(BGy); Q,) = H*(BG, ; ;) ® @
satisfy
(%) VpeL:diag(a,, 1,. .., 1)p = v, diag(b,, 1,. .., 1)

where p = HYR; Q)® Z, and v, = H*(N,; Z,;) ® Q.
The matrix v, acting on H*(BT; Q)% = H*(BG;; Z;}) ® @ is induced from
some element of

Nz, (Wg) = Ng,(Wi)l 2, .

Therefore v, = diag(v,, . . ., vj)o, for some units v,e€Z; and some permutation
matrix ¢,. Since we're assuming that 2 and 3 are in E, the p-adic numbers v, are
squares by Corollary 1.7.

We rewrite

(*) VpelL:diag(a,, 1,. .., 1)p = diag(v,,. .., vp)o,diagb,, 1,..., 1)
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and from this we see that po, must be a diagonal matrix and that the permutation
matrix g, is independent of p; ¢, = g, say, for all pe L. If po = diag(ry,. ... 7.)
we get

(%) VpelL:diag(ria,, ry, ... 1) =diag(vh,. .., vib, ..., v,)

where j = o(1). As in the proof of Lemma 2.10 we conclude a, = 1 = b, if j & 1 and
a,=b,ifj=1,pel O

Lemma 2.12. Let G + 1 be a compact simply connected Lie group and let T be
a d-dimensional torus, d = 0. Then the image of the map

— x BT;: G(BG.) > G(BG, x BT)
is uncountably infinite.
Proof- We shall restrict ourselves to the case where G is a simply connected
compact simple Lie group. As above we may assume L = IT — E for some finite set

of primes, E, containing 2, 3 and all prime divisors of | W5/|. Let (a,) and (b,) be two
sequences as defined above. We'll show

Bl(a,), x BT}, ~ B(b,), x BT = B(a,), ~ B(b,),. .
Assume the left statement is true. The formal completion of BG, x BT} is
K(Q®Z,4) x (BG 451 )oy X (BT )oy -

Wilkerson’s double coset formula for G¢§ (BG,xBT;) shows that in
CAut(((BG x BT){ Yo))s

R(Hapxlx]>=(nb,,xl><l>N

pel pel

for some ReAut(BGy)xBly,) and some NeAut(BG) xBT(). In
C Aut((BGY ))) we get

R11<1—I apX 1> = ( l—l pr 1>N11
pel pel

where R, is the composite
BG(Q) — BG(O) X BT(‘()) *—R") BG(O) X BT(‘()) d BG(O)

and N, is defined similarly. Both R;; and N;, are homotopy equivalences since
they induce isomorphisms in homotopy. Therefore the spaces B(a,), and B(b,),, are
homotopy equivalent according to the double coset formula. [

In order to finish the proof of Theorem 2.3, let now G be any non-abelian
compact connected Lie group. G is the base space of a finite covering map
H x T — G for some non-trivial compact simply connected Lie group H. Hence

BHLXB]LZBGL,

provided [7,(G): n(T)| € Z}, so G(BG.) = G(BH x BT;) is uncountably infinite
by Lemma 2.12.
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Remark 2.13. (1) Two (nilpotent and finite type) connected spaces are said to be
clones [M-M2] of each other if they have homotopically identical p-localizations at
all primes p as well as identical nth stage Postnikov approximations for all n = 0.
In other words, the clones of X are the homotopy types in the intersection
G(X)n SNT(X) where SNT(X) denotes the set of all homotopy types with the
same n-type for all nas X. SNT(X ) and the completion genus G¢ are related by the
short exact sequence

* > SNT(X) - G (X)— lim GH(X™)— =
Poaill

of sets. When L is a finite set of primes, and G is any Lie group, Zabrodsky [Z]
shows that G¢ (BGY) = G(BGY) = « for all Postnikov approximations BG{’ to
BG,,. Thus SNT(BG,) = G¢ (BG.) and

G(BG,) = SNT(BG,)

is the set of clones of BG,,.

When it comes to the integral space BG it is known that SN T(BG) is uncount-
ably large [M-M1, Theorem 4] for all non-abelian compact connected Lie groups
G == SU(2), SU(3), SO(3), PSU(3). However, the cardinality of the set of clones of
BG is not known.

(2) The exact size of the genus sets mentioned in Proposition 2.2 are unknown.
it follows from [M-M1, Theorem 3] that SNT(BSU(2).), and hence also
G(BSU(2).), is trivial for all finite sets of primes L.

3 Rational self equivalences of BG

A map «: Y — Z between nilpotent spaces is called a rational equivalence if its
rationalization a): Yo, — Z o is a homotopy equivalence. Let ¢o(Y, Z) < [V, Z]
denote the set of homotopy classes of rational equivalences from Y into Z and
g0(Y) = g(Y, Y) the monoid of rational self equivalences of Y. The group of
invertible elements of £5(Y) is Aut(Y), the group of homotopy classes of homotopy
self equivalences of Y. We are here interested in the case where Y is (the localization
of) a Lie group classifying space or of the same genus as such a space.

Let L be a nonempty set of primes and let G = GY' x- - - x G* be a simply
connected compact Lie group written as a product of its simple factors such that
G; + G;for i + j. We adopt the convention not to distinguish between Spin(2n + 1)
and Sp(n), n > 2, in case 2¢ L.

Theorem 3.1. The obvious map

t

(‘D eo((BG)L) L 2y, — £0(BGL)
i=1
is a monoid isomorphism.
Corollary 3.2. @i~ Aut((BG;).){Z,, = Aut(BG,).
A special (and motivating) case of this corollary,
Aut(BSU2Y) = Z,

can be found in a paper [I] by Iwase.
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The proof of Theorem 3.1, relying on the simple structure of Nx(Wg) as well as
results from [JM O3], consists of the following three lemmas.

Lemma 3.3. Let G = G(1) x G(2) be the product of the two simply connected compact
Lie groups G(1) and G(2). Assume that the Q-Dynkin diagrams of G(1) and G(2) have
no isomorphic components. Then the product map

&0(BG (1)) X 69(BG(2)L) = &0(BGL)
is a monoid isomorphism.

Lemma 3.4. Let G be any simply connected compact simple Lie group. Then the
obvious map

€0(BGL) ¢ Z, — &0(BGY)
is a monoid isomorphism for any integer n = 1.

Lemma 3.5. Let G = Spin(2n + 1) xSp(n)°, n > 2, and let L be a set of primes
containing 2. Then the product map
£o(BSpin(2n + 1)}) x £o(BSp(n);) — £0(BGL)
is a monoid isomorphism.
Proof of Lemma 3.3. Choose maximal tori T(i) = G(i), 1, 2,and let T = T(1) x T(2)
serve as maximal torus for G(1)x G(2}) = G.
Let f: BG;, — BG, be a rational equivalence. Choose [A-W, Theorem 1.1;

JMO3, Proposition 1.2] for each pe L a rational equivalence k, such that the
diagram

k
BT(1); x BT(2)} —= BT(1)} x BT(2)}

(%) l
5

BG(1), xBG(2), -—— BG(1), xBG(2),
commutes up to homotopy. By Corollary 1.5, the induced map
H(ky Z,') ® Qe Ng(We) = No,(Way) x No,(We )

is a product homomorphism. Then also k, = k(1),x k(2), is the product of two
maps k(i),€&9(BT(i), ), i = 1, 2. Define f (i) to be the composite

BG(i), » BG, —> BG, - BG(i),

of fand the appropriate inclusion and projection. Since the lift k(i), of f(i)," is
a rational equivalence, so is f(i), cfr. [JMO3, Proposition 1.2(iii)]. Note that ()
stays homotopy commutative if f is replaced by f(1) x f(2) and that consequently
[IMO3, Corollary 1.10], fi" =f(1), xf(2)) and f=f{1)xf(2) as &(BG;)
- £,(BG ) is injective [ W4, Lemma 2; JMO1, Theorem 3.1]. This proves surjec-
tivity.

Injectivity follows from the general statement that the product map

[X., X Ix[ X2, X - [X ) x X,, X xX,]

is an injection for any two spaces X; and X,. ([
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The proofs of the remaining two lemmas are similar to the one above. In each
case it suffices, for a general rational equivalence f: BG, — BG,, to show that the
restrictions k,: BT, — BT, of f,*, pe L, are product maps (composed with a per-
mutation map).

Proof of Lemma 3.4. Choose a maximal torus T < G and let the Cartesian product
T" serve as maximal torus for G".
For each peL,
H(k,; Z;) ® Qe No,(Wen) = No (We)l Z,
so the rational equivalence k, has the form
k,=(k(1),x- - xk(n),) 0,

for some k(i),e£0(BT," ) and some permutation ¢, X, < Aut((BT,*)"), 1 <i<n,
pe L. The permutation ¢, is independent of p because Z, is faithfully represented
in H*BGL; Q,) = H*(BGL; Q,)" by H*f :Z))®Q=H*[;Q®Z, =
H*(f; @,). Thus k, = (k(1), % - - x k(n),) > 0 where ¢ is the common value of the o ,,
pel. U]

Proof of Lemma 3.5. Write G = G(1)xG(2) where G(1) = Spin(2n + 1),
G(2) = Sp(n)* with maximal tori T(1) = G(1), T(2) = G(2) of the form T(1) = T(0),
T(2) = T(0) for T(0) = R"/Z".
For each pe L,
Hz(kp; ZpA ) ® Q € NQP(WG) = NQ,,(I/VSpin(Zn+ 1)) 2 Z‘)‘)+c

so k, = (k(1),x k(2),) > 6, where k(1),, k(2), are product of b, ¢ rational selfl equiva-
lences of BT(0); and ¢,€%,,, = Aut(BT(1); x BT(2),;') = Aut((BT(0),)**°) is
a permutation map. At the prime 2€ L,

Hz(kzé Zs )GNZZA(WG(I)XG(Z)) = NZ;(WGm) X NZZA(WG(Z))

because f," and k, are genuine homotopy equivalences [JMO3, Proposition 1.2
and 1.3]. Thus the common value 6, =g,eX,x 2, < X, . and k, is a product of
rational self equivalences on BT(1), and BT(2);. OO

For the rest of this section, G can be any compact connected Lie group.

Fix a space Ye G§ (BGL) of the same completion genus as BG; where L is any
set of at least two primes. We shall investigate Aut(Y) and the sets of rational
equivalences between Y and BG,. By assumption, there exist homotopy equiva-
lences

f: )’(0) g BG(O) and g: YLA — BGli\
and Y is homotopy equivalent to the homotopy pull back of the diagram

BGyo, ~ (BG{ )0y «2— (BG{ )0y « BG/"

where B =fog~! and the unmarked arrows represent canonical maps.

Proposition 3.6. Aut(Y) is isomorphic to (the image in Aut(BG ) of ) the group of all
pairs

(R, U)e Aut(BGq)) x Aut(BG})
for which RB = BU in C Aut{({BG{ )q)).
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Proof. Use [MM2, Lemma 4] and, for the parenthesis, Lemma 3.8 below. [

The next example shows that the group of self-homotopy equivalences is not
a generic invariant. Recall that

Aut(HP? x HP) = (Aut(HP?) x Aut{(IHP"))>< 2,
by Corollary 3.2.
Example 3.7. There exists a space Ye G{HPF x HP) with Aut(Y) = Aut(HP{).

Proof. The idea is to destroy the symmetry in the product X := HP* x HP>.
Pick some prime se L. Let BeGL(2, Z/ ) be the matrix whose coordinate
11
B,eGL(2,Z,)1is <O )
peL. Let Y be the homotopy pull back associated to BeGL(2,Z;)
e GLR2, QR Z,)=CAut((X[ )o) as above. Y is in the localization genus
G(Xy).
Let U,eAut(X,'). According to Lemma 2.5 and Corollary 14, U}
=H*(U, Z})® Q acting on H*(X}; Z;)® Q = Q} is either diagonal or anti-

diagonal:
w, 0N\/0 1\*
Ut =
P (0 v,,> ( 10

where ¢, =0, 1 and p,, v, are p-adic (square) units.
Suppose Re GL(2, Q) = Aut(X ) represents an element of Aut(Y) as in Prop-
osition 3.6. Then R* = H* (R, Q)® Z,;> = U} for s + pe L and

1 0 1 0
¥ pE(R-lyk — *
BYR*(B, ) (11>R<~1 J

are both either diagonal or anti-diagonal. This forces R to be a multiple of the
identity matrix; indeed R = m x m for some me Aut(HP*) = Z}. Conversely, any

R of this form is in (the subgroup of GL(2, Q) corresponding to} Aut(Y) by
Proposition 3.6. [

when p = s and the identity matrix for all other primes

In particular, when L is the set of all primes, we obtain a space of the same
genus as HP™ x HP* but with no symmetries besides the identity.
Now pick another member Z of G¢ (BG,). Choose homotopy equivalences

e:Z(O)—>BG(0) and hZLA -*BGI?

so that Z corresponds to the double coset containing C:=e-h™!
e C Aut((BGY{ )p))- Consider the set &(Y, Z) of homotopy classes of rational
equivalences from Y into Z.

Lemma 3.8. The rationalization map
eolY, Z) - [ Xo)> Zo)]

is injective.
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Proof. In the commutative diagram

£o(Y, Z) - D’(op Z(O)]

|

elY,Z1) - (Y, )(0)7 (Zi )(0)]
ho :gll ‘lhwy“"'g@‘
eo(BGL , BGL') —— [(BG[ )0, (BGL )0)]

the vertical arrow from the upper left corner is injective because there are no
phantom maps from Y to Z and the bottom horizontal map is injective by [JMO3,
Corollary 1.10]. O

In the proposition below, ¢,{BG{" ) denotes the monoid of rational seif equiva-
lences of BG/ .

Proposition 3.9. The set £4(Y, Z) is in one-to-one correspondence with (the image in
Aut(BG ) of ) the set of all pairs

(R, U)e Aut(BG(g)) x &9(BG/)
for which the equation RB = CU holds in C Aut({(BG{" )q,)-

Proof. Tdentify g0,(Y, Z) with its image in Aut(BG,) under the injection
o
eolY, Z) = [ Yoy, Zoy] — [BG(0), BG o]

akmgaceao(Y Z)toR:= € %o)° £~ 1 In C Aut((BG, )(0)) RB =¢ogof lofogTl=
ecoog t=eoh lohogog ™! = CU for U:= hoay

If, conversely, RB = CU for some ReAut(BG(o)) and some U ego(BG/ ) then
the universal property of pull backs applied to the Arithmetic Square produces
a rational equivalence a: ¥ » Z with ec oo f "' = Rand hoaf og ' =U. 0

Example 3.10. There are no rational equivalences between HP x HP{” and the
space Y constructed in Example 3.7.

Proof. If there existed a rational equivalence from HP x HPy into Y, resp. from
Y into HP x HP?, then we could find an Re Aut(HP{, x HP%,) = GL(2, Q)
such that R* and

1 0 1 0
B¥*R* = R* | resp. R*(B;')* = R* ,
11 -1 1
were both diagonal or anti-diagonal. But this just isn’t possible. [

Even in the simplest genus set, G(IHP*), the above phenomenon may occur.
This fact was also known to Frank Adams.

Example 3.11. There exists a space YeG(HP™) such that [HP®, Y]
=x=[Y,HP*].



The normalizer of the Weyl group 79

Proof. Let YeG(HP®) be the homotopy type represented by B =(b,)
eQ®Z")* = CAut(((HP*)")q) where b, = —1 and b,= +1 for all odd
primes. Suppose that there existed a rational equivalence between Y and HP>.
Then there exists a non-zero integer r such that — r is a square in Z3 and r is
a square in Z, for p>2. Write r =2t where ¢ is an odd integer. Since
— 7 =2"(—1)is a square in Z3, i is even and t = — 1(mod 8) by [S, Theorem
I1.4]. On the other hand, write t = s’ where s is a prime divisor of t and (s, &) = 1.
Choose (Lemma 2.9) an odd prime p such that ¢ is a unit in Z, and

<E>= +1= »<£>.Then
p p
)

so j is even. By picking out the prime divisors in t one by one in this manner we
conclude that ¢ is a square integer contradicting t = — 1(mod 8).

Let o be any map, say, from HP® to Y. Then a," =~ * for the self-map g,°«," on
(HP>), is by the above (rationally) trivial for all p. Hence o0 ~ . [J
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