
Chapter 3

Central limit theorems

Probability theory around 1700 was basically of a combinatorial nature. The main
monograph of the period was Abraham de Moivre’sThe Doctrine of Chances; or, a
Method for Calculating the Probabilities of Events in Playfrom 1718, which solved
a large number of combinatorial problems relating to games with cards or dice. As a
typical example, de Moivre computed the probability of obtaining at least two aces
in eight rolls with a dice.

In this type of problem the answers will inevitably involve binomial coefficients.
The answer can be completely digestible as long as the problem size is small. But
binomial coefficients have an extremely rapid growth with the problem size,and the
available tables will soon be exhausted. It can be very difficult to get a feeling for the
magnitude of a certain combination of binomial coefficients - does it correspond to a
sizeable probability or is is for all practical purposes equal to zero?

For many problems the natural answer comes in the form of a sumof point-
probabilities, and such problems become even less tractable. To get a feeling for a
sum with many terms, we must be able to identify the major contributions, but if
each term is a product of a huge factor (say, a binomial coefficient) and a tiny fac-
tor (say, a reasonable probability raised to a large power) it is very difficult to know
which terms that are noteworthy and which terms that can be ignored.

De Moivre worked for many years (partly in collaboration with and partly in compe-
tition with Stirling) on how to find approximate expressionsfor sums of probabilities.
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54 Chapter 3. Central limit theorems

The main result was what we today know as Stirling’s formula.We tend to think of
this formula as an asymptotic expansion of the Gamma-function (see section 8.3 of
MT, where this viewpoint is expanded), but the main motivation for de Moivre and
Stirling was to control binomial coefficients. De Moivre established that ifX1,X2, . . .

are independent Bernoulli variables with

P(Xi = 1) =
1
2
, P(Xi = 0) =

1
2
,

and if we let
kn(x) =

[

n/2+ x
√

n/4
]

then it holds that
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nπ

e−x2/2 .

This claim (or at least a claim closely related to it) appearsin the 1738-edition of
The Doctrine of Chances, side by side with simular formulas for sums of asymmetric
Bernoulli variables. After a bit of handwaving, this leads to the first version of what
we today call acentral limit theorem (CLT) : for anya < b it holds that

P

(

a ≤
∑n

i=1 Xi − n/2
√

n/4
≤ b

)

≈ 1
√

2π

∫ b

a
e−x2/2 dx . (3.1)

In general, a CLT is a limit theorem with a normal distribution in the limit. The use
of the word ’central’ in this connection is originally due tothe fact that it is a theorem
about the central parts of the distribution (as opposed to the tail-behavior), but it could
equally well be attributed to the paramount importance of these theorems - they are
the cornerstones of applied probability and statistics.

De Moivre did probably not see anything metaphysical in (3.1). To him, it was just
another approximation formula. He was probably the first manin history to consider
the integral on the right hand side of (3.1), and he did not relate it to anything. The
term ’normal distribution’ is a much later development, andde Moivre did not even
realize that there is a probability distribution involved -this observation is due to
Laplace some 50 years later. To get a proper feeling for the difficulties facing de
Moivre, please note that the symbolse andπ were not in use in his days, and he
had to represent these magnitudes using his own notation - which of course tended
to shift over time. Furthermore, the modern argument leading to (3.1) is to consider
the left hand side as a Riemann-sum for the integral on the right - but the foundations
of integration theory was a mess at the time, and a clear graspof the concept of a
Riemann-sum was more than a century away.
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Quite a lot of people tried to advance the ideas of de Moivre, but for a long time
without any real progress: the approximation arguments seemed to work only for the
binomial distribution. But in 1782 Laplace had a breakthrough. He was able to ap-
proximate sums of of variables that could assumethree values (instead of the two
values of a Bernoulli variable). The key to success was an extraordinary tricky sub-
stitution argument, where he translated everything to integrals involving the complex
exponential function. His ideas are in fact quite similar towhat we today callchar-
acteristic functions, an essential part of advanced probability theory, closelyrelated
to the concept of Fourier series. The big surprise was that heencountered the same
approximating integral as in the binomial case. And here themetaphysical principle
begin to take shape: it appears that the distribution of a sumof stochastic variables is
almost unaffected by the distribution of the individual term!

Laplace succeeded in giving quite general proofs of CLTs foraverages of indepen-
dent, identically distributed variables by using his trickwith the complex exponential.
A few years later Gauss devised a theory of ’measurement errors’ based on the nor-
mal distributions, and the normal distribution has ever since been a key ingredient in
every course of statistics.

In the late 19th century, Chebyshev and his students (in particular Markov and Lya-
pounov) started contemplating on what really happens in a CLT. It turns out that there
are some subtle differences between convergence of distribution functions (the type
of convergence appearing in de Moivre’s theorem) and convergence of characteris-
tics functions. Chebyshev developed a theory for convergence of abstract probability
measures to explore this. We shall retrace his steps in this chapter, even though we
shall not introduce characteristic functions at all.

3.1 Convergence of measures

LetCb(Rk) be the class functionsRk → Rwhich are continuous and bounded. Clearly
everyCb(Rk)-function is Borel measurable, and as they are bounded, they are inte-
grable with respect to any probability measure on (R

k,Bk). For a functionf ∈ Cb(Rk)
we will consider theuniform norm

‖ f ‖ = sup
x∈Rk
| f (x)| .
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Definition 3.1 A sequence of probability measuresν1, ν2, . . . on (Rk,Bk) is said to
converge weaklyto a limit probability measureν if

lim
n→∞

∫

f (x) dνn(x) =
∫

f (x) dν(x) for every f∈ Cb(Rk) . (3.2)

We will writeνn
wk→ ν for n→ ∞ to denote weak convergence.

Note that a limit for weak convergence is necessarily unique: if νn
wk→ ν andνn

wk→ λ
for n → ∞, then it holds that

∫

f dν =
∫

f dλ for every function f ∈ Cb(Rk). And
this implies thatν = λ, according to problem 1.11.

Example 3.2 Let x1, x2, . . . and x be points inRk, and consider the corresponding
one-point measuresǫx1 , ǫxn . . . andǫx. If xn → x for n → ∞, then it is simple to see

thatǫxn

wk→ ǫx. For if f is a continuous bounded function, then we have that

∫

f dǫxn = f (xn)→ f (x) =
∫

f dǫx for n→ ∞ .

In fact, the opposite implication is also true. Suppose thatǫxn

wk→ ǫx. Let δ > 0 be
given, and construct a continuous functionf satisfying that

1{x} ≤ f ≤ 1B(x,δ) .

For instance,f could be the composition ofy 7→ |y− x| with the real-valued piecewise
affine mapz 7→ (1− z/δ)+. Due to the weak convergence, we see that

∫

f dǫxn →
∫

f dǫx = f (x) = 1 for n→∞ ,

and as
∫

f dǫxn = f (xn) ≤ 1(B(x,δ)(xn) it holds that|xn − x| < δ for n large enough.
◦

Example 3.3 On the measurable space (R,B), let νn be the empirical measure in the
points 0, 1

n,
2
n, . . . ,

n−1
n . If f is a continuous function, we see that

∫

f dνn =
1
n

n
∑

i=1

f

(

i − 1
n

)

.
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Consider the piecewise constant functions

fn(x) =
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





f (0) for x ∈
[

0, 1
n

)

f
(

1
n

)

for x ∈
[

1
n,

2
n

)

...
...

f
(

n−1
n

)

for x ∈
[

n−1
n , 1

)

Observe that
∫ 1

0
fn(x) dm(x) =

1
n

n
∑

i=1

f

(

i − 1
n

)

,

so we actually have that
∫

f dνn =
∫ 1

0
fn(x) dx. The continuity of f ensures that

fn(x) → f (x) for everyx ∈ [0, 1), and this convergence is dominated by‖ f ‖, so the
dominated convergence theorem implies that

∫ 1

0
fn(x) dx→

∫ 1

0
f (x) dx for n→ ∞ ,

And translated intoνn-integrals, this is exactly the statement thatνn converges weakly
to the restriction of the Lebesgue measure to the unit interval.

◦

An interesting observation can be made in example 3.3. The converging measures
νn are discrete, while the limit measure is continuous. It is equally easy to produce
examples where sequences of continuous measures converge weakly to a discrete
measure. So within the theory of weak convergence, the usualdichotomy between
continuous and discrete probability measures is less pronounced than in other areas
of probability.

Lemma 3.4 (Scheffé) Let ν1, ν2, . . . and ν be probability measures on(Rk,Bk). As-
sume that for some choice of basic measureµ it holds thatνn = fn · µ for every n and
ν = f · µ for suitable density functions fn and f . If

fn(x)→ f (x) for n→ ∞ µ-almost surely

then it holds thatνn
wk→ ν.
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Proof: We will prove that fn → f in L1(µ). As any functiong ∈ Cb(Rk) is bounded
by ‖g‖, theL1-convergence implies that

∣

∣

∣

∣

∣

∫

g dνn −
∫

g dν
∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫

g fn − g f dµ
∣

∣

∣

∣

∣

≤
∫

‖g‖ | fn − f |dµ → 0 ,

and so the desired weak convergence follows.

As we discussed in section 1.1, it is not true in general that pointwise convergence
impliesL1-convergence - some kind of domination is usually required to make the
argument work. But when we know that the functions involved are probability densi-
ties, there is a trick with positive and negative parts that allows us to circumvent the
need for domination. We can observe that for everyx it holds that

( fn − f )−(x) = max
{

−( fn(x) − f (x)
)

, 0
}

= max{ f (x) − fn(x), 0} ≤ f (x) ,

using thatfn(x) ≥ 0 and thatf (x) ≥ 0. As x 7→ max{−x, 0} is a continuous function,
we see that (fn − f )− converges pointwise to zeroµ-almost surely. As we observed,
this convergence is dominated by the integrable functionf , so by Lebesgues theorem
on dominated convergence, we conclude that

∫

( fn − f )− dµ→ 0 for n→ ∞ .

The trick is now to observe that sinceνn andν have total mass 1, it holds that

0 =
∫

fn dµ −
∫

f dµ =
∫

fn − f dµ =
∫

( fn − f )+ dµ −
∫

( fn − f )− dµ .

Hence
∫

| fn − f |dµ =
∫

( fn − f )+ dµ +
∫

( fn − f )− dµ = 2
∫

( fn − f )− dµ → 0 ,

exactly as desired.
�

Example 3.5 Let νn = N(ξn, σn
2) be a sequence of Gaussian distributions onR. If

ξn→ ξ , σn→ σ for n→ ∞ ,

for someσ > 0, then theνn-measures will converge weakly toN(ξ, σ2). This follows
from Scheffé’s lemma, since

1
σn
φ

(

x− ξn
σn

)

→ 1
σ
φ

( x− ξ
σ

)

for n→ ∞ ,
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whereφ is the density of the standard normal distribution. The functions in this re-
lation are precisely the densities ofνn and ofN(ξ, σ2) with respect to Lebesgue
measure.

◦

Weak convergence is a notion that makes sense for a sequence of probability mea-
sures. But in applications of the theory, it is usually more convenient to express the
results in terms of stochastic variables. This leads to the following terminology:

Definition 3.6 A sequence of stochastic variables X1,X2, . . . , defined on a common
background space(Ω, F,P) and with values inRk, is said toconverge in distribution

to a limit variable X, symbolically written as Xn
D→ X, if the corresponding image

measures X1(P),X2(P), . . . converge weakly to the image measure X(P).

Mathematically speaking, it is not necessary that the variables are defined on a com-
mon background space, as the definition only involves the image measures. But it is
difficult to get a grip on the scenario if the background space is not considered fixed.
By use of the abstract change-of-variable formula, the condition for convergence in

distribution can conveniently be formulated as follows: itholds thatXn
D→ X if and

only if
∫

f (Xn) dP→
∫

f (X) dP for every f ∈ Cb(Rk) .

We know that a limit measure for weak convergence is necessarily unique. But for
convergence in distribution, the situation is somewhat more intricate. The limit vari-
ableX only appears in the definition of convergence in distribution through its dis-
tribution X(P). Hence all stochastic variables with the same distribution are equally
applicable. As an illustration of the surprises hidden in this observation, note that

whenXn
D→ X whereX isN(0, 1)-distributed, then it also true thatXn

D→ −X, since
−X isN(0, 1)-distributed as well.

Theorem 3.7 (Continuous mapping theorem)Let X1,X2, . . . and X be stochastic

variables with values inRk, and let h: Rk → Rm be continuous. If Xn
D→ X, then it

holds that h(Xn)
D→ h(X).
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Proof: Note that ifg is aCb(Rm)-function, theng ◦ h is aCb(Rk)-function. Hence
∫

g
(

h(Xn)
)

dP=
∫

g ◦ h(Xn) dP→
∫

g ◦ h(X) dP=
∫

g
(

h(X)
)

dP ,

exactly as desired.
�

As a trivial application of the continuous mapping theorem,observe that ifXn
D→ X

in Rk, then for any fixed vectorv ∈ Rk it holds that

vTXn
D→ vT X ,

where weak convergence inRk is translated into weak convergence inR. It turns out
that the opposite implication is true:

Theorem 3.8 (Craḿer-Wold) Let X1,X2, . . . and X be stochastic variables with
values inRk. If

vTXn
D→ vT X , (3.3)

for any fixed vector v∈ Rk, then it holds that Xn
D→ X.

We will not prove the Cramér-Wold theorem, even though we will rely heavily on it
in latter parts of this chapter. It is very difficult (though not impossible) to prove the
Cramér-Wold theorem without taking recourse to characteristic functions or similar
Fourier-based techniques1.

3.2 Distribution functions and weak convergence

It would be difficult to defend the definition of weak convergence of probability mea-
sures on the ground that it is an intuitive and natural concept. Certain integrals are
required to converge, but what information does such a statement really contain about
the measures themselves? On (R,B) one way to get a partial answer to this question
is to examine what happens with the distribution functions.

1One of the classics of probability theory, Billingsley’s book Probability and measure, states that
Fourier-based techniques are seemingly necessary for the proof of the Cramér-Wold theorem. There are,
however, direct proofs available. One such proof is given inPollard’s bookA user’s guide to measure
theoretic probability.
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Lemma 3.9 Letν1, ν2, . . . andν be probability measures on(R,B), and let F1, F2, . . .

and F be the corresponding distribution functions. Ifνn
wk→ ν then it holds that

Fn(x0)→ F(x0) for n→∞ ,

whenever x0 is a point of continuity for F.

Proof: For givenε > 0 we can choose continuous bounded functionsf and g,
satisfying that

1(−∞,x0−ε] ≤ f ≤ 1(−∞,x0] and 1(−∞,x0] ≤ g ≤ 1(−∞,x0+ε] .

We can for instance choosef andg to be piecewise affine. We observe that

F(x0 − ε) ≤
∫

f dν = lim
n→∞

∫

f dνn ≤ lim inf Fn(x0) .

Similarly,

F(x0 + ε) ≥
∫

g dν = lim
n→∞

∫

g dνn ≥ lim supFn(x0) .

We can collect these inequalities and obtain

F(x0 − ε) ≤ lim inf Fn(x0) ≤ lim supFn(x0) ≤ F(x0 + ε) .

Letting ε → 0, we can exploit the assumption thatx0 is a point of continuity forF.
We see thatF(x0 − ε) → F(x0) and thatF(x0 + ε) → F(x0) asε → 0. So passing to
the limit we obtain the inequalities

F(x0) ≤ lim inf Fn(x0) ≤ lim supFn(x0) ≤ F(x0) ,

and this establishes thatFn(x0)→ F(x0) for n→ ∞.
�

At a first encounter it may come as a surprise that lemma 3.9 only deals with the
behavior of the distribution functions in points of continuity of the limit probability
measure. After all, there are at most countably many points of discontinuity, and it
would seem plausible that some sort of approximation-scheme using points of conti-
nuity would extend the result to pointwise convergence in every point. But this is not
so - weak convergence does not allow us to make definite statements about points of
discontinuity for the limit measure!
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Example 3.10 Consider on (B,B) the sequenceνn of one-point measures in the
points 1

n, and letν be the one-point measure in 0. According to example 3.2 it holds

thatνn
wk→ ν . But looking at the value of the distribution functions in 0,we see that

Fn(0) = 0 for everyn , F(0) = 1 .

So there is no chance that the distribution functions shouldconverge inevery point.

Curiously, if we repeat the exercise using the one-point measures in−1,−1
2,−

1
3, . . .,

we will in fact obtain pointwise convergence in every point of the distribution func-
tions, even though this situation seems extremely similar to the previous one.

So the problem with lack of pointwise convergence in every point is not just asso-
ciated to discontinuity in the limit distribution. There isalso an issue of a subtle
left-right asymmetry in the definition of the distribution function.

◦

It turns out that weak convergence onR can indeed be rephrased in terms of conver-
gence properties of distribution functions. But as we have illustrated in example 3.10,
some care is needed to pinpoint the essential convergence property. It has to do with
convergence in ’many points’ rather than in all points:

Theorem 3.11 Let ν, ν1, ν2, . . . be probability measures on(R,B) and let

F, F1, F2, . . . be the corresponding distribution functions. It holds thatνn
wk→ ν if

and only if there is a dense subset A⊂ R such that

Fn(x)→ F(x) for n→ ∞ for every x∈ A . (3.4)

Proof: If νn
wk→ ν, we have already seen in lemma 3.9 that (3.4) holds for every

x ∈ R \ ∆(ν),where∆(ν) is the the set of jump points forν. As the set of jump points
is countable, the complementR \ ∆(ν) will necessarily be a dense subset ofR.

So let us conversely assume that there is a dense subsetA ⊂ R where (3.4) holds.
Let f be aCb(R)-function, and letε > 0 be given. AsF(x) converges to 0 and 1 for
x→ ±∞, we can finda andb such that

F(a) <
ε

‖ f ‖ + 1
and F(b) > 1− ε

‖ f ‖ + 1
.
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Without loss of generality we can assume thata, b ∈ A sinceA is dense. It trivially
holds that−‖ f ‖ ≤ f (x) ≤ ‖ f ‖ for everyx, and thus in particular

−‖ f ‖ ν
(

(−∞, a]
)

≤
∫

(−∞,a]
f dν ≤ ‖ f ‖ ν

(

(−∞, a]
)

.

A similar estimate can be obtained for the upper tail. Hence the choice ofa andb
ensures that

−ε <
∫

(−∞,a]
f dν < ε and − ε <

∫

(b,∞)
f dν < ε .

Using thata, b ∈ A, we can from (3.4) chooseN ∈ N such that

Fn(a) <
ε

‖ f ‖ + 1
and Fn(b) > 1− ε

‖ f ‖ + 1
for n ≥ N . (3.5)

If we repeat the arguments above, we obtain that

−ε <
∫

(−∞,a]
f dνn < ε and − ε <

∫

(b,∞)
f dνn < ε for n ≥ N .

Collecting the informations, we conclude that
∣

∣

∣

∣

∣

∣

∫

(−∞,a]
f dνn −

∫

(−∞,a]
f dν

∣

∣

∣

∣

∣

∣

< 2ε ,

∣

∣

∣

∣

∣

∣

∫

(b,∞)
f dνn −

∫

(b,∞)
f dν

∣

∣

∣

∣

∣

∣

< 2ε ,

for every n ≥ N. We will now - possibly after replacingN with a larger value -
establish that

∣

∣

∣

∣

∣

∣

∫

(a,b]
f dνn −

∫

(a,b]
f dν

∣

∣

∣

∣

∣

∣

< 3ε for n ≥ N . (3.6)

In that case it follows that
∣

∣

∣

∣

∣

∫

f dνn −
∫

f dν
∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

∣

∫

(−∞,a]
f dνn −

∫

(−∞,a]
f dν

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∫

(a,b]
f dνn −

∫

(a,b]
f dν

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∫

(b,∞)
f dνn −

∫

(b,∞)
f dν

∣

∣

∣

∣

∣

∣

< 2ε + 3ε + 2ε ,

for n ≥ N. From this estimate is is clear how to establish weak convergence.

To show (3.6) we note that the continuous functionf is uniformly continuous on the
compact interval [a, b]. Hence we can findδ > 0 such that

x, y ∈ [a, b] , |x− y| < δ ⇒ | f (x) − f (y)| < ε .
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Choose a partition of [a, b],

a = y0 < y1 < . . . < yM−1 < yM = b ,

such that|yn − yn−1| < δ for every n, and such thatyn ∈ A for every n. We can
for instance start out with an equidistant grid betweena andb where the distance
between neighboring points isρ < δ/2, and then choose anA-point in each of the
grid intervals.

From this partition we construct a functiong as follows:

g =
M
∑

i=1

mi 1(yi−1,yi ] ,

where
mi = min

{

f (y) | y ∈ [yi−1, yi ]
}

for i = 1, . . . ,M .

The essential point is that we have constructedg such that

g(x) ≤ f (x) < g(x) + ε for x ∈ (a, b] .

Furthermore, we notice that
∫

g dνn =
M
∑

i=1

mi

(

Fn(yi) − Fn(yi−1)
)

→
M
∑

i=1

mi

(

F(yi) − F(yi−1)
)

=

∫

g dν

for n→ ∞. Hence
∣

∣

∣

∣

∣

∣

∫

(a,b]
f dνn −

∫

(a,b]
f dν

∣

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

∣

∫

(a,b]
f dνn −

∫

(a,b]
g dνn

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∫

(a,b]
g dνn −

∫

(a,b]
g dν

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∫

(a,b]
g dν −

∫

(a,b]
f dν

∣

∣

∣

∣

∣

∣

< ε +

∣

∣

∣

∣

∣

∣

∫

(a,b]
g dνn −

∫

(a,b]
g dν

∣

∣

∣

∣

∣

∣

+ ε

which again is smaller that 3ε whenn is large enough.
�

It should be noted that in most applications of the weak convergence concept, the
limit measure will actually be continuous - in the most common cases the limit is a
Gaussian distribution or aχ2-distribution. In these cases, weak convergence is equiv-
alent to pointwise convergence of the distribution functions - indeed, it can be shown
to be equivalent touniform convergence of the distribution functions, though we will
not need this here.
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3.3 Tightness

The purpose of this section is to show that when we attempt to establish weak con-
vergence, we do not have to check convergence of the integrals as in (3.2) for every
singleCb-function. There is a considerable number of subclasses ofCb that will suf-
fice.

We will need to work with an increasing sequenceK1 ⊂ K2 ⊂ . . . of compact subsets
of Rk. To have a specific sequence in mind, we will use

Km = [−m,m] × . . . × [−m,m] for m ∈ N ,

but many other choices would be be equally applicable. One ofthe useful properties
of this specific sequence is that is easy to see how to produce acontinuous function
f with the property

1Km(x) ≤ f (x) ≤ 1Km+1(x) for x ∈ Rk . (3.7)

In one dimension we can use a piecewise affine function (there is a suggestive pic-
ture p. 390 in MT). If we denote this one-dimensional solution by φ, the solution in
dimensionk can take the formf (x1, . . . , xk) = φ(x1) · . . . · φ(xk). Note that a func-
tion satisfying (3.7) will automatically be bounded and have compact support (see
section 1.7).

Definition 3.12 A family(µi)i∈I of probability measures on(Rk,Bk) is tight if for any
ε > 0 there is m∈ N such that

µi

(

Km

)

≥ 1− ε for every i∈ I . (3.8)

Note that a family consisting of a single probability measure is always tight. Indeed,
any finite family of probability measures is tight. As is the union of two tight families.

Theorem 3.13 Letµ, µ1, µ2, . . . be probability measures on(Rk,Bk). If
∫

f dµn→
∫

f dµ for every f∈ Cc(R
k) ,

then the family{µ, µ1, . . .} is tight.



66 Chapter 3. Central limit theorems

Proof: Pickm0 ∈ N such that the limit measureµ satisfies that

µ
(

Km0

)

≥ 1− ε
2
. (3.9)

Find aCb-function f such hat

1Km0
(x) ≤ f (x) ≤ 1Km0+1(x) for x ∈ Rk .

Note that

lim inf µn(Km0+1) ≥ lim inf
∫

f dµn =

∫

f dµ

≥ µ(Km0)

≥ 1− ε
2

In particular there is anN such that

µn(Km0+1) ≥ 1− ε for n > N .

But as the finite family{µ1, . . . , µN} is tight, we can easily findm1 such that

µn(Km1) ≥ 1− ε for n = 1, . . . ,N .

Takingm= max{m0 + 1,m1} we see that (3.8) is satisfied.
�

It follows from theorem 3.13 that any weakly convergent sequence of probability
measure is tight. In the opposite direction it can be shown that any tight sequence has
a weakly convergent subsequence. This is known as Helly’s theorem. This theorem
identifies the compact subsets of the space of probability measures onRk (in the
topology of weak convergence) as the tight subsets.

Theorem 3.14 Letµ, µ1, µ2, . . . be probability measures on(Rk,Bk). If

∫

f dµn→
∫

f dµ for every f∈ Cc(R
k) , (3.10)

then it holds thatµn
wk→ mu.
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Proof: Consider aCb(Rk)-function f andε > 0. Using theorem 3.13 we know that
µ1, µ2, . . . is a tight sequence, hence we can findm such that

µn(Km) ≥ 1− ε for everyn ∈ N

and also for the limit measureµ. Construct a continuous functionφ satisfying

1Km(x) ≤ φ(x) ≤ 1Km+1(x) for x ∈ Rk .

As noted earlier, such a function will automatically beCc(Rk). We see that
∫

f dµn =

∫

fφdµn +

∫

f (1− φ) dµn .

Observe thatfφ is aCc-function, so here (3.10) can be applied. Observe also that
∣

∣

∣

∣

∣

∫

f (1− φ) dµn

∣

∣

∣

∣

∣

≤ ‖ f ‖ ε ,

and similarly for the integral of the limit measure. If we pick n0 so large that
∣

∣

∣

∣

∣

∫

fφdµn −
∫

fφdµ
∣

∣

∣

∣

∣

< ε for n ≥ n0 ,

it follows that
∣

∣

∣

∣

∣

∫

f dµn −
∫

f dµ
∣

∣

∣

∣

∣

≤ 2‖ f ‖ ε +
∣

∣

∣

∣

∣

∫

fφdµn −
∫

fφdµ
∣

∣

∣

∣

∣

< (2‖ f ‖ + 1)ε .

And so we see that
∫

f dµn converges to
∫

f dµ.
�

Corollary 3.15 Letµ, µ1, µ2, . . . be probability measures on(Rk,Bk). If
∫

f dµn →
∫

f dµ for every f∈ C∞c (Rk) , (3.11)

then it holds thatµn
wk→ mu.

Proof: It is straightforward to show that convergence ofC∞c -integrals imply conver-
gence of anyCc-integral by applying theorem 1.25.

�

We shall use corollary 3.15 on numerous occasions. Not necessarily onC∞c , but on
larger classes that come into play more gracefully. It follows for instance from corol-
lary 3.15 that to establish weak convergence, we only need toestablish convergence
of integrals as in (3.2) forCb-functions that are uniformly continuous.
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3.4 Weak convergence and convergence in probability

Recall that a sequence of stochastic variablesX1,X2, . . . with values inRk converges

in probability to a pointx ∈ Rk, written Xn
P→ x, if

P(|Xn − x| > ε)→ 0 for n→ ∞ .

for everyε > 0. Convergence in probability to a point can be formulated interms of
convergence in distribution - or weak convergence, if you will.

Lemma 3.16 Let X,X1,X2, . . . be stochastic variables with values inRk, and assume
that P(X = x0) = 1. It holds that

Xn
P→ x0 ⇔ Xn

D→ X .

Proof: Assume thatXn
D→ X. Takeε > 0, and construct aCb-function f satisfying

1{x0}(x) ≤ f (x) ≤ 1B(x0,ε)(x) for x ∈ Rk ,

for instance by applying the idea from the introduction of section 3.3 on products of
piecewise affine functions of a single coordinate. As 1− f is aCb-function, we see
that

P(|Xn − x0| > ε) =
∫

1B(x0,ǫ)c(Xn) dP≤
∫

(

1− f (Xn)
)

dP→
∫

(

1− f (X)
)

dP= 0 .

And we conclude thatXn
P→ x0.

For the opposite implication, assume thatXn
P→ x0. Let f be aCb(Rk)-function, and

let ε > 0 be given. Asf is continuous inx0, there is aδ > 0 such that

|x− x0| < δ ⇒ | f (x) − f (x0)| < ε .

Hence
∣

∣

∣

∣

∣

∫

f (Xn) dP−
∫

f (X) dP
∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫

f (Xn) − f (x0) dP
∣

∣

∣

∣

∣

≤
∫

(|Xn−x0|<δ)
| f (Xn) − f (x0)|dP+

∫

(|Xn−x0|≥δ)
| f (Xn) − f (x0)|dP

≤ ε + 2‖ f ‖P
(

|Xn − x0| ≥ δ
)

.
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If N is chosen large enough, it holds that

∣

∣

∣

∣

∣

∫

f (Xn) dP−
∫

f (X) dP
∣

∣

∣

∣

∣

≤ 2ε for n ≥ N .

As f andε were arbitrary, it follows thatXn
D→ X.

�

If two sequences of stochastic variables both converge in distribution,

Xn
D→ X , Yn

D→ Y ,

it is generallynot true that the bundle (Xn,Yn) is converging in distribution to the
’obvious’ limit (X,Y) - in fact, the bundle may not converge at all. Convergence in
distribution of (Xn,Yn) is a statement about the sequence of joint distributions, and
there is not sufficient information in the behavior of the marginal distributions to
answer such a question. It is for instance quite easy to construct examples where
all the Xn’s have the same distribution (and hence they are trivially converging in
distribution) and where all theYn’s have the same distribution, but where the joint
distributions are non-fixed and not necessarily converging, see problem 3.3.

But under additional assumptions it is possible to concludethat the bundle (Xn,Yn)
is converging in distribution. A common situation where such a conclusion can be
obtained relates to the special form of convergence in distribution from lemma 3.16:

Lemma 3.17 Let X,X1,X2, . . . be stochastic variables with values inRk, let
Y1,Y2, . . . be stochastic variables with values inRm, and let y be a vector inRm.
If

Xn
D→ X , Yn

P→ y

then the bundle(Xn,Yn) in Rn+m will converge in distribution to the limit variable
(X, y).

Proof: Let f ∈ Cb(Rk+m), and assume thatf is uniformly continuous. For a given
ε > 0 we can findδ > 0 such that

|(x, z) − (x′, z′)| < δ ⇒ | f (x, z) − f (x′, z′)| < ε .
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We shall only apply this to two points with the same first coordinate. So essentially
the formula we shall rely on is

|z− z′| < δ ⇒ | f (x, z) − f (x, z′)| < ε for everyx, z, z′ .

We have to estimate
∣

∣

∣

∣

∣

∫

f (Xn,Yn) dP−
∫

f (X, y) dP
∣

∣

∣

∣

∣

. (3.12)

A simple upper bound is
∣

∣

∣

∣

∣

∫

f (Xn,Yn) − f (Xn, y) dP
∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫

f (Xn, y) − f (X, y) dP
∣

∣

∣

∣

∣

The first integral can be estimated using the uniform continuity of f ,
∣

∣

∣

∣

∣

∫

f (Xn,Yn) − f (Xn, y) dP
∣

∣

∣

∣

∣

≤ εP
(

|Yn − y| < δ
)

+ 2‖ f ‖P
(

|Yn − y| ≥ δ
)

which is smaller than 2ε whenn is large enough. Using theorem 3.7 on the inclusion
mapx 7→ (x, y), we see that

(Xn, y)
D→ (X, y) . (3.13)

So it follows that
∣

∣

∣

∣

∣

∫

f (Xn, y) − f (X, y) dP
∣

∣

∣

∣

∣

< ε ,

whenn is large enough. And consequently it follows that (3.12) is smaller than 3ε
whenn is large enough.

The remark following corollary 3.15 shows that it is sufficient to check (3.2) for
uniformly continuous bounded functions to conclude weak convergence. So it does
actually follow that (Xn,Yn) converges to (X, y) in distribution.

�

When this lemma is combined with theorem 3.7, it has a wealth of consequences and
makes convergence in distribution very flexible to work with. We can for instance
note the following triviality:

Corollary 3.18 (Slutsky) Let X,X1,X2, . . . , Y1,Y2, . . . be stochastic variable with
values inRk. If

Xn
D→ X , Yn

P→ 0

then it holds that
Xn + Yn

D→ X .
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Proof: It follows from lemma 3.17 that (Xn,Yn) converges in distribution to (X, 0).
Now apply the continuous mapping theorem to this, using the continuous map
(x, y) 7→ x+ y.

�

Corollary 3.19 Let X1,X2, . . . and X be stochastic variables with values inRk and
let Y1,Y2, . . . be real-valued stochastic variables. If

Xn
D→ X , Yn

P→ 1

then it holds that
Yn Xn

D→ X .

Proof: It follows from lemma 3.17 hat (Xn,Yn) converges in distribution to (X, 1).
Now apply the continuous mapping theorem to this, using the continuous map
(x, y) 7→ y x.

�

3.5 Asymptotic normality

A certain form of weak convergence to a normal distributed limit is so common that
that is has been given a name of its own:

Definition 3.20 Let X1,X2, . . . be stochastic variables, defined on a background
space(Ω, F,P) with values in(Rk,Bk), let ξ ∈ Rk be a vector and letΣ be a posi-
tive semidefinite k× k matrix.

We say that Xn has anasymptotic normal distribution with parameters
(

ξ, 1
nΣ

)

,
written

Xn
as∼ N

(

ξ,
1
n
Σ

)

,

if
√

n (Xn − ξ)
D→ N (0,Σ) for n→ ∞.
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The central limit theorem of de Moivre, given in formula (3.1) can be rephrased in
this language as

1
n

n
∑

i=1

Xi
D→ N

(

1
2
,

1
4n

)

for n→ ∞.

Many variants of the central limit theorem are best formulated using the concept of
asymptotic normality.

Lemma 3.21 Let X1,X2, . . . and X be stochastic variables with values inRk, and

assume that
√

n Xn
D→ X. It follows that Xn

P→ 0.

Proof: As
√

n Xn converges in distribution, the corresponding image measures form
a tight family of probability measures onRk. Hence, for any givenδ > 0 we can find
a constantC such that

P
(∣

∣

∣

√
n Xn

∣

∣

∣ > C
)

< δ for n ∈ N .

For givenε > 0 we can chooseN so large thatC/
√

N < ε. And thus

P (|Xn| > ǫ) ≤ P
(

|Xn| > C/
√

n
)

< δ for n ≥ N .

It follows thatXn
P→ 0 as desired.

�

An obvious application of this lemma shows that

Xn
as∼ N

(

ξ,
1
n
Σ

)

⇒ Xn
P→ ξ . (3.14)

So asymptotic normality implies that the variables are concentrating around the
asymptotic mean. But asymptotic normality is a much stronger statements, as it gives
a very precise description of the magnitude of the deviations that must be expected -
it tells ushow the distribution ofXn concentrates aroundξ for large values ofn.

The fundamental source for results on asymptotic normalityare the various central
limit theorems, that we shall encounter later in this chapter. These theorems are con-
cerned with sums and averages. But in applications we will frequently encounter
processes that are best described asmodifiedaverages, and it is essential to be able
to say that such processes are still asymptotically normal.Luckily, asymptotic nor-
mality is preserved under a number of operations, in particular under transformations
with differentiable functions:
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Theorem 3.22 Let X1,X2, . . . and Y be stochastic variable with values inRk, and

assume that
√

n Xn
D→ Y. Let f : Rk → Rm be a measurable map. Assume that

f (0) = 0 and that f is differentiable in 0 with derivative D f(0) = A. Then it holds
that √

n f(Xn)
D→ A Y.

Proof: Let us define a functionε : Rk → Rm, by the relation

f (x) = Ax+ |x| ε(x)

for x , 0, and by lettingε(0) = 0. The assumption of differentiability ensures that
ε(x) is continuous in 0. We have that

√
n f(Xn) =

√
n
(

A Xn + |Xn| ǫ(Xn)
)

= A
√

n Xn +
∣

∣

∣

√
n Xn

∣

∣

∣ ǫ(Xn)

By the continuous mapping theoremA
√

n Xn
D→ AY, so Slutsky’s lemma implies the

desired result if we can show that

∣

∣

∣

√
n Xn

∣

∣

∣ ε(Xn)
P→ 0 . (3.15)

As ε(x)→ 0 for x→ 0 we can for any givenδ > 0 find aρ > 0 such that

|x| < ρ ⇒ |ε(x)| ≤ δ .

Hence
P
(

|ε(Xn)| > δ
)

≤ P
(

|Xn| ≥ ρ
)

→ 0 for n→ ∞ ,

due to lemma 3.21. This implies thatε(Xn)
P→ 0. As

∣

∣

∣

√
n Xn

∣

∣

∣

D→ |Y| by the continuous
mapping theorem, it follows from lemma 3.17 that

(∣

∣

∣

√
n Xn

∣

∣

∣ , ε(Xn)
) D→ (|Y|, 0) .

The continuous mapping theorem applied to simple multiplication (similar to the idea
in the proof of corollary 3.19) shows that

∣

∣

∣

√
n Xn

∣

∣

∣ ε(Xn)
D→ 0 .

And hence we conclude from lemma 3.16 that (3.15) is satisfied
�
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Theorem 3.23 (Delta method)Let X1,X2, . . . be stochastic variables with values in
R

k, and let f : Rk → Rm be measurable. If

Xn
as∼ N

(

ξ,
1
n
Σ

)

.

and if f is differentiable inξ, then it holds that

f (Xn) as∼ N
(

f (ξ),
1
n

D f (ξ)ΣD f (ξ)T
)

.

Proof: Essentially, this is just a rephrasing of theorem 3.22. We have assumed that√
n (Xn − ξ) converges in distribution to a stochastic variableY which isN(0,Σ)-

distributed. The map
g(x) = f (x+ ξ) − f (ξ)

satisfies thatg(0) = 0 and is differentiable in 0 withDg(0) = D f (ξ). Hence it holds
that √

n
(

f (Xn) − f (ξ)
)

=
√

n g(Xn − ξ)
D→ D f (ξ) X .

The distribution for the limit variable follows from the usual transformation rules for
normal distributions.

�

The reason for the term ’the delta method’ for theorem 3.23 comes from physics.
Think of Xn as the asymptotic meanξ plus a tiny stochastic perturbation. If the per-
turbationXn − ξ is so small that it can be considered infinitesimal, we can forpracti-
cal purposes pretend thatf is affine, and the theorem becomes obvious. It is typical
physics jargon to argue in term of such infinitesimal perturbations, usually known as
’deltas’

In practical applications of the delta method, it may well happen that the mapf is
not a priori defined on all ofRk. In a one-dimensional setting,f may be square root,
and for anyn there may be positive probability thatXn is negative. It may thus seem
difficult to consider the stochastic variablef (Xn) - it is not well-defined at all. But as
long as f is well-defined in an open neighborhood ofξ, it is customary to disregard
such formal obstacles. We can just extendf to all of Rk in an arbitrary manner (the
spirit of [MT] is to let f be 0 in the parts of space where it is not properly defined
already). As long as the extension is measurable, the limit distribution in the delta
method will not depend on the details of the extension.
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3.6 Triangular array of variables

So far we have been concerned withsequencesof stochastic variables. To avoid ar-
tificial complications when dealing with the necessary normalizations in the central
limit theorems, it is useful to introduce a more elaborate enumeration scheme known
as a triangular array. In its most basic form this means stochastic variables

Xn m , n = 1, 2, . . . , m= 1, . . . , n .

Such variables can naturally be written in the form

X1 1

X2 1 X2 2

X3 1 X3 2 X3 3
...

...
...
. . .

We denote this layout as a canonical triangular array. Seemingly more complicated
triangular arrays can be obtained if there is not exactlyn variables in then’th row of
the array, but sayNn. If Nn → ∞ for n → ∞, we can usually think of such general
triangular arrays as a canonical triangular array with certain rows deleted, and most
of the results we will show can be applied to non-canonical triangular arrays without
problems. But for notational reasons we shall stick to canonical triangular arrays.

For a triangular array we can introduce the row-sums

Sn =

n
∑

m=1

Xn m n = 1, 2, . . .

Our goal will be to formulate conditions on the variables of the array that ensures that
these row-sums converge in distribution to a normal distributed limit variable.

If every variable of the triangular array is real-valued andhas second moment, it can
be convenient to require that the array isnormalized, meaning that

EXn m = 0 for everyn,m, V















n
∑

m=1

Xn m















= 1 for everyn .

If the array is normalized, the row-sums will all have mean 0 and variance 1, giving
at least some plausibility to the idea that they may be converging in distribution.
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Example 3.24 Let Y1,Y2, . . . be independent, identically distributed real-valued
stochastic variables with second moment. Let

EYn = ξ , VYn = σ
2 .

The corresponding normalized triangular array consists ofthe variables

Xn m =
1
√

n

Ym− ξ√
σ2

n = 1, 2, . . . , m= 1, . . . , n , .

We see thatXn m has mean 0 and variance 1/n. Note that the variables in then’th row
of the array are computed from the sameY’s as the previous row except for a single
newcomer. What really changes from row to tow is the normalization of the occurring
Y’s. The row-sums of the normalized array is

Sn =

n
∑

m=1

Xn m =

√
n

√
σ2















1
n

n
∑

m=1

Yi − ξ














.

This is the type of normalization occurring in de Moivre’s central limit theorem.
◦

The main demand we will have to the triangular arrays under study here isindepen-
dence within rows. We will assume that the variablesXn 1,Xn2, . . . ,Xn n are indepen-
dent for any fixedn. We donot assume that variables occurring in different rows
are independent. On the contrary, as in example 3.24 the various rows will usually be
computed from the same background variables, so a considerable amount of inter-row
dependence will be present.

We will establish the fundamental convergence results in terms of an invariance
principle for triangular arrays: Let (Xn m) and (X∗n m) be two normalized triangular
arrays of real-valued stochastic variables, both satisfying independence within rows
and both with the same 2. order structure, meaning that

EX2
n m = EX∗ 2

n m for everyn,m.

We will show that it is possible to replace one array with the other hardly without
changing the distribution of the row-sums. More precisely we will prove that under
mild extra assumptions it holds that

∣

∣

∣

∣

∣

∫

f (Sn) dP−
∫

f (S∗n) dP
∣

∣

∣

∣

∣

→ 0
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for all Cb(R)-functions - or at least for sufficiently many such functions. Here (Sn)
and (S∗n) are the two sequences of row-sums. From this it will follow that if one
sequence of row-sums converge in distribution, so will the other, and to the same
limit.

The normal distributions enter the picture in the followingway: For any normalized
triangular array (Xn m) we can construct a normalized array (X∗n m) with the exact same
second order structure and where all the variables are independent and normally dis-
tributed. ForX∗-array, the row-sums are simplyN(0, 1)-distributed for everyn. In
particular the row-sums converge in distribution to aN(0, 1)-distributed limit. So if
we can get the invariance principle to hold for a replacementof theX-array with the
X∗-array, we have shown that the row-sums of the original arrayconverge in distri-
bution to aN(0, 1)-distributed limit. The normal distribution of the limitwill so to
speak be forced upon us from two fundamental laws of probability: the invariance
principle for normalized triangular arrays and the convolution properties of the nor-
mal distribution.

3.7 The fundamental replacement trick

In this section we will try to bound magnitudes of the form
∣

∣

∣

∣

∣

∣

∣

∫

f















n
∑

i=1

Xi















− f















n
∑

i=1

X∗i















dP

∣

∣

∣

∣

∣

∣

∣

whereX1, . . . ,Xn,X∗1, . . . ,X
∗
n are independent real-valued variables, and wheref is a

suitably niceCb(R)-function.

To make life easy, we will only consider functionsf : R→ R that areC3, and where
the functionsf , f ′, f ′′ and f ′′′ are all bounded. We call such functionsC3-bounded.
Note that anyC∞c (R)-function is triviallyC3-bounded. So to prove weak convergence,
it will suffice to check (3.2) forC3-bounded functions, according to corollary 3.15.

For a givenC3-bounded functionf we can define a mapR : R2→ R by the relation

f (y+ x) = f (y) + f ′(y) x+
1
2

f ′′(y) x2
+ R(y, x) . (3.16)

We observed thatR is the difference of twoC1-functions in two variables, soR is
itself C1. In particularR is B2-measurable.



78 Chapter 3. Central limit theorems

A 3. order Taylor-expansion off aroundy gives that

R(y, x) =
1
6

f ′′′(ξ) x3 ,

for a suitable intermediate pointξ betweeny andy+ x. Thisξ is of course a function
of x andy, but the existence ofξ is guaranteed in such an abstract way (it originates
in the mean value theorem) that it is impossible to say if (x, y) 7→ ξ is measurable!
Hence we should avoid working too directly withξ, but it lends itself willingly to
estimates such as

|R(y, x)| ≤ ‖ f
′′′‖
6
|x|3 . (3.17)

Lemma 3.25 Let X, X∗ and Y be independent real-valued variables. We assume that

EX = EX∗ , EX2
= EX∗2 ,

and that X and X∗ both have 3. moment. For any C3-bounded function f it holds that
∣

∣

∣

∣

∣

∫

f (Y + X) − f (Y + X∗) dP
∣

∣

∣

∣

∣

≤ ‖ f
′′′‖
6

(

E|X|3 + E|X∗|3
)

.

Proof: Let f be aC3-bounded function, and letR be the corresponding remainder
term function from (3.16). For everyy, x, x∗ ∈ R we immediately see that

f (y, x) − f (y, x∗) =

(

f (y) + f ′(y) x+
1
2

f ′′(y) x2
+ R(y, x)

)

−
(

f (y) + f ′(y) x∗ +
1
2

f ′′(y) x∗ 2
+ R(y, x∗)

)

= f ′(y) (x− x∗) +
f ′′(y)

2
(x2 − x∗ 2) + R(y, x) − R(y, x∗) .

Inserting the stochastic variablesY, X andX∗, it follows that

f (Y,X) − f (Y,X∗) = f ′(Y) (X − X∗) +
f ′′(Y)

2
(X2 − X∗2) + R(Y,X) − R(Y,X∗) .

As f ′(Y) and f ′′(Y) are bounded, each term is integrable. Independence gives that

∫

f ′(Y) (X − X∗) dP=
∫

f ′(Y) dP

(∫

X dP−
∫

X∗ dP

)

= 0 ,
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because the parenthesis is zero. Similarly, we obtain that
∫

f ′′(Y) (X2 − X∗2) dP=
∫

f ′′(Y) dP

(∫

X2 dP−
∫

X∗2 dP

)

= 0 .

As a consequence of these observations it follows that
∫

f (Y,X) − f (Y,X∗) dP=
∫

R(Y,X) − R(Y,X∗) dP.

If we combine this with (3.17), we obtain the desired inequality.
�

Theorem 3.26 Let X1, . . . ,Xn,X∗1 . . . ,X
∗
n be independent real-valued stochastic

variables with 3. moment. Assume that

EXi = EX∗i , EX2
i = EX∗2

i , for i = 1, . . . , n .

For any C3-bounded function f it holds that
∣

∣

∣

∣

∣

∣

∣

∫

f















n
∑

i=1

Xi















− f















n
∑

i=1

X∗i















dP

∣

∣

∣

∣

∣

∣

∣

≤ ‖ f
′′′‖
6















n
∑

i=1

E|Xi |3 +
n

∑

i=1

E|X∗i |
3















.

Proof: We introduce new stochastic variables

Zk =

n−k
∑

i=1

Xi +

n
∑

i=n−k+1

X∗i for k = 0, 1, . . . , n .

We see thatZ0 =
∑n

i=1 Xi , while Zn =
∑n

i=1 X∗i . The idea behind this mixed sums is
that two successive variablesZk andZk+1 can fit into lemma 3.25, as

Zk = Yk + Xn−k , Zk+1 = Yk + X∗n−k ,

where

Yk =

n−k−1
∑

i=1

Xi +

n
∑

i=n−k+1

X∗i .

When all theX- andX∗-variables are independent of each other, thenXn−k,X∗n−k and
Yk are independent. Observing the telescope phenomenon

f















n
∑

i=1

Xi















− f















n
∑

i=1

X∗i















= f (Z0) − f (Zn) =
n−1
∑

k=0

f (Zk) − f (Zk+1) ,
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if thus follows that
∣

∣

∣

∣

∣

∣

∣

∫

f















n
∑

i=1

Xi















− f















n
∑

i=1

X∗i















dP

∣

∣

∣

∣

∣

∣

∣

≤
n−1
∑

k=0

∣

∣

∣

∣

∣

∫

f (Zk) − f (Zk+1) dP
∣

∣

∣

∣

∣

≤ ‖ f
′′′‖
6

n
∑

k=1

(

E|Xi |3 + E|X∗i |
3
)

,

which exactly is the desired inequality.
�

The replacement trick in theorem 3.26 is strong enough to give very useful versions
of CLT. But as the essential bound in the theorem has to do with3. moments of
the occurring variables, the conditions are a bit tougher than necessary: the most
flexible versions of CLT has conditions where only 2. momentsenter, and where
the existence of 3. moments is not necessary at all. To obtainsuch results we need
a more sophisticated estimate of the remainder termR(y, x) than (3.17). A 2. order
Taylor-expansion of theC3-function f shows that

R(y, x) =
1
2

f ′′(η) x2 − 1
2

f ′′(y) x2

for an intermediate pointη betweeny andy+ x. This gives rise to the inequality

|R(y, x)| ≤ ‖ f ′′‖ x2 for x, y ∈ R . (3.18)

At the face of it, one would imagine that a 2. order Taylor-expansion gives a poorer
estimate of the remainder term than a 3. order expansion. Andindeed this is true for
small values ofx. But for x far away from zero the estimate (3.18) is actually better
than (3.17). Or more appropriately phrased: the estimate in(3.18) is most likely really
bad, but not as bad as (3.17). We get the best of both estimatesby observing that

|R(y, x)| ≤



















‖ f ′′′‖
6
|x|3 for |x| < c

‖ f ′′‖ x2 for |x| ≥ c

for a suitablec > 0. The inequality is true for anyc > 0, but in applications the trick
may very well be to use a carefully craftedc - or more likely, the whole range of
inequalities obtained for varying the value ofc. After inserting stochastic variables,
we see that

∫

|R(Y,X)|dP≤ ‖ f
′′′‖
6

∫

(|X|<c)
|X|3 dP+ ‖ f ′′‖

∫

(|X|≥c)
X2 dP

≤ c‖ f ′′′‖
6

∫

X2 dP+ ‖ f ′′‖
∫

(|X|≥c)
X2 dP.
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This inequality can directly be applied in the proof of lemma3.25 and theorem 3.26,
and this leads to the following theorem, which remarkably does not require the oc-
curring variables to have 3. moment:

Theorem 3.27 Let X1, . . . ,Xn,X∗1 . . . ,X
∗
n be independent real-valued stochastic

variables with 2. moment. Assume that

EXi = EX∗i , EX2
i = EX∗2

i , for i = 1, . . . , n .

For any C3-bounded function f and any c> 0 it holds that
∣

∣

∣

∣

∣

∣

∣

∫

f















n
∑

i=1

Xi















− f















n
∑

i=1

X∗i















dP

∣

∣

∣

∣

∣

∣

∣

is smaller than

c‖ f ′′′‖
6















n
∑

i=1

EX2
i + EX∗2

i















+ ‖ f ′′‖














n
∑

i=1

∫

(|Xi |≥c)
X2

i dP+
∫

(|X∗i |≥c)
X∗ 2

i dP















.

3.8 Lyapounov’s CLT

Theorem 3.28 (Lyapounov’s CLT) Let (Xn m) be a triangular array of real-valued
stochastic variables with 3. moment. Assume that the array satisfies independence
within rows, assume that

E Xn m = 0 for n,m, lim
n→∞

n
∑

m=1

V Xn m = σ
2 , (3.19)

and assume that the array satisfiesLyapounov’s condition,

n
∑

m=1

E |Xn m|3→ 0 for n→ ∞ . (3.20)

Under these assumptions the row-sums Sn =
∑n

m=1 Xn m satisfy that

Sn
D→ X for n→ ∞ ,

where the limit variable X isN(0, σ2)-distributed.



82 Chapter 3. Central limit theorems

Proof: It is perfectly legitimate that the limit valueσ2 of the variance of the row-
sums is zero. In that case, the statement is that the row-sumsconverge in probability
to 0. This actually follows from the standard proof of the lawof large numbers using
Chebyshev’s inequality, and does not need Lyapounov’s condition at all. So we can
safely ignore this case, and assume thatσ2 > 0 in the remainder of the proof.

Let us use the notationσ2
n m for E X2

n m = V Xn m. Construct a triangular array (X∗n m)
where all variables are independent, and where

X∗n m ∼ N
(

0, σ2
n m

)

.

We shall see in a moment that this array of normal distributedvariables automatically
satisfies Lyapounov’s condition. If (Sn) and (S∗n) are the row-sums of theX-array and
of theX∗-array respectively, it follows from theorem 3.26 that

∣

∣

∣

∣

∣

∫

f (Sn) − f
(

S∗n
)

dP
∣

∣

∣

∣

∣

≤ ‖ f
′′′‖
6















n
∑

m=1

E|Xn m|3 +
n

∑

m=1

E|X∗n m|3














→ 0 for n→ ∞

for anyC3-bounded functionf . The convolution properties of the normal distribution
implies that

S∗n ∼ N














0,
n

∑

m=1

σ2
n m















.

But it follows from example 3.5 that this sequence of normal distributions converge
weakly toN(0, σ2). And hence

∫

f (S∗n) dP→
∫

f (X) dP for n→ ∞ ,

where the variableX isN(0, σ2)-distributed. Combining the information, we obtain
that

∣

∣

∣

∣

∣

∫

f (Sn) dP−
∫

f (X) dP
∣

∣

∣

∣

∣

→ 0 for n→ ∞ ,

for anyC3-bounded functionf . And thusSn
D→ X as desired.

All that is left to prove is that the auxiliaryX∗-array constructed in the course of
the argument indeed satisfies Lyapounov’s condition. IfU has a standard normal
distribution, then

E |X∗n m|3 = σ3
n mE |U |3 . (3.21)
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It is possible to expressE|U |3 as aΓ-integral, and actually it can be shown that

E |U |3 =
√

8/π .

But the precise value of this absolute third moment is of no significance for the sub-
sequent development - all that matters is that the value is finite.

Jensen’s inequality, used on the convex functionx 7→ |x|3/2, gives that

σ3
n m =

(

E X2
n m

)3/2
≤ E

∣

∣

∣X2
n m

∣

∣

∣

3/2
= E |Xn m|3 .

And hence we see that
n

∑

m=1

E |X∗n m|3 = E |U |3
n

∑

m=1

σ3
n m ≤ E |U |3

n
∑

m=1

E |Xn m|3 .

As the originalX-array satisfies Lyapounov’s condition, so will theX∗-array.
�

Example 3.29 Let Y1,Y2, . . . be independent, identically distributed real-valued
stochastic variables, and assume that these variables have3. moment. Let us use the
notation

ξ = EYi , σ2
= VYi .

Introduce the triangular array

Xn m =
Ym− ξ√

n
n = 1, 2, . . . , m= 1, . . . , n .

All the variables of this array have mean 0, and we see thatV Xn m = σ
2/n implying

that (3.19) is satisfied. Furthermore,

E |Xn m|3 =
E |Ym− ξ|3

n3/2
,

and so
n

∑

m=1

E |Xn m|3 =
n

∑

m=1

E |Ym− ξ|3

n3/2
=

n E |Y1 − ξ|3

n3/2
→ 0 for n→ ∞ .

Hence it follows from Lyapounov’s CLT that

1
√

n

n
∑

m=1

(Ym− ξ)
D→ N

(

0, σ2
)

.



84 Chapter 3. Central limit theorems

Or if you will, that
1
n

n
∑

m=1

Yi
as∼ N

(

ξ,
1
n
σ2

)

. (3.22)

This statement is usually referred to as Laplace’s CLT, and it is the centerpiece of
weak convergence theory.

◦

This particular proof of Laplace’ CLT requires that the variables have third moment.
This is an artefact of the proof - it will appear later that Laplace’s CLT holds true
under the assumption of second moments only. So Lyapounov’sCLT may not give
the strongest possible results. But as Lyapounov’s condition is so easy to check, the-
orem 3.28 is arguably the most popular of the general versions of CLT.

Example 3.30 In figure 3.1 and figure 3.2 we have examined the practical content
of (3.22) for exponentially distributed variables. The exponential distribution itself is
not at all like a normal distribution, so if the averages tendbehave like normals, it is
a powerful illustration of the strength of the force behind the CLT. For four different
values ofn we have generated 1 000 variables of the form

1
n

n
∑

i=1

Yi , (3.23)

where theY’s are independent and exponentially distributed with mean1. Figure 3.1
illustrates the results in a histogram. It shows that for large values ofn, the aver-
ages (3.23) will concentrate quite visibly around the value1. This concentration is no
big surprise - it is the law of large numbers in action.

In figure 3.2 we have shown a QQ-plot of the empirical distribution of the aver-
ages against the approximating normal distribution from (3.22), that is against the
N

(

1, 1
n

)

-distribution. The agreement is horribly bad for small values ofn - as ex-
pected, due to the non-normal behavior of the exponential distribution. But we also
see a quite convincing agreement for larger values ofn, in particular forn = 100.

The conclusion is that the averages (3.23) will not only concentrate around the ex-
pected valueξ whenn is large: we can with impressive accuracy describe the vari-
ability aroundξ with a normal distribution with small variance. And perhapsmost
important: the value of this small variance in the approximating normal distribution
is actually known in advance!

◦
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Figure 3.1:The empirical distribution of 1 000 averages of the form (3.23), when the vari-
ables involved are independent and exponentially distributed with mean 1.

Example 3.31 Let Y1,Y2, . . . be independent, identically distributed real-valued
stochastic variables with common distribution functionF. Let F̂n be the empirical
distribution function, calculated from the firstn observations, that is

F̂n(x) =
1
n

n
∑

i=1

1(−∞,x](Yi) .

The variables 1(−∞,x] (Ym) are independent Bernoulli variables with success probabil-
ity F(x). Hence they have meanF(x) and varianceF(x)(1− F(x)), and they certainly
have 3. moment. It follows from example 3.29 that for fixedx it holds that

√
n
(

F̂n(x) − F(x)
) D→ N

(

0, F(x)(1− F(x))
)

for n→ ∞ .

For fixedn this gives rise to the construction of a pointwise confidence-band around
the theoretical distribution functionF. If we draw

x 7→ F(x) − 1.96
√

n

√

F(x)(1− F(x))
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Figure 3.2:A QQ-plot of the empirical distribution of 1 000 averages of the form (3.23),
when the variables involved are independent and exponentially distributed with mean 1. The
QQ-plot is against the postulated approximating normal distribution from (3.22).

as a lower bound and

x 7→ F(x) +
1.96
√

n

√

F(x)(1− F(x))

as an upper bound, we will expect that the empirical distribution function ’by and
large’ is contained in this band. The precise statement is that for fixed x there is a
probability converging to 95% asn → ∞, that the empirical distribution function is
between these two limits.

In figure 3.3 these limits are drawn in an example where theY’s are uniformly dis-
tributed on (0, 1) and wheren = 100. There is added a single empirical distribution
function, based on 100 uniformly distributed variables. This particular empirical dis-
tribution function is well within the confidence band, and this is not at all uncommon.
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It does however occur for less than 95% of a large numbers of empirical distribution
functions.
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Figure 3.3:Pointwise asymptotic confidence-bands for the empirical distribution function,
based on a sample of 100 independent uniformly distributed random variables. A single ex-
ample of such a distribution function has been added.

The probability statement is pointwise for fixedx, it is not uniform - the empirical
distribution function may well escape the band here and there, but the domain of this
wild behavior will change from replication to replication.It is possible to construct
uniform confidence bands, but this requires considerably more advanced weak con-
vergence theory.

◦

Example 3.32 Let us now consider an example where the triangular array formalism
proves to be worthwhile. LetY1,Y2, . . . be independent, identically distributed real-
valued stochastic variables with a common distribution function F. Assume thatF
has a uniquep-quantile xp, and thatF is differentiable inxp with F′(xp) = a for
a suitable constanta. We assume thata , 0. Note thatF is continuous inxp. In
particular it holds thatF(xp) = p.

The empiricalp-quantile, based on the observationsY1, . . . ,Yn, may not be uniquely
determined, but we choose to use

Zn = Y(n:⌈np⌉) ,



88 Chapter 3. Central limit theorems

where ⌈y⌉ denotes the smallest integer larger than or equal toy, and where
Y(n:1),Y(n:2), . . . ,Y(n:n) are the ordered values ofY1, . . . ,Yn. Though this choice prob-
ably makes hard reading, it is quite unproblematic ifnp is not an integer, for in that
case thep-quantile of the empirical distribution functionis unique, and it is exactly
what the formula produces. Ifnpby an unfortunate twist of faith is an integer, things
are more complicated: there is a whole interval ofp-quantiles for the empirical dis-
tribution function - and our definition happens to these the smallest of these.

If the Y’s are uniformly distributed on the unit interval, then according to exam-
ple 20.20 of [MT],Zn is B-distributed with shape parameters⌈np⌉ andn+ 1− ⌈np⌉.
In that case

E Zn =
⌈np⌉
n+ 1

≈ p , V Zn =
⌈np⌉ (n+ 1− ⌈np⌉)

(n+ 1)2 (n+ 2)
≈ p(1− p)

n
.

As xp in case equalsp, this result supports the idea that is should be possible to say
something useful about the asymptotic distribution of

√
n (Zn − xp) . (3.24)

We return to the general case and consider the distribution function for (3.24):

P
(√

n (Zn − xp) ≤ x
)

= P(Zn ≤ xp + x/
√

n)

= P(at least⌈np⌉ of Y1, . . . ,Yn are smaller that or equal toxp + x/
√

n)

= P















n
∑

m=1

1(−∞,xp+x/
√

n](Ym) ≥ ⌈np⌉














= P















1
√

n

n
∑

m=1

1(−∞,xp+x/
√

n](Ym) − F(xp + x/
√

n) ≥
⌈np⌉ − nF(xp + x/

√
n)

√
n















= P















n
∑

m=1

Xn m ≥ xn















,

where we have introduced the triangular array (Xn m) with variables

Xn m =
1(−∞,xp+x/

√
n](Ym) − F(xp + x/

√
n)

√
n

,

and where we have introduced the sequence of real numbers

xn =
⌈np⌉ − nF(xp + x/

√
n)

√
n

.
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The triangular array clearly has independence within rows,and we see that

EXn m = 0 , VXn m =
F(xp + x/

√
n)(1− F(xp + x/

√
n))

n
, E|Xn m|3 ≤ n−3/2 .

Obviously the 3. moments of the array satisfy Lyapounov’s condition, and as

n
∑

m=1

VXn m→ p(1− p) for n→ ∞ ,

we find from Lyapounov’s CLT that

n
∑

m=1

Xn m
D→ X ,

where the limit variableX isN(0, p(1− p))-distributed. Considering the sequencexn

we observe - by adding and subtractingp = F(xp) - that

xn =
⌈np⌉ − np
√

n
− x

F(xp + x/
√

n) − F(xp)

x/
√

n
→ 0− x a for n→ ∞ .

Using that the distribution function for a normal distribution is continuous, we see
that

P















n
∑

m=1

Xn m ≥ xn















→ P(X ≥ −xa) .

But the limit variableX has a distribution which is symmetric around 0, so

P(X ≥ −xa) = P(X ≤ xa) .

All in all we can conclude that

P
(√

n(Zn − xp) ≤ x
)

→ P(X ≤ xa) = P(X/a ≤ x) .

So the distribution function for the normalized empiricalp-quantiles in (3.24) con-
verges pointwise to the distribution function for a normal distribution with mean 0
and variancep(1−p)

a2 . This can be rephrased as:

Zn
as∼ N

(

p,
p(1− p)

n a2

)

. (3.25)

We have been working under the assumption thatF is differentiable inxp with a
non-zero derivative. This assumption cannot be relaxed. Ifit does not hold, the

√
n-

normalization is typically not the right choice, and even ifthis is corrected, the limit
distribution will in most cases not be normal.

◦
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Theorem 3.33 (Multidimensional Lyapounov CLT) Let (Xn m) be a triangular ar-
ray of stochastic variables with values inRk and 3. moment. . Assume that the array
satisfies independence within rows, assume that

E Xn m = 0 for n,m, lim
n→∞

n
∑

m=1

V Xn m = Σ

for some k× k matrixΣ, and assume that the array satisfies Lyapounov’s condition

n
∑

m=1

E |Xn m|3→ 0 for n→ ∞ . (3.26)

Under these assumptions the row-sums Sn =
∑n

m=1 Xn m satisfy that

Sn
D→ X for n→ ∞ ,

where the limit variable X isN(0,Σ)-distributed.

Proof: The result is an easy combination of the one-dimensional CLT with Lya-
pounov’s condition and the Cramér-Wold theorem. Take a fixed vectorv ∈ Rk, and
consider the triangular array (vTXn m) of real-valued variables.

This new array has independence within rows, is has

E vT Xn m = vTE Xn m = 0 ,

it has
V vTXn m = vT V Xn mv ,

and according to the Cauchy-Schwarz inequality it has

E |vT Xn m|3 ≤ |v|3 E |Xn m|3 .

The latter observation clearly shows that this new array satisfies Lyapounov’s condi-
tion, and as

n
∑

m=1

V vT Xn m = vT















n
∑

m=1

V Xn m















v→ vT
Σ v for n→ ∞

we see that

vT
n

∑

m=1

Xn m =

n
∑

m=1

vTXn m
D→ N

(

0, vT
Σ v

)

.
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But this limit distribution is exactly the distribution ofvT X, if X is N(0,Σ)-
distributed. So the desired multidimensional result follows from the Cramér-Wold
theorem.

�

As an easy application of theorem 3.33 we can repeat the calculations from exam-
ple 3.29 to see that ifY1,Y2, . . . are independent, identically distributed stochastic
variables with values inRn and with

E Yi = ξ , V Yi = Σ ,

then it holds that
1
n

n
∑

m=1

Yi
as∼ N

(

ξ,
1
n
Σ

)

. (3.27)

under the extra condition thatE |Yi |3 < ∞. As in one dimension, the assumption on
existence of 3. moments is an artefact, and as we will see in the next section, it can
be replaced by the more natural condition of existence of 2. moments.

3.9 Lindeberg’s CLT

Lyapounov’s condition is very easy to use, and it is the natural tool for proving CLTs
in most specific examples. But as we have mentioned several times, the condition
is a tad too strong, and this gives rise to superfluous or artificial limitations. More
sophisticated conditions for CLTs can be a blessing. A triangular array (Xn m) of real-
valued stochastic variables satisfiesLindeberg’s condition if

lim
n→∞

n
∑

m=1

∫

(|Xn m|>c)
X2

n mdP= 0 for everyc > 0 . (3.28)

This condition does not appear as natural as Lyapounov’s condition. But it works in
the same way: it protects us form working with triangular arrays where the variables
are progressively more heavy-tailed as we go from row to row.

Note the trivial integration inequality
∫

(|Xn m|>c)
X2

n mdP≤
∫

(|Xn m|>c)

|Xn m|3

c
dP≤ E |Xn m|3

c
. (3.29)

This inequality implies that a triangular array satisfyingLyapounov’s condition will
also satisfy Lindeberg’s condition.
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Lemma 3.34 Let (Xn m) be a triangular array of real-valued stochastic variables
with 2. moment. If EXn m = 0 for every n and m, and if the array satisfies Lindeberg’s
condition (3.28), then it holds that

max
m=1,...,n

V Xn m→ 0 for n→ ∞ . (3.30)

Proof: For everyc > 0 and everyn,m we have that

∫

X2
n mdP=

∫

(|Xn m|≤c)
X2

n mdP+
∫

(|Xn m|>c)
X2

n mdP≤ c2
+

n
∑

k=1

∫

(|Xn k|>c)
X2

n k dP.

This implies that

max
m=1,...,n

V Xn m ≤ c2
+

n
∑

k=1

∫

(|Xn k|>c)
X2

n k dP,

and as the last term converges to zero, we can find anN such that

max
m=1,...,n

V Xn m ≤ 2c2 for n ≥ N .

But c can be chosen arbitrarily small, and hence (3.30) follows.
�

Theorem 3.35 (Lindeberg’s CLT) Let (Xn m) be a triangular array of real-valued
stochastic variables. Assume that the array satisfies independence within rows, that

E Xn m = 0 for every n,m, lim
n→∞

n
∑

m=1

V Xn m = σ
2 ,

and that the array satisfies Lindeberg’s condition,

lim
n→∞

n
∑

m=1

∫

(|Xn m|>c)
X2

n mdP= 0 for every c> 0 . (3.31)

Under these assumptions, the row-sums Sn =
∑n

m=1 Xn m satisfy that

Sn
D→ X for n→ ∞ ,

where the limit variable X isN(0, σ2)-distributed.
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Proof: By and large we copy the proof of Lyapounov’s CLT. We use the notation
σ2

n m for the 2. momentE X2
n m = V Xn m. We construct a new triangular array (X∗n m)

where all the variables are independent, and where

X∗n m ∼ N
(

0, σ2
n m

)

.

We shall see in a moment that this new array of normal distributed variables auto-
matically satisfies Lindeberg’s condition. If (Sn) and (S∗n) are the row-sums of the
X-array and of theX∗-array respectively, it follows from theorem 3.27 that

∣

∣

∣

∣

∣

∫

f (Sn) − f
(

S∗n
)

dP
∣

∣

∣

∣

∣

≤ 2c‖ f ′′′‖
6















n
∑

m=1

σ2
n m















+ ‖ f ′′‖














n
∑

m=1

∫

(|Xn m|>c)
X2

i dP+
∫

(|X∗n m|>c)
X∗2

n mdP















,

for anyC3-bounded functionf . Lindeberg’s condition ensures that the last term of
this upper bound converges to zero. However, the first term will not disappear. We
see that

lim sup
n→∞

∣

∣

∣

∣

∣

∫

f (Sn) − f
(

S∗n
)

dP
∣

∣

∣

∣

∣

≤ c‖ f ′′′‖σ2

3
.

But c can be chosen arbitrarily small, so in fact we can conclude that

lim sup
n→∞

∣

∣

∣

∣

∣

∫

f (Sn) − f
(

S∗n
)

dP
∣

∣

∣

∣

∣

= 0 .

The convolution properties of the normal distribution implies that

S∗n ∼ N














0,
n

∑

m=1

σ2
n m















.

But it follows from example 3.5 that this sequence of normal distributions converge
weakly toN(0, σ2). And hence

∫

f (S∗n) dP→
∫

f (X) dP for n→ ∞ ,

where the variableX isN(0, σ2)-distributed. Combining the information, we obtain
that

∣

∣

∣

∣

∣

∫

f (Sn) dP−
∫

f (X) dP
∣

∣

∣

∣

∣

→ 0 for n→ ∞ ,

for anyC3-bounded functionf . And thusSn
D→ X as desired.
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All that is left to prove is that the auxiliaryX∗-array constructed in the course of the
argument indeed satisfies Lindeberg’s condition. IfU has a standard normal distribu-
tion, then we get from (3.29) that

n
∑

m=1

∫

(|X∗n m|>c)
X∗2

n mdP≤ E |U |3

c

n
∑

m=1

σ3
n m ≤

E |U |3

c

(

max
k=1,...,n

σn k

) n
∑

m=1

σ2
n m .

According to lemma 3.34 the row-wise maximal standard deviation will converge to
zero, while the row-sum of the variances will stay bounded (they will in fact con-
verge). Hence this upper bound converges to zero, for any choice of c.

�

Example 3.36 Let Y1,Y2, . . . be independent, identically distributed real-valued
stochastic variables, and assume that these variables have2. moment. Let us use the
notation

ξ = EYi , σ2
= VYi .

Introduce the triangular array

Xn m =
Ym− ξ√

n
n = 1, 2, . . . , m= 1, . . . , n .

Let us prove that this array satisfies Lindeberg’s condition. Then we can follow the
remaining computations from example 3.30 to obtain that

1
n

n
∑

m=1

Yi
as∼ N

(

ξ,
1
n
σ2

)

,

this time without any assumption on 3. moments.

To prove that Lindeberg’s condition is satisfied, we see that

n
∑

m=1

∫

(|Xn m|>c)
X2

n mdP=
n

∑

m=1

∫

(|Ym|>
√

n c)

(Ym− ξ)2

n
dP=

∫

(|Y1|>
√

n c)
(Y1 − ξ)2 dP .

Observing that
1(|Y1|>

√
n c) (Y1 − ξ)2→ 0 for n→ ∞ ,

dominated by(Y1 − ξ)2, it follows from Lebesgue’s theorem on dominated conver-
gence that Lindeberg’s condition is satisfied.

◦
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Theorem 3.37 (Multidimensional Lindeberg CLT) Let (Xn m) be a triangular ar-
ray of stochastic variables with values inRk and 2. moment. . Assume that the array
satisfies independence within rows, assume that

E Xn m = 0 for n,m, lim
n→∞

n
∑

m=1

V Xn m = Σ

for some k× k matrixΣ, and assume that the array satisfies Lindeberg’s condition

lim
n→∞

n
∑

m=1

∫

(|Xn m|>c)
|Xn m|2 dP= 0 for every c> 0 . (3.32)

Under these assumptions the row-sums Sn =
∑n

m=1 Xn m satisfy that

Sn
D→ X for n→ ∞ ,

where the limit variable X isN(0,Σ)-distributed.

Proof: The argument is completely analogous to the proof of the multivariate version
of Lyapounov’s CLT. For any fixed vectorv ∈ Rk we establish that the triangular array
with variablesvTXn m satisfy a CLT with sufficient consistency in the limit variance
to enable an application of the Cramér-Wold theorem.

As the computational details are the same as before, we will skip them and focus
on the only new element: We have to prove that when the original X-array satis-
fies (3.32), then thevTX-array satisfies the one-dimensional Lindeberg condition.So
pick v ∈ Rk, and let us assume thatv , 0. Cauchy-Schwarz’ inequality ensures that

∣

∣

∣vTXn m

∣

∣

∣ ≤ |v| |Xn m| .

For any givenc > 0 we have that
(

|vT Xn m| > c
)

⊂
(

|Xn m| > c/|v|
)

.

It follows that
∫

(|vT Xn m|>c)

(

vT Xn m

)2
dP≤

∫

(|Xn m|>c/|v|)
|Xn m|2 |v|2 dP,

since both the integrand and the integration domain becomeslarger. Now it is quite
evident that thevT X-array satisfies Lindeberg’s condition.

�
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3.10 Problems

3.1. Let f be a fixed probability density onR. Consider fn(x) = n f(x/n). Explain

that eachfn is a probability density, and show thatfn ·m
wk→ ǫ0.

(Note that this is an example of continuous measures converging weakly to a discrete
limit.)

3.2. Let ν, ν1, ν2, . . . be probability measures on (R,B), and letF, F1, F2, . . . be the
corresponding distribution functions.

3.2(a). Show that if
Fn(x)→ F(x) for n→ ∞

for everyx ∈ R, then the convergence will in fact be uniform.

Hint: distribution functions have certain function theoretic properties (monotonic-
ity, right continuity, etc.) that can be applied. Start withthe easier case whereF is
continuous.

3.2(b). Assume that the limit functionF is continuous. Show that if there is a
dense subsetA ⊂ R such that

Fn(x)→ F(x) for n→ ∞

for everyx ∈ A, thenFn will in fact converge toF in every point - indeed it will
converge uniformly.

3.3.Let (Xn,Yn) follow a 2-dimensional normal distribution for eachn. Assume that
Xn ∼ N(0, 1) and thatYn ∼ N(0, 1) for all n. Does it follow that (Xn,Yn) converges
in distribution?

3.4.Let (Xnm) be a triangular array of real-valued stochastic variableswith indepen-
dence within rows and satisfying (3.19). Letδ > 0, and assume that the array satisfies
the 2+ δ version of Lyapounov’ condition,

n
∑

m=1

E |Xn m|2+δ → 0 for n→ ∞ .

Show that
n

∑

m=1

Xn m
D→ X for n→ ∞ ,
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where the limit variableX isN(0, σ2)-distributed.

Hint: Show that the 2+ δ version of Lyapounov’ condition implies Lindeberg’s con-
dition.


