Chapter 3

Central limit theorems

Probability theory around 1700 was basically of a combinaltamature. The main

monograph of the period was Abraham de Moivrélge Doctrine of Chances; or, a
Method for Calculating the Probabilities of Events in Pliegm 1718, which solved

a large number of combinatorial problems relating to gamiéis eards or dice. As a

typical example, de Moivre computed the probability of athitey at least two aces
in eight rolls with a dice.

In this type of problem the answers will inevitably involvéinbmial codficients.
The answer can be completely digestible as long as the pnobiee is small. But
binomial codficients have an extremely rapid growth with the problem sinel, the
available tables will soon be exhausted. It can be veficdit to get a feeling for the
magnitude of a certain combination of binomial fia@ents - does it correspond to a
sizeable probability or is is for all practical purposesado zero?

For many problems the natural answer comes in the form of a sumoint-
probabilities, and such problems become even less tractiblget a feeling for a
sum with many terms, we must be able to identify the major rifmutions, but if
each term is a product of a huge factor (say, a binomiathoient) and a tiny fac-
tor (say, a reasonable probability raised to a large powé)\very dificult to know
which terms that are noteworthy and which terms that can ferégl.

De Moivre worked for many years (partly in collaboration lwénd partly in compe-
tition with Stirling) on how to find approximate expressidossums of probabilities.
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54 Chapter 3. Central limit theorems

The main result was what we today know as Stirling’s formMi&. tend to think of
this formula as an asymptotic expansion of the Gamma-fondgee section 8.3 of
MT, where this viewpoint is expanded), but the main motivatior de Moivre and
Stirling was to control binomial cdgcients. De Moivre established thaif, Xo, . ..
are independent Bernoulli variables with

1 1
PXi=1)=5. PX=0=3,

and if we let
Kn(X) = [n/2+ X n/4]

P[Z X = kn(X)] ~ \/ge_xz/2 .
i=1

This claim (or at least a claim closely related to it) appearthe 1738-edition of
The Doctrine of Chanceside by side with simular formulas for sums of asymmetric
Bernoulli variables. After a bit of handwaving, this leadste first version of what
we today call aentral limit theorem (CLT) : for anya < b it holds that

then it holds that

-n_ X —n/2 1 b 2
Pas¥sb)z—fe‘x/2dx. 3.1
( Vn/4 V2r Ja S

In general, a CLT is a limit theorem with a normal distributim the limit. The use
of the word 'central’ in this connection is originally duettee fact that it is a theorem
about the central parts of the distribution (as opposedetdstittbehavior), but it could
equally well be attributed to the paramount importance es¢éhtheorems - they are
the cornerstones of applied probability and statistics.

De Moivre did probably not see anything metaphysical in)(3Td him, it was just
another approximation formula. He was probably the first indristory to consider
the integral on the right hand side of (3.1), and he did natteelt to anything. The
term 'normal distribution’ is a much later development, aledMoivre did not even
realize that there is a probability distribution involvedhis observation is due to
Laplace some 50 years later. To get a proper feeling for thuwlties facing de
Moivre, please note that the symbasand = were not in use in his days, and he
had to represent these magnitudes using his own notationchwaif course tended
to shift over time. Furthermore, the modern argument leatin(3.1) is to consider
the left hand side as a Riemann-sum for the integral on ti rigut the foundations
of integration theory was a mess at the time, and a clear grape concept of a
Riemann-sum was more than a century away.
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Quite a lot of people tried to advance the ideas of de Moives,for a long time
without any real progress: the approximation argumentsieddo work only for the
binomial distribution. But in 1782 Laplace had a breaktlgitouHe was able to ap-
proximate sums of of variables that could assuthree values (instead of the two
values of a Bernoulli variable). The key to success was amaesdinary tricky sub-
stitution argument, where he translated everything tanatis involving the complex
exponential function. His ideas are in fact quite similamtoat we today calthar-
acteristic functionsan essential part of advanced probability theory, closelgted
to the concept of Fourier series. The big surprise was thankeuntered the same
approximating integral as in the binomial case. And heratletaphysical principle
begin to take shape: it appears that the distribution of acfustochastic variables is
almost un&ected by the distribution of the individual term!

Laplace succeeded in giving quite general proofs of CLTsaf@rages of indepen-
dent, identically distributed variables by using his tnigikh the complex exponential.
A few years later Gauss devised a theory of 'measurementsétrased on the nor-
mal distributions, and the normal distribution has evecsibeen a key ingredient in
every course of statistics.

In the late 19th century, Chebyshev and his students (incpét Markov and Lya-
pounov) started contemplating on what really happens in& [Eturns out that there
are some subtle fierences between convergence of distribution functiores tfthe
of convergence appearing in de Moivre’s theorem) and cgevexe of characteris-
tics functions. Chebyshev developed a theory for convergef abstract probability
measures to explore this. We shall retrace his steps in tiaister, even though we
shall not introduce characteristic functions at all.

3.1 Convergence of measures

Let Cy(R¥) be the class functiorigk — R which are continuous and bounded. Clearly
every Cp(RK)-function is Borel measurable, and as they are boundey, ateinte-
grable with respect to any probability measure Bk By). For a functionf e Cp(RK)

we will consider theuniform norm

If]l = sup[f(X)].

xeRK
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Definition 3.1 A sequence of probability measuresvo, ... on (R, By) is said to
converge weaklyto a limit probability measure if

r!i_r)rgoff(x)dvn(x):ff(x)dv(x) for every fe Cy(RY) . (3.2)

. . wk
We will writev, — v for n — o to denote weak convergence.

o . . .. wk wk
Note that a limit for weak convergence is necessarily unigfuga, — v andv, — A

for n — oo, then it holds thatf f dv = [ f d for every functionf € Cy(R¥). And
this implies that = A, according to problem 1.11.

Example 3.2 Let x4, Xo, ... and x be points inR¥, and consider the corresponding
one-point measures,, e, . .. andex. If x, — xfor n — oo, then it is simple to see

thatey, Vllf ex. For if f is a continuous bounded function, then we have that
ffdexnzf(xn)ef(x):ffdex forn —» .

o D wk
In fact, the opposite implication is also true. Suppose that— . Lets > 0 be
given, and construct a continuous functibsatisfying that

1y < f < 1gxy) -

For instancef could be the composition gf— |y— x| with the real-valued piecewise
affine mapz — (1 - z/6)*. Due to the weak convergence, we see that

ffdexnaffdexzf(x):l forn - oo,

and asf f dex, = f(Xn) < Lxs)(Xn) it holds thatix, — x| < ¢ for nlarge enough.

(¢]

Example 3.3 On the measurable spadg, B), let v,, be the empirical measure in the
points Q1,2 ..., %=L if f is a continuous function, we see that

neneece
1, (i-1
ffdvn_ﬁ;f(T).
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Consider the piecewise constant functions

f (0) forxe[o,%)
f(l) forxe[lg)

n n°n

fn(X) =

F(22) for xe [m2L 1)

n

Observe that

! 1, [i-1
fofn(x)dn'(x):ﬁZf(T),

i=1
so we actually have thaf fdvy = fol fo(X) dx. The continuity of f ensures that
fa(X) — f(X) for everyx € [0, 1), and this convergence is dominated|y}, so the
dominated convergence theorem implies that

1 1
f fn(x)dx—>f f(x)dx  for n— oo,
0 0

And translated intop-integrals, this is exactly the statement thatonverges weakly
to the restriction of the Lebesgue measure to the unit iaterv

An interesting observation can be made in example 3.3. Theertging measures
vn are discrete, while the limit measure is continuous. It igadlyy easy to produce

examples where sequences of continuous measures conveelgywvo a discrete

measure. So within the theory of weak convergence, the ulclabtomy between

continuous and discrete probability measures is less proeal than in other areas
of probability.

Lemma 3.4 (Schéé) Let vy, vy,... andv be probability measures ofRK, By). As-
sume that for some choice of basic meaguitholds thatv, = f,, - u for every n and
v = f - ufor suitable density functions, &ind f. If

fa(x) = (X forn — oo u-almost surely

. k
then it holds thaw, =5 v.
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Proor: We will prove thatf, — f in £1(u). As any functiong € Cy(R¥) is bounded
by |lgll, the £1-convergence implies that

Ungn—fgdv\=]fgfn—gfdy]sfugn|fn—f|d;Ho,

and so the desired weak convergence follows.

As we discussed in section 1.1, it is not true in general tbhattpise convergence
implies £1-convergence - some kind of domination is usually requitethéke the
argument work. But when we know that the functions involvesl@obability densi-
ties, there is a trick with positive and negative parts thiat\e us to circumvent the
need for domination. We can observe that for eveityholds that

(1= 1709 = max{~(fa(x) - £(x)). 0} = max(f(x) - fa(x).0} < f(x).

using thatf,(X) > 0 and thatf(x) > 0. As x — maxX-x, 0} is a continuous function,
we see thatf, — f)~ converges pointwise to zegpalmost surely. As we observed,
this convergence is dominated by the integrable functioso by Lebesgues theorem
on dominated convergence, we conclude that

f(fn—f)‘d,u—>0 forn — 0.

The trick is now to observe that sineg andy have total mass 1, it holds that

O:ffnd,u—ffdy:ffn—fd,u:f(fn—f)+dy—f(fn—f)‘dy.

Hence

f|fn—fldu:f(fn—f)+dy+f(fn—f)‘dy:2f(fn—f)‘d,u—>0,

exactly as desired.
m|

Example 3.5 Let vy, = N(&n, 0n?) be a sequence of Gaussian distribution®Roif
én— €&, opn—o for n - o,

for someo > 0, then the/,-measures will converge weakly A6(¢, o). This follows
from Schéfé’s lemma, since

Lo(28) - L(f) fornoe,

On On loa o
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whereg is the density of the standard normal distribution. The fiams in this re-
lation are precisely the densities af and of N(¢,0?) with respect to Lebesgue
measure.

Weak convergence is a notion that makes sense for a sequipoebability mea-
sures. But in applications of the theory, it is usually mopevenient to express the
results in terms of stochastic variables. This leads todHevfing terminology:

Definition 3.6 A sequence of stochastic variableg Xo, ..., defined on a common
background spac@, F, P) and with values ifR¥, is said toconverge in distribution

to a limit variable X, symbolically written asnxg X, if the corresponding image
measures XP), Xo(P), ... converge weakly to the image measuf@)X

Mathematically speaking, it is not necessary that the bbetaare defined on a com-
mon background space, as the definition only involves thg@maeasures. But it is
difficult to get a grip on the scenario if the background spacetisansidered fixed.
By use of the abstract change-of-variable formula, the itimmdfor convergence in

distribution can conveniently be formulated as followshdtds thatX, 2 Xif and
only if
ff(Xn)dP—> ff(X)dP for every f € Co(R¥).

We know that a limit measure for weak convergence is nedgssaique. But for
convergence in distribution, the situation is somewhatemiatricate. The limit vari-
able X only appears in the definition of convergence in distributibrough its dis-
tribution X(P). Hence all stochastic variables with the same distrilbbudice equally
applicable. As an illustration of the surprises hidden iis thbservation, note that
when X, 2 X whereX is N(0, 1)-distributed, then it also true thit, 3 -X, since
—Xis N(0, 1)-distributed as well.

Theorem 3.7 (Continuous mapping theorem)Let X, X5, ... and X be stochastic
variables with values ifR¥, and let h: RK — R™ be continuous. If a(g X, then it
holds that KXs) 3 h(X).
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Proor: Note that ifg is aCp(R™)-function, theng o h is aCp(RK)-function. Hence

fg(h(Xn))szfgoh(Xn)dPafgoh(X)dP:fg(h(X))dP,

exactly as desired.
m|

As a trivial application of the continuous mapping theoretnserve that i, 3 X
in RX, then for any fixed vector € RX it holds that

D
VX, S VX,

where weak convergence litf is translated into weak convergenceRinlt turns out
that the opposite implication is true:

Theorem 3.8 (Cranér-Wold) Let X, X,,... and X be stochastic variables with
values inRK. If

Vi, 3 VX, (3.3)

for any fixed vector ¢ RK, then it holds that xg X.

We will not prove the Cramér-Wold theorem, even though wiknely heavily on it

in latter parts of this chapter. It is veryfiicult (though not impossible) to prove the
Cramér-Wold theorem without taking recourse to char&tterfunctions or similar
Fourier-based techniques

3.2 Distribution functions and weak convergence

It would be dificult to defend the definition of weak convergence of prolighihea-
sures on the ground that it is an intuitive and natural condeertain integrals are
required to converge, but what information does such arsatéreally contain about
the measures themselves? @n) one way to get a partial answer to this question
is to examine what happens with the distribution functions.

10ne of the classics of probability theory, Billingsley’sdsoProbability and measuyrstates that
Fourier-based techniques are seemingly necessary forabéqf the Cramér-Wold theorem. There are,
however, direct proofs available. One such proof is giveRatlard’s bookA user’s guide to measure
theoretic probability



3.2. Distribution functions and weak convergence 61

Lemma 3.9 Letvy, vo, ... andv be probability measures diR, B), and let 1, F», ...
. o . k :
and F be the corresponding distribution fUﬂCtIOﬂSVHfVl) v then it holds that

Fn(Xo) — F(xo) forn —» o,

whenever xis a point of continuity for F.

Proor. For givene > 0 we can choose continuous bounded functiénand g,
satisfying that

Lo xo-e] < T < Lcooxg] and koxo) £9= Looxpre] -

We can for instance choodeandg to be piecewisefine. We observe that

Foo—g) < [ fdv= lim f f vy < liminf Fu(xo).

oo
Similarly,
F(xo +¢) > fgdv = r!i_rjgofgdvn > lim supFn(Xo) .
We can collect these inequalities and obtain
F(xo — &) < liminf Fp(Xp) < limsupFn(Xo) < F(Xo + €).

Lettinge — 0, we can exploit the assumption thatis a point of continuity for.
We see thaF(xg — £) —» F(Xp) and that~(xg + £) — F(Xg) ase — 0. So passing to
the limit we obtain the inequalities

F(xo) < liminf Fr(Xg) < limsupFn(Xo) < F(Xo),

and this establishes tht,(xg) — F(Xg) for n — co.
i

At a first encounter it may come as a surprise that lemma 30 dels with the
behavior of the distribution functions in points of contityuof the limit probability
measure. After all, there are at most countably many poihtisgontinuity, and it
would seem plausible that some sort of approximation-sehesing points of conti-
nuity would extend the result to pointwise convergence ergyoint. But this is not
so - weak convergence does not allow us to make definite statsrabout points of
discontinuity for the limit measure!
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Example 3.10 Consider on§,B) the sequence, of one-point measures in the
points%, and letv be the one-point measure in 0. According to example 3.2 dsol

k . o . .
thatv, VL v . But looking at the value of the distribution functions invie see that
Fn(0)=0 foreveryn, FO)=1.
So there is no chance that the distribution functions shooiterge irevery point.

Curiously, if we repeat the exercise using the one-pointsuess in-1, —%, —%, e
we will in fact obtain pointwise convergence in every poihtlee distribution func-
tions, even though this situation seems extremely sintldiné previous one.

So the problem with lack of pointwise convergence in everinipis not just asso-
ciated to discontinuity in the limit distribution. There &so an issue of a subtle
left-right asymmetry in the definition of the distributionrfction.

It turns out that weak convergence Rrcan indeed be rephrased in terms of conver-
gence properties of distribution functions. But as we hlustrated in example 3.10,
some care is needed to pinpoint the essential convergeaperpy. It has to do with
convergence in ‘'many points’ rather than in all points:

Theorem 3.11Let v,v1,v,,... be probability measures onR,B) and let

. L . k .
F,F1,Fo,... be the corresponding distribution functions. It holds thatvi v if
and only if there is a dense subset/R such that

Fn(X) — F(X) forn — oo forevery xe A. (3.4)

k .
Proor: If vy Jads v, we have already seen in lemma 3.9 that (3.4) holds for every
X € R\ A(v),whereA(v) is the the set of jump points fot. As the set of jump points
is countable, the complemeRt\ A(v) will necessarily be a dense subsefRof

So let us conversely assume that there is a dense sfibseR where (3.4) holds.
Let f be aCp(R)-function, and let > 0 be given. Ad=(x) converges to 0 and 1 for
X — +o0o0, wWe can finda andb such that

& &

and F(b) >1- .
Ifll+1 (®) [If]l+1

F@ <
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Without loss of generality we can assume thdt € A sinceA is dense. It trivially
holds that-|| f|| < f(X) < ||f|| for everyx, and thus in particular

(1] ¥((~0,8]) < f(_ ] fdv <[]l v((—c0,a]).

A similar estimate can be obtained for the upper tail. Heheechoice ofa andb
ensures that

—s<f fdv<e and —£<f fdv<e.
(—oo,a] (bsoo)

Using thata, b € A, we can from (3.4) choosd € N such that

Fn(@) <

E E
and F.(b) >1-
Il +1 n(®) e

If we repeat the arguments above, we obtain that

forn> N. (3.5)

—£<f fdvp<e and —s<f fdvp<e forn> N.
(—oo,a] (bvoo)

Collecting the informations, we conclude that

f fdvn—f f dv f fdvn—f fdv
(—oo,a] (—oo,a] (bsoo) (bsoo)

for everyn > N. We will now - possibly after replacingl with a larger value -

‘f f dvn, — f f dv
(a,b] (ab]

establish that
In that case it follows that

‘ffdvn—ffdv f fdvn—f f dv
(—00,a] (—o0,a]

f fdvy — f fdv
(b,c0) (b,c0)

< 2e+ 3¢+ 2¢,

< 2¢, < 2e,

< 3e forn> N. (3.6)

f fdvy — f f dv
(ab] (ab]

+

<

+

for n > N. From this estimate is is clear how to establish weak comrerg.

To show (3.6) we note that the continuous functiois uniformly continuous on the
compact intervald, b]. Hence we can find > 0 such that

xyelab], x-yl<6 = [f)-fH)l<e.
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Choose a partition ofg, b],

a=yo<y1<...<Yu-1<Ym=Db,

such thatly, — yn-1| < & for everyn, and such thay, € A for everyn. We can

for instance start out with an equidistant grid betweesndb where the distance
between neighboring points js < 6/2, and then choose ak-point in each of the
grid intervals.

From this partition we construct a functigras follows:

M
9= Z M Ly 1y
i=1

where
m =min{f(y) |ye[y-.y]] fori=1....M.
The essential point is that we have constru@esich that
ogx) < f(x) <g(x) +& forxe(ab].
Furthermore, we notice that
M M
[adn= Y m(Futs) - Fa-2) -
. i

i=1 i

f fdvy — f gdvn

(ab] (ab]

f gdv - fdv
(ab] (ab]

gdvy — f gdv
(ab] (ab]

which again is smaller thats3vhenn is large enough.

m(Fo) - Foi-o) = [ g

for n - ~. Hence

f fdvn, — f fdv
(ab] (ab]

< +

gdvp — f g dV‘
(ab] (ab]

+

<&+ + &

O

It should be noted that in most applications of the weak cammce concept, the
limit measure will actually be continuous - in the most conmeases the limit is a
Gaussian distribution or g2-distribution. In these cases, weak convergence is equiv-
alent to pointwise convergence of the distribution funeie indeed, it can be shown

to be equivalent tainiform convergence of the distribution functions, though we will
not need this here.
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3.3 Tightness

The purpose of this section is to show that when we attempstablish weak con-
vergence, we do not have to check convergence of the insegsah (3.2) for every
singleCy-function. There is a considerable number of subclass€g tfat will suf-
fice.

We will need to work with an increasing sequen¢ec K, c ... of compact subsets
of RX. To have a specific sequence in mind, we will use

Km=[-mm]x...x[-mm]| for me N,

but many other choices would be be equally applicable. Onleeofiseful properties
of this specific sequence is that is easy to see how to prodooatauous function
f with the property

Ik, (¥) < f() <1k, (x)  for xe RK. (3.7)

In one dimension we can use a piecewifiina function (there is a suggestive pic-
ture p. 390 in MT). If we denote this one-dimensional solutiny ¢, the solution in
dimensionk can take the formf(xg,..., %) = ¢(X1) - ... - #(X). Note that a func-
tion satisfying (3.7) will automatically be bounded and éaompact support (see
section 1.7).

Definition 3.12 A family(u;)iei of probability measures ofRK, By) is tight if for any
£ > Othere is me N such that

yi(Km) >1l-¢ for every ie | . (3.8)

Note that a family consisting of a single probability measigralways tight. Indeed,
any finite family of probability measures is tight. As is th@an of two tight families.

Theorem 3.13 Lety, u1, 4o, . . . be probability measures ofR¥, By). If

f f dun — f fdu  forevery fe Co(RY),

then the family{u, us, .. .} is tight.
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Proor: Pickmy € N such that the limit measugesatisfies that
p(Kmp) 21— 2. (3.9)
/== 2
Find aCp-function f such hat
T (®) < () < 1k, (00 for xeR¥.
Note that

Iiminf,un(Kmo+1)2Iiminfffd,un:ffdy

> p(Kmy)

E
>1- >
In particular there is ail such that
n(Kmps1) = 1—€ for n> N.
But as the finite family{us, . .., un} is tight, we can easily findy such that
n(Kmy) = 1-¢ forn=1,...,N.

Takingm = maxmg + 1, my} we see that (3.8) is satisfied.
O

It follows from theorem 3.13 that any weakly convergent ssupe of probability
measure is tight. In the opposite direction it can be showhahy tight sequence has
a weakly convergent subsequence. This is known as Hellgsrém. This theorem
identifies the compact subsets of the space of probabilitgsomes orRK (in the
topology of weak convergence) as the tight subsets.

Theorem 3.14 Lety, u1, 12, . . . be probability measures o, By). If

ffd/.lnﬁffd,u for every fe C(RY), (3.10)

then it holds thaj,, Vlk mu.
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Proor: Consider &Cp(R¥)-function f ande > 0. Using theorem 3.13 we know that
u1, iz, . . . is a tight sequence, hence we can finduch that

n(Km) > 1-¢ for everyn e N
and also for the limit measuge Construct a continuous functignsatisfying
1k, (X) < ¢(X) < 1., (x)  for xe R¥.

As noted earlier, such a function will automatically ®gR¥). We see that

ffdun=ff¢dun+ff<1—¢)dun.

Observe thaf ¢ is aCc-function, so here (3.10) can be applied. Observe also that

[ fa-odu

and similarly for the integral of the limit measure. If we pig, so large that

’ff¢dyn—ff¢dy’<g for n>ng,
it follows that

‘ffdyn—ffd,u §2||f||s+‘ff¢>d,un—ff¢dy

And so we see thaf f du, converges td f du.

<lIflle,

< (2|f]] + L)e.

Corollary 3.15 Letu, u1, uo, . . . be probability measures oiR¥, By). If

f f duny — f fdu  forevery fe CX(RY), (3.11)
. wk
then it holds thaji, — mu.

Proor: It is straightforward to show that convergenceGgf-integrals imply conver-
gence of anyCc-integral by applying theorem 1.25.
i

We shall use corollary 3.15 on numerous occasions. Not sadgsonC¢’, but on
larger classes that come into play more gracefully. It fefidor instance from corol-
lary 3.15 that to establish weak convergence, we only needtablish convergence
of integrals as in (3.2) fo€p-functions that are uniformly continuous.
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3.4 Weak convergence and convergence in probability

Recall that a sequence of stochastic variablgsXy, ... with values inR¥ converges
, . . . P,
in probability to a pointx € R, written X, — X, if

P(Xhn—X >¢&) =0 for n— oo.

for everye > 0. Convergence in probability to a point can be formulatettims of
convergence in distribution - or weak convergence, if yolll wi

Lemma 3.16 Let X X1, Xo, ... be stochastic variables with valuesh#, and assume
that P(X = Xp) = 1. It holds that

Xnixo = xnﬂx.

Proor: Assume thak, 2 X. Takes > 0, and construct €,-function f satisfying
Lix1(X) < F(X) < 1g(x.e)(X) for x € R¥,

for instance by applying the idea from the introduction aftsm 3.3 on products of
piecewise fline functions of a single coordinate. As-1f is aCy-function, we see
that

P(Xn — Xol > &) = le(XO,e)c(xn)dP < f(l— f(Xy))dP — f(l— f(X))dP =0.
And we conclude thaX, A Xg.

For the opposite implication, assume that—P> Xo. Let f be aCy(R¥)-function, and
let e > 0 be given. Asf is continuous inxg, there is & > 0 such that

X=Xl <6 = [f(X)-Tf(x)<e.

Hence

‘ff(xn)dP—ff(X)dP‘:’ff(xn)—f(xo)dP’
sf |f(xn)—f<xO)|dP+f 1£(Xe) = F(30)| P
(IXn—xol<0) (IXn—x0|=06)

<&+ 2|f P(|Xn—xo| 26).
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If N is chosen large enough, it holds that
‘ff(xn)dP—ff(X)dP‘ <2 for n>N.

As f ande were arbitrary, it follows thak, 2 X.

If two sequences of stochastic variables both convergesiniloliition,
Xa 23X, Ya3V,

it is generallynot true that the bundleX, Y,) is converging in distribution to the
‘obvious’ limit (X,Y) - in fact, the bundle may not converge at all. Convergence in
distribution of X, Y,) is a statement about the sequence of joint distributiond, a
there is not sfiicient information in the behavior of the marginal distribus to
answer such a question. It is for instance quite easy to maristxamples where
all the X's have the same distribution (and hence they are triviadigverging in
distribution) and where all th¥,'s have the same distribution, but where the joint
distributions are non-fixed and not necessarily convergeg problem 3.3.

But under additional assumptions it is possible to conclingdé the bundle X, Y;)
is converging in distribution. A common situation where ls@cconclusion can be
obtained relates to the special form of convergence inildigion from lemma 3.16:

Lemma 3.17 Let X Xy, Xo,... be stochastic variables with values iR¥, let
Y1, Ys,... be stochastic variables with values iti", and let y be a vector iR™.
If

X 3 X, Yooy

then the bundl€Xp, Y,) in R™™ will converge in distribution to the limit variable
X.y).

Proor: Let f € C,(R¥™), and assume thdt is uniformly continuous. For a given
&> 0 we can finds > 0 such that

(%2 -(X,Z)l<6 = |f(x2-f(X,2Z)<e.
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We shall only apply this to two points with the same first camate. So essentially
the formula we shall rely on is

z-Z|<6 = [f(x2-f(x2)<e for everyx,z Z .
We have to estimate
’f f(Xn, Yn) dP — f f(X,y)dP’ . (3.12)

A simple upper bound is

[ 1000 - 100y dF| + | [ 1009 - X3 P

The first integral can be estimated using the uniform coitgiraf f,

+

[ £0Y0) - 10090 0| < 5P(¥o -y <6) + 20811 P(o - v > )

which is smaller than2whenn is large enough. Using theorem 3.7 on the inclusion
mapx — (X,Y), we see that

D
So it follows that

’ff(xn,y)— fXy)dP| < &,

whenn is large enough. And consequently it follows that (3.12)nsber than 3
whenn s large enough.

The remark following corollary 3.15 shows that it isfscient to check (3.2) for
uniformly continuous bounded functions to conclude weakveogence. So it does
actually follow that ¥, Y,y) converges toX, y) in distribution.

]

When this lemma is combined with theorem 3.7, it has a wedltiomsequences and
makes convergence in distribution very flexible to work whkie can for instance
note the following triviality:

Corollary 3.18 (Slutsky) Let X X1, X, ..., Y1, Y2, ... be stochastic variable with

values inRX, If
P

X, 23X, Y50
then it holds that 1)
Xn+ Yy — X.
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Proor: It follows from lemma 3.17 thatX,, Y,) converges in distribution tax; 0).
Now apply the continuous mapping theorem to this, using theticuous map

(Xy) > X+Y.
O

Corollary 3.19 Let X, Xp,... and X be stochastic variables with valueskik and
let Y1, Yo, ... be real-valued stochastic variables. If

X 3%, Y.51
then it holds that
Yo X, 3 X.

Proor: It follows from lemma 3.17 hatX,, Y,) converges in distribution toX( 1).
Now apply the continuous mapping theorem to this, using theticuous map

Xy —yx
O

3.5 Asymptotic normality

A certain form of weak convergence to a normal distributedtlis so common that
that is has been given a name of its own:

Definition 3.20 Let X, Xo,... be stochastic variables, defined on a background
space(Q, F, P) with values in(RX, By), let ¢ € RK be a vector and IeE be a posi-
tive semidefinite k k matrix.

We say that X has anasymptotic normal distribution with parameters(g, %2)
written

1
Xn isN(f, ﬁz),

V% -8 3 N@©O3X)  for n—o .
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The central limit theorem of de Moivre, given in formula (Bckan be rephrased in
this language as

Many variants of the central limit theorem are best formadatising the concept of
asymptotic normality.

Lemma 3.21 Let X3, Xo,... and X be stochastic variables with valuesHk, and
assume that/n X, 2 x. It follows that X% AN 0.

Proor: As /n X, converges in distribution, the corresponding image measfarm
a tight family of probability measures @¥. Hence, for any gived > 0 we can find
a constan€ such that

P(|\/ﬁxn|>C)<6 forneN.

For givene > 0 we can choosdl so large tha€/ VN < &. And thus

P(Xnl > €) < P(|Xn| >C/Vn)<s  for n>N.

It follows that X, AN 0 as desired.

An obvious application of this lemma shows that
1
X fisN(g, ﬁz) = X, (3.14)

So asymptotic normality implies that the variables are eotm@ting around the
asymptotic mean. But asymptotic normality is a much strostggements, as it gives
a very precise description of the magnitude of the deviatitiat must be expected -
it tells ushow the distribution ofX, concentrates aroungifor large values oh.

The fundamental source for results on asymptotic normaligythe various central
limit theorems, that we shall encounter later in this chafthese theorems are con-
cerned with sums and averages. But in applications we vétjdently encounter
processes that are best describednaslifiedaverages, and it is essential to be able
to say that such processes are still asymptotically normadkily, asymptotic nor-
mality is preserved under a number of operations, in pdatiainder transformations
with differentiable functions:
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Theorem 3.22 Let %, Xo,... and Y be stochastic variable with values®f, and

assume thatyn X, z Y. Let f: R¥ - R™ be a measurable map. Assume that
f(0) = 0 and that f is dfferentiable in O with derivative D(D) = A. Then it holds
that

VRO S AY.

Proor: Let us define a functios : RK — R™, by the relation

f(X) = Ax+ X &(X)

for x # 0, and by lettings(0) = 0. The assumption of flerentiability ensures that
&(X) is continuous in 0. We have that

VA F0G) = VR(AXn + 1Xal €(Xn)) = AV X0 + | VR X €(Xn)

By the continuous mapping theorefnn X, 3 AY, so Slutsky’s lemma implies the
desired result if we can show that

| VA Xa| £(X0) = 0. (3.15)
As g(X) — 0 for x — 0 we can for any gived > 0 find ap > 0 such that
X<p = le(X)|<56.

Hence
P(1e(%n)| > 6) < P(IXnl = p) = 0 for n— oo,

due to lemma 3.21. This implies thg(x,) L 0. As| \n Xn| 3 [Y| by the continuous
mapping theorem, it follows from lemma 3.17 that

(| VA %] £CX) 3 (Y1, 0) .

The continuous mapping theorem applied to simple multgidn (similar to the idea
in the proof of corollary 3.19) shows that

| VA Xo| £(Xn) 5 0.

And hence we conclude from lemma 3.16 that (3.15) is satisfied
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Theorem 3.23 (Delta method)Let X;, Xo, ... be stochastic variables with values in
RK, and let f: RK - R™be measurable. If

1
Xn fisN(g, —2) .
n
and if f is djferentiable in, then it holds that

() S n (1. 5 DO =01

Proor: Essentially, this is just a rephrasing of theorem 3.22. \Aleehassumed that
Vn(X, — &) converges in distribution to a stochastic variailavhich is N(0, X)-
distributed. The map

9(¥) = f(x+&) - (9

satisfies thagy(0) = 0 and is diferentiable in 0 withDg(0) = Df(£). Hence it holds
that

VA(f(Xn) -~ (©)) = VA — &) 3 DFE) X.

The distribution for the limit variable follows from the uvauransformation rules for
normal distributions.
O

The reason for the term 'the delta method’ for theorem 3.28amfrom physics.
Think of X, as the asymptotic meanplus a tiny stochastic perturbation. If the per-
turbationX,, — £ is so small that it can be considered infinitesimal, we campfacti-

cal purposes pretend thétis afine, and the theorem becomes obvious. It is typical
physics jargon to argue in term of such infinitesimal pewtidns, usually known as
'deltas’

In practical applications of the delta method, it may welppen that the mag is

not a priori defined on all ak¥. In a one-dimensional settindg,may be square root,
and for anyn there may be positive probability that, is negative. It may thus seem
difficult to consider the stochastic variallex,) - it is not well-defined at all. But as
long asf is well-defined in an open neighborhood&fit is customary to disregard
such formal obstacles. We can just extentb all of R¥ in an arbitrary manner (the
spirit of [MT] is to let f be 0 in the parts of space where it is not properly defined
already). As long as the extension is measurable, the lirsitilbution in the delta
method will not depend on the details of the extension.
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3.6 Triangular array of variables

So far we have been concerned wéibquencesf stochastic variables. To avoid ar-
tificial complications when dealing with the necessary raimations in the central
limit theorems, it is useful to introduce a more elaboratene@ration scheme known
as a triangular array. In its most basic form this means sitahvariables

Xam, n=12,..., m=1...,n.
Such variables can naturally be written in the form

X11
Xo1 Xa2
X31 X32 Xs33

We denote this layout as a canonical triangular array. Seglynmore complicated
triangular arrays can be obtained if there is not exatthariables in tha'th row of
the array, but saf,. If N, — oo for n — oo, we can usually think of such general
triangular arrays as a canonical triangular array withatentows deleted, and most
of the results we will show can be applied to hon-canoni¢ahgular arrays without
problems. But for notational reasons we shall stick to carabitriangular arrays.

For a triangular array we can introduce the row-sums

n
Sn:ZXnm n:1,2,

m=1

Our goal will be to formulate conditions on the variablesha array that ensures that
these row-sums converge in distribution to a normal digted limit variable.

If every variable of the triangular array is real-valued &ag second moment, it can
be convenient to require that the arrap@malized, meaning that

n
EXam= 0foreverynm V [Z Xn m) = 1 for everyn.

m=1

If the array is normalized, the row-sums will all have meam@ =ariance 1, giving
at least some plausibility to the idea that they may be cagjiwgrin distribution.
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Example 3.24 Let Y1,Y,,... be independent, identically distributed real-valued
stochastic variables with second moment. Let

EY.=¢&, VYa=o2.

The corresponding normalized triangular array consiste@fariables

1 Yn-¢
Xom= — n=12,..., m=1...,n,.
" \/ﬁ Vo2

We see thak, , has mean 0 and variancénl Note that the variables in theth row

of the array are computed from the salffie as the previous row except for a single
newcomer. What really changes from row to tow is the norratibn of the occurring
Y’s. The row-sums of the normalized array is

n \/ﬁ 1 n
Sn:n;-)(nm:ﬁ(ﬁ ZYl_f]

m=1

This is the type of normalization occurring in de Moivre'sital limit theorem.

The main demand we will have to the triangular arrays undetyshere isndepen-
dence within rowsWe will assume that the variabls:, Xno, ..., Xnn are indepen-
dent for any fixedn. We donot assume that variables occurring irffdrent rows
are independent. On the contrary, as in example 3.24 theugrows will usually be
computed from the same background variables, so a conklderaount of inter-row
dependence will be present.

We will establish the fundamental convergence results imgeof aninvariance
principle for triangular arrays: LetX,m) and (X;,,) be two normalized triangular
arrays of real-valued stochastic variables, both satigfimndependence within rows
and both with the same 2. order structure, meaning that

EX2,,= EX:2 foreveryn,m.

We will show that it is possible to replace one array with thieeo hardly without
changing the distribution of the row-sums. More precisetywill prove that under
mild extra assumptions it holds that

‘ff(sn)dp—ff(s;ﬁ)dp‘eo
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for all Cp(R)-functions - or at least for sticiently many such functions. Her&)
and ;) are the two sequences of row-sums. From this it will folldvattif one
sequence of row-sums converge in distribution, so will theeg and to the same
limit.

The normal distributions enter the picture in the followingy: For any normalized
triangular array Xnm) We can construct a normalized arrag; ,) with the exact same
second order structure and where all the variables are émdigmt and normally dis-
tributed. ForX*-array, the row-sums are simply(0, 1)-distributed for evenyn. In
particular the row-sums converge in distribution t&v0, 1)-distributed limit. So if
we can get the invariance principle to hold for a replacenoéitiie X-array with the
X*-array, we have shown that the row-sums of the original acmywerge in distri-
bution to aN(0, 1)-distributed limit. The normal distribution of the limitill so to
speak be forced upon us from two fundamental laws of proibpabihe invariance
principle for normalized triangular arrays and the contiolu properties of the nor-
mal distribution.

3.7 The fundamental replacement trick

In this section we will try to bound magnitudes of the form

[i($x)o[$ox) v

i=1 i=1

whereXy, ..., X, Xi,..., X, are independent real-valued variables, and wlidsea
suitably niceCp(R)-function.

To make life easy, we will only consider functiofis R — R that areC2, and where
the functionsf, f/, £/ andf””” are all bounded. We call such functio@é-bounded
Note that anyC (R)-function is trivially C3-bounded. So to prove weak convergence,
it will suffice to check (3.2) fo€3-bounded functions, according to corollary 3.15.

For a givenC3-bounded functiorf we can define a maR : R? — R by the relation
’ 1 144
fly+x)=f(y)+ f (y)x+§f ) X2 + R(Y, X). (3.16)

We observed thaR is the diference of twoCl-functions in two variables, sB is
itself C. In particularR is B,-measurable.
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A 3. order Taylor-expansion df aroundy gives that

Ry, = 3 17/0) %,

for a suitable intermediate poigitbetweery andy + x. This¢£ is of course a function
of x andy, but the existence af is guaranteed in such an abstract way (it originates
in the mean value theorem) that it is impossible to say,if — & is measurable!
Hence we should avoid working too directly wigh but it lends itself willingly to

estimates such as 17

IR(y, X)| < 2. (3.17)

Lemma 3.25 Let X, X and Y be independent real-valued variables. We assume that
EX=EX", EX’=EX?,
and that X and Xboth have 3. moment. For any*@ounded function f it holds that

fl/l
< (Ll

Uf(Y+X)- f(Y +X*)dP

(E|X|3 + E|x*|3) .

Proor: Let f be aC3-bounded function, and I&® be the corresponding remainder
term function from (3.16). For every X, X € R we immediately see that

F0) = £0X) = 10) + O x+ 517602 + Ry

[0+ PO X+ 510X 24 R 0)

’ * f” K £
= 1) (- x) + 2208~ x?) + Ry %) - Ry x).
Inserting the stochastic variabl¥s X and X", it follows that
FOYX) — FOCXT) = /(0 (K= XY+ 0 (67 - X2 4 ROY, %)~ R X).

As f’(Y) and f”(Y) are bounded, each term is integrable. Independence diaes t

ff’(Y)(X—X*)dP:ff’(Y)dP(fXdP—fX*dP):O,
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because the parenthesis is zero. Similarly, we obtain that

ff”(Y)(XZ—X*Z)szff”(Y)dP(szdP—fX*zdP):0.

As a consequence of these observations it follows that

ff(Y,X)—f(Y,X*)dP:fR(Y,X)—R(Y,X*)dP.

If we combine this with (3.17), we obtain the desired inedyal

Theorem 3.26 Let Xi,..., Xy, X] ..., X; be independent real-valued stochastic
variables with 3. moment. Assume that

EX =EX', EX*=EX?, fori=1,...,n.
For any C3-bounded function f it holds that

|ff(§;xi)— f@;x;] dP| < ”fT”(Z E|Xi|3+ZE|Xi*|3 :

Proor: We introduce new stochastic variables

n

n-k
Ze= Y X+ > % fork=01,....n.

i=1 i=n—k+1
We see thaZy = 3 ; X;, while Z, = ', X*. The idea behind this mixed sums is
that two successive variabl@g andZ,, can fitinto lemma 3.25, as

Ze =Y+ Xnk, Ziks1 =Y+ X\,

where
n-k-1 n

Y= Y X+ DX

i=1 i=n—k+1
When all theX- and X*-variables are independent of each other, thgn, Xy and
Yk are independent. Observing the telescope phenomenon

n n n-1
f[Z xi]— f(Z xr] = 1(20) - (@) = ) 1) - f(Zw).

i=1 i=1 k=0
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if thus follows that

[[S0) (30 v

i=1

[ f@-t@eom

n-1
<)
k=0

IREIRY
5 > (B + EIXP)
k=1

<

which exactly is the desired inequality.
m|

The replacement trick in theorem 3.26 is strong enough te géry useful versions
of CLT. But as the essential bound in the theorem has to do Svitmoments of
the occurring variables, the conditions are a bit toughan thecessary: the most
flexible versions of CLT has conditions where only 2. momaamter, and where
the existence of 3. moments is not necessary at all. To obtaih results we need
a more sophisticated estimate of the remainder tefynx) than (3.17). A 2. order
Taylor-expansion of th€3-function f shows that

1 n” 1 144
ROY.9 = 5 1) %~ 5 ()%
for an intermediate point betweeny andy + x. This gives rise to the inequality
IR(Y, X)| < [If’Ix* forxyeR. (3.18)

At the face of it, one would imagine that a 2. order Tayloraxgion gives a poorer
estimate of the remainder term than a 3. order expansion.tekd this is true for
small values ofx. But for x far away from zero the estimate (3.18) is actually better
than (3.17). Or more appropriately phrased: the estimgt& 18) is most likely really
bad, but not as bad as (3.17). We get the best of both estitmatsserving that

Il
IR(Y, X)| < 6

If”|Ix¢  for|x >c

X2 for|x <c

for a suitablec > 0. The inequality is true for ang > 0, but in applications the trick
may very well be to use a carefully crafted or more likely, the whole range of
inequalities obtained for varying the value @fAfter inserting stochastic variables,
we see that

f/ll
f|R(Y, X)|dP < L] IXBdP + ||| X2dP
6 Joxi<o (IXI0)

clif™Il

<
6

fXZdP+||f”|| X2dP.
(IX]=c)
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This inequality can directly be applied in the proof of lem&a5 and theorem 3.26,
and this leads to the following theorem, which remarkablgsinot require the oc-
curring variables to have 3. moment:

Theorem 3.27 Let X, ..., X, XX, be independent real-valued stochastic
variables with 2. moment. Assume that

EX =EX, EX*=EX?2, fori=1,...,n.
For any C*-bounded function f and any=0 it holds that

ff[ Xi]—f(ZXf)dP

is smaller than

c||f"'||( L 2) : 5 )
EXZ+EX 2|+ X; dP+f X 2dP|.
6 .; .; (Xil20) X120

3.8 Lyapounov’s CLT

Theorem 3.28 (Lyapounov’s CLT) Let (X,m) be a triangular array of real-valued
stochastic variables with 3. moment. Assume that the aratigfes independence
within rows, assume that

n
E Xom=0 for n,m, lim V Xom = 02, (3.19)

m=1

and assume that the array satisfigsapounov’s condition,

n
D EXam® -0 for n— co. (3.20)

m=1

Under these assumptions the row-sums=S}_, X, m satisfy that

D
Sp—> X for n— ~,

where the limit variable X isv(0, o-?)-distributed.
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Proor: It is perfectly legitimate that the limit value? of the variance of the row-
sums is zero. In that case, the statement is that the row-somverge in probability
to 0. This actually follows from the standard proof of the laftdarge numbers using
Chebyshev’s inequality, and does not need Lyapounov’'sitondat all. So we can
safely ignore this case, and assume tiat- 0 in the remainder of the proof.

Let us use the notatiom? . for E X2, = V X,m. Construct a triangular arrayf )
where all variables are independent, and where

Xom~ N (0.0 p) -
We shall see in a moment that this array of normal distributathbles automatically

satisfies Lyapounov’s condition. I8¢) and S;,) are the row-sums of the-array and
of the X*-array respectively, it follows from theorem 3.26 that

1711 (< G
< D EXan+ ) EXGp®| >0 forn - oo
m=1 m=1

for anyC3-bounded functiorf. The convolution properties of the normal distribution

implies that
n
Sk~ N(O,Zaﬁm] .

m=1

Uf(sn)-f(s;)dp

But it follows from example 3.5 that this sequence of normisiributions converge
weakly toAN (0, o). And hence

ff(S;)dPﬁff(X)dP for n — oo,

where the variabl& is N(0, o-?)-distributed. Combining the information, we obtain
that

‘ff(Sn)dP—ff(X)dP‘ -0 forn- oo,
for anyC3-bounded functiorf. And thusS, hd X as desired.

All that is left to prove is that the auxiliar)X*-array constructed in the course of
the argument indeed satisfies Lyapounov’s conditiorlJ Ihas a standard normal
distribution, then

EIX: =0l EIUPR. (3.21)
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It is possible to express|U | as al-integral, and actually it can be shown that

E|UPR = +8/x.

But the precise value of this absolute third moment is of gaificance for the sub-
sequent development - all that matters is that the valueits fin

Jensen’s inequality, used on the convex function |x*>/2, gives that

3/2 3/2

Oﬁm:(Exﬁm) SE|Xr%m| = E [Xnml .

And hence we see that
n n n
DEXad® =EIUP Y o8 < EIUP DY ElXanl®.
m=1 m=1 m=1

As the originalX-array satisfies Lyapounov’s condition, so will tk&-array.
i

Example 3.29 Let Y1,Y,,... be independent, identically distributed real-valued
stochastic variables, and assume that these variablesShavement. Let us use the
notation

£=EY,, o?=VY,.

Introduce the triangular array
Ym—¢
X =
nm \/ﬁ

n=1,2,..., m=1,...,n.

All the variables of this array have mean 0, and we see\héim, = o%/n implying
that (3.19) is satisfied. Furthermore,

E [Ym - &P

3 _

and so

n

n

EYp—&R nE|Y;-&P
S EXen= Y ENn - DEMZEE Lo forn o .
m=1

n3/2 n3/2
m=1

Hence it follows from Lyapounov’s CLT that

1 n
7 rT;l(\(m ~93N(0 ?).
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Or if you will, that
1. as 1
- >v¥ N(g, 5(72) . (3.22)
m=1

This statement is usually referred to as Laplace’s CLT, ansl the centerpiece of
weak convergence theory.

This particular proof of Laplace’ CLT requires that the adtes have third moment.
This is an artefact of the proof - it will appear later that laage’s CLT holds true
under the assumption of second moments only. So Lyapou@ivismay not give
the strongest possible results. But as Lyapounov’s camdisi so easy to check, the-
orem 3.28 is arguably the most popular of the general vesdCLT.

Example 3.30 In figure 3.1 and figure 3.2 we have examined the practicalectnt
of (3.22) for exponentially distributed variables. The espntial distribution itself is
not at all like a normal distribution, so if the averages teetiave like normals, it is
a powerful illustration of the strength of the force behihd CLT. For four diferent
values ofn we have generated 1 000 variables of the form

l n
- zl] Yi, (3.23)
1=

where theY’s are independent and exponentially distributed with niedfigure 3.1
illustrates the results in a histogram. It shows that fogdavalues ofn, the aver-
ages (3.23) will concentrate quite visibly around the vdlu€his concentration is no
big surprise - it is the law of large numbers in action.

In figure 3.2 we have shown a QQ-plot of the empirical distidou of the aver-
ages against the approximating normal distribution fron24g that is against the
N (1, §)-distribution. The agreement is horribly bad for small aiwfn - as ex-
pected, due to the non-normal behavior of the exponentitilolition. But we also

see a quite convincing agreement for larger valuas of particular forn = 100.

The conclusion is that the averages (3.23) will not only emtiate around the ex-
pected valug whenn is large: we can with impressive accuracy describe the vari-
ability around¢ with a normal distribution with small variance. And perhapest
important: the value of this small variance in the approxintanormal distribution

is actually known in advance!
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Figure 3.1:The empirical distribution of 1 000 averages of the form 83, 2vhen the vari-
ables involved are independent and exponentially digedwith mean 1.

Example 3.31 Let Y1,Y>,... be independent, identically distributed real-valued
stochastic variables with common distribution functienlLet F,, be the empirical
distribution function, calculated from the finstbbservations, that is

B0 = = 3 L (YD)
i=1

The variables 1., 5 (Ym) are independent Bernoulli variables with success probabi
ity F(x). Hence they have med#(x) and variancd=(x)(1 — F(X)), and they certainly
have 3. moment. It follows from example 3.29 that for fixed holds that

VA(Ea(®) - F(¥) 3 M0, F()(L - F(x))) for n - co.

For fixedn this gives rise to the construction of a pointwise confidelmaed around
the theoretical distribution functioR. If we draw

X+ F(X) — 1—\?56 F(X)(1 - F(X)
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Figure 3.2:A QQ-plot of the empirical distribution of 1000 averages lo¢ tform (3.23),
when the variables involved are independent and expotigrttiatributed with mean 1. The
QQ-plot is against the postulated approximating normatidiistion from (3.22).

as a lower bound and

1.96
X+ F(X) + ﬁ F(X)(1 - F(X)

as an upper bound, we will expect that the empirical distidioufunction 'by and
large’ is contained in this band. The precise statementasftr fixed x there is a
probability converging to 95% as — oo, that the empirical distribution function is
between these two limits.

In figure 3.3 these limits are drawn in an example wherevtbeare uniformly dis-
tributed on (01) and wheren = 100. There is added a single empirical distribution
function, based on 100 uniformly distributed variablesisTgarticular empirical dis-
tribution function is well within the confidence band, andstis not at all uyncommon.
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It does however occur for less than 95% of a large numbers pfraxal distribution
functions.

1.0
I I !

04 06 038

1

Distribution function

0.0 0.2

1

1

0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.3:Pointwise asymptotic confidence-bands for the empiricsttiiition function,
based on a sample of 100 independent uniformly distribtdedem variables. A single ex-
ample of such a distribution function has been added.

The probability statement is pointwise for fixedit is not uniform - the empirical

distribution function may well escape the band here andethmrt the domain of this
wild behavior will change from replication to replicatiol.is possible to construct
uniform confidence bands, but this requires considerablseradvanced weak con-
vergence theory.

Example 3.32 Let us now consider an example where the triangular arragdtism
proves to be worthwhile. Lety, Y, ... be independent, identically distributed real-
valued stochastic variables with a common distributionciom F. Assume that
has a uniquegp-quantile xp, and thatF is differentiable inx, with F’(x,) = a for

a suitable constard. We assume thad # 0. Note thatF is continuous inxp. In
particular it holds thaF (x,) = p.

The empiricalp-quantile, based on the observatiofs. . ., Y,, may not be uniquely
determined, but we choose to use

Zn = Y(n:[np]) s
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where [y] denotes the smallest integer larger than or equal,t@nd where
Yn1), Y(n:2), - - - » Y(nry) @re the ordered values ¥i, . .., Y,. Though this choice prob-
ably makes hard reading, it is quite unproblematiagfis not an integer, for in that
case thep-quantile of the empirical distribution functida unique, and it is exactly
what the formula produces. tifp by an unfortunate twist of faith is an integer, things
are more complicated: there is a whole intervapeduantiles for the empirical dis-
tribution function - and our definition happens to these thalkest of these.

If the Y’'s are uniformly distributed on the unit interval, then aaiing to exam-
ple 20.20 of [MT],Z, is B-distributed with shape parametérsg] andn+ 1 — [np].
In that case

_[npl _ _[npl(n+1-Tnp]) p(1-p)
Ed=pgig~P V&= (n+12Mn+2) ~  n

As X, in case equalg, this result supports the idea that is should be possiblayto s
something useful about the asymptotic distribution of

VN (Zn = Xp) . (3.24)
We return to the general case and consider the distributioctibn for (3.24):
P(VN(Zn - Xp) < X) = P(Zn < Xp + X/ V)
= P(at leasfnp] of Y3, ..., Y, are smaller that or equal t&p + X/ Vn)
n
=P Z 1(—c>o,xp+x/\/ﬁ](Ym) = [np])
m=1

npl — nF(xp + X/ v/N)
NG

1 n
=P|— Z 1(—oo,Xp+X/\/ﬁ](Ym) - F(Xp + X/ %) >
% m=1

n
=P Z Xnm = Xn) s
m=1
where we have introduced the triangular arrsy{) with variables

_ 1(—c>o,xp+x/ \/ﬁ](Ym) - F(Xp +X/ ‘/ﬁ)
nm — \/ﬁ s
and where we have introduced the sequence of real numbers
‘o = [npl - nF(xp + X/ v/n)
7 .
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The triangular array clearly has independence within rangd, we see that

EX\m=0, VXym= FOp + X/ ‘/ﬁ)(ln_ Fxp + X/ V) . EXom®<n¥2.

Obviously the 3. moments of the array satisfy Lyapounovisdition, and as

n
vanm—> p(l-p) for n—> o,

m=1

we find from Lyapounov’s CLT that

n
> Xam > X.
m=1

where the limit variableX is N'(0, p(1 — p))-distributed. Considering the sequenge
we observe - by adding and subtractipg F(xp) - that

[npl-np « F(xp + X/ vVn) — F(xp)
Vn X/ /N

Using that the distribution function for a normal distrilaut is continuous, we see
that

Xn = —0-xa for n— .

P(i Xnm = xn] - P(X > -xa).

m=1
But the limit variableX has a distribution which is symmetric around 0, so

P(X > —xa) = P(X < xa).
All in all we can conclude that
P(VN(Zn - Xp) < ) > P(X < xa) = P(X/a < X).

So the distribution function for the normalized empirigaguantiles in (3.24) con-
verges pointwise to the distribution function for a normastiibution with mean 0
and variancen(;—;p). This can be rephrased as:

1-p
.2 N [, & . 3.25
2N (p 2 (3.25)
We have been working under the assumption fhas differentiable inx, with a
non-zero derivative. This assumption cannot be relaxeitidifes not hold, theyn-
normalization is typically not the right choice, and evethif is corrected, the limit
distribution will in most cases not be normal.



90 Chapter 3. Central limit theorems

Theorem 3.33 (Multidimensional Lyapounov CLT) Let(X,m) be a triangular ar-
ray of stochastic variables with valuesitf and 3. moment. . Assume that the array
satisfies independence within rows, assume that

n
E Xhm=0 forn,m, lim ZVXnm:Z
m=1

n—oo

for some kx< k matrixX, and assume that the array satisfies Lyapounov’s condition

n
Z EXam® =0 for n— . (3.26)

m=1
Under these assumptions the row-sums=S}1_; Xnm satisfy that
D
S,—> X for n— oo,

where the limit variable X igv(0, X)-distributed.

Proor: The result is an easy combination of the one-dimensiondl ®ith Lya-
pounov’s condition and the Cramér-Wold theorem. Take alfiwectorv € RK, and
consider the triangular array'(X, ) of real-valued variables.

This new array has independence within rows, is has
EV Xom=V'E Xym=0,

it has
VV Xom= V"'V XamV,

and according to the Cauchy-Schwarz inequality it has

EIV Xoml® < M*E[Xaml®-
The latter observation clearly shows that this new arragfées Lyapounov’'s condi-
tion, and as

n n
ZVVTXanVT (vanm)v—> vizv for n— o
m=1 m=1

we see that . .
VY Xam= >V Xam > N (0.VTEV) .

m=1 m=1
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But this limit distribution is exactly the distribution of" X, if X is N(0,X)-
distributed. So the desired multidimensional result feofrom the Cramér-Wold
theorem.

m|

As an easy application of theorem 3.33 we can repeat thelatitms from exam-
ple 3.29 to see that i¥1, Y, ... are independent, identically distributed stochastic
variables with values iR" and with

EY =¢, VY =%,
then it holds that

1, as 1
E;Y. < N(g, ﬁz). (3.27)

under the extra condition th&|Y;|® < . As in one dimension, the assumption on
existence of 3. moments is an artefact, and as we will seecimétt section, it can
be replaced by the more natural condition of existence of@nemts.

3.9 Lindeberg’'s CLT

Lyapounov’s condition is very easy to use, and it is the ratmol for proving CLTs
in most specific examples. But as we have mentioned severaktithe condition
is a tad too strong, and this gives rise to superfluous ora@afifimitations. More
sophisticated conditions for CLTs can be a blessing. A gniger array X, ) of real-

valued stochastic variables satisfigadeberg’s condition if

Nn—oo

n
lim Z f X2 dP=0 foreveryc>0. (3.28)
m=1 v (Xnml>c)

This condition does not appear as natural as Lyapounovidition. But it works in
the same way: it protects us form working with triangulaagsr where the variables
are progressively more heavy-tailed as we go from row to row.

Note the trivial integration inequality

3 3
f x,%mdpsf Ponl” 4 o ERXond” (3.29)
(X ml>0) (Xami>0)  C c

This inequality implies that a triangular array satisfyingapounov’s condition will
also satisfy Lindeberg’s condition.
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Lemma 3.34 Let (X, be a triangular array of real-valued stochastic variables
with 2. moment. If EXy, = 0for every n and m, and if the array satisfies Lindeberg’s
condition (3.28), then it holds that

max VXym— 0 forn— . (3.30)

m=1,....n

Proor: For everyc > 0 and everyn, mwe have that

n
fxﬁmdpzf xﬁmdp+f X2 dP < c2+Zf X2, dP.
(IXnml<c) (IXnml>c) k=1 v (IXnk>C)

This implies that

n
max VXnmscz+Zf X2, dP,
= J (x>0

and as the last term converges to zero, we can fird anch that

max V X,m<2c¢® forn>N.
m=1,...,n

But c can be chosen arbitrarily small, and hence (3.30) follows.

Theorem 3.35 (Lindeberg’s CLT) Let (Xnm) be a triangular array of real-valued
stochastic variables. Assume that the array satisfies iexégnce within rows, that

n
E Xom =0 for every nm, r!im vanmzo'27
m=1

and that the array satisfies Lindeberg’s condition,

n
lim Z f X2 dP=0 foreveryc>0. (3.31)
n—oo

m=1 * (Xnml>C)
Under these assumptions, the row—sums:SZ”m:l Xnm Satisfy that

D
S,—> X for n— oo,

where the limit variable X isv(0, o2)-distributed.
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Proor: By and large we copy the proof of Lyapounov’'s CLT. We use thtation
o2, for the 2. momenE X2, = V X,m. We construct a new triangular arrai(,)
where all the variables are independent, and where

Xim~ N (0.08) -

We shall see in a moment that this new array of normal digeibwariables auto-
matically satisfies Lindeberg’s condition. I18{) and §};,) are the row-sums of the
X-array and of theX*-array respectively, it follows from theorem 3.27 that

Uf(sn)— F(S5) dP’ < Zc%fm”[zn:crﬁm]

m=1

n
+ 7] (Zf x?dmf x;ﬁ,zndp],
(IXnml>c) (X3 ml>c)

m=1

for any C3-bounded functionf. Lindeberg’s condition ensures that the last term of
this upper bound converges to zero. However, the first tertinnai disappear. We

see that X
Iimsup’ff(sn)— F(SY) dP‘ Dl LIy

nN—oo

But c can be chosen arbitrarily small, so in fact we can conclude th

lim sup‘f F(Sn) - f(S) dP‘ _0.

n—oo

The convolution properties of the normal distribution implthat

n
Si ~ N(O,Zaﬁm) .
m=1

But it follows from example 3.5 that this sequence of normslributions converge
weakly toAN (0, o). And hence

ff(S’,;)dP—>ff(X)dP for n— oo,

where the variabl& is N(0, o-?)-distributed. Combining the information, we obtain
that

U‘f(sn)dP—ff(X)dP‘eO for n — oo,

for anyC3-bounded functiorf. And thusS, 3 X as desired.
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All that is left to prove is that the auxiliar)(*-array constructed in the course of the
argument indeed satisfies Lindeberg’s conditiotd lias a standard normal distribu-
tion, then we get from (3.29) that

n n n
ElUP ElUP 2
X2dP < ——— 3 < max .
mZﬂLX.’%mbc) nmeeT e Tnm= C k=1 no-nk Z‘Tnm

m=1r - V7

According to lemma 3.34 the row-wise maximal standard d®nawill converge to
zero, while the row-sum of the variances will stay bounddwy(twill in fact con-
verge). Hence this upper bound converges to zero, for angelodc.

m]

Example 3.36 Let Y1,Y>,... be independent, identically distributed real-valued
stochastic variables, and assume that these variablehavement. Let us use the
notation

E=EY,, o?=VY,.

Introduce the triangular array

Ym— ¢
n

Let us prove that this array satisfies Lindeberg’s conditiimen we can follow the
remaining computations from example 3.30 to obtain that

1. as 1
ﬁ § YiNN(f,HO'Z),
m=1

this time without any assumption on 3. moments.

Xam = n=212...,m=1...,n.

To prove that Lindeberg’s condition is satisfied, we see that

C : (Ym— &)
Zf xﬁmdP:Zf ’“—dpzf (Y1 - &)% dP.
=1 Y (Xam>0) =1 J(Yml>vRg N (Y1l> VAo

Observing that
Lviovig Y1 -8 >0 forn— co,

dominated by(Y; — £)?, it follows from Lebesgue’s theorem on dominated conver-
gence that Lindeberg’s condition is satisfied.
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Theorem 3.37 (Multidimensional Lindeberg CLT) Let (X,m) be a triangular ar-
ray of stochastic variables with valuesitf and 2. moment. . Assume that the array
satisfies independence within rows, assume that

n
E Xam=0 forn,m, lim ZVXnm=2
m=1

Nn—oo

for some kx k matrixX, and assume that the array satisfies Lindeberg’s condition
n
lim Z f Xom?dP=0  forevery c> 0. (3.32)
n—oo
m=1 (IXnml>c)

Under these assumptions the row-sums=S}_; X, m satisfy that

D
S, > X for n— oo,

where the limit variable X igVv(0, X)-distributed.

Proor: The argument is completely analogous to the proof of thdivawiate version
of Lyapounov’s CLT. For any fixed vectere RX we establish that the triangular array
with variablesv' X, satisfy a CLT with séficient consistency in the limit variance
to enable an application of the Cramér-Wold theorem.

As the computational details are the same as before, we kifilthem and focus
on the only new element: We have to prove that when the ofligfrarray satis-
fies (3.32), then the' X-array satisfies the one-dimensional Lindeberg condimn.
pick v e RX, and let us assume that: 0. Cauchy-Schwarz’ inequality ensures that

IV Xom| <M 1Xnm -
For any giverc > 0 we have that
(M Xaml > ¢) € (IXnml > c/IVI).

It follows that

2
| N Gt L
(VT Xa ml>c) (IXn ml>c/IM)

since both the integrand and the integration domain becdangsr. Now it is quite
evident that the'" X-array satisfies Lindeberg’s condition.
i
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3.10 Problems

3.1.Let f be a fixed probability density oR. Considerf,(X) = n f(x/n). Explain

. - . k
that eachf, is a probability density, and show th&t- m W €.
(Note that this is an example of continuous measures coimgevgeakly to a discrete
limit.)

3.2.Letv,v1,vy,... be probability measures o®(B), and letF, F1, F», ... be the
corresponding distribution functions.

3.2(a). Show that if
Fn(X) = F(X) for n - o
for everyx € R, then the convergence will in fact be uniform.

Hint: distribution functions have certain function thetizgroperties (monotonic-
ity, right continuity, etc.) that can be applied. Start wiitle easier case whekFeis
continuous.

3.2b). Assume that the limit functioi is continuous. Show that if there is a
dense subset c R such that

Fn(X) = F(X) for n -

for everyx € A, thenF,, will in fact converge toF in every point - indeed it will
converge uniformly.

3.3.Let (X, Yy) follow a 2-dimensional normal distribution for eanhAssume that
Xn ~ N(0,1) and thaty,, ~ N(0, 1) for all n. Does it follow that K,, Y,) converges
in distribution?

3.4.Let (Xm) be a triangular array of real-valued stochastic variablils indepen-
dence within rows and satisfying (3.19). leet 0, and assume that the array satisfies
the 2+ § version of Lyapounov’ condition,

n
ZE|xnm|2+‘S -0 forn— co.

m=1
Show that .
anmg X for n— o,

m=1



3.10. Problems 97

where the limit variableX is N (0, o?)-distributed.
Hint: Show that the 2- § version of Lyapounov’ condition implies Lindeberg’s con-
dition.



