Objective

Study the p-completed classifying space BGQ
where G is a finite group and p a prime.

e BG) = B{1} if p{|G]
e BP' = BP when P is a p-group
o BGZ/; is generally not aspherical

e G = m(BG) — wl(BGQ) = Gp = G/OPE
is the universal homomorphism from G
into a p-group

e [BP, BG)] = Rep(P, Q)
e BC(P)) ~ map(BP, BG))

e BZ(P) ~ map(BP, BG{}) if P < G is p-
centric.

Definition 1 A p-subgroup P < (G is p-centric
if Z(P) € SyIpC’G(P).



Algebraization of BG)

Definition 2 The p-fusion category of G is
the finite category Fp(G) with all p-subgroups
of G as objects. The morphism sets

Fp(G) = Na(P,Q)/Ca(P)

consist of all group homomorphisms induced
by conjugation in G.

There is a functor

Monog(—,G): Fp(G)°P — GRPOID (1)

such that Monoj(P,G) ~ Z(P) when P < G
IS p-centric.

Monoy (P, G) is the connected groupoid whose
objects are monomorphisms P—G conjugate
to the inclusion P—=G. The morphisms be-

J
tween two inclusions P;:lG IS
J2
{g € G|9j1 =3jo}/OPCq(j1)
In particular, Monog(P,G)(j,5) = Cq(P)p.

Theorem 3 (Dwyer—Zabrodsky) (1) is an
algebraization of BGp = | [r¢(q) Monog(—, G)|.

The Martino—Priddy conjecture. Alperin’'s fu-
sion theorem.



p-local finite groups
A p-local finite group is a generalized BG]/,\.

Definition 4 Let S be a finite p-group. A
saturated fusion system over S is a finite cat-
egory whose objects are the subgroups of S
and whose morphism sets are sets of group
homomorphisms satisfying certain axioms for-
mulated by Puig.

Fp(G) is a saturated fusion system over S €
Syl,(G).

Definition 5 Let S be a finite p-group and F
a saturated fusion system over S. A p-local
finite group over F is a functor

L: F°° — GRPOID

into the category of groupoids such that L(P)
is a connected groupoid and L(P) ~ Z(P) for
all p-centric objects P of F. The classifying
space BL of the p-local finite group L is the
p-completion of | [zc L|.



Any finite group determines a p-local finite
group.

Theorem 6 (Broto—Levi—Oliver) The func-
tor L: F°P — GRPOID is an algebraization of
BL.



p-local Chevalley groups

Let (now) G be a connected Lie group, p a
prime, g a power of another prime, and 7 a
graph automorphism of G. Let

1BG(r¢?) = holim( BGX™YBa x BaMY) pa)

be the homotopy fixed points of the automor-
phism 7¢9 of BG. (All spaces are completed

at p.)

Theorem 7 (Friedlander) BG(my?) is the p-
completed classfying space of a finite group.

Let X be a connected p-compact group.
Theorem 8 (Broto—M) BX(ry?) is the p-

completed classfying space of a p-local finite
group (that sometimes is not finite group).



The p-fusion category of a finite group G

Let G be a finite group and S < G a Sylow p-
subgroup. Fp(G) is the category with objects
all subgroups P, of S. The morphism

Fp(G)(P,Q)

consists of all group homomorphisms a: P — @
such that

«

Jf Q
S\ /S
G
commutes up to inner automorphisms of G.

Thus

Fp(G)(P,Q) = Na(P,Q)/Cq(P)

The Sylow p-subgroup S of G is an object of
Fp(G) and Fp(G)(S,S) = Ng(S)/Cq(S).



The p-fusion category of a space X

Let X be a space, S a p-group and BS — X
a map.

Fq(X) is the category with objects all sub-
groups P, of S. The morphisms

Fs(X)(P,Q)

are all group homomorphisms a: P — @ such
that

BP Ba BQ

| |

BS BS

~_

X
commutes up to homotopy.



Fixed points p-compact groups
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Examples of fusion categories

Let p > 2 be a prime and g a prime power not
divisible by p. Assume that (—1,q) has order
r>2in (Z/p)*. Then

FpE7(q) = <

FpEg(q) = 4

’

\
"

\

FpXg(g*)
FpX26(q®)
]_—pSQT— 1 (qr)
1

FpX31(q*)
FpX32(q°)
FpXo(q®)
FpX16(qt?)
FpX10(gt?)
]_—pSQr—l(qr)
1

r=24

r =06

r € {8,10,12,14, 18}
otherwise

r=24
r =06
r =38
r =10
r=12

r € {14,18,20,24,30}
otherwise



