Tonelli o

Fubini in practice ®

Tonelli's Theorem: If (X, E, 1) and (Y, K, v) are two o-finite measure

spaces and f € M (X x J,E ® K) then
o= ([ s - ([ s

A product of Lebesgue measures is a Lebesgue measure:

me=mae...Jm
N———

k times
and we can put parentheses as we like (associative law of ®). In particular
m, ® my, = my4+,, and we can use this to show that all hyperplanes in R*

are my-nullsets.
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Fubini o

Note that to use Fubini we need to first verify that f is integrable w.r.t.
1 ® v and then compute the integral using either of the successive
integration orders.

Verification of integrability follows from Tonelli's theorem.

® First verify that f is integrable by Tonelli

/|f|dM®V= / </|f(x,y)|du(y)> du(z) < ... < o0

® then compute the value of the integral by Fubini

[1awev=[ ([ r@naw) e,

This is Fubinelli's theorem.

.—p3I32

Sums and integrals

Fubini’s Theorem: If (X, E, 1) and (Y, K, v) are two o-finite measure
spaces and if f € M(X x V,E® K) is integrable w.r.t. u ® v then

= ([ iomio)owr= | st o
Here A € E with u(A¢) = 0 and B € K with v(B¢) = 0 are given by

A={reX| /|f<a:,y>|du<y> < o0}

and

B={yeV| / (@, 9)[du(z) < o}

.-p2i32

If f1, fo,...: X — R are function we can define the function
f:XxN—-Rby

f(xvn) = fn(x)

Then f is E @ P(N)-B-measurable if and only if all the functions f,, are
E-B-measurable (Exercise 4.8).

Recall that integration w.r.t. the counting measure 7 on N is the same as
infinite sums. Thus

D fala) = / f(x,n)dr(n)

whenever the sum and the integral make sense.
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Interchanging sums and integrals @

Interchanging the order of integration@

Let (X, E) be a mesurable space.

Theorem: If fy, fo,...: X — R are measurable functions and p is a
measure on (X, E) then if

Z/Ifn\du < o0
n=1
each f, is integrable, the sum "7 | f,,(z) is finite for all z € A where
A={z € X| ) |falz)| < oo}
n=1

and p(A€) = 0. Moreover, Y7 | f.(z) is p-a.e. (on A) equal to an
integrable function and

> [ herinte) = [ 3 utwauto

.- p5i32

Interchanging sums and integrals @

Using Fubini on

f(z,y) =sinze ™ forz € (0,K),y € (0,00)

K _. o)
1
[ [Ty
o T o 14y

We find from this that

K .
/ Smxd:lc—>E for K — oo
0 T 2

r

gives

though

sinx
dr = oo

X

.—p7I32

Image measures

Proof: Fubinelli with the product measure p ® 7. Catch, requires a priori
to be o-finite!

Workaround: The purpose of o-finiteness is to assure unigueness of the
product measure as well as existence in terms of the technical
measurability lemma 8.6. If we can check that by other means, Tonelli and
Fubini applies! For all A € E @ P(N) we have the disjoint decomposition

A:GXX{n}ﬂA:[jA"X{n}, A" ={x e X | (z,n) € A}

thus 1 @ 7(A) = 3.2 | u(A™), which defines this particular product
measure and shows that it is uniquely specified by it's values on product
sets.

Alternative proof: Use dominated convergence as in the proof of Theorem

710 .—p.6/32

Let (X, E, 1) be a measurable space.

Let (), K) be a measurable, and let ¢ : X — ) be E-K-measurable.

Definition: The image measure t(u) is the measure on (Y, K), which is
given by
t(n)(B) = (t71(B)) forall B € K
t

.-p8i32



Image measures

Familiar example o

Let (X, E, 1) be a measurable space.

Let (), K) be a measurable, and let¢ : X — ) be E-K-measurable.

Definition: The image measure t(u) is the measure on (), K), which is
given by
t(u)(B) = p (t71(B)) forall B € K
t

.—p.9i32

The image measure is a measure @

Let m(o,) denote the Lebesgue measure restricted to the positive
halfline; formally
m|(0,00)(4) = m(AN (0, 00))

forall A € B.

Definet: R — R by

’a) = { log(xz) forz >0

0 forz <0

Then

t(m](0,00))((—00,2]) = 1m(0,00) (t™" (=00, 2]))
= mt ' ((—o0,2]) N (0,00)) = m((0,e"]) = e”.

.—plu32

Total mass of the image measure @

Lemma: The image measure ¢(x) is a measure on (Y, K).
Proof: Obviously ¢(u)(A) = u(t~1(A)) € [0, 00] and we see that
Hu) (@) = o (71 () = 1 (0) = 0
If B1, Bo, ... are disjoint K-sets then
tY(B) Nt (B;) =t (B;NB;) =t () =0

and therefore

- p.10/32

Lemma: It holds that ¢(u)(Y) = p(X).

Proof: Observe that

Corollary: If i is a probability measure then ¢(u) is a probability measure.

Probability theory is essentially a theory about image measures — given
one measure and a map ¢, what is ¢(u)?

The abstract simplicity cheats the eye. Finding ¢(1.), characterizing ¢(u) or
just computing certain characteristics of ¢t(x) can by arbitrarily complicated
for concrete ¢ and p.

-pa232



Example Example
Let 1 be the uniform distribution on Tabulating the ¢-values:
X ={1,2,3,4,5,6} x {1,2,3,4,5,6}. 1 234 5 6
Every point (i, j) € X has probability . Lo 1.2 3 45
21 0 1 2 3 4
Interpretation: x has something to do with throwing two dice. 312 1.0 1 2 3
413 2 1 0 1 2
The map: ¢t : X — {0,1,2,3,4,5} is given by bl4 3 2101
6|5 4 3 2 10
i) — i —
(i:7) =i =l Image measure:
Interpretation: ¢ represents the difference between the two dice. ) ({0}) =
Example Example
Tabulating the ¢-values: Tabulating the ¢-values:
1 2 3 45 6 1 2 3 45 6
10 1 2 3 4 5 110 1 2 3 4 5
21 01 2 3 4 21 0 1 2 3 4
31]2 1 0 1 2 3 32 1 0 1 2 3
413 2 1 0 1 2 413 2 1 0 1 2
514 3 2 1 0 1 514 3 2 1 0 1
6|5 4 3 2 1 0 65 4 3 2 1 0

Image measure:

Hp)({0}) =

—p.14/32

Image measure:

t(n)({0}) = p({(1,1),(2,2),(3,3), (4,4), (5,5), (6,6)}) =6 - :

36

.- p16/32



Example

Succesive transformations

Tabulating the ¢-values:

[ L 2 N R

G W NN = O
= W N = O =N
W N = O =N W
N = O =N W
= O = N W Ot
S = N W e OO

Hp)({1}) = 10~

Example

Lemma: Lett: X — Yands:)Y — Z be measurable. Let u be a
measure on X. Then

$(t(m) = (s 0 1))

Proof:

.-p19/32

Example: Marginalization

Tabulating the ¢-values:

[ N =
=W NN RO =N
w N = O = N W
N = O =N W
— O RN W kOt
S = N W ke OO

S O e W NN =

And so on and so forth.

If X is a measure on (X x Y, E ® K) the image measures
X(A)  og  Y()
are the marginal measures of \’s.

Let X = X, x X,, and consider X : X x X3 — X,
Xl t X X (Xg X Xg) — X and XOl X X Ay — A Then

X;=XpoX
and by the theorem on successive transformation
X1(\) = Xo1(X(N).

Moral: For marginalization on multiple product spaces it does not matter if
we do several succesive marginalizations or one combined
marginalization. -p2osz



Example: Marginalization

Integral transformation for M*™ @

Example: Consider my = m @ m on (R?,B,). Then

X (m2)(A) = my(A X R) = m(A)m(R) = { 00 if m(A) >

Example: If X is a probability measure on (X x Y, E ® K) then the
marginals are probability measures and ) is a product measure if and only
if it is a product of it's marginals;

A=XN)@Y(\).

- p.21/32

Integral transformation for M+ @

Theorem: Lett : X — ) be measurable. Let i, be a measure on X. Then

/gdt(u):/gotd#

forall g € M*(Y,K).

Indicator functions: Let B € K. Then
/13 dt(p) =t(n)(B) = p(t71(B)) = /1t—1(B) dp = /1B otdu

So the formula is correct in this case.

.—p23/32

Integral transformation for M+ @

Theorem: Let ¢ : X — ) be measurable. Let ;. be a measure on X. Then

/gdt(u) =/g°tdu

forall g € M*(Y,K).

Proof: Strategy: Show the formula for
1) indicator functions
2) simple functions

3) M -functions

Point 3) is shown from 2) via monotone convergence.

- p.22/32

Theorem: Let ¢ : X — ) be measurable. Let 1 be a measure on X'. Then
/gdt(u)Z/gotdu
forall g € M*(Y,K).

Simple functions: Consider

n
g= Z cilp,
i—1

Then
/gdt(u)=Zci/lBidt(u):Zci/lBiotdu:/ZcilBiotdu
i=1 i=1 i=1

So the formula is correct in this case.

- p24i32



Integral transformation for M*™ @

Example

Theorem: Lett : X — ) be measurable. Let i, be a measure on X. Then

/gdt(ﬂ) =/gotdﬂ

forall g € M*(Y,K).

All functions: Let g € M™ and choose S*-functions s,, such that s,, /* g.
Then s, ot /' got and by the theorem on monotone convergence

/gdt(u) = lim [ s,dt(p)= lim snotdu:/gotdu

n—oo n—oo

In conclusion, the formula holds for all g € M.

—p.25/32

Example

The function z — 1(g,«)(z)e~** is MT and we find that

/ e “du(x) = / L(0,00) (t(2)) e~ dm(z)
0 0
= / e‘“log(z)dm(ﬂc)
1

o0 L fora>1
= / r%dm(z) ={ ! “
1 00 fora <1

Integral transformation for £ ®

.—p27/32

Consider the measure p with

xT

pl(—o0,a]) = e

for all z € R. We know that i = t(m|(9,c))
The function z — e~** is M ™ and we find that
/e“”du(x) /000 e~ '@ dm(z)
= /00 e~ 18@) qim (2)

0

= /000 x~%dm(z) = o0

forall € R

—p.26/32

Theorem: Let ¢ : X — ) be measurable. Let 1 be a measure on X'. A
function g € M(Y,K) is integrable w.r.t. ¢(x) if and only if

/Igotldu<oo,

/gdt(u)=/90tdu~

Proof: We know that g is integrable if and only if [ |g| dt(1) < oo. But this
integral is computed from the previous theorem. In case we have
integrability, the actual integral is computed as:

/gdt(u)=/g+dt(u)—/gdt(u)=/9+otdu—/gOtdu
~ ety du= [(gor du= [gotan

in which case

.- p28i32



Translations in R* )

Translation and integrals

Definition: The translation with w € R* is the map ., : R* — R* defined by

To(@) =2z 4+w  forallz e R,

Definition: A measure p on (R*,By,) is translation invariant if

Tw(p) =p  foral weRF

- p.29/32

The Lebesgue measure ®

Example If f € M (R¥) orif f € L(R*, m;,) then in general

[ e+ widnte) = [ oru@nte) = [ @ a)

and for the Lebesgue measure

/f(x+w)dx:/f(x)dx for all w € R*.

.-p3U32

Linear transformations on R ®

Theorem: A measure p on (R*, By,), which is finite on bounded sets is
translation invariant if and only if

H=cmg

for some constant ¢ > 0.

- p.30/32

A linear map s : R* — R” is given in terms of a k x k matrix A,
s(z) = Ax.

The map is an isomorphism if A is invertible, that is, if detA # 0, in which
case the inverse map is given by A1,

Theorem: If s is a linear transformation given by an invertible matrix A then

s(my) = | det A~ |my.

Remark: Note that for an orthonormal matrix Q (QQT = QTQ = I) we
have det@ = %1, which shows that m;, is invariant under orthonormal
transformations.

.- p3232
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